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This book was written with a double purpose. It is intended to serve 
the needs of those who approach the fascinating study of atomic and 
molecular structure for the first time, and portions of it are therefore 
written in full and simple style for these newcomers. It also seeks to fur- 
nish workers in the field with an up-to-date account of the laws of quan- 
tum theory and with a general account of the important experimental 
researches in the field. Parts of the book have been used by one of u's 
as the basis of lectures to graduate students of chemistry at the Johns 
Hopkins University. 

We believe that the conception of a planetary atom, governed by 
ordinary mechanics, will remain a useful qualitative tool for many years, 
whatever the theoretical developments may be. To appreciate the new 
mechanics and to use it effectively, one must first acquire an understand- 
ing of classical mechanics, with which the older quantum dynamics is 
identical except for the addition of the quantizing conditions. In fact, 
the classical kinetic and potential energies serve as the starting point 
for the new quantum mechanics. It is for this reason that the first part 
of this volume presents the approximate mechanical models of atoms and 
molecules and copious experimental facts, while the new mechanics is 
reserved for later chapters. 

Orbital models are probably the nearest approach to an adequate 
description of atomic systems which can be secured in terms of our 
ordinary mechanical concepts. At the present time an earnest effort 
is being made to lay aside models and to focus attention on the connec- 
tions between purely experimental quantities. We are in sympathy with 
this effort. It helps to emphasize the enduring quality of experimental 
facts, independent of the form in which they are expressed. On the 
other hand, a very large number of physicists and chemists do not. wish 
to eliminate models from their methods of thought, nor to rely entirely 
on mathematical connections between their observations. In the past 
these models have consisted of particles moving on selected orbits, and 
now they consist largely of the more useful waves and nodes of the 
Schrodinger theory. It is only human nature to construct a new picture 
of a hidden mechanism as soon as an old one is discarded. 

Chapters I to XIV inclusive are concerned mainly with the history 
and the chief experimental facts of the quantum theory and with the 
progress of atomic and molecular structure prior to the introduction of r 
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the new mechanics. Certain auxiliary subjects, such as Hamiltonian 
dynamics, are also developed early in the book. In these chapters we 
have sought to attain clarity at any cost. The reader, is repeatedly 
reminded that the theories set forth are only a first approximation to the 
true state of affairs, and references are given to later chapters where the 
subject matter is treated by the new mechanics. 

In Chaps. XV to XX we develop the fundamental ideas of quantum 
mechanics, while Chap. XXI gives an account of the wave properties 
of material bodies. It is a disappointment to us not to have been able 
to include chapters on quantum phenomena within the nucleus, and on 
the new statistics. Both of these subjects were omitted for lack of space. 

We hope that the reader of this volume will experience a pleasure 
n.Tnn to that which we have enjoyed while recording the wealth of experi- 
mental data now available on the structure of the atom and the striking 
correlation of much of this data by the new mechanics. 

A. E. Rtjaek. 

H. C. Urey. 


PlTTSBUBGH, Pa., 
New York, N. Y., 
January , 1930. 
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ATpMS, 

MOLECULES, AND QUANTA 

CHAPTER I 

INTRODUCTORY 
1. THE NATURE OF ATOMIC THEORY 

Once, when the famous Boltzmann had concluded a lecture on atoms 
and molecules, the equally famous Mach, arose and said, in effect, “ You 
do not know that molecules exist.”; Boltzmann replied, “I know that 
there are molecules.” Mach answered, “You do not” and so the debate 
ended. Today, the most ardent lover of modern atomic theory would 
side with Mach, but he would add, “I know that the hypotheses I use 
about the nature of the atom and the light it emits give me a deeper 
understanding of the behavior of gross matter in my experiments. They 
help me to predict the existence of phenomena which otherwise would 
remain shrouded in mystery.” Today, no physicist worthy of the name 
would claim that we have certain knowledge of the path of an electron 
in the atom even in the simplest case, provided we mean by certain 
knowledge the kind of understanding we gain from our everyday sight 
and sound perceptions; but he would claim that we possess today a set 
of very ingenious and reasonable statements and equations dealing with 
atomic behavior. 

If we put our confidence in these fundamental laws of atomic dynamics, 
they enable us to calculate accurately the observable quantities character- 
istic of each type of atom or molecule — the frequencies of light it can 
emit, the relative intensities of the lines in its spectrum, its behavior 
when it collides with electrons or other atoms, its reaction in the presence 
of light or X-rays, and its behavior in electric or magnetic fields. These 
remarks will suffice to make our position clear. Wherever definite 
statements of a theoretical character are made in this book, the reader 
must keep in mind the situation we have just outlined. 

2. THE PERIODIC SYSTEM AND THE ATOMIC NUMBER 

We begin our study of atomic structure by calling attention to certain 
important regularities in connection with the periodic classification 
of the elements, as shown in Table 1, which is a modernized version of the 
Mendel^eff table. Several anomalies in the periodic system were noted 

1 



Table 1. — Periodic System of the Elements 1 


Sec. 2] THE PERIODIC SYSTEM AND THE ATOMIC NUMBER 


Group VIII 

a b 

2 He 
4.002 

10 Ne 
20.183 

18 A 
39.94 

26 Fe 27 Co 28 Ni 

55.84 58.94 58.69 

36 Kr 
82.9 

44 Ru 45 Rh 46 Pd 

101.7 102.91 106.7 

54 Xe 
130.2 

76 Os 77 Ir 78 Pt 

190.8 193.1 195.23 

86 Rn 
222 * 


Group VII 
a b 


9 F 
19.00 

17 Cl 
35.457 

25 Mn 

54.93 

35 Br 
79.916 

43 

53 I 

126.932 

75 Re 

188.7 

85 


Group VT 
a b 


8 O 
16.000 

16 S 
32.06 

24 Cr 

52.01 

34 Se 
79.2 

42 M!o 

96.0 

52 Te 
127.5 

74 W 

184.0 

84 Po 
210 
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was first pointed out by Rydberg. He numbered the elements beginning 
with 3 for hydrogen, assuming that two unknown elements preceded 
hydrogen. Moseley’s work indicated, and Bohr’s theory of atoms has 
shown conclusively, that this is not correct. The atomic numbers at 
present accepted are those given in Table 1. Rydberg pointed out that 
the atomic numbers of the inert gases obey the following regularity. 
Consider the series 

Z = 2(1 2 + 2 2 + 2 2 + 3 2 + 3 2 + 4 2 + • • - ), 

in which Z is the atomic number. If the series is broken after any 
member, we obtain the atomic number of an inert gas. The successive 
terms give the number of elements in the periods of the Thomsen periodic 
table. The reason for this is explained in Chap. IX. 

The simple but all important physical meaning of the atomic number 
is this: The element in the Zth place of the periodic table consists of a 
positive nucleus endowed with the electric charge +Ze, together with 
Z electrons, each having the charge — e. The quantity — e is called the 
electronic charge and is equal to —4.77 * lO - " 10 electrostatic units. And 
now we encounter the question of the arrangement and motion of these 
parts. 

3. VALENCY AND STATIC MODELS OF THE ATOM 

It is natural to suppose that valence is connected with the number 
of loosely bound electrons in the atom. Thus, one would be inclined to 
say that the inert gases represent very stable configurations, that the 
alkali metals have one loosely bound electron, the alkaline earths 2, and 
so on. On the other hand, if the atom lacks one electron of the number 
required to complete an inert gas configuration, we have a monovalent 
electronegative element (a halogen), while a divalent electronegative 
element would require two electrons to form the inert gas configuration. 

In aqueous solution, atoms standing near the inert gases in the periodic 
table tend to lose or gain electrons until the positive or negative ions 
thus formed resemble the nearest inert gas. Similarly, the stability of 
the electron configurations of Ni, Pd, and Pt explains the existence of 
monovalent ions of the elements following them, Cu, Ag, and Au. 

It is in accord with our present views to assume that the so-called 
“outside shell” (or “ring” or “layer”) of a rare gas atom (other than 
helium) has 8 electrons. In 1904, Abegg emphasized the importance 
of the number 8 in the periodic table of the elements. He regarded this 
as the number of points on the atom which could be occupied by electrons. 
In the same year, Sir J. J. Thomson proposed a theory in which electrons, 
assumed to be small compared to the size of an atom, were embedded in a 
sphere of uniformly distributed positive electricity of. the same order of 
magnitude as the atoms themselves. He found that .the electrons in 
such a sphere, considered as lying in a plane, for simplicity, would arrange 
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themselves into stable configurations of concentric rings, and noted the 
application of this to *the periodic law. Though the actual numbers 
which he secured for the populations of successive rings did not follow 
the Rydberg formula at all, this model led him to suggest the above 
views in regard to valence. Though he considered only the arrange- 
ment of electrons in a plane because of its mathematical simplicity, he 
recognized of course that the electrons would distribute themselves in 
concentric shells. The model is no longer tenable, simply because we 
have others which are in much better agreement with experimental data. 
In 1916, G. N. Lewis and Kossel elaborated the views of Abegg and 
Thomson in regard to the periodic law and polar valencies. Lewis 
proposed a static model of the atom and limited his discussion to the 
first two short periods of 8 atoms, while Kossel accepted a dynamic 
model proposed by Bohr and also considered the polar valencies of the 
atoms of the long periods. Langmuir (1919) extended the Lewis theory 
to the long periods. 

The stability of the organic compounds generally, and the existence 
of stereoisomers and optical isomers, prejudice chemists in favor of 
static models of atoms, for it seems difficult to believe that such great 
stability is underlaid with a highly mobile dynamical system of electrons. 
Though static models have been somewhat satisfactory for the qualitative 
explanation of chemical valence, it must be admitted that they have 
yielded few quantitative results. The postulates thus far stated for 
such theories do not lead to exact mathematical treatments and quan- 
titative checks against experimental data. Thus, they tend to become so 
flexible that they can explain qualitatively any new results but are quite 
unable to stimulate new experiments. Practically all advances have 
been made by the consideration of dynamical models, and, in particular, 
the models proposed by Bohr which have held the center of the field 
from 1913 to 1925. In the latter year, an improved system of atomic 
mechanics was introduced, and it became apparent that the Bohr model 
is a first approximation to the models suggested by the new theory. We 
must emphasize, however, that it is an excellent approximation — so 
excellent, in fact, that we shall study it to the exclusion of all others 
in the first portion of this book, reserving later chapters for consideration 
of refinements introduced by the new mechanics, which cannot be 
appreciated without a knowledge of what went before. Similarly, before 
we can properly study the Bohr atom we must address ourselves to the 
currents of thought which brought it into being — the development of the 
electromagnetic theory of light and the rise of the quantum theory. 

4. THE ELECTROMAGNETIC THEORY OF LIGHT. MOTION WITHIN THE 

ATOM 

In 1864, Maxwell proposed the electromagnetic theory of light, which 
first showed a relation between light and electromagnetic phenomena in 
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E*E=0 



general The theory showed (see Appendix VIII) that an accelerated 
electric charge would radiate electromagnetic waves and that these 
would travel through space with a velocity equal to the ratio ot the 
electromagnetic to the electrostatic units of charge. This ratio ls^equal 
to the velocity of light and, immediately, it appeared probable that light 
consists of such electromagnetic waves. Since that time, a vas amount 
of experimental evidence has accumulated in favor of t e eory as 
applied to gross matter. In the atomic realm, too, it has had striking 
triumphs, though we know today that modifications are necessary m this 

domain. . 

The simplest electromagnetic model of a light source is the variable 
electric doublet, composed of two equally and oppositely charged particles 
held together by an elastic force, so that they 
oscillate with respect to each other with, simple 
harmonic motion. Maxwells theory of light re- 
quires that such an oscillator should emit unifre- 
quentic radiation with the following properties at 
distances large compared with the size of the 
oscillator and the wave length. The surface of 
any individual wave front is very nearly a sphere 
moving out from the oscillator with a constant 
velocity. If the poles of the sphere are defined as 
the points at which it is pierced by the prolonga- 
tion of the doublet axis (Fig. 2), then the ampli- 
tude of the wave is zero at the poles and a maximum 
at the equator. The wave consists in a variation of electric intensity 
accompanied by a variation of magnetic intensity; the two intensity 
vectors are perpendicular to each other a#id to the direction in which 
the wave is moving. The electric -force is always in the meridian, while 
the magnetic force is in the direction of the lines of latitude. 

Thomson’s model of an atom having but one electron imbedded in a 
sphere of positive electricity of equal charge would behave like such an 
oscillator. The force acting on the electron would be proportional to its 
distance from the center of the sphere, provided the positive charge 
distribution is not altered by the presence of the electron. The electron 
would oscillate in a straight line through the center of the sphere. If 
the damping forces are so small that they do not change the motion 
appreciably during a time which is large compared with the period of 
an oscillation, then, during such an interval, its distance x from the 
center at an instant f is 

x = a cos 2ar<jot. (1) 

In the light waves emitted by such an oscillator the electric and magnetic 
intensities vary according to the law of simple harmonic motion with 
frequency u, that is, the light is monochromatic. 


E=B=0 

Fig. 2. — Electric and 
magnetic forces in the field 
of a doublet. 
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6. THE EQUIPARTITION LAW AND HEAT CAPACITIES 

According to the kinetic theory of gases, the average kinetic energy of a 
gas molecule at the absolute temperature T is 

1 t 2 , n t 3 RT 3 7 m 

2™(v x 2 + v 2 + v 2 ) = = ~kT. 

R is the gas constant per mole; k is Boltzmann’s constant — that is, the gas 
constant for one molecule (1.37 * 10~ 16 ergs per degree Centigrade) — and N 
is Avogadro’s number. The mass of the molecule is m and v x , v V} 
are the components of its velocity in the directions of the X-, F-, and 
Z-axes, respectively. The bar over the expression on the left indicates 
an average value. Thus, the kinetic energy of the molecule is the sum 
of three terms each representing the kinetic energy contributed by its 
motion in the direction of one axis. From considerations of symmetry, 
it is evident that in a body of gas containing many molecules the mean 
values of these three terms are equal to each other and equal to one third 
of the total mean kinetic energy, so that 

mv x 2 __ mv y 2 _ mv z 2 _ kT 

— * 

that is, the mean translational kinetic energy is equal to kT/ 2 for each 
degree of freedom. 

The heat capacity of a gas at constant volume is defined to be the 
rate of increase of the energy of the gas with respect to temperature, 
i.e., ( dE / dT) v and this is Nk/2 = R/2 per mole for each degree of freedom 
of the molecule. Then for a gas composed of molecules which do not 
rotate and whose parts do not vibrate with respect to each other, the 
heat capacity per mole at constant volume should be 372/2. Furtherm ore , 
in the case of an ideal gas, the molar heat capacity at constant pressure 
exceeds that at constant volume by R , and so should be equal to 5/2/2, 
These deductions have been verified for monatomic gases and, therefore, 
we may conclude that the motions of the particles which compose the 
atoms are not affected by temperature to an appreciable extent over the 
entire range in which measurements have been made, so that there is no 
contribution to the heat capacity due tb Changes in the internal energy 
of the atom, this is strong evidence that internal energy cannot be 
taken up continuously bygfche particles of the atom. There is a similar 
effect in the case of molecules. Let the state of a molecule be defined 
by giving the values of a number of coordinates q x . . . q n . If the 
variation of the coordinate q n gives rise only to a squared term of the 
form liCnQn 2 in the kinetic energy, C n being independent of q n} then we 
can prove by the methods of statistical mechanics that the average of 
this term is kT/ 2. Thus, the average contribution of such a term to the 
kinetic energy is the same, regardless of the precise nature of the coordi- 
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nate q. This is called the “equipartition theorem.” Now, the number 
of degrees of freedom of a molecule is equal to three times the number of 
particles it contains. Thus, if we count the atoms composing a molecule 
as particles (disregarding the electrons for the moment), the number of 
degrees of freedom of a molecule having n atoms is equal to 3 n, and we 
should expect the heat capacity associated with the kinetic energy of 
all the particles to be 3nR/2 per mole. If potential energy is associated 
with any of these degrees of freedom, which is generally the case, the 
heat capacity will be greater than 3nR/2 and, therefore, this is only a 

minimum value. _ _ 

This consequence of the law of equipartition of energy is not obeyed 
even approximately as we can easily see by considering a diatomic gas. 
The two atoms have six degrees of freedom so that its minimum heat 
capacity at constant volume should be 3 R. But the ordinary diatomic 
gases, such as H*, 0*, N*, etc., have heat capacities nearly equal to 
5R/2 at ordinary temperatures. Why does this discrepancy exist? 
Boltzmann assumed that the molecule rotates in space but that the two 
atoms do not vibrate with respect to each other. There are three 
degrees of freedom associated with the translation of the molecule as a 
whole and two degrees associated with its rotation. The energy of such 
a molecule is entirely kinetic. Its mean energy is therefore 5kT/2 
according to Boltzmann’s assumption and the heat capacity 5R/2 per mole, 
in agreement with experiment. But it should be noted that ordinary 
mechanics does not explain the “freezing up” of the vibrational motion. 

In the case of solid bodies, each atom has three degrees of freedom 
and is bound to an equilibrium position by a force which varies directly as 
the displac em ent in the case of small vibrations. With this law of force 
the mean kinetic energy is equal to the mean potential energy, so that the 
mean total energy will be equal to twice 3kT/2, and, therefore, the heat 
capacity per mole will be 37? or 5.96 calories. This is Boltzmann s 
explanation of the law of DuLong and Petit, discovered empirically. 
This law holds approximately for many substances at ordinary tem- 
peratures but it does not hold for the lighter elements, as, for example, 
carbon where the deviation is large; nor does it hold for any substance 
at low temperatures. . 

The law of equipartition of energy requires that the heat capacity be 
constant for nil temperatures, at least if the energy is entirely kinetic. 
This prediction also is not true, for the heat capacities of all solid bodies 
approach zero as the temperature approaches absolute zero. More- 
over, the heat capacity of hydrogen gas decreases very markedly below 
room temperatures and reaches a constant value of 37?/2 at about 35 
absolute. Here again, we are dealing with “frozen” degrees of freedom. 
Another diffi culty is that the electrons and nuclei of the individual 
atoms do not contribute to the specific heat. 
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The equipartition law is derived by the use of Newton’s laws of 
mechanics and the assumptions of statistical mechanics. We are driven 
to the same conclusion which was reached in the last paragraph, that 
classical mechanics cannot be applied without modification to the 
motions inside atoms and molecules. 


7. BLACK-BODY RADIATION 

The theory of electromagnetic radiation and the theorem of equi- 
partition of energy lead to the following conclusions in regard to the light 
energy radiated from a black body, i.e., a body which absorbs all light 
falling on it, neither reflecting nor transmitting any of this light. If 
the energy lying between the wave lengths X 
and X + d\ emitted from unit area of a black 
body in unit time is S\dX, then we have 

27 rckTdX ... 

Sx d\ = — 4 , (4) 

c being the velocity of light. 

This is the Rayleigh-Jeans radiation law. 

The energy carried by all wave lengths from 0 
to oo is 


s = f sxdX = 2irckT f°° X~ 4 dX. 

Jo Jo 


( 5 ) 



Wave. LengHj 


Fig. 4. — Wave-length dis- 
tribution of black-body 
radiation. 


At all temperatures, the first equation requires 
that the energy radiated per unit range of wave 
length shall approach an infinite value as the 
wave length decreases (see Chap. Ill, Sec. 1, 
however). The second equation states that 
the total energy radiated per unit time and unit 
surface should be infinite. Both conclusions 
are obviously wrong. Lummer and Pringsheim 
(1897-1899) measured the distribution of energy in black-body radiation 
with respect to wave length and temperature. Their results are shown 
graphically in Fig. 4. The most recent measurements are those of Rubens 
and Michel. 1 The experimental results follow the Rayleigh-Jeans formula 
at long wave lengths but depart very decidedly from it at shorter wave 
lengths. Stefan (1879) discovered empirically that the total energy 
radiated from a black body at temperature T follows the law 

* = aT ( 6 ) 
where <r. is known as “Stefan’s constant.” Boltzmann subsequently 
deduced this law by thermodynamical reasoning. Thus, the total energy 
emitted must be finite at all temperatures, and not infinite as given 
by the Rayleigh-Jeans law. 

» Berl. Ahad. Bar., p. 590 (1921). 
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The invalidity of equation (4) is the crucial phenomenon which led 
Planck to introduce the quantum theory. The theory deals mth 
processes in which energy is interchanged by atomic system m defimte 
parcels instead of continuously, and it takes its name from thlS .^“ 
stance.’ The word quantum comes from Latin quantus, mean g 
much. It signifies a fixed amount of any manifold or extent. 

8. INTRODUCTION AND EARLY DEVELOPMENT OF QUANTUM THEORY 

The above examples of the failure of our usual laws have one common 
featl^e systems dealt with are in rapid oscillatory motion and he 
discrepancies between theory and experiment are P ron ^ Ced f 
frequencies but become small at low frequencies The law o : electro 
dynamics can be used with confidence at radio frequencies but they 
cannot account for the characteristics of light waves as e “ ltted y lies 
and in particular for the absence of overtones in the light. Aaoma 
of heat capacity behave in the same way. Carbon atoms “ firmness 
. vibrate with a high frequency because of their low mass 
with which they are held in place, while copper atoms vib 
frequency because of high mass and weak binding. F y, 
formula for black-body radiation holds for low t rue 

not for high This calls attention to a useful condition which the t 
Si rf Sic dynamics must satisfy. They must merge mto the older 

iaw« when applied to large masses or low frequencies. . , 

The first P step toward an appropriate modification of classical theory 
was a staling hypothesis of Planck (X900) which yielded the correct 
law of distribution of black-body radiation. He assumed 

1. A black body contains simple harmonic oscillators like those 
described in Sec. 4, vibrating with all possible frequencies. 

2. The frequency emitted by an oscillator is the same as its motional 

frequency. ^ absorption) occurs during very ^pid changes 

in the amplitude of the oscillator, taking place at intervals. Between 
these transitions the amplitude remains constant, so that no radiation 
emitted or absorbed. 

4. An oscillator emitting a given frequency v can exchange energy 
with the radiation field only in units called quanta, having the magni- 
tude hv, where Ms a constant named after its discoverer. 

Planck’s constant » h = 6.547 • 10~ 27 erg seconds. _ 

The essential novelty lies in assumptions (3) an ( ). os 
proofs to Chap. Ill, we may state that these assumptions lead to the 

distribution law, 2tC ch i 

S\ 


X 4 X 


ch 
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instead of equation (5), and this gives for the Stefan-Boltzmann law, 

2ir b k i 


-/ 


s\d\ = 


15 c% 3 


T A , 


Both equations agree with the facts within the limits of experimental 
error. 

Einstein (1907) used Planck’s assumptions to derive an expression 
for the heat capacity of a solid body, assuming that the oscillators are 
the atoms composing the body. The mean energy of an atom with 
three vibrational degrees of freedom is found to be 

3 hv 


E 


hv 

kT 


e — 1 

instead of 3 hT and the heat capacity per mole at constant volume will be 


-• - (if), - KD’ 


hv 

kT 


( hv \ 2 

e kT - 1 j 


The weakness of this theory lies in the assumption that the actual 
solid body can be represented by a group of oscillators having only one 
frequency, which must be determined by comparison with experimental 
data. However, when suitable values of v obtained in this manner are 
substituted in the formula for C v , it gives fairly good agreement with 
the experimental heat capacities for a number of elements. For low 
frequencies and high temperatures, C v approaches the value 3 R required 
by DuLong and Petit’s law, but for high frequencies or low temperatures 
the heat capacity is lower than 3 R. In 1912, Debye published a theory 
of the specific heats of the elements in a solid state, in which the atomic 
oscillators can possess all frequencies up to a certain maximum, jw. 1 
We may note here that the agreement with experiment leaves little to 
be desired. 

Another important step, in the early development of the theory, was 
Einstein’s explanation of the photoelectric effect — the ejection of electrons 
from a metal surface by light or by X-rays. For a given surface illu- 
minated with monochromatic light of frequency v, the maximum kinetic 
energy of the electrons, mv 2 /2, is not a function of the light intensity, 
but a straight-line function of the frequency. The physical basis of 
this was recognized by Einstein, and can be expressed by the equation 

mv 2 7 _ 

The significance is, that P is the work required to separate the electron 
from the metal surface. An amount of energy hv is expended on each 

1 See for example, Euckbn, Jette, and LaMer, “Principles of Physical Chemistry,” 
McGraw-Hill Book Company, Inc., New York (1924). 
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electron in separating it from the surface 

This shows that assumption (4) above, uiyu j 

linear oscillators, can be extended tc .cover ^ ^XrtSTeffect led 

£££.'%£Z;~ - that 

sr.W " r E I~r 
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9. BOHR’S THEORY OF ATOMIC STRUCTURE 
This extension was made by Bohr m 1913, following the w ^ rk < ^ f ^* Y* 
Nicholson and of Arthur Haas (Chap. V, Sec. 2) which was only loudly 
successful. Bohr obtained a quantum theory of the spectrum of atomic 
hydrogen, based on the following postulates, which are more precise y 

stated andjullyexpla ^ ^ a num ber of stationary states ’ ^ a . 

rated from each other by finite energy differences so that any gain or loss of 
energy by the atom results in a complete transition from one stationary state 

t0 ^ Radiation emitted or absorbed by the system is monochromatic and 
its frequency v nm is determined by the relation 

JE n Em 


Vnm = 


where E n and E m are the energies possessed by the atom in the nth and mth 

^It [Tangential feature of Bohr’s theory that the frequencies emitted 
bv an atom are generally different from all the frequencies in its motion 
And now we must make an assumption as to the laws of motion which 
govern the particles in the atom when it is not radiating. An excellen 
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first approximation to the true state of affairs is obtained if we assume 
that these particles can be treated as point-charges and that they obey 
the ordinary laws of mechanics. In many problems the nucleus can be 
considered at rest, while the electrons move around it like planets around 
a sun. Let us discuss the hydrogen atom, which is the simplest of all, 
and the best understood. It is the first element in the periodic system, 
and its atomic number Z is 1, that is, the atom has only one electron of 
charge —e moving around a massive nucleus of charge +e. We assume 
that the force between the two varies as the inverse square of the distance 
— the usual law of force in electrostatic problems. Then the electron 
can move on an elliptical orbit with the nucleus at one focus of the 
ellipse, as illustrated in Fig. 4, Chap. IV. It will sufifi.ce for our purpose 
here if we consider only the circular orbits. 

If the electron could move on any orbit whatever, then, in a shift 
from one orbit to another, the atom could lose any amount of energy 
whatever, and by the second postulate above, an aggregate of such atoms 
would emit a continuous spectrum. Since this is not the case, it is clear 
that the electron is not free to choose ny path whatever. It moves only 
on certain privileged paths, which oocy a set of equations called the 
quantum conditions, not derivable from the ordinary laws of mechanics or 
electrodynamics (Chap. Ill, Sec. 8). Such is the picture given by Planck 
and Bohr to explain the inherent stability of the atoms in general; the 
electrons move in certain configurations picked out by the aid of the 
quantum conditions, and are said to occupy quantized orbits. When 
the atom is exposed to a transient disturbance of any kind, it either 
shifts to another stable quantized state, or returns to its original one 
after the disturbance has passed. Results like these lead easily to the 
impression that natural phenomena are essentially discontinuous; $but 
this is a question for philosophy. The important point for the physicist 
is that quantized atoms show a behavior which is simple compared with 
what we might expect if classical mechanics were valid. A world of 
atoms having the capacity to exist in all states of energy would be a 
world of chaos ! 

So strong was the evidence in favor of Bohr’s theory, that, until about 
1923, it was believed that his concepts would persist unaltered; but 
from that time on, it became increasingly apparent that the values of the 
energy predicted by the usual rules for picking out the orbits were not 
always quite correct. Now this trouble might have been conquered by 
simply altering the laws which were used for picking out the actual 
orbits. Many such attempts were made, but none were quite acceptable; 
the subject languished, and many bizarre papers were published. Then, 
in 1925, the “way out” was discovered by Heisenberg. That way 
consisted of a thorough generalization and revision of the laws of mechan- 
ics, Independently, the same goal was reached by Schrodinger in 
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1926, following suggestions of de Broglie which date from 1923. The 
ideas involved are simple enough — illuminating in fact — but to appreciate 
them fully a more intimate knowledge of Bohr’s theory is required. We 
shall give a more detailed account of the Heisenberg-Schrodinger 
mechanics beginning with Chap. XV, and the curious reader may turn 
to it now with profit; but here we begin a detailed study of atomic 
science as it was before 1925. For years to come, physicists will talk 
in the language of the Bohr theory and it will suggest new pathways to 
further knowledge. 
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CHAPTER II 

THE ELEMENTARY CONSTITUENTS OF ATOMS 1 

1. FARADAY’S LAW AND THE ATOMIC NATURE OF ELECTRICITY 

In 1833, Faraday announced his laws of electrolysis, which are as 
follows: (1) The amount of material deposited at either electrode of a 
cell is proportional to the quantity of electricity which passes; (2) equal 
amounts of electricity deposit equal numbers of gram equivalents of 
different substances. In 1874, Stoney gave an address before the British 
Association, pointing out that it is almost a necessary^ consequence of 
this law and the atomic theory of matter that electricity should be 
atomic in character. Helmholtz emphasized the same fact in his Faraday 
lecture in 1881. To Stoney we owe the name “electron/ 7 which was 
first applied to the elementary unit of electricity of either sign, but now 
is limited to the negative unit, while the positive unit of equal magnitude 
is called a “proton. 77 

Faraday’s law does not prove that electricity is discontinuous but it 
makes this assumption very probable. If electricity is continuous, it 
seems very strange that all ions must become charged with equal amounts 
or with amounts which are in the ratio of simple integers. This appear- 
ance of simple integral numbers is just as valid an argument for the 
atomic character of electricity as it was for the atomic theory of matter 
as shown in the law of multiple proportions, but it is not a proof. 

The elementary charge can be calculated from the amount of electricity 
required to deposit one gram-atom of a substance, the valence, and the 
number of atoms in a gram-atom. The quantity of electricity required 
to deposit a gram equivalent from an electrolyte is called the “faraday 77 
and is equal to 96,489 ± 7 absolute coulombs or 9,648.9 ± 0.7 electro- 
magnetic units. So, if e is the elementary unit of electricity and N 
is the Avogadro or Loschmidt number — the number of molecules in a 
gram-molecular weight, 

9,648.9 ± 0.7 , A 

e = electromagnetic units. 

However, e can be determined directly with greater accuracy than N 
and so the value of the latter has been calculated by this equation with 
the use of the experimental value of e. 

1 The more elementary facts about electrons and positive nuclei are so widely 
known that our account of them will be brief. For detailed accounts we refer the 
reader to the general references given at the end of the chapter. Much of the present 
chapter will deal with accurate methods for studying these particles. 

1$ 
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We do not know why all electrons have the same charge within the 
limits of experimental accuracy, but such is generally admitted to be 
the case. Nor do we know why the charge of the hydrogen nucleus 
is equal to the electronic charge, but of opposite sign. When these 
facts are accepted, however, we arrive at a partial understanding of the 
fact that other nuclei have charges which are multiples of the electronic 
charge. We believe these nuclei are composed of hydrogen nuclei 
and of electrons, and that the charges of these particles are not altered 
when they combine. 

2. THE ISOLATION OF THE ELECTRON 

Sir J. J. Thomson and his collaborators showed that gases become 
conducting when illuminated by X-rays and that positively and nega- 
tively charged ions are formed. Sir Wm. Crookes obtained more detailed 
information by a study of the conduction of electricity through gases 
at low pressures (0.01 mm. of mercury). When currents driven by high 
potentials pass through gases at low pressures, electrons are shot out 
from the cathode. Under suitable conditions their path through the 
evacuated space can be followed by the light emitted by the small amount 
of gas present and appears as a straight bright beam perpendicular to the 
cathode. They cause many objects on which they fall to phosphoresce 
and the point where they strike the glass wall of the bulb may be observed 
in this way. Such beams cast well-defined shadows of objects placed in 
their paths, They are deflected by electric and magnetic fields and the 
direction of deflection shows that they carry a negative charge, also they 
impart a negative charge to insulated objects on which they fall. The 
electrons of these beams are able to penetrate thin sheets of metal and 
can be led out of the discharge tube through an aluminium window as 
Lenard first showed. These fast electrons have the same properties 
regardless of the metal used for the cathode and of the kind or pressure 
of gas in the discharge tube. The evidence is conclusive that they are a 
common constituent of all matter. 

3. RADIOACTIVE DISINTEGRATION 

Certain elements of high atomic weight, as well as K and Rb, are 
unstable in the sense that they spontaneously change to elements of 
lower atomic weight with production of heat and with the emission of 
alpha, beta, and gamma rays. The alpha rays are helium nuclei, having 
a mass practically equal to that of the helium atom, and a positive 
charge, +2e. The beta rays are electrons, and the gamma rays are 
light quanta of very short wave length. These phenomena were 
first observed by Becquerel, in 1896, in compounds of uranium and are 
known as the “ phenomena of radioactivity.” In 1898, the Curies’ 
succeeded in isolating the element radium and following this many new 
radioactive elements were discovered until at the present time about 
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forty are known. The average lives of these elements vary from about 
lO -11 seconds in the case of thorium C' to 2.4 • 10 10 years in the case of 
thorium. 

The study of radioactivity has followed two main courses : first, there 
has been the study of the disintegration phenomena, the radiations 
emitted, the laws of transformation of elements, and the properties 
of the radioactive elements themselves; and second, the radiations 
emitted have been found to serve as very powerful tools for the investiga- 
tion of the structure of atoms in general and in fact have furnished the 
key for the solution of the atomic structure problem. It is this latter 
study which is of interest here and, therefore, the properties of the 
alpha, beta, and gamma rays will be described quite briefly (see general 
references on radioactivity at end of chapter). 

The alpha rays can be recognized experimentally in a number of ways. 
They ionize gases through which they pass; breaking the molecules up 
into positively and negatively charged bodies, and thus cause them to 
become electrically conducting. For example, an electroscope is dis- 
charged if alpha rays pass through the gas about the leaves. . They 
blacken a photographic plate on which they##all and cause certain sub- 
stances such as zinc sulfide to fluoresce. If a fluorescent screen, on 
which a weak beam of alpha rays is falling, is viewed through a low 
power microscope, it is possible to observe faint but distinct star-like 
flashes of light which give very realistic evidence of a rain of particles 
on the screen. They are deflected by electric and magnetic fields in the 
directions to be expected for rapidly moving positively charged particles. 
The rays are able to pass Through a few centimeters of gas at atmospheric 
pressure, or through very thin foils of light metals before they are com- 
pletely stopped. The distance alpha particles penetrate into gases, 
known as the “range,” is very nearly the same for all the particles from 
one radioactive element, and varies from 2.53 cm. of air at normal 
temperature and pressure in the case of uranium to 8.17 cm. for thorium 
C'. The range varies inversely as the pressure, and directly as the 
temperature, and, therefore, each alpha particle is stopped by nearly 
the same number of collisions with molecules of the gas. 

A simple calculation shows that a particle moving in a straight line 
through a gas at standard temperature and pressure would pass through 
thousands of molecules in each millimeter of its path if the molecules 
have the radii deduced from kinetic theory. The alpha particle appar- 
ently does pass through molecules in this way and produces thousands 
of ions in each millimeter of path. C. T. R. Wilson 1 used this fact in 
devising a method for making the paths of alpha particles visible. If a 
gas saturated with water vapor is suddenly expanded, it becomes super- 
saturated. Wilson's method consists in rapidly expanding, by means 

1 Proc . Roy. Soc. 87, 277 (1932). 




serve as nuclei for the condensation of water vapor from the super- 
saturated gas and, under proper illumination, an easily visible white line 



Fig. 2. — (a) Paths of electrons ejected from atoms by X-rays. (After Wilson, Proc. 
Boy. Soc. lt)4, 1 (1923).) (6) a-ray tracks in helium. (After Blackett , Proc. Roy. Soc. 107 , 

360 (1924).) The angle between the forked tracks is very close to 90°. (c) a-ray tracks in 

oxygen. (After Blackett , Proc. Roy. Soc. 103, 78 (1923).) 


appears which can be photographed (Fig. 2). For the most part, the 
tracks are straight lines of nearly constant length, but, sometimes, 
near the end of the track, a sharp break appears, just as though the 
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particle had collided with a heavy body. In a few cases the deflection 
is larger than 90°. Further, the track is sometimes branched, indicating 
that the atom struck has recoiled with enough energy to produce ions 
on its own account. Deflections of alpha particles through large angles 
are also observed when they fall on thin metal foil. Whatever be the 
cause of the deflection, the phenomenon is termed “scattering.” The 
energy of the particle is used up in ionizing the molecules and it is finally 
neutralized by picking up electrons. The number of pairs of ions 
produced in a centimeter of path varies greatly with the velocity. In 
air, at 15°C. and 760 mm. pressure, the maximum value of about 71,000 
ion pairs per centimeter is reached when the alpha particle has a velocity 

• of about 8.3 - 10 s cm. per second. 

The beta rays also ionize gases, though not so intensely as alpha 
particles, affect the photographic plate, and cause substances on which 
they impinge to fluoresce. They are deflected by electric and magnetic 
fields in the directions to be expected for negatively charged particles. 
They can pass through thick layers of gases and through thin metal 
foils. 

While alpha particles have paths of very nearly the same length 
so that a very sharp range is found, the absorption of beta rays by matter 
follows an exponential .law ju^t as in the case of cathode particles (Chap. 
II, Sec. 16) and they are half absorbed by a few hundredths cm. of alu- 
minium. The paths of beta rays can be made visible by Wilson’s 
method and are found to be much more tortuous than alpha-ray tracks 
and to have fewer droplets showing that fewer ions are formed. Beta 
rays are in fact identical with cathode particles except for their higher 
velocities, the fastest known being those of thorium C with a velocity 
equal to 0.999 times the velocity of light. For convenience we shall^ 
refer’ to either beta rays or cathode rays as fast electrons. 

The gamma rays are the most penetrating radiations emitted by 
radioactive substances. They pass through long distances in air and 
even through many centimeters of metals such as lead. They are weak 
ionizers of gases, and affect the photographic plate. They are undeflected 
by electric and magnetic fields and generally behave like light of short 
wave length. 

4 MOTION OF A CHARGED PARTICLE IN ELECTRIC AND MAGNETIC 

FIELDS 

In order to investigate directly the charge, mass, and velocity of 
electrons and positive ions, we observe their motions through electric 

* and magnetic fields combined in suitable ways. By definition, a particle 
with charge e in a steady electric field of intensity E is acted on by a 
force 


f = Ee, 
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so that E is the force per unit charge. Its potential energy at some 
point Q in the field is 

V = — f^fsds = —e J^Esds = 

Here the integral is taken along any path from «> to Q, and f 8 is the 
component of f parallel to ds . <3? is the electrostatic potential at the point 

Q — the potential energy per unit charge. 

The equation of energy for a charged particle moving in an electric 

field is 

+ = 2 ?, 

where E is the total energy. Suppose the particle is initially at rest at a 
point where its potential energy is iqe. If it moves under the action of 
electric forces to another point with potential $ 2 ? its kinetic energy at 
the latter point is 

'■ CD 

Between two parallel condenser plates charged to a potential difference 
the uniform electric field has intensity Y — $/d, if their distance 
apart is d, where d is very small compared to the dimensions of the 
plates. Figure 3 shows such a pair 
of condenser plates, A and B. Let rMl 

a charge moving with a velocity v y ! ■ . h 

along the X-axis, parallel to the plates, 1 1 ..r 1 - -f 

enter the field at 0, which is taken as _ g _ 

the origin, and be deflected as in- v i - p- 

dicated. No force acts on the particle " t ‘ 1 

parallel to the Ms, so its x-com- 
ponent of velocity remains unchanged, 

and the distance traveled by the particle in time t is such that 

x = vt. (2) 


The equation of motion for the ^-coordinate is 

md2 y _ 

~W ~ ’ 


= Yet, my = ^ (3) 

at * 

the constants of integration being zero, since y and dy/ dt are both zero 
at t = 0. The elimination of t from equations (2) and (3) gives the 
equation of the path, which is parabolic between 0 and C . 

«-*(£)$■ 


( 4 ) 



24 the ELEMENTARY CONSTITUENTS OF ATOMS [Chap. II 

I^eyond C the path is again a straight line CE with the equation 

» - + (£)<* - l)! - (4 “> 
A.t E, the particle can be detected by methods soon to be described, so 
*the values of y and x for one point on the path are known. If v is known, 
£tll the quantities in equation (4a), except e/m , can be measured and thus 
"fclie value of e/m can be determined. 

We now show how v can be determined from the deflection in a uniform 
magnetic field. The force exerted on the particle by a magnetic field 
H is 

/ = evH sin (v, H) (5) 


where sin (v, H) is the sine of the angle between v and H. In particular, 
if the particle moves at right angles to the lines of force, the force is 
ttev. It is always perpendicular to v and to H, and is directed in the 
sense in which a right-handed screw moves if so rotated that it brings 
the velocity vector v into coincidence with H (Fig. 4). 
Therefore, the magnetic force can alter the direction of 
f-vHsj'n(v,R) the velocity but not its magnitude. If v and H are per- 
pendicular to each other, the particle will move in a 
H circle with a radius determined by the condition that 

the centrifugal force and the force exerted by the field 
^ shall be equal, 


( 6 ) 


Ro. 4. — The rr _ mV 

force acting on a ** r 

^positive charge 

moving in a mag- Both H and v can be measured, giving us the value 
tx© tic field. » , . . ii 

oi 6/ mv. An experiment with the same particles, having 

the same initial velocity, in an electric field will- yield e/mv 2 , and so the 

values of both v and e/m can be obtained. By combining the effects of 

electric and magnetic fields upon moving charged particles, it is possible to 

determine' the ratio e/m . If the force, due to a uniform electric field, is 

balanced by magnetic force, the particle moves in a straight line, as though 

both fields were absent, and the forces obey the equation, 

Ye = Hev, " (7) 


so that v — Y/H. The experimental method is to place the condenser 
plates of Fig. 3 between the poles of an electromagnet in such a way 
■that the direction of H is perpendicular to Y and v, that is, perpendicular 
to the plane of the page. The values of Y and H are’ so chosen that they 
cause the particle to move along OX when both fields are acting; this 
gives us v. Now the electric field is removed, and the particle moves on a 
circle of radius r. Substituting v in equation (6), we have 


e_ = Y_ 
m H 2 r 


( 8 ) 
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The quantities on the right can all be measured. Again, the deflection 
in the electric field alone may be measured, and substituting v — Y/H 
in equations (4) or (4a), we obtain e/m independently. 

It is difficult to obtain high precision in measurements of this kind. 
The electric field is not uniform near the edges of the condenser plates, 
nor is the magnetic field near the edges of the pole pieces. The equations 
given are only approximate for these reasons and it is difficult to derive 
the equations for any given apparatus, or to determine them experi- 
mentally. Deflection experiments give values of a/m for cathode rays 
varying from about 1.71 to 1.85* 10 7 e.m.u per gram. (e:m.u. means 
electromagnetic units.) The most probable value lies near 1.76 • 10 7 . 


5. THE DEPENDENCE OF e/m ON VELOCITY 

Simple deflection experiments on beta particles give results agreeing 
closely enough with the above figures to leave little doubt that they are 
identical with cathode particles except for their higher velocities. How- 
ever, some indications that the ratio e/m decreases with the velocity 
were secured from such determinations. The Lorentz theory of the 
electron, and also the theory of relativity, requires that the mass m 
of the electron shall vary with its velocity according to the equation, 

m = (i - FP ' 13 ~c’ (9) 

where m 0 is the mass of the electron at rest and c is the velocity of light. 
The mass m differs very slightly from m a except for values of v approach- 
ing the velocity of light, so that we are practically limited to the use of 
high-speed electrons in testing equation (9) . Experiments by Kaufmann 1 
showed definitely that e/m does vary' with the velocity of the particles 
and that it probably approaches zero as v approaches c. His experi- 
mental method, due originally to J. J. Thomson, is y 

shown diagrammatically in Tig. 5. S and N are 
the poles of an electromagnet and A and B the 
plates of a condenser arranged so that they can be AT 
charged to different potentials by a battery. A T~ s 
narrow beam of beta particles is aimed downward, 

normal to the paper at the point P. Below, a W/vy/y//.//,,,A 

photographic plate is placed perpendicular to the Pia. 5. — Kaufmann’s 
direction of the beam of beta particles. The mag- ^^ atUB for detorraining 
netic field displaces the particles toward the right 

while the electric field causes them to be displaced toward the positive 
plate. Assuming that the ratio e/m is constant, we can show from equa- 
tions (4) and (6) that for small displacements the deflection in the Y- 
direction due to the electric field is 

_ a 2 eY 
■ ^ 2 mv 2 ’ 

i Ann. Physik. 19, 487 (1906). Final results. 
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where a is the length of the condenser plates, and that in the x direction, 
due to the magnetic field is, if x is small, 

b 2 eH 

X = 7T — 7 

2 mv 

where b is the length of path between the pole pieces. The particles 
fly some distance in a field-free space and then hit a photographic plate. 
The displacement y at the photographic plate is proportional to (e/m) 
( Y/v 2 ) and the displacement, x, to (e/m)(H/v). Eliminating the 
velocity we have, 

.7 


y 


( 10 ) 


where K is a constant depending on a, b, and other dimensions of the appa- 
ratus. Therefore, the particles fall at various points on a parabola through 
P as shown by the dotted line PD, depending on their velocities. Revers- 
ing the direction of the electric field causes them to fall along PC. Kauf- 
mann found that the photographic plate was darkened along the solid 
curves. The shape of these curves indicates that the mass increases 
as the velocity increases and that it approaches a very great value as 
the velocity approaches that of light, but the experiment did not deter- 
mine the exact way in which the mass changes with velocity. 

The method of compensated rays, used by Bestelmeyer, 1 Bucherer 2 
and others, is illustrated by Fig. 6. It makes use of electric and magnetic 

fields, perpendicular to each other and 
to the direction of the beam of electrons. 
The uniform magnetic field extends over 
the condenser plates and the space 
about them, and has a direction normal 
to the plane of the paper. Photoelec- 
trons from the plate Pt, entering a{ the 
left with a velocity v = Y/H, move in 
a straight line through the region of the 
condenser plates C but electrons of all 
other velocities are deflected to one plate or the other. The emerging 
beam is then deflected by the magnetic field alone and follows one of the 
curves a or a f . The radius of this circular path is 

7 

r = [ — 


l Pi 


c 

p 

a. 

c 

a*' 


Fig. 6.- 


-Compensated ray apparatus 
for measuring e/m. 


H 2 

With the aid of a photographic plate P, r is determined, and so we obtain 
m/e. Knowing v and m/e , we can use equation (9) to calculate e/mo. 
If equation (9) is correct, this should be a constant, whatever be the 
value of v. Table 1 shows the results of a number of Rucherer's deter- 

1 Ann. Physik , 22, 429 (1907). 

2 Ann. Physik , 28, 513 (1909). 
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ruinations of e/m Q . The constancy of this ratio is commonly interpreted 
as favorable to equation (9). It is desirable, however, that new deter- 
minations be made, using all the resources of modern high vacuum 
technique, because of the importance of equation (9). 


Table 1 


v/c 

e/m Q in 

Electromagnetic 

Units 

0.3173 

1.752 X 10 7 

0.3787 

1.761 

0.4281 

1.760 

0.5154 

1.763 

0.6870 

1.767 


The ratio of charge to mass for the hydrogen ion is 9,580 e.m.u. per 
gram, from electrochemical data, so that the e / m ratio for the electron is 
about 1,847 times as great as that for the hydrogen ion. 

In 1901, Rutherford attempted to determine the e/m ratio of alpha 
particles from their deflection in electric and magnetic fields and showed 
that they were deflected as though they carried a positive charge. Later, 
he deposited the radioactive elements resulting from the decay of radon 
on a fine wire; the active material is radium C. Since the alpha particles 
from any sample of radium C have the same velocities, masses, and 
charges, the effects of electric and magnetic fields were studied separately. 
The value of e/m is 4.82 • 10 3 , about one-half the value for hydrogen. 
The discovery by Ramsay and Soddy that helium is produced when 
radium disintegrates showed that the alpha particle is a doubly charged 
helium atom, that is, simply a helium nucleus with an atomic weight 
of 4. We know today that these particles are emitted by the nucleus 
of the radium atom (atomic weight 226) when it disintegrates, leaving 
behind the nucleus of an atom of weight 222. 

6. THE ELEMENTARY UNIT OF CHARGE 

The first attempts to determine the elementary unit of charge e } follow- 
ing Stoney’s estimate of 0.3 • 10“ 10 e.s.u., were made by Townsend, 
J. J. Thomson, and H. A. Wilson. The methods of Townsend and 
Thomson are essentially the same. A charged cloud of water droplets is 
produced by expansion. The charge carried by the cloud is measured 
and its total mass is determined by absorbing the water and weighing 
it. The average radius of the droplets is determined by observing 
the rate of fall of the top surface of the cloud under gravity. According 
to Stokes 7 law, 1 the velocity of fall of a sphere of radius r through a 
viscous medium of density d 0 is 

„ = 2 J^A.z JA, (ID 

9?7 

'See Lamb, “Hydrodynamics,” 5th ed. Sec. 337, Cambridge University Press. 
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where g is the acceleration of gravity, »? the viscosity of the - 

the density of the sphere. In this way we obtain the average nu ^ 

droplet, and therefore the number of droplets. Assuming 1,1 ' ‘ ! ' . 

carries a single elementary charge, its value can be ca cu a < < Hj 

total charge and the number of droplets. Townsend sccuru * 
e.s.u. while Thomson obtained 6.5 • 10“ 10 and 3.4 * 10~ 10 e.s.u. m ^ 
sets of experiments. Since only the average mass of t u < IO P * 
determined and there is no way of knowing that each drop c utttt ^ 
one elementary unit of charge, the method cannot be expec.U < to gi*u 
precise results. Wilson modified this method by observing t \< tn t 
fall v 1 under gravity alone, and the rate v 2f under the combined forces 
of gravity and of an electric field. In this case, the condition for mn orm 

fall is, by Stokes’ law, •> 

mg + Xe = farrjv*, 

mg being the apparent weight of the drop in the medium of d<*nsit y 
while in the absence of the electric field, 

( 126 ) 


We have also 


m = 


mg = §Trrr)V\. 
4^rr z D 


) where D = d — da. 


In these equations, the quantities observed are X, D , y, v% and m 
and r can be eliminated and 


_ 4 t rg(vj_- Vi)vi''*/9r\M (vn 

e ~ — 3 XW \2g)' 

The deviations for this method were large and the results of the mine 
order of magnitude as before. In determining V\ and it is necessary 
to assume that the size of the droplets is the same and the variations in 
the results indicate that this is not true. 

The most exact determination of e is that of Millikan. In repeating 
Wilson’s work he found that individual droplets could be kept in t he 
field of a telescope for appreciable lengths of time. This made possible 
the elimination of many uncertainties, such as the assumption that each 
droplet has only one unit of charge and that they are of the same nm\ 
He observed drops of water, mercury, and oil, and found the oil drops 
most satisfactory. The electric fields used were higher than those used by 
Wilson and were mostly in a direction to oppose the force of gravity 
so that the condition for steady fall was 

— mg + Xe = 6 rryv*. ( 14 ) 

The particle moves upward or downward, depending on whether AV is 
greater or less than mg. The special case in which Xe m mg is known 
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as the “balanced-drop method.” Dividing equation (12b) by equation 
(14) and solving for e we obtain 

mgjVi + v a ) ( 15 ) 

Xvx 

Millikan’s apparatus is shown in Fig. 7. 1 An oil mist is produced by 
an atomizer; some of the drops fall through the opening in the upper 
condenser plate, and pick up charges from ions in the gas produced by a 
beam of X-rays. The particle selected for observation is viewed through 



Fig. 7.— Millikan’s apparatus for determining e, {Reproduced by permission of the Univer- 
sity of Chicago Press from “ The Electron ”.) 

a telescope equipped with horizontal hair lines so that the time of fall 
between known levels can be determined. When a droplet has fallen 
below the bottom crosshair, an electric field is established between the 
condenser plates and the time of rise of the same particle is determined. 
In this way, one droplet can be observed for long periods of time. 

The experiment can be best understood by considering the actual record of a 
droplet. The time required for it to fall a distance of 0.5222 cm. under gravity was 
13.593 seconds, the average of 17 determinations varying only by amounts to bo 
expected in stop-watch measurements. The times required for successive trips 
upward were 12.5, 12.4, 21.8, 34.8, 84.5, 85.5, 34.6, 34.8, 16.0, 34.8, 34.6, 21. 0 seconds. 
After two trips, the time changed to 21.8 seconds, showing that a negative ion had 
been captured, since the particle was positive. The other changes also indicate the 
capture of ions, some positive and some negative. According to equation (15) the 
charge is proportional to v x -f- and, if the charges carried by the droplet am all 
multiples of a certain unit, this sum should always be an integral multiple of the value 
of vi -f v* when the elementary charge is carried. Table 2, which is an abridgement of 
one given in Millikan’s book “The Electron,” shows that such is the case; Vi » 
0.03743 cm. per second. 

1 Millikan, R, A, “The Electron,” University of Chicago Press (1924). 
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Table 2 


V2 

Vi -1- V2 

n 

A(vi -j- V 2 ) 

An 

0.01196 

0.07939 

9.06 

0.01806 

-2.06 

0.02390 

0.06133 

7.00 

0.00885 

-1.01 

0.01505 

0.05248 

5.99 

0.00891 

-1.01 

0.006144 

0.04357 

4.98 




The column n gives the number of elementary charges carried by the droplet and An 
the number of charges gained by the droplet on successive trips. The experiment 
proves conclusively that the charge on the droplet is an integral multiple of an ele- 
mentary unit and that the charge changes only by multiples of this unit. 

The determination of the value of the charge requires the use of Stokes’ 
law. It is given by equation (13) with the sign of v% changed, since 
the particle in Millikan's experiments rises against gravity when the 
field is applied. All the quantities in this modified equation can be 
determined by Millikan's method, observing one particle. The number 
of elementary charges on a droplet is obtained by the method just 
described and then the absolute value of the charge is obtained by deter- 
mining all the unknowns in equation (13). However, Stokes' law applies 
only when the droplet is large compared to the mean distance between 
the molecules of the gas. Since the droplets used were very small, it 
was necessary to use a corrected form of Stokes' law, 


1 + A 


Vl= l ?! r ( 1 + A r : } (16) 

where A is an empirical constant, and l the mean free path of the gas 
molecules. With this correction, consistent values for the elementary 
charge are obtained. 

Millikan's value for e is (1.591 ± 0.002) • 10~ 20 e.m.u. or (4.770 ± 
0.005) * 10~ 10 e.s.u. Together with the value of e/m 0 this permits a 
calculation of the mass of the electron, 

m 0 = (8.994 ± 0.014) • 10“ 28 gram. 

Avogadro's number can be calculated from the relation 

N = F - - = (6-064 ± 0.006) • 10 22 . 

The mass of any atom can be calculated from its atomic weight and 
Avogadro's number N. That of the hydrogen atom is 

= (1 - 6618 ± °- 0017) 10-24 gram - 

The so-called radius of the electron can be calculated on the assump- 
tion that the mass is electromagnetic in origin. By this we mean, that 


F 

N = - = 

e 


= (6.064 ± 0.006) 


= (1.6618 + 0.0017) 10- 24 gram. 
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the resistance to acceleration is supposed to be due entirely to the 
reaction of the electron’s own electric and magnetic fields upon it, when 
it is subjected to a force. Further, it is supposed that the electron 
at rest is spherical, and that its charge is uniformly distributed on the 
surface of the sphere. The mass is given by 

2e 2 nf7 , 

m ° = 3^a (17) 

where a is the radius. 1 We find that a = 1.69 * 10“' 13 cm., a value 10 5 
times smaller than atomic radii. On a similar basis, the radius of the 
hydrogen nucleus would be only 0.92 • 10~ 16 cm., since it is much heavier 
than the electron. These values must not be taken too seriously. When 
the unsettled subject of models of the electron is discussed, it is cus- 
tomary, following Poincar6, to postulate a system of cohesional forces 
inside the electron, non-electromagnetic in character, but the existence 
of these forces makes doubtful the calculation of the radius referred to 
above. It seems probable, however, that in close collision with other 
entities the electron behaves more or less as a particle of radius 2 • 10” 13 
would do. This is the only sense in which it has any meaning to speak 
of its size. 


7. EARLY RESEARCHES ON ISOTOPES 

Soddy and Fajans (1913) first pointed out that certain radioactive 
atoms having different rpasses and different radioactive properties 
should occupy the same position in the periodic system, and suggested 
that non-radioactive elements might consist of several atomic species 
having different atomic weights. Soddy called these species u isotopes.” 
They stated that they would be chemically inseparable and further 
pointed out that lead from "uranium minerals, produced as the end 
product of the radioactive decomposition of uranium, should have a 
lower atomic weight than lead obtained from the radioactive decom- 
position of thorium. The first of these statements explained the results 
of Boltwood, 2 Marckwald and Keetman, 3 and Auer von Welsbach 4 who 
showed that mesothorium and ionium cannot be separated chemically. 
Similarly, mesothoripm and radium in the alkaline earth group and 
uranium I and II of the sixth group have been shown to be inseparable. 
The second statement was verified by careful determination of the 
atomic weight of lead from different sources as shown in Table 3. Table 
4 gives data in regard to atomic weights and other physical properties, 
collected by T. W. Richards. 

1 See Jeans, “ Electricity and Magnetism,” p. 586, 4th ed. 

2 Am. J. Soil, 22, 537 (1906); 24, 370 (1907). 

3 Jahrbuch f. Radioaktivitat , 6, 269 (1909). 

* Wtin. Ber. iia , 119 , 1011 (1910). 
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Table 3 


Source Atomic Weight 

Ceylon thorite. 207.77 

Norwegian cleveite 206 . OB 

Australian mixture 206 . 34 

Carnotite 206 .36 

Pitchblend (Morogoro) • • 206 . 046 

Norwegian thorite 207.9 

Uranium lead (theoretical) • * 206 

Thorium lead (theoretical) 208 

Ordinary lead 207 . 20 


Table 4 


Property 

Common 

lead 

Australian 

mixture 

Norwegian 

cleveite 

Percentage 

differences 

A 

B 

C 

A -B 

B-C 

Atomic weight 

207.19 

206.34 1 

206.08 

0.42 

0.54 

Density 

11.337 

11.280 

11.273 

0.42 

0.56 

Atomic volume 

18.277 

18 . 278 

18.281 

0.01 

0.02 

MAIt.incr ■nnint, 

600 . 53 

600.59 


0.01 


Mnlnhili+.v 

37.281 

37.130 


0.41 


T? r vF*ra i n A c * v (vn 

1.7815 

1.7814 


0.01 


.IWvjII Cll/Oi V U liXUOA UA Cm \JKJ J » ■ • ♦ « * 





It can be seen from Table 4 that the various samples described differ 
only in those properties which depend on atomic weight. This difference 
in atomic weight is due to the fact that the nuclei of the various isotopes 
of a given element have identical charges, but different masses. The 
configuration of the outer electrons depends only on the charge of the 
nucleus, aside from extremely minute effects due to its mass and possibly 
to a small magnetic moment. 

8. THE SEPARATION OF ISOTOPES 

In the case of the radioactive elements and the stable elements 
derived from them, , such as uranium lead and thorium lead, nature 
furnishes us with pure atomic species, but, in the case of the non- 
radioactive elements which have several isotopes, we are always con- 
fronted with a mixture of constant proportions. Careful and extensive 
researches 1 have shown that the atomic weights of materials taken from 
widely separated sources on the earth's surface, from igneous rocks, 
from sedimentary rocks, and from the sea, are identical within the errors 
of measurement. Still more striking is the fact that the atomic weight 
of nickel from meteorites is the same as that of terrestrial nickel; the 
same is true for other elements investigated. On the basis of this work, 
Aston suggested that the evolution of the elements occurring when 
1 See Aston’s “Isotopes,” 2nd ed., pp. 141-142 for a detailed account. 
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9. THE PARABOLA METHOD FOR STUDYING POSITIVE RAYS 

In every disc har ge tube there are positively charged particles which 
move toward the cathode. The presence of such particles was first 
demonstrated by Goldstein by boring a small hole in the cathode (called 
by him a canal), and, thus, allowing these particles to stream into the 
space behind the cathode. Their track appears as a bright pencil of 
light, due not only to their own emission but also to that of the molecules 
which they strike. J. J. Thomson has summarized the results in this 
field in his “Rays of Positive Electricity” (see reference at end of chapter). 



Fig. 8a. — J. J. Thomson’s positive ray apparatus. A is the anode, K the cathode, P and Q 
the magnetic poles, LL the condenser, and R the photographic plate. 


The principal experimental method used by Thomson (Fig. 8a) is nearly 
identical with that used by Kaufmann in his experiments on electrons. 
As in the experiments of Kaufmann (Sec. 5), the particles will fall on 
curves which are approximately parabolas. The particles of high velocity 
are deflected only slightly and, therefore, fall nearer to the apex of the 
parabola, while those of lower velocity are deflected more, and so fall 
farther from the apex. If particles of all velocities were present, the 

curves would be complete, as shown at 
OA and OB in Fig. 86. If the direc- 
tion of the magnetic field is reversed, 
the particles will be deflected down- 
ward, as shown by the curves OC and 
OD. The directions of the electric and 
magnetic fields which deflect the par- 
ticles to each of the four branches of 
the parabolas are shown by the arrows 
E and H. If negative particles are 
present, the positions at which they 
fall can be secured by reversing the 
directions of both E and H in the 
figure. Particles moving with “infinite” velocity would pass through 0. 
Since the particles cannot have a velocity greater than that given to them 
by falling through the entire potential difference across the cathode ray 
tube, i.e. } between A and K in Fig. 8a, only incomplete parabolas will 
actually appear on the photographic plate, as in Fig. 9. 



Fig. 86. — Diagram of positive ray 
parabolas. 




Sec. 9] 


METHOD FOR STUDYING POSITIVE RAYS 


35 


The deflection due to the electric field is inversely proportional to 
the kinetic energy of the particle and, therefore, will be the same for all 
particles which have the same charge and have fallen through the same 
potential, regardless of any difference in mass. The deflection due 
to the magnetic field is inversely proportional to the momentum of the 
particle, and, since the momentum is larger for heavier particles of the 
same kinetic energy, these will be deflected less than the lighter particles. 
Curve OB is produced by particles of larger mass than those which 


//+ 



Ne20 

Fig. 9. — The parabolas of neon. ( After Thomson, Taken from Aston's “Isotopes” p. 28.) 

produce OA . From the shape of the curves it is possible to determine 
both the velocity of a particle falling on any point of the curves and 
also the ratio of charge to mass. The calculation is troublesome and, 
due to uncertainties in the distribution of the electric and magnetic 
fields, is not very precise. Experiments of this kind show definitely 
that the masses of particles carrying positive charges are of the same 
order of magnitude as the masses of the atoms, and that chemically pure 
elements may consist of a mixture of atoms of different masses. Figure 
P shows. curves due to two isotopes of neon. 
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10. DEMPSTER’S METHOD 

Dempster 1 has used the so-called magnetic spectrograph for studying 
positive particles and for determining the ratio of charge to mass. A 
diagram of his apparatus is shown in Fig. 10. The positive ions of 
charge e are produced at A by causing electrons from a heated filament 
to fall on a salt of the element to be investigated. These fall through 
a small electric field and pass through the slit at C. Between C and Si, 



Fig. 10. — Dempster’s apparatus for detecting isotopes. 

there is a large electric field which causes the ions to pass through Si 
with a velocity 



where $ is the potential difference between C and Si. The apparatus below 
/Si and S 2 is placed between the poles of an electromagnet so that the 
ions, after entering at Si, move in a semicircle to' S a . The radius of the 
circle r, equal to half the distance between S\ and S a , depends on 
the magnetic field strength and velocity of the particle in the way given in 
equation (6), if m is replaced by M and e by e. Eliminating the velocity 
from equations (6) and (18) we have 

_e_ = 2 $ 

M H 2 r 2 ‘ ( 19 ) 

The experimental procedure is usually to fix H at a convenient value 
and to vary $ until the ions fall through S % and discharge the 
electrometer. 

1 Phys. Rev., 11, 316 ( 1918 ). 
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11. ASTON’S MASS SPECTROGRAPH 

Aston 1 devised another arrangement of electric and magnetic fields 
(Fig. 11) which proved to be most convenient for the analysis of positive 
ions and has improved it until a very high precision in the determination 
of atomic masses is possible. A narrow beam of positive ions is selected 
from a source at the left by means of the slits 8 1 and 8^ This beam 
passes between the charged plates P x and P 2 and is spread into a fan 
falling on D, the deflection depending on the charge and velocity 
of the ions. Only those ions will pass through the slit D which have 
charge and velocity such that they fulfill the relation 



Fig. 11.- — Aston’s mass spoctrojurraph. 


where 6 is the angle of deflection, which is always small and fixed by tho' 
position of D; v the velocity of the ions; l, the length of the path between 
the plates P \ and P 2 ; and E, the electric intensity between these plates. 
These ions then pass between the poles of an electromagnet arranged 
so that it deflects them in the direction opposite to the deflection caused 
by the electric field. The angle of deflection can be obtained from 
equation (6) and for small deflections, is given by 


<pV 


( 21 ) 


L being the length of path in the magnetic field. Eliminating v from 
equations (20) and (21), 



1 Phil. Mag., 38, 709 (1919); also his book “Isotopes” (reference at end of chapter), 
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The great advantage of this method lies in the fact that ions having 
a certain value of e/M but slightly different velocities due to the finite 
width of the slit D will nevertheless be focused on the same point of a 
photographic plate placed at GF, because an ion which is bent slightly 
less than the average by the electric field and has therefore a slightly 
higher velocity, is bent back proportionately less strongly by the magnetic 
field, while the opposite is the case for a strongly deflected slower ion* 
Therefore, the paths of slow and fast ions will intersect at some point. 
The locus of this point is found as follows: 

By differentiating equation (20), 

v 2 dd + 2 Bvdv = 0, or ~ — 

B v 

and by differentiating equation (21), 

vdtp + <pdv — 0, or — = — —• 

<p v 

Therefore, dd/d = 2 d<p/<p, an expression which is true for all values of 
the velocities. If dd is the angle defined by the slit Z>, the width of the 
beam after traveling a distance equal to the total length of path will be 
(b + r)d&, neglecting the effect of the magnetic field, where b is the 
distance OZ and r is approximately OF. The effect of the magnetic 
field is to decrease this width by an amount — rdip and therefore the 
total width is 

( b + r)dd — rd<p = bdd + r(dd — d<p) = dd^b + 1 — 

If the rays are to be brought to a focus, this width must be zero and this 
will be true when 



This is the equation of a straight line GF making an angle 0 with the 
original direction of the beam, in the sense opposite to the direction of 
deflection of the ions. Ions with the same e/M but of slightly different 
velocities will fall on the same point on this line, as shown in Fig. II, 
making it possible, to secure very sharp images on the photographic 
plate. The theory as presented is not exact since the variations of the 
fields, near the edges and the different paths traversed by the ions are 
not considered. By taking these into account, Aston has made this 
so-called mass spectrograph an instrument of high precision. He has 
studied the isotopes of a large number of elements, with the results 
shown in Table 5, which also includes the data of other investigators 
The neaVly integral atomic weights of isotopes, the emission of alpha 
and beta particles by radioactive elements, and the artificial trans- 
mutation of elements with emission of protons (Sec. 16) indicate that 
Prout’s hypothesis was not far from correct; the nuclei of all atoms are 
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Sec. 12] REGULARITIES IN THE SYSTEM OF ISOTOPES 

probably constructed of protons and electrons, and it is likely that these 
particles form groups similar to the helium nucleus. Of course, the 
mere fact that alpha, beta, and hydrogen particles are emitted by nuclei 
does not prove their independent existence before the emission, but, 
with mental reservations, we shall speak as though such were the case. 
On this basis, we find the number of electrons in the nucleus as follows: 
The mass is almost entirely due to the protons, the number A of which is 
therefore nearly equal to the atomic weight. If there are N electrons, 
the nuclear charge will be 

A-N = Z, (23) 

in terms of e as a unit. 

12. REGULARITIES IN THE SYSTEM OF ISOTOPES 

Table 5 abounds in interesting regularities, which must be accounted 
for by any successful theory of nuclear structure. We shall now review 
some of these regularities, basing our discussion, in part, on Chaps. IX 
and X of Aston’s “Isotopes”: 


Table 5 1 


Element 

Chemical 

atomic 

weight 

Maas numbers of isotopes 

H 3 

1.0078 

1 

He 2 

4.002 

4 

Li 3 

6 . 940 

7, 6 

Be 4 

9.02 

9 

B 5 . , 

10.82 

11, 10 

C 6. 

12.000 

12, 13 1 2 * 4 * 

N 7 

14.008 

14, 15 B 

0 8 

16.000 

16, 18, 2 17* 

F 9 

19 . 00 

19 

Ne 10 

20.183 

20, 22, 21 8 

23 

Na 11 

22.997 

Mg 12 

24.32 

24, 25, 26 

27 

A1 13 

26.97 

Si 14 

28.06 

28, 29, 30 

P 15 

31 . 02 

31 

S 16 

32.06 

32, 33, 34 

Cl 17 

35.457 

35, 37 

A 18 

39.94 

40, 36 

K 19 

39. 10 

39, 41 

Ca 20 

40.07 

40, 44 

Sc 2i ; 

45.10 

45 

Ti 22 

47.90 

48 

V 23 

50 . 96 

51 

Cr 24 

52.01 

52 

Mn 25 

54.93 

55 

Fo 26 

55.84 

56, 54 

59 

Co 27 

58.94 

Ni 28 

68.69 

58, 60 

Cu 29 

63.57 

63, 65 

64, 66, 68, 67, 65, 70, 69 

69, 71 

74, 72, 70, 73, 75, 76, 71, 77 

75 

Zn 30 

65.38 

Ga 31 

69 . 72 

Go 32 

72.60 

As 33 

74.96 

Se 34 

79.2 

80, 78, 76, 82, 77, 74 

79, 81 

84, 86, 82, 83, 80, 78 

85, 87 

Br 35 

79.916 

Kr 36 

82.9 

Rb 37 

85.44 

Sr 38 

87.63 

88, 86 



1 See Aston, Proc. Roy. Sac., 115 , 487 (1927) and references there given; Nature , 122 , 167 and 346 
28). The istopes are givc?n in the order of decreasing abundance. 

2 Utauque and Johnston, Nature (1929); J. A. C. 8. (1929). 

8 JEIogness and Kvalnes, Nature , 122, 441 (1928). 

4 King and Birge, Nature , 124 , 127 (1929) ;Phys. Rev., 34, 376 (1929). 

8 NaudiS, Phvs. Rev., 34 , 1498 (1929). 
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Table. 5. — ( Continued ). 


Element 

C he mi cal 
atomic 
weight 

Maas numbers of isotopes 

Y 39 

88.92 

89 

Zr 40 

91.22 

90, 94, 92, (96) 

A.g 47 . . 

107.880 

107, 109 

Cl 48 

112.41 

114, 112, 110, 113, 111, 116 

In 49 

114.8 


Sn 50 

118.70 

120. 118, 116, 124, 119, 117, 

Sb 51 

121.77 

122, 121, 112, 114, 115 

121, 123 

Te 52. 

127.5 

128, 130, 126 

I 53 

126.932 

127 „„„ 

Xe 54 

130.2 

129, 132, 131, 134, 136, 128, 

Cs 55 

132.81 

130, 126, 124 

133 

Ba 56 

137.36 

138 

La 57 

138.90 

139 

Ce 58 

140. 13 

140, 142 

Pr 59 

140.92 

141 

Nd 60 

144.27 

142, 144, 146, (145) 

Hg 80 

200.61 

202, 200, 199, 198, 201, 204 

pt> 82 

207.22 

208, 200, 207, (209), (203), 

Bi 83 

209.00 

(204) 

209 



1. Nuclei of even atomic number are more numerous than those 
of odd atomic number. Nuclei with mass numbers divisible by 4 are 
much more abundant than those with mass numbers not divisible by 4. 
Those containing even numbers of electrons are more numerous than 
those having odd numbers of electrons. 

2. The atomic weights are generally very close to integers, on the 
scale 0 = 16, though definite divergences occur. 

3. With the exception of hydrogen the atomic weight of a nucleus of 
char ge Z is at least 2Z, or, by equation (23), N ^ Z. There is never 
less than one electron to every two protons, and the proportion of electrons 
rises as Z increases. 

4. The number of isotopes of one element and their range of mass 
numbers are both rather small. 

5. Elements of odd atomic number never have more than two isotopes, 
and the mass numbers of these usually differ by 2. 

6. Isobars, that is, nuclei with the same weight but different charges, 
are comparatively rare. 

13. DISTRIBUTION AND ABUNDANCE OF ISOTOPES 

There are several interesting points in regard to the distribution 
of isotopes, first pointed out by Harkins. The total number of elements 
listed in Table 5 is 57, 29 of even and 28 of odd atomic number. There 
are 108 isotopes of even atomic number, but only 38 of odd atomic 
number. The isotopes having an even number of electrons within the 
nucleus, as calculated from equation (23), exceed those having an odd 
number of electrons in the ratio 115:31. The number of isotopes for 
the four possible combinations of these factors are as follows. 
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Sec. 13] DISTRIBUTION AND ABUNDANCE OF ISOTOPES 


Even Z Even Z 

Even N Odd N 

80 28 


Odd Z Odd Z 

Even N Odd N 

35 3 


Harkins 1 has pointed out that the first 29 elements of the periodic 
system compose 99.85 per cent of the lithosphere, 99.98 per cent of the 
stone meteorites and 100 per cent of the iron meteorites, and that the 
even-numbered elements are far more abundant than the odd. Figure 
12a is a diagram by Harkins, showing the percentages by weight (this 



Harkins.) 


is equivalent to the percentage of 
protons) of the elements in the stone 
meteorites. It will be noted that in 
every case, the even-numbered ele- 
ment is more abundant by weight 
than either of the odd-numbered 


31 
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Fig. 126. — The relative abundance of the 
rare earths. (After Goldsmidt and Thom- 
assen.) The numbers indicate the relative 
abundance of atoms, yttrium being taken 


as 100. 


elements preceding and following it. Perhaps the most striking illustra- 
tion of this type of variation is the relative abundance of the rare earths 
as shown in Fig. 126, from the work of Goldsmidt and Thomassen. 2 
Moreover, the five most abundant elements (either by weight or in 
number of atoms), O, Mg, Si, S, and Fe, make up nearly 96 per cent of 
the total number of atoms in these meteorites and, if we take account of 
the relative numbers of isotopes in these elements, we find that 90.6 
per cent of the total number of nuclei have mass numbers divisible by 
4, namely, O 16 , Mg M , Si 28 , S 32 , Fe M .* 

1 Haiikins, W. D., J. A. C. S., 39, 856, 870 (1917); Phil. Mag., 42, 305 (1921). 
Harkins also classified isotopes into the four groups given above. 

2 Videnskabs. Shrift. I, Math, naturw. Kl. , 4 (1924). 

* Harkins, Phil. Mag., 42, 305 (1921). 
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As a first hypothesis we may assume that the more abundant atomic 
species are also the more stable, though this is not necessarily true. An 
instance is the fact ascertained by Biltz and Ziegert 1 that the less abundant 
isotope 41 of potassium is responsible for its radioactivity. They compared 
the radioactivity of ordinary potassium with that of a sample in which 
the isotope 41 had been increased 4.8 per cent, finding a difference in 
activity of 4.2 + 0.8 per cent. 

14. PRECISION MEASUREMENTS OF NUCLEAR WEIGHTS 

The latest instrument constructed by Aston 2 is capable of an accuracy 
of one ten thousandth unit in the atomic weight scale, and by its use he 
has shown that very few nuclei have exactly integral mass numbers. 
The value, 16.0000, is assigned arbitrarily as the atomic weight of the 
oxygen atom. In this work, the mass of the planetary electrons carried 
by the ions must be taken into account, for the “ atomic weight” of the 
electron is 

■ * W (electron) = 0.000546. (24) 

The atomic weights which have been accurately determined with the 
new spectrograph are listed in Table 6, together with the packing fraction, 


Table 6 


Atom 

Atomic 

weight 

Packing 

fraction 

X 10 4 

Prob- 

able 

error 

X 10 4 

Atom 

Atomic 

weight 

Packing 

fraction 

X 10 4 

Prob- 

able 

error 

X 10 4 

H. 

1.00778 

77.8 

1.5 

Cl 37 

36.980 

— 5 0 

1 5 

He 

4.00216 

5.4 

1 

A 40 

39.971 

— 7 2 

1 

Li 6 . 

6.012 

20.0 

3 

As 

74.934 

—8 8 

1 5 

Li 7 

7.012 

17.0 

3 

Kr 78 . . 

77 926 

—9 4 

2 

B 10 

10.0135 

13.5 

1.5 

Br 79 

78.929 

—9 0 

1 5 

B 11 .. 

11.0110 

10.0 

1.5 

Kr 80 . . . 

79.926 

—9.1 

2 

C . 

12.0036 

3.0 

1 

Br 81 . 

80 . 926 

—8.6 

1.5 

N 

14.008 

5.7 

2 

Kr 82 . 

81.927 

—8.8 

1.5 

O... 

16 

0.0 


Kr 83 . 

82 . 927 

—8.7 

1.5 

F . 

19.0000 

0.0 

1 

Ur 84 

83 . 928 

—8.5 

1.5 

Ne 20 

20.0004 

0.2 

1 

Kr 86 . . . 

85.929 

—8.2 

1.5 

Ne 22 

(22.0048 

2.2 

?) 

Sn i2 ° 

119.912 

—7.3 

2 

P 

30.9825 

-5.6 

1.5 

I 

126.932 

—5.3 

2 

Cl 35 . 

34.983 

-4.8 

1.5 

Xe 134 

133.929 

—5.3 

2 

A 36 

35.976 

-6.6 

1.5 

Hg 2 “ 

200.016 

+0.8 

2 


1 Physik. Z 29, 197 (1928). 

2 Proc. Roy. Soc 115, 487 (1927). 
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which is defined as the difference between the atomic weight W and 
the number of protons A divided by the number of protons: 


Packing fraction = 


(W - A) 
~ A 


The data on lithium are those of Costa, 1 as recalculated by Aston. 

The difference between the packing fraction of hydrogen and that of 
any other element is the decrease in mass of 1 gram-molecule of hydrogen 
nuclei when they are combined to form atoms of that element, assuming 
that heavier elements are compounds of protons and electrons. This 
decrease in mass is a measure of the loss of energy in the synthesis of 
atomic nuclei, for according to the relativity theory the mass M and 
energy E are connected by the equation 

e = cm, 



where c is the velocity of light. It is now quite generally believed that 
such syntheses are going on in stars, and it has been suggested that the 
energy given up forms the highly penetrating radiation which comes to 
the earth from outside sources. The greater the energy loss which 
occurs in the formation of a nucleus, the more stable we expect it to be. 
Unfortunately, the limit of experimental error of the packing fraction 
is so large that it is not quite possible to compare the stability of nuclei, 
as determined in this way, with their relative abundance except perhaps 
in the case of boron and less certainly in the case of lithium. B 10 and 
Li 6 have odd Z and odd N, whereas B 11 and Li 7 have odd Z even N, and 
are more abundant than the lighter isotopes, as shown by the chemical 
atomic weights. Therefore, we expect that B 10 and Li 6 should be less 
stable than B u and Li 7 , respectively, both because they are representa- 
tives of an infrequent type of nucleus and because they are the less 
abundant isotopes. This is indeed the case, for the boron isotopes, 
B 10 and B 11 , have the packing fractions 13.5 + 1.5 X 10 -1 and 10.0 ± 

1 Ann. Physique, 4, 426 (1925). 
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1.5 X 10~V respectively, and the limit of error is not as great as the 
difference between them. The packing fractions of the isotopes of 
lithium also agree with the conclusion that Li 6 is the less stable isotope, 
but the probable limit of error is as great as the difference between them. 
The method of determining the atomic weights of isotopes, however, 
is such that the difference in atomic weights is probably much more 
precise than their absolute values, and, therefore, we can be quite certain 
that the packing fractions of the lithium isotopes confirm the conclusions 
in regard to stability drawn from their relative abundance in nature. 
Figure 13 shows a plot of packing fractions against atomic number. The 
abundant even-numbered elements below neon are characterized by 
smaller values than the odd-numbered elements, which indicates, in a 
statistical way, that the former are more stable. Beck 1 has constructed 
a classification of isotopes somewhat similar to the periodic table of the 
elements, which brings out many interesting regularities. 

16. METHODS OF STUDYING THE NUCLEUS 

Up to this point we have assumed the existence of atomic nuclei 
carrying most of the mass of the atom. We shall now consider the 
proofs for this assumption and the experimental methods for studying 
other properties of the positively charged constituents of atoms. The 
investigation of the nucleus depends on the detailed study of the scatter- 
ing of alpha particles and high-speed electrons when passing through a 
gas or a thin metal foil, and on the determination of wave lengths and 
intensities of gamma rays. Alpha particles move with velocities varying 
from 0.0456c to 0.0688c, depending on the radioactive element emitting 
them, while fast electrons are available with velocities up to 0.957c. 
The energy of the alpha particles ranges from 6.2 * 10“ 6 to 1.41 • 10” 6 
ergs. That of the fastest beta rays is smaller, namely, 2.1 • 10~ 6 ergs. 
As mentioned previously, the introduction of matter, either as a gas or a 
thin metal foil across the path of a beam of alpha rays or electrons, 
causes it to become diffuse. The particles are scattered mostly through 
small angles (up to 3°) though a few are scattered through very large 
angles (90° and greater). Lenard 2 has shown that the absorption of 
electrons by matter is due mainly to their removal from the beam by 
scattering through large angles and that the intensity I of the beam 
after passing through a layer of matter x cm. thick is 

I = I 0 e ~ ax , (25) 

where I 0 is the original intensity; a is called the absorption coefficient 
and depends on the velocity of the electrons. It becomes smaller as the 
velocity increases and is approximately proportional to the density of the 

1 Z. Physifc, 47, 407 and 60, 548 ( 1928 ). 

2 Ann . Physik % 81, 94 (1926) and earlier papers. 
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AccMinbu^ 


through times their atomic weight. LenarcL gives a 

variation of a/D with the velocity of the fast electrons. ^ ^ j oft , sr v 

kinetic theory, if a number of particles be fired into a laye* ^ ^ tl | 

''billiard ball” atoms x cm. thick, arranged at random, fnirlmJ* 

cross-sectional area of all the atoms in unit volume equal to <h ^ ^ | ><t ti lt u j 

of the particles emerging will be e“ a *; a is therefore a inenHUH < » ^ ||rt 

projected area of all the particles in 1 cc. of the ubso* > l| M£ ^ « V| , ul vn 
and the variation in a as seen in the table means that t *e t < ^ 
of these particles decreases as the velocity of the fast electron* m ^ , 

The value of a/D for particles with a velocity equal to •* 4 1 

cm. 2 and therefore for nitrogen gas at standard temperatui e a n* I 11 ^ 
a is 6 -.0.00125, or 0.0075 cm. 2 ; but using the radius -♦* 1 , 

obtained from kinetic theory of gases, the total projected at«ai I 11 1 4 ' 

should be about 3 • 10 4 cm. 2 , so that the effective cross-sect Um of ft ***** * 
cule of nitrogen for fast electrons of velocity 0.90 of that af IiR i T T ! i 
2.5* 10~ 7 of its effective cross-section for collisions with other an* * 1 %t 1 * 
of nitrogen. The ratio of the effective radii for the two cases is ** 


Variation of Absorption Coefficient with Vei^ouity 


P = v/c 

a/D g.” 1 cm. 2 

p -v jc 

a//> g. 

■ 1 cm. * 

0.90 

6 

0.10 

8 ,<) 

X HP 

0.80 

13 

0.08 

14 

X HP 

0.70 

29 

0.06 

25 

X HP 

0.60 

83 

0.04 

58 

X HP 

0.50 

2.2 X 10 2 

0.03 

Ktt 

X HP 

0.40 

7.4 X 10 2 

0.02 

130 

X HP 

0.30 

29 X 10 2 

0.01 

1HO 

X HP 

0.20 

360 X 10 2 





To explain this discrepancy Lenard assumed that atoms were 
of electric doublets which he called “dynamids,” cousinting of » jHtfiiftvr 
and a negative electric charge bound closely together. When III* 
experiments of Rutherford established the nuclear atom the* iiwantfil nin 
was made that the scattering of fast electrons is duo to collisions mil It 
the nuclei and also the electrons within the atoms, and that flu «*** pur f I 
cles have effective radii small compared with the gas-kinH m #4 

the atom. 

To account exactly for the scattering of fast electron* in n uiiirli 
more difficult problem than that of the scattering of alpha pari id***, % ld<*|# 
we shall consider next. Since the flashes produced by indi vidtuil nlph i 
particles impinging on a phosphorescent screen, can be oh nerved, u | p 
possible to study * the distribution of scattered particles by 
counting the numbers scattered at various angles from the direr! toft of 
the original beam. The scattering may occur in two ways: fir^f ft it m»v 
be the result of small deflections produced by collisions with tunny uUitn*, 
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or second, it may be produced by a single large deflection due to a colli- 
sion with one atom. The distribution of the scattered particles will be 
very different depending on which of these mechanisms is the correct 
one. The first alternative requires that the number scattered through 
a given angle shall be proportional to the square root of the thickness of 
the metal foil through which they pass, while the second requires that 
the number be proportional to the thickness. The following table 1 
shows that the scattering is very nearly proportional to the thickness 
and, therefore, is decisively in favor of single scattering at the larger 
angles for most of the particles. The distribution of the particles scattered 



Equivalent thickness 

Number of scintilla- 

N 

Number of foils 

in centimeters of air 

tions in a given 



(= T) 

direction ( = N) 

A 

1 

0.11 

21.9 

200 

2 

0.22 

38.4 

175 

5 

0.51 

84.3 

165 

8 

0.81 

121.5 

150 

9 

0.90 

145 

160 


through small angles obeys the laws of probability and is compatible with 
the theory of multiple scattering. If the probability of scattering through 
a large angle is calculated from this distribution on the basis of multiple 
scattering, it is found that the number to be expected, theoretically, for 
an angle of 90°, say, is so small that the large angle scattering would 
never have been observed, and is, therefore, in disagreement with 
experiment. These two results are the starting point for Rutherford's 
argument that the scattering is due to single collisions with particles in 
the metal foils used. 

As we have seen, Rutherford then assumed that the atom consists of a 
massive nucleus carrying all the positive charge and electrons of smaller 

mass at fairly large distances from 
the nucleus. Such an assumption is 
necessary in order to secure the large 
fields necessary to scatter alpha par- 
ticles through a large angle. Let the 
charge on the alpha particle be 2e, and 
that on the positive nucleus of an atom 
in the metal foil be Ze where Z is the 
atomic number and e the absolute 
value of the electronic charge, and let the particle move along the lineP>S 
(Fig. 14) when at a very large distance from the nucleus at K. The orbit 
of the particle is an hyperbola with K at one focus, possessing the equation 
1 Geiger and Marsden, Phil Mag,, 25, 615 (1913), 



Fig. 14.' — Scattering of an alpha particle 
by a heavy nucleus. 
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given in equation (29), Chap. IV. Remembering that e = 4.77 0 10” J0 . 
we put ei = 2e , and e 2 = Ze, in equation (29), obtaining 

r _ —po 2 /2fj,Ze 2 , /og\ 

1 — ecos (0 + 0 O ) ^ 

where 

e 2 = 1 -f- 

and p 0 , jE 0 , are the initial angular momentum about K and the initial 
energy, respectively. We can use the mass of the nucleus M in place 
of the reduced mass p and regard the struck nucleus as remaining sta- 
tionary if we limit ourselves to collisions of alpha particles with heavy 
atoms as we shall do at present. In order that 0 shall be the angle 
between KA and r, as shown in Fig. 14, 0 O must equal 0. For r = oo , 
6 = angle POA. Then from equation (26), 

- = cos (POA) 


tan (POA) = 


\2Ze 2 ) 


Now 2E 0 /M = v 2 and p a = Mvp, if v is the initial velocity, and p the 
perpendicular distance from the line PS to K. Further, the angle <p 
is the angle of deflection and it follows that 

^/v\_Mv a p 


This determines the angle of deflection in terms of the original velocity 
of the alpha particle, the mass M, the charges on the nucleus and alpha 


particle, and the perpendicular distance p. 
The deflected particles are usually observed 
on a screen placed perpendicular to the 
direction of the scattered beam, as shown 
in Fig. 15. 8 is the source of alpha par- 

ticles, F the scattering foil, P the phosphor- 
escent screen, and M the microscope used in 
the observations. The number of scattered 




particles is expressed in terms of the number falling on unit area perpen- 
dicular to the direction of scattering. Supposing that Q particles fall on 
the foil, this number, dN^/dA, falling between the scattering angles, ip 
and ip -f- dip , is, 


dN <p _ nvf Z * ei cosec4 

dA w m MV ' 


(28) 


where n is the number of atoms per unit volume, i the foil thickness, 
and r the distance from the atom to the point where the alpha particle 
hits the screen. 
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To prove this, we shall modify slightly the treatment in Andrade’s “Structure of 
the Atom,” page 22. Since matter is extremely open in its structure, the overlapping 
of the spheres of action of the nuclei need not be considered. The number of nuclei 
per unit area of the foil is ni, so the area belonging to one nucleus is 1/nt. The chance 
that a particle passes at a, distance between p and p dp from a nucleus is 

2irpdp 

(T 7S) 1 


and when Q particles hit tne foil, the number satisfying this criterion is 

Qnt • 27 rpdp. 


After being scattered, these particles will lie in an angular range between <p and <p + 
d<p , and from equation (27). 

dp = m cose ° 2 (£K 

Substituting this in the ^ji ediny equation, the number between <p and <p + dtp is 
found to be 

cot (i) ° osec2 (l)^- 

The area covered by these on a screen perpendicular to r will be 2irr 2 sin tpdtp = 
4tit 2 sin (*»/ 2) cos (tp/2)dtp, and the number per unit area will be the value given in 
equation (28). 


If the total number of particles falling on the foil Q is counted, it is 
possible to determine the absolute charge on the nucleus since all other 
quantities in equation (28) are measurable. Geiger and Marsden showed 
that when p is not too small, equation (28) is verified within the limits of 
experimental error and so have proved the nuclear atom to be in accord 
with their experiments. Chadwick, using equation (28), has determined 
the charges on the nuclei of Cu, Ag, and Pt and found that Z for these 
elements is 29.3, 46.3, and 77.4, while their atomic numbers are 29, 47, 
and 78, respectively, showing that the atomic number is. the number of 
positive units of charge on the nucleus. 

The alpha particle will approach nearest to the atomic nucleus if it is 
fired directly at it so that p = 0. It will come to rest at some distance 
b where the potential energy is equal to the total kinetic energy of the 
particle when at a large distance from the nucleus. Then, if the inverse 
square law holds true, 


2 Ze 2 _ Aft) 2 

~T~ “ 2 


or b 


4 Ze 2 
Mv 2 


(29) 


If equation (28) holds for scattering through angles close to 180°, we 
must conclude that the inverse square law of force holds down to distances 
as pm nil as b. It has no very definite meaning to speak of the radius 
of the nucleus, but if we define the nuclear radius as the distance at which 
the inverse square law of force breaks down, then scattering experiments 
give us a means of estimating this quantity. The value of b for the gold 
nucleus ( Z = 79) and the alpha particles of radium C, which have a 
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velocity of 0.064c, is 3 • 10“ from equation (29). distribution 
of scattered particles predicted by equation (28) holds true for gold up 
to angles of 150°; for this angle the alpha particle must approach within 
about 3 • 10~ 12 cm. so that this distance is an upper limit for the radius 
of the gold nucleus. Similar experiments in which hydrogen is bom- 
barded with fast alpha particles show however that the inverse square 
law no longer holds at distances of about 3 • 10” 13 cm. 


16. THE DISRUPTION OF THE ATOMIC NUCLEUS 


In collisions between alpha particles and atoms of high atomic weight, 
it is permissible to regard the struck nucleus as remaining stationary. 
This cannot be done when we consider collisions between alpha 
particles and nuclei with masses of the 
same order of magnitude. Figure 16 shows 
the paths of an alpha particle and a light 
nucleus during a collision. Let the masses be 
m and M, respectively, and the initial and 
final velocities of the alpha particle be and 
v h while the final velocity of the nucleus is u. 

After impact, let the alpha particle move at an 
angle <p and the nucleus at an angle 0 with the 
original direction of the particle. The laws 
of conservation of momentum and energy re- 
quire that 

mv o = mv i cos <p + Mu cos 0, 

0 = —mvi sin <p + Mu sin 0, 
mv o 2 = mvi 2 + Mu 2 , 


it 



Fig. 16. — The scattering of 
an alpha particle by a light 
nucleus. 


u — 2vq ; — cos 0, tan tp 

m + M 7 

For the hydrogen nucleus M = m/4, and 


M sin 20 
m, — M cos 20 


(30) 


while for He, 


Uu = 1.6z;o cos 0, 


(31) 


u Be = v Q cos 0, tan <p = cot 0. (32) 

•This shows that for scattering by He, <p + 0 = r/2. Branched tracks 
of alpha particles in helium gas photographed by Wilson’s method are 
found to have an angle of 90° between them. The angle 6 can be cal- 
culated only if the law of force is known. Assuming that the inverse 
square law holds, it can be shown that 


tan 0 = 


pvo 2 mM 


2 Ze 2 (m + M) 

The velocity of the hydrogen nucleus can be calculated as a function of p 
and, just as in the case of the scattering from heavy atoms, the probability 
of the hydrogen nucleus being shot out at any angle 0 can be calculated. 
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Experiments designed to test whether the scattering obeys the formulas 
derived on the assumption of the inverse square law of force have been 
carried out by Rutherford, 1 and Chadwick and Bieler. 2 The conclusion 
is that the inverse square law holds down to about 2.4 • 10“ 13 cm. for 
collisions between hydrogen nuclei and alpha particles. If p is smaller 
than this amount, many more hydrogen nuclei are thrown forward than 
the theory predicts. 

The range R of a positively charged particle such as a hydrogen nucleus 
or an alpha particle has been shown experimentally to be proportional 
to the third power of the velocity of the particle and Bohr 3 has deduced a 
theory showing that to a first approximation the range is proportional 
to its mass and inversely proportional to the square of its charge. If the 
collision between the alpha particle and the hydrogen nucleus is head on, 
so that 6 of equation (32) is zero, v H = 1.6v 0 , and 

Rh __ % 3 ^He 2 ^H =41 
•Z?He %e 3 ^H 2 ^He 

Therefore, the range of a high-speed hydrogen nucleus produced by an 
alpha particle with a range of 31 cm. in hydrogen would be 127 cm. The 
more exact theory makes this range somewhat less, about 117 cm. The 
range of such a high-speed hydrogen nucleus in air is about one-fourth 
of this, or 29 cm. This is the maximum range possible for if 6 > 0, u H 
will be less than 1.6v 0 and the range will be less than this value. The 
maximum range of any other fast nucleus of higher mass than hydrogen 
produced by collision with an alpha particle will be less than this as can 
be seen from equation (30). If any particles having a range greater 
than 29 cm. of air are produced by bombarding a substance with alpha 
particles of radium (7, they must be ejected from the atomic nuclei. 4 
Rutherford first showed that such long-range particles exist and Ruther- 
ford and Chadwick have shown that they are produced from a number 
of elements and that they are deflected by magnetic fields to a degree 
expected for hydrogen nuclei. Furthermore, these high-speed particles 
are ejected backward as well as forward with respect to the direction of 
the bombarding nuclei. 

Certainly in the case of some elements, part of the energy of the 
high-speed H particles must be supplied from the internal energy of 
the nucleus. Kirsch and Petterson and their co-workers have extended the 
study to other elements and have 1 devised methods for detecting PI- 
particles of smaller range. In this way they have shown that other 
elements are disintegrated, but with the ejection of slower Pi-particles. 

1 Phil. Mag., 37 , 537 (1919). 

2 Ibid., 42 , 923 (1921). 

3 Phil. Mag., 25 , 10 (1913); 30 , 581 (1915). 

4 See Handbuch der Physik, 22, 146-178, for complete references to the literature on 
this subject. 
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Moreover there are indications that alpha particles unite with nitrogen 
atoms when they are bombarded by alpha particles of radium C. 

Table 7 gives the list of elements 1 * * which are reported to be disinte- 
grated by bombardment with alpha particles, together with the packing 


Table 7 



Atomic 

number 

Packing frac- 
tion X10 4 

Range of particles in centimeters 
of air 

Forward 

Backward 

Observer 

Li 

3 

20, 17 



i 

Be 

4 




2 

B 

5 

13.5, 10 

58 

38 

3 

C 

6 

3 



4 

N 

7 

5.7 

40 

18 

3 

0 

8 

0 


. . 

5 

F 

9 

0 

65 

48 

3 

Ne 

10 

0.2 


. , 

3 

Na 

11 


58 

36 

3 

Mg 

12 




2 

AL 

13 


90 

67 

3 

Si 

It 14 




2 

P 

15 

— 5.6 

65 

49 

3 

S 

16 




3 

Cl 

17 

o 

lO 

I 

oo 

1 



3 

K 

18 




3 

A 

19 

-6.0, -7.2 



3 

Ti 

22 




2 

Cr 

24 




2 

Fe 

26 




2 

Cu 

29 




2 

Se 

34 




2 

Br 

35 




2 

Zr 

40 




2 

Sn 

50 

-7.3 



2 

Te 

52 




2 

I 

53 

-5.3 



2 


1 Kara-Mxchajlova, E., Hand. d. Physik, 22, 10ft. 

a Kiesch, G., and H. Fetter hon, Mitt. Ra.-Iwt , 167; Wiener Ber. (lla) 133, 235 (1921); Mitt. Ra>- 
Tnst. 176a and 180; Wiener Ber. (Ila) 134, (1926). 

3 Rutherford, E., and J. Chadwick, Proc. Roy. See., 36, 417 (1924); Phil. Mag . 42, 809 (1021); 44, 
417 (1922). 

4 Petterbont, H., Mitt. Ra.-Inzt, 173; Wiener Ber. (lla) 133, 573 (1924). 

8 Kiesch, G., Mitt Ra.-Inst. 169, Wiener Ber, (lla) 133, 461. 

1 These elements are quite certainly disintegrated but there is some disagreement 

between workers in this field as to the ratio of the number of disintegrated atoms to 

alpha particles. This has been critically discussed by Bothe, Naturwis ., 16, 204 

(1928), 
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fractions, and the forward and backward ranges determined by Ruther- 
ford and Chadwick. 

The energy relations involved in these disintegrations have been con- 
sidered by Rutherford and Chadwick. In the case of the elements 
P, Al, and F the energy of the H-particle is greater than that of the alpha 
particle causing the disintegration so that the internal nuclear energy 
must supply part of the energy. Until the nature of the nuclear frag- 
ments is known and until the packing fractions of all light elements 
are determined, it is impossible to say anything with certainty in regard 
to the energy balance in these disintegration processes. Even the ques- 
tion of whether the nuclei are disintegrated or the alpha particle combines 
with one nuclear fragment to form an atom of higher atomic weight is 
uncertain, though this seems probable in view of experiments of the type 
illustrated in Fig. 2. 1 
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CHAPTER III 


THE FOUNDATIONS OF THE QUANTUM THEORY AND THEIR 
EXPERIMENTAL JUSTIFICATION 

1. BLACK-BODY RADIATION 

It is curious but true that the detailed study of a single experimental 
law led Planck to propose the quantum theory. That law describes 
the way in which the radiation from a so-called black body, having wave 
lengths between X and X +- dX, depends on wave length and on tempera- 
ture. By a black body, we mean a hypothetical body which absorbs 
all incident radiation, transmitting and reflecting none. While no such 
object exists in nature, the radiation which it would emit is very closely 
approximated by that emerging from a very small hole in the wall of a 
uniformly heated hollow body. Such a hollow body is often called a 
“black body, 57 or sometimes a “hohlraum.” Interest in the radiation 
emitted by a black body has grown steadily since Kirchhoff discovered 
a law, named after him, which will now be explained. Let S\dX be the 
rate of emission of radiation with wave lengths between X and X + dX, 
from unit surface of a given body, at a certain temperature. Let A x 
be the coefficient of absorption for rays of the same wave length falling 
on the body. Then the law states that. 

At a given temperature } S\/A\ is a, constant , independent of the 

nature of the body . 

(This law, as well as the other laws of radiation stated here, is proved 
in Planck's “ Warmestrahlung,” referred to at the end of this chapter.) 
Now when A x = 1 (perfect absorber), $ x = s x , so that $ x dX is the rate 
of emission from unit surface of a black body. KirchhofFs law shows, 
therefor that the rate of emission from a black body depends only on 
the wave length considered and the temperature but not on any property 
of the black body itself. 

It can be shown that at temperature T, s x is identical with the radia- 
tion which passes in a given sense through an imaginary unit surface 
drawn inside' a hollow enclosure with walls at temperature T . The 
radiation at any point inside such an enclosure is quite independent of 
the nature and shape of the walls, and the streams of radiation in all 
directions are equal. Further, the condition of the radiation at all 
points inside the enclosure is identical. In particular the energy per 

53 
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unit volume of the radiation in the range d\ is uniform, and is denoted by 


p\d\. 


It is a matter of mere geometry and integration to show that 

4r£x 

c 


P\ = 


(1) 


where c is the velocity of light in vacuum. 

Thus, it is immaterial whether we use p x or s x in our calculations and 
we choose to use the former. By the aid of classical thermodynamics, 
together with the value of the radiation pressure in terms of energy 
density, we can deduce Wien’s displacement law that 

Px = c{K-*f(\T), (2) 

where ci is a constant and /(XT) an arbitrary function, p may also be 
written in the form c x TW(\T), where 


F(KT) = 


/(XT) 

x 5 r 5 ' 


From this, we can deduce the Stefan-Boltzmann law by integration, 
without knowing the form of /. The total energy density carried by 
radiation of all wave lengths is 

P = J 0 “pxdX = c l T i f”F(\T)d(\T) = aT\ (3) 

a being constant. 


This is as far as we can go in determining p x by the aid of general 
principles. To proceed further, we must study the equilibrium of 
radiation with some form of absorbing and emitting matter. The typo 
of matter we deal with is of no consequence, provided it is endowed with 
certain characteristics which are common to all species of atoms or 
molecules, and provided that every wave length can be absorbed and 
emitted by a reasonable number of the particles. For this reason, Planck 
discussed a very simple case — a collection of harmonic oscillators having 
aU possible frequencies. His treatment is quite long, so we shall give 
another proof of the radiation law, due to Jeans and explained in his 
Kinetic Theory of Gases,” fourth edition. The underlying idea is to 
break up the radiation field into monochromatic wave trainsfUo find 
the number of trains which have wave lengths between X and X + d\- 
and to determine the energy carried by each wave train when a steady 
state is reached by applying thermodynamic criteria which must be 
satisfied m the equilibrium condition. Consider a cube of unit volume 
having perfectly reflecting walls, with one corner at the origin, containSg 
pJane electromagnetic waves moving parallel and antiparallel to the 

S s^ he vrT pl “ e 

ditton Is imposed by the feet that the walls are perfect reflertom 

the tangential components of the electric and magnetic force ’mtS J 
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zero. If this were not true, radiation would penetrate the walls. There- 
fore, at the planes x = 0 and x = 1, the electric and magnetic forces 
vanish. In the ideal case considered, equilibrium has been attained, 
and the field of radiation must be composed of stationary monochromatic 
waves. As a function of x and i t, the electric force is of the type 

E y = ^A m sin mirx cos (w met — a m ), (4) 

m 

where nothing is known, as yet, about the amplitude constants and phase 
constants, A m and a m . The slowest mode of vibration is represented by 
the standing wave shown at 1 in Fig. 1, where the ordinates represent the 
values of the electric vector. It is composed 
of two sine vibrations of wave length 2, one 
passing to the right and the other to the left. 

Similarly, in the other cases shown, the wave 
lengths of the sine vibrations which form the 
stationary waves are %, etc. Each 
stationary wave, that is, each term in the 
expression for the electric force, is called a 
“mode of vibration.” Although the decom- 
position of the force into sinusoidal constit- 
uents is a purely mathematical process, we 
are at liberty to consider each monochromatic 
standing wave train as an entity possessing 
energy, momentum, and other physical 
characteristics. The justification lies in the 
fact that the time average of the energy of the whole system is composed 
of a sum of terms, one of which is contributed by each wave train. 

The electromagnetic energy density at a given point is (A 2 + IP)/ 8rr, II being 
the magnetic force. The time averages of the two terms are equal so the energy is 
the average of E 2 /& r. E 2 contains square terms of the type Am 2 sin 2 m-n-x cos 2 
(«nc< — a m ), and also cross-product terms. The time average of each cross-product 
term is zero, and the average of cos 2 (xiuct — a m ) is % so the total energy density is 
equal to 

%£.4 m 2 sin 2 rrnrx. 

From this, the energy of the whole cube can be obtained by volume integration. 

We need to know how many modes of vibration have their wave 
lengths in the range between two fixed wave lengths, X 2 and X t , where 
Xi > X 2 . Because we know from experiment that in practical cases 
most of the energy density will reside in wave lengths short compared 
with 1 cm., we limit our investigation to large values of m. Suppose 

that in the sequence of possible wave lengths, — — . . . the 

m — 1 m m + 1 ’ 

term 2/m,i is the first value smaller than X! and 2 /(m 2 - 1) is the last 





Fig. 1.- — Standing waves in a 
hollow enclosure. 
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value larger than X 2 . That is, excluding cases where Xi and X 2 are 
equal to some of the allowed wave lengths, 



> Xi > 




> x 2 > 


m 2 


Then the number of modes of vibration with wave length greater than or 
equal to X 2 and less than Xi is obviously ra 2 — Now, 


m 2 — mi 


X 2 


2 _ 

Xi 


2(Xi X 2 ) 
XiX 2 


If Xi and X 2 differ by a very small quantity d\, then the number is 


2d\ 
X 2 * 


If we take into account the vibrations in which the electrical force is 
parallel to the 2 -axis, the number must be doubled. This quantity is 
referred to as the number of vibrations per unit length in the wave length 
range d\, for the reason that if the enclosure is expanded to a length 
of l cm. parallel to the rr-axis, it can contain l times as many stationary 
vibrations in the range d\. The typical wave train is given by the 
expression A m sin ( rmrx/l ) cos ( mrct/l — a m ). 

We pass now to the three-dimensional analogue of this calculation 
and consider the waves which pass in all directions inside a vessel of 
volume V . When a wave train is reflected at the walls its direction is 
changed, and all in all the situation is very complicated. However, it 
will always be mathematically possible to break the waves up into 
monochromatic trains and to determine the number for which the wave 
length lies in the range d\. This number is found to be proportional 
to the volume of the enclosure so it is reasonable to speak of the number 
per unit volume just as we spoke of the number per unit length above. 
It is found 1 to be 

St \~ 4 d\. ( 5 ) 

The amplitudes of the modes of vibration vary in an irregular way, so the 
energy associated with each one is also variable from wave train to wave 
.train. However, the average energy of each wave train can be obtained 
by the methods of statistical mechanics. As mentioned in Chap. I, 
Sec. 6, the average kinetic energy associated with a squared term 
C n qJ/2 in the kinetic energy of any dynamical system is kT/2. In 
classical electrodynamics a monochromatic wave train may be considered 
as a dynamical system having kinetic energy H*/&r and potential energy 
SySr per unit volume, so the time averages of its potential and kinetic 
energies are equal, whatever the amplitude A m may be. If we consider 
many such wave trains with different amplitudes, the mean energy of a 
single tram, obtained by averaging the square of the amplitude of the 

1 Jeans, be. cit . 
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electric force, will therefore be kT. Multiplying this by the number of 
modes in the range d\, we obtain the radiation density, 

P\d\ = 8tt kT\~ 4 d\. (6) 

This is called the Rayleigh- Jeans distribution law, after its discoverers. 1 
Although it agrees quite well with experiment in the region of large 
wave lengths and high temperatures, in other words, for large values of 
XT 7 , it breaks down for small values of XT 7 . Of course, it cannot be used 
when dealing with wave lengths of the same magnitude as the dimensions 
of the hollow enclosure, since the approximations involved in deriving 
equation (5) are then unjustifiable. As to the situation at very small 
wave lengths, it is often stated that the Rayleigh- Jeans law predicts an 
unlimited accumulation of energy in this region, and so it does, because 
of the factor X -4 . So far as we know, there is no lower limit to the 
possible wave length of radiation, and, therefore, no upper limit for 
px as X decreases. The trouble is that in this region the average energy 
of a wave train is not kT (see equation (9)). Also, the use of a perfectly 
reflecting enclosure in our proof is an unjustified abstraction. In 
actuality, the wave trains owe their existence to the matter in the walls 
or in the enclosure itself. Now, the molecules which can absorb and 
emit high frequencies must be characterized by large internal forces, 
and it may occur that such molecules do not exist in sufficient numbers 
to justify a continuous statistical analysis in discussing the mean energy 
of a molecule or of a wave train. The breakdown of the formula at 
wave lengths large enough so that these considerations do not apply 
is sufficient, however, to show that something is wrong with the assump- 
tions used in our proof. The experimental evidence as to this breakdown 
was described in Chap. I and is conclusive. 

2. PLANCK’S DISTRIBUTION LAW 

The preceding paragraphs give a sufficient description of the diffi- 
culties into which we fall by applying classical theory to derive the 
distribution law of black-body radiation. .Planck was led by an ingenious 
argument to the assumption that the energy of a linear oscillator can 
assume only the discrete values 

0 jhvj 2 hv, • • • nhv , * - • , 

Let us apply this idea to the modes of vibration of the Hohlraum, con- 
sidering each mode as a linear oscillator. The assumption that the 
energy of each mode can take only the values nhv invalidates the result 
that the average energy associated with each wave train is kT, Now, 
when we are dealing with an aggregate of quantized systems, the follow- 
ing extension of Boltzmann’s law holds true. If the possible energies of a 

1 Rayleigh, Phil, Mm 49, 539 (1900) ; Jeans, ibid. 17, 239 (1909). 
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quantized system are E 1} E 2 . . . , then the numbers of atoms in these 
energy states are proportional to 

Vl e-^/kT jV2e -E z /kT y . . . , p n e^/hT f .... (7) 

The quantity p n is a number called the a priori probability of the state* 
Generally, it is equal to the number of possible states of motion of the 
system in which it has the energy E n . In the case of the oscillator, 
each energy state corresponds to one definite state of motion, so all the 
Pn s equal one. Now let the number of oscillators, i.e., modes of vibra- 
tion, in the state of lowest energy be No- From equation (7), the total 
number will be 


N = N q + N 0 e ~ h >/* T + • • ■ + N 0 e -«W*r+ . . . , 
since E 2 — Ei = E z — E 2 = • • • = hv. The energy of the modes 
carrying n quanta is 

— nhy/kT 

nhvNoe , 


the total energy is 

° - nhy/kT 

^ nhvNoe f 

n =0 

and so the average energy of one mode will be 

™ _ 2,nhv • N 0 e- nhj,/kT 7 line-™ , A 
E ~ 1,N^- nh ^ kT “ hv 2 e- nx ’ ( n ~ ° 


0 , 


( 8 ) 


where we have written x = hv/kT . 

The denominator is a geometric series and is equal to 1/(1 — 

The numerator is the derivative of the denominator with its sign changed, 
that is, e~ x /(l — e ~ x ) 2 . Therefore, 


E = 


hv _ hv 
e x — 1 ~ efiv/kT __ i 


■ (9) 


To obtain Planck’s distribution law, we need only multiply E by the 
total number of modes of vibration having frequencies between v and 
v + dv, secured from equation (5) by substituting X = c/v. We get, 
for the energy density between these frequencies, 


p,dv = p\(fX = 


%irv-dv jj 8nrhv z dv 1 

C 3 C 3 iWi T _ l 


8tt hcd\ 1 

gAc/xir _ 


T (10) 


pie energy density per unit frequency range p v is not the same as p\, for dv - 
— caX/X\ It is quite customary to write p\ in the form 


px = CiX“ 


e«/xr _ i' (11) 

The value of c,, calculated from the universal constants involved, is 4.93 • 10““ if \ 
and dX are m centimeters, and 4-93 • 10" if they are in ingstrom ukts The value of 

cs “ c - g - s -. ua f 18 L432 r- d f gr r’ as calculate dfrom the universal constants This 
18 m eXCeUent agreement Wlth the experimental value of Co Wentz.* There is some 
1 Bureau Standards, Bidl. 15 , 529 (1920), 
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confusion as to the definition of C 2 . Often it is given as 14,320, with the implication 
that X is to be expressed in microns, which is the usual procedure in experimental 
papers on this subject. 

It is important to examine the form assumed by p; for long wave 
lengths or high temperatures, perhaps, it is better to say, the region 
of high values of XT. In this domain, e hv/kT — 1 approximates to hv/kT 
and E is nearly equal to the value kT derived from the equipartition 
theorem. This carries with it the validity of the Rayleigh- Jeans law in 
this region, in agreement with experimental results. The physical 
basis for the asymptotic approach of Planck's law to the classical dis- 
tribution is easily seen. When we deal with large wave lengths, the 
step hv between adjacent energy levels is small, and conditions must 
approach those characteristic of systems with their energies distributed 
continuously. Likewise, at high temperatures, the ratio of hv to the 
average energy of a mode of vibration is smaller, and the effects intro- 
duced by the discrete character of the possible energy values are less 
prominent. The reader can easily show that Planck's law approaches 
the Rayleigh- Jeans law if h approaches zero. Now let us consider the 
form assumed by Planck's law when the expression e hv/kT in the denomi- 
nator is large compared with unity— that is, when XT' is small. It 
becomes 

Pv = ^^ P .,. e -hv/kT } p x — gx hc\~* $-hc/\kT _ Cl \~6 e -cs/\T ? 

which is Wien's law. 1 

This approximation is an excellent one throughout the visible region, up to very 
high temperatures; for example, if X = 6,000i and T = 3,000°K, e c ^ xT is about 2,200; 
under these conditions the difference between the two laws is below the limits of 
present day errors of measurement. It is useful to have an appreciation of the energy 
distribution which is the basis of Wien’s law. If the energy -step hv is large and T is 
small, then the number of molecules in the second quantized level is small compared 
with the number in the level of zero energy and the number in all higher levels can 
be neglected entirely. The average energy is approximately 

hve~hv/kT 
1 +, e -hv/kT’ 

or hve-~ hv/kT , since the second term in the denominator is negligible. Multiplying 
this by the number of modes of vibration between v and v + dv, we get Wien’s law. 


3. STEFAN’S LAW 

The total energy density of black-body radiation is given by 


I 


p v dv 


_ &rY*;r 

c 3 \ h 


)‘f 


( hv/kT ) 3 d{hv/kT) 

ghv/kT J 


1 Ann, Physih , 68, 662 (1896). 
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Expanding by actual division, we have 


(e x - 1) e x (l - IF*) ~ e x + e- 2 * + 
and integrating by parts, term by term, we find that 

f* 00 


X 


(e~ x + e~ 2a: + 


)x z dx 


Therefore, 


-< 


1 + ± + 

1 94 1 


+ 


1 

n 


v 


7 T 4 

15 


P = aT i , where a = 


87T 6 fc 4 
15 Wc 3 ’ 


( 12 ) 


Tne total radiation per second from unit surface of a black body is cp/4 

lhus, the constant m Stefan’s law takes the value ac/4, that is, if the 
total radiation is uT\ then ’ ’ 

2ir 5 /fc 4 

a 15tih 3 ~ (5,714 ± 0-006) 10- 5 , (13) 

in c g.s. units. The experimental values obtained for <r show a dis- 
quieting range of variation. 4 A reasonable mean value is 5.74 • 10~ 6 in 
absolute c.g s. units, while we obtain 5.71 • 10~ 5 from equation (13) 
using the values of the universal constants given in the appendix The 
latter value agrees with that of Coblentz (loc. tit.). 

a .nd D ^l ent ;f ng P ! anCk ’ S 1 kW ’ With respect t0 X ’ holding T constant, 

min 7 f * eqUal t0 Z6r0 ’ We find the edition which deter- 

mines X T. Writing * = hv/kT as before, it is (1 - x max /5)e*™ = 1- 

By trial, the only real root of this equation is 4.9651, whence 

JlC 

^maxT — 4^0^ ^ = 0.2884 cm. degrees, 
cm "degrees 1116 ^ f ° Und by Lummer and Enngsheim 2 was 0.294 

4. EINSTEIN’S DERIVATION OF PLANCK’S DISTRIBUTION LAW 

nn S® ab T 1 pr00f 1 of u Planck ’ s law may be criticized because it depends 
on the use of classical theory in getting the number of modes of vibration 
per unit wave-length interval, and upon non-classical assumptions in 
getting the average energy of each mode. Einstein* has given a proof 

tWrv TT 0nl 7 0n the m ° St geneml assum P tions of the quantum 
y, hemodynamics, and of statistical mechanics. Following 

his original treatment, we consider the entities in a black-body enclosure 
which give rise to the constituent of the radiation. LeZZiZe 

^ r t 7 mP p C y X tha f t they aie at ° mS 6Xisting only in discrete “ergy 

states. Consider two quantized states of energies E x and E 2 , where 

4 See Planck, “Warmestrahlung,” 5th ed., p. 64. 

2 Verh. d. Deutsch. physik. Ges. 2, 176 (1900). 

3 Verh. d. Deutsch. physik. Ges. 18, 318 (1916); Physik. Z., 18, 121 (1917). 
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E 2 > Ei, having a 'priori probabilities p x and p 2 . In the Hohlraum at 
temperature T , the numbers of atoms in these states are 

Ei _ Ei 

ni = and n 2 = n^e-Tr, 


where n 0 is the number of atoms which would be in a state of zero energy 
having unit statistical weight. We postulate , that there is a probability 

Azidt 

that in time dt, an atom in state 2 will pass spontaneously to state 1 
with the emission of light. A* i corresponds to the existence of the 
radiation loss from an accelerated electron in classical theory. We 
define a probability 

Bup v dt 

that an atom in state 1 will pass to state 2 in time dt by absorption of 
radiation in the neighborhood of the frequency v. B i2 is supposed to 
contain a factor which depends on the width Av of the range of fre- 
quencies which are capable, of carrying the atoms from the lower state 
to the upper state. Other frequencies are not supposed to affect the 
atom in state 1. There is also a probability, 

BnPvdt, 

that an atom in state 2 will pass to state 1 in time dt because of the 
presence of radiation of frequency v. The quantities # i2 and # 2 i are 
called the coefficients of positive and negative absorption (“ positive 
und negative Einstrahlung”). The introduction of the coefficient 
#21 corresponds to the fact that on the classical theory the rate of emission 
of an atom may be increased when radiation falls on it with appropriate 
phase relations. (Example: Left-handed circularly polarized light falls 
on a right-handed circular rotator, opposing its rotation, so that the 
deceleration of the rotator is greater than that due to the damping forces 
of its own field, and its rate of radiation is increased.) 

When thermal equilibrium is attained, the number of transitions 
from state 2 to state 1 must be equal to the number of transitions from 
state 1 to state 2. That is, 


^(Azi + #21 Pv) = ftl#12 Pv, 

_E 1 _Ex 

p 2 e kT {A 2 1 + #21 p v ) = Pie kT Bi 2 p v . 


Now at very high temperatures, p v varies directly with T. 
displacement law requires that 



(14) 

(15) 
Wien’s 
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The variation of F at high temperature for a fixed finite v is the same 
as its variation with v when v is small compared with a fixed finite value 
of T . The Rayleigh- Jeans law shows that in the region of small v/T , F 
is proportional to v 2 /T 2 and p v varies directly with T. Therefore, at 
very high temperatures, A 21 may be neglected in comparison with 
#21 Pm and equation (15) reduces to the form, 

P 2 B 21 = PiBu. (16) 

From equations (15) and (16) we see that 


— A 21/ #21 
Pv — E2-E1 

e kT _ 1 


(17) 


But Wien's displacement law, equation (2), 

A21 


B 


= av 6 


21 


and therefore, 


-Z ?2 — B\ — hv, 


Pv = 


ar 


hv 

gkT _ ! 


snows tnat we must put 
(.18) 

(19) 

( 20 ) 


At the present stage, h and a appear only as constants of proportionality 
which must be evaluated by experiments, or by an appeal to limiting 
cases where more complete information can be obtained. In the region 
of small v/T, the Rayleigh-Jeans formula holds true, and 

8rv 2 kT 

Pv = 

so that we must have 


a = 


c A 

8irh 


AET Th t im P° rtant P° mt is > we hav e here a proof of Planck’s law and of 
SV hv ’ ? e P endi fg on the and second laws of thermodynamics, 
Boltzmann s distribution law, the hypothesis of detailed balance between 
SfcSrr and eonssmn processes, the existence of quantized states, 
7*1 T’ + r d ^ Validity ° f the Rayleigh-Jeans formula 

founded Th 86 Underbdrig relations are extremely well 

ounded. The reasoning is essentially an application of the law of mass 
action to the equilibrium. “lass 

excited atom ** atom + quantum. 

Ail + B ^ f e Proportional to the velocity coefficients 
of the two opposing reactions, so that the equilibrium constant S +h! 

f 10 f r *5 ese . ^aat^es. The emissions corresponding to the term 
+W catal y zed by the incoming quanta which cause them for 
these quanta are simply scattered and therefore lose no energy ' 
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Einstein’s proof of Planck’s law does not depend on the hypothesis of 
unidirectional quanta, since no mention of the nature of radiation is 
made in the above demonstration. However, in another section of his 
1917 paper, he showed that if the quanta are unidirectional, the pressure 
they exert on molecules which absorb or emit them will just suffice to 
maintain the average translational energy at the value 3kT/2, predicted 
by statistical mechanics. This result is misinterpreted frequently, and 
is supposed to be a proof that the average energy cannot be maintained 
at this value by any other type of quantum. The truth is that the best 
evidence for the existence of unidirectional quanta comes from other 
fields of investigation, such as the photoelectric effect, now to be dis- 
cussed, and the experiments described in Secs. 13, 14, and 15. 

5. THE PHOTOELECTRIC EFFECT AND THE INVERSE PHOTOELECTRIC 

EFFECT 

The ejection of electrons when light, X-rays, or gamma rays fall on a 
substance is a phenomenon which is by no means confined to metals; 
but in the case of ordinary light it is much more prominent and easily 
studied for metals than for non-conductors. It is often thought of as a 
surface effect, although radiation can also free electrons from their 
usual positions in the interior of non-conducting substances. The 
essential facts are these: 

1. For every substance there is a wave length called the “photoelectric 
threshold” above which no emission occurs. This is large for electro- 
positive elements and decreases as the element becomes more electro- 
negative. However, the threshold value depends on the state of the 
surface as regards crystal structure, adsorbed gas, etc., and the results of 
different investigators may vary by large amounts. For the alkali 
metals, the threshold lies in the visible; for most other metals and for 
solid non-metals it is in the ultra-violet. Some typical values 1 are as 
follows: Li, 5,200 - 5,260 A. ; Na, 5,830 - 6,850; K, 6,120 - 10,000; Fe, 
2,870 - 3,150; Ni, 2.700 - 3,030; Zn, 3,020 - 4,010; Rb, > 10,000; 
Cs, > 10,000; W, 2,300 - 2,735; Pt, 1,850 - 3,020. 

2. The electrons emerge with all velocities from zero up to a maximum 
value v, such that 

mv 1 7 7 

-jr = hv — hv o, (21) 

where v Q is the frequency corresponding to the threshold wave length. 
The reason is that hv 0 is the minimum work required to bring an electron 
through the surface. If the electron comes from a deeper layer of atoms, 
the velocity will be smaller, since work must be done to bring it to the 
surface. 

1 Taken from Gttdden, ' 1 Lichtelek fcrische Erscheimmgen”, Springer, Berlin 
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3. The photoelectric current is proportional to the intensity of the 
light over a range of as much as one-million fold. 

4. In a general way, photoelectric efficiency is small. Several hun- 
dred absorbed quanta are required to eject one electron from many metal 
surfaces. 

5. The effect begins within 3 • 10“ 9 second after the light strikes the 
surface, as Lawrence and Beams 1 have shown. This is an upper limit 
to the possible lag. 

The validity of equation (21) is closely connected with the existence 
of light quanta of energy hv. Careful tests of this equation have been 
made by Millikan 2 in the region of ordinary light, using Na, K, and Li 
surfaces prepared in vacuum. The method is to determine the back 
electromotive force $ between the sensitive surface and a receiving 
electrode, connected to a quadrant electrometer, which is just sufficient 
to prevent the fastest photoelectrons from reaching this electrode and 
causing a deflection of the electrometer. If there were no contact 
potential between the alkali metal surface and the receiver, the work 
which would have to be done on each electron to reduce its velocity 
to zero should be 

( 22 ) 


where <£ and e are measured in electrostatic units. But, if a contact 
potential 4> c accelerates the electron a greater stopping potential <$>* must 
be applied, such that 

($* — $ c )e = hv — hv 0 . (23) 

Of course, $ c may be either positive or negative. Since is unknown, 
this equation cannot be used to test equation (21) directly, but, if the 
stopping voltages are determined for a number of different wave lengths 
the curve showing *. as a function of v should be a straight line and its 
slope should I be > A/e. Since e is known, this offers a method of deter- 

S n L accuratel " on a straight line ’ and 

regi ° n ' th f kw ° f equation < 21 ) is aIs ° closely verified. 
Here the term hv is very large compared with the energy required to 

ZT “ "r the “ d tem *,?: J oZT left 

C ° nS1 , era 1 ° n ‘ 11 re gi° n ) however, the best way of proving 

*^that a quantum has the energy hv consists in a o+i lr |,r -r ® 

'» vhotoelertrjr etfert if . * • consists m a study of the inverse 

photoelectric effect. If a fast-moving electron is stopped by the metal 

* 2 Phys. Rev ., 7, 362 (1916). See also his book + >> 

end of Chap. II. The Electron > referred to at the 
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all the energy of an electron can be transformed into a single quantum, 
the maximum frequency which that quantum can possess will be given b.V 

= hv ( 24 ) 

ISC’ — fU'mnv, 


which is called the equation of Duane and Hunt. 1 As a matter of htet 
the continuous X-ray spectrum excited by electrons falling through a 
potential <£ has a sharp limit on the side of short wave lengths. X>uane 
and his collaborators 2 have used equation (24) to measure A, finding 
the value 6.556 • 10~ 27 . In conclusion, all the experiments described 
support the expression hv for the energy of a quantum of frequency 
While the accuracy of measurement of h is in no case very great, the 
evidence favors the belief that h is really a constant over the whole range 
from the infra-red to the shortest gamma rays. 


6. BOHR’S FUNDAMENTAL POSTULATES 

We come now to the two fundamental postulates which Bohr used in 
working out his theory of the hydrogen atom and which he enunciated 
as the basis for studying the structure of all atoms. Each postulate 
arose from careful consideration of experimental data. He was con- 
fronted by evidence that the hydrogen atom contains a single electron 
revolving around a positive nucleus, and that both electron and nucleus 
are surrounded by inverse square force fields. But also, the hydrogen 
atom gives a* spectrum of well-defined lines and the question arises, how 
can any atom so constituted produce a line spectrum? We saw in Chap. 
I, Sec. 4, that a line spectrum can be produced by an atomic model made 
up of independent harmonic oscillators, for the frequency of such fin 
oscillator does not depend on its amplitude and will not change as the 
motion dies away. But under the inverse square law, if the laws of gross 
electrodynamics apply, the loss of energy due to radiation will cause the 
electron to spiral into the nucleus, in contradiction with the high degree* 
of permanence so characteristic of matter in general. As the orbit 
becouqes smaller, the frequency should increase and a broad band of 
wave lengths should be emitted. 

It must not be thought that this disagrees with the result that a 
stable elliptic orbit is pursued by a particle moving under the inverse 
square law. In the derivation of this law (Chap. IV, Sec. 6), forces 
due to radiation are not taken into account. In treatises on electricity 
(such as Richardson's “Electron Theory of Matter," p. 266) it is shown 
that a charge which is subjected to an acceleration x experiences it 
force 2e 2 x/3c 3 , which is generally so directed as to retard its motion. This 
is the so-called radiation force and is independent of the charge din* 
tribution and the nature of the motion, so long as dx/dt is not too chine 

1 Pkys. Rev. , 6, 166 (1917). 

2 Blake and Duane, Phys. Rev., 10, 625 (1917); Duane, Palmer, arid Ciu-Sun- 
Yeh, J. 0. S. A 5, 376 (1921). 
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to c. Now the computation which shows the existence of this force 
depends on the validity of the laws of mechanics and of electrodynamics, 
as well as the expression (Appendix VIII) for the force on a charge in 
terms of the electric and magnetic field strengths which act upon it. 
Bohr saw fit to question this computation, because of the experimental 
truth that atoms do exist in stable states without radiation and that 
they do emit sharp spectral lines. The result is the first fundamental 
postulate of the quantum theory of atomic structure, a rational gener- 
alization of Planck’s assumption that his oscillators could have only 
certain discrete amounts of energy. 

1. Among the conceivable states of motion of the parts of an isolated 
atom there is a set of stationary states in which the atom can remain a finite 
time without radiating . When in these states , the atom possesses a stability 
unexplainable on the basis of classical mechanics and electrodynamics , of 
such a sort that every spontaneous change from a stationary state of motion 
results in a transition to another stationary state. 

The words, “ stationary state,” do not imply that the particles of the 
atom are at rest. By “stationary” is meant that the motion of the 
particles is periodic, the energy of the system being constant. These 
conditions of the atom are often called “steady states” or “quantized 
states,” or “energy levels,” just as in the case of the Planck oscillators. 

ohr s second assumption deals with the emission of radiation and is 
a generalization of Planck’s assumption in regard to emission by linear 
oscillators: 


2. The emission of radiation by an atom or a molecule occurs during a 
transition from a stationary state of energy E 2 to another having a lower 
energy Ei The. quantum emitted can be absorbed completely by a similar 
atom, in the stationary state of energy E h and raises it to the state of energy 
E 2 In tts. interaction with spectroscopic instruments the quantum behaves 

lt . COn f st *? °f a ' nearl V monochromatic wave train whose wave 
Length X is given by the relation 


€ ~ E 2 — E i = ~ = hv . 


( 25 ) 


The absorption of radiation by an atom or molecule occurs durina c 
trarmhonfrom a stationary state of energy E t to another having a highei 
^rgy 2 ?, Thefreguency of the absorbed radiation is given by egZtn (25) 

««■ ? » <. <«. 

is altered, but after the disturbance has passed 1 it Ca3 J Jaot absorb ’ lts state of motion 
orbital motion. Even in this case the station. + ^ et } lrns to lts original scheme of 
consider the velocity of the a^m £ “"£££' £ w lT ™ W 
state. It must be emphasized that B x and Exclude the ^ Stationai ^ 

bon. When an atom initially at rest absorb. “ + the . kmetlc ener Sy of transla- 

carries momentum as well as energy The ener^T*-^’ recoils ’ for the quantum 
^ Wn.tic ^ tasl . tion , £ 


Sec. 6] 


BOHR'S FUNDAMENTAL POSTULATES 


67 


These postulates are well constructed and have stood the test of time, 
for they are the expression of experimental truths and do not depend 
in any way on the detailed structure of the atom or the nature 
of radiation. They enable us to treat many questions without any 
reference to a detailed mechanism of the processes occurring. With 
the aid of equation (25) we can often read out of spectra the energies 
of the stationary states of an atom, and thereby can predict the possible 
transfers of energy in collisions between atoms and electrons, or we can 
study these energy transfers in discharge tubes and can state with 
confidence that certain lines will occur in the spectrum of the material 
studied. But there is a limit to the information that can be gained in 
this way, and the directions in which progress can be made are best 
seen by writing down the questions which suggest themselves, relative 
to the choice of an atomic model : 

1. What is to be our picture of the constituent parts of the atom? 

2. What are the dynamical laws governing the motion of these parts? 

3. What conditions are imposed to determine the stationary states of 
motion which actually exist? 

4. What is our idea of the emission process, of the quantum of light 
emitted, of the interaction of matter with radiation, or of matter with 
matter, as in a collision of two atoms? 

The fact is emphasized that a great variety of theories might be 
proposed to answer the above questions, all of which would yield the 
same relations between observable quantities. Clerk Maxwell pointed 
out long ago that an infinity of hidden mechanisms can be imagined, 
all of which will produce a given motion of the observable parts of a 
dynamical system. This is obvious from the equations of motion; 
suppose that some of the quantities occurring in them specify the position 
of a body while others determine certain forces acting on the body, 
since they describe the configuration of the bodies which exert these 
forces. The geometrical interpretation of the latter coordinates could 
be changed in any way, and still the former would vary in the same 
fashion, since the mathematical connections are unchanged. There is 
probably no unique physical solution of the problem of atomic structure . 
Indeed it is problematic whether we need to answer some of the above 
questions at all. It seems possible (Chap. XVII) to obtain equations 
which describe the connections between observable quantities without 
referring to any model, but it helps greatly if we have a model to think 
about. An excellent explanation of a vast body of experimental facts 
is obtained if we use the model proposed by Bohr. He assumed that 
electrons and nuclei inside the atom maintain their independent existence 
as point charges surrounded by inverse square fields of force and that 
Newton's laws of motion are obeyed. The accepted answer to question 
(3) can be understood better after we have given some illustrations. 
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7. THEORY OF THE HYDROGEN ATOM AND THE TWO -DIMEN SI ON A3 

OSCILLATOR 

Anticipating a complete discussion in Chap. V, we give the simples 
conceivable theory of the hydrogen atom and others of similar structure 
Consider a single electron of mass m f revolving in a circle of radius i 
about a nucleus having the charge -\-Ze, so heavy by comparison tha' 
it may be assumed to be at rest. If Z = 1, we are dealing with th< 
neutral hydrogen atom; if Z = 2 we have a singly ionized helium atom 
and so on. Since the electrostatic attraction, directed toward the 
nucleus, is equal to the mass of the electron times its radial acceleration, 
we have 


Ze 2 _ mv 2 
H? ~ ~cT’ 


(26) 


where v is the velocity of the electron. The kinetic energy is mv 2 /2 . 
The potential energy is -Ze 2 /a provided we arbitrarily make it equal 
to zero when the electron is at infinity, for we must do an amount of 
work Ze-jtx on the system in order to, remove the electron, initially at 
rest m the orbit of radius a, to a position of rest at an infinite distance. 
1 herefore, the total energy E is given by 


E = ^rnv 2 


Ze 2 

a 


(27) 

Let p be the angular momentum of the electron about the nucleus, 
tnat is 7 


. y (2b 

for + ! qUatl0ns (26 ] a u nd ( 28 ) we eliminate v and a from the equatio 
for the energy and, thus, 4 


E = - 


me A Z 2 

2 p 2 


r^tr. h the ,,,iiow6i OTbite ” 

= nh, / 3C 

where n is an integer. This quantum condition is a pure assumntior 
.3 mtodnced independently supplement the 
It leads to the energy values, ’ aDOV( 

■at _ 27 r 2 metZ 2 

n n 2 h 2 ’ n = h 2, ■■ ■ (31 

In a transition from the orbit characterized by n = n, to that u- i 

^iity^^CTni:^;* ‘ he “T ~ " 

2nrbne A Z 2 / 1 


hv = E . 


E„ i = 


h 2 ' 


~(~ ~ ~\ 
V* 1 2 n 2 2 ) 


Now it is a fact (Chap. V) that ih* 
visible and near nltra-violet spectrum of 
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series — have the frequencies which are obtained from equation (32) by 
substituting the usual values of m, e , and h, and placing Z = 1 ,'ni = 2, 
and n 2 = 3, 4, 5, * • • . In fact, all the lines of hydrogen, ionized helium 
etc., predicted by equation (32) which lie in regions accessible to observa- 
tion have actually been found at the expected places. 

From equations (26), (28), and (30) we obtain the radius of the orbit 
as a function of the quantum number n: 


___ n 2 h 2 __ n 2 ai 
a ~ A^Zefrn ~ 


(33) 


where ai is the radius of the innermost orbit of the hydrogen atom, 
obtained by putting n = 1, Z — 1. Equations (28), (30), and (33) 
together show that the velocity decreases as the radius increases, and 
the limiting case n—> « corresponds to an atom with its electron at 
rest at an infinite distance from the nucleus. The total energy is zero, 
since we so determined the constant in the potential energy that it 
approaches zero when a approaches °o. 

In addition to these quantized orbits, the electron can move on orbits 
(hyperbolas or parabolas) in which it can scarcely be said to belong to 
the nucleus, since it passes near it only once and moves away to an 
infinite distance. Such orbits are usually called unquantized, because 
their shapes and dimensions may vary continuously and thus they 
have a continuous range of energies. The quantum conditions are not 
applied to systems which are not periodic. A simple calculation shows 
that for such orbits the total energy of the nucleus and the electron 
(we can scarcely refer to the combination as an atom) is always positive. 
From an unquantized orbit, the electron can pass into one of the quan- 
tized orbits with emission of radiation. If the transition begins when 
the electron has velocity v and is at a distance r from the nucleus, the 
initial energy is 34 mv 2 — Ze 2 /r and the final energy is given by equation 
(31). The frequency of the emitted radiation is the difference of these 
energies divided by h, for Bohr’s second postulate applies to all emission 
and absorption processes, whether the orbits are quantized or not. 
In particular, if the electron falls into the lowest quantized orbit we have 


hv 


1 2 Ze 2 . % r 2 me 4 Z 2 

o mv 2 u 

2 r h 2 


( 34 ) 


Equation (34) predicts a continuous spectrum because r and v can take 
all values. The continuous spectrum lies at frequencies higher than 
any which can be emitted in a transition between quantized orbits. 

The whole situation is summed up neatly by the use of an energy 
diagram, in which horizontal lines are plotted at ordinates proportional to 
the energies of the atom in its various quantized states. The state of 
zero energy (ionized atom with the missing electron at rest at infinity) is 
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placed near the top. Figure 2 is such a diagram for hydrogen 
energy equation (31) is more often written in the form, 

„ RhcZ 2 

tin o 3 

n 2 

where R is the Rydberg constant , 2t ^ me^/hfc. The energies are written on 
the left. It is customary, however, to use another quantity as a measure 
of the energy, namely, the wave number. If an electron falls from the 
infinite orbit to an orbit of energy E , the wave length emitted is given 
by hc/X = E, or 1/X = E /he; 1/X is the number of waves per centimeter 
and is a quantity of convenient magnitude (20,000 cm." 1 for green light 

of wave length 5, 000 A). It is called 
a /*° the ‘ ‘ wave-number ” or “ spectroscopic 
_ term” of the orbit, and is denoted by 
v or T. Quite similarly, a light 
9 quantum is often described by giving 
4 its wave number, in which case only 
the symbol v is used. In the energy 
diagram, a spectrum line is designated 
by drawing an arrow from the initial to 
the final level. In the diagram for 
hydrogen, beginning at the left, we 
have a series of arrows ending on the 
lowest level of the atom; the corre- 
sponding wave numbers are given by 
the formula, 

Series 

Fia. 2 . — The energy diagram of the ~ _ p/ 1 JA _ o 9 4 . . . 
hydrogen atom. v ~ n *J ’ ’ 

and the lin es emitted in these transitions are collectively known as the 
Lyman series, after their discoverer. The wave lengths in this series 
converge to a limiting position as n — > °° and the wave number R/ 1 2 is 
called the limit of the series. Next, we come to the Balmer lines, the 
orbit being the one for which n = 2. The formula giving their 
wave numbers is * 



so that the limit is at R/2 2 . A few other transitions are marked. On 
the extreme right, we have two arrows representing transitions from 
unquantized states (indicated by a shaded band") into the two most 
firmly bound orbits of the atom. Obviously, transitions of the kind 
shown by the longest arrow correspond to a continuous spectrum begin- 
ning at the limit of the Lyman series and extending toward higher fre- 
quencies. Similarly, the other arrow represents a typical emission 



The 

(35) 



Sec. 7] 


THEORY OF THE HYDROGEN ATOM 


71 


process giving a continuous spectrum on the short-wave side of the 
Balmer series limit. Both of these continuous bands are actually 
observed. 

We now take up a problem with two degrees of freedom the two- 
dimensional analogue of the linear oscillator. Let a mass m be acted on 
by a force — k\X parallel to the rc-axis, and a force — k 2 y parallel to the 
?/-axis. Write p x = m/x, p y = my, so that the kinetic energy is 

T = 

The potential energy is 

V = + % 2 ). (37) 

Since the ^-component of force depends only on the ^-coordinate, and 
the y-component only on the ^/-coordinate, the motion is a superposition 
of two simple harmonic vibrations performed at right angles, 

x = A cos (2t w\t + a), (38) 

y = B cos (27 rv 2 t + b), 

where vi = (ki/m)H/2nr, v 2 = (k 2 /m)M/2ir. 

In agreement with Planck’s postulate about the possible energy 
levels of harmonic oscillators, we assume that the energy of the first is 

Ex = nihvi, 

and that of the second is 

j E 2 = n 2 hv 2 . 

This illustrates a general feature of such problems. We need one extrane- 
ous equation, or quantum condition, for each degree of freedom, to 
determine the values of the constants of integration introduced in the 
solution of the equations of motion, so that the allowed energy values can 
be calculated. 

' Applying the frequency condition of Postulate 2 to this problem we 
see that the theory leads us to expect that light will be emitted and 
absorbed having the frequencies, 

v = = ( Hl ' - m")n + W - n 2 "> 2 , (39) 

where n{ and n 2 are the quantum numbers for the initial state and n" 
and n 2 ' those for the final state. Spectra of this kind are known in the 
infra-red; thus hydrogen chloride which has only one vibrational degree 
of freedom and therefore only one characteristic frequency of vibration, 
Vl , has absorption bands at XX3.46 m and 1 . 76 m , or wave numbers v = 2,877 
and 5 657, respectively, corresponding approximately to the prediction of 
• equation (39), if vr = 0,«u = 2,877c and n/ - = 1 and 2, respectively. 

Further examples of this type of spectrum will be given m Chap. Xil. 
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8. THE QUANTUM CONDITIONS 

The allowed energy levels of the hydrogen atom are picked out by 
assuming that its angular momentum is a multiple of h/2 7r, while the 
oscillator is quantized by setting its energy equal to a multiple of hv. 
The problem is, what is the general rule of which these assumptions are 
special cases? A set of rules which is found to yield a great variety of 
correct formulas was discovered independently and about simultaneously 
by W. Wilson, 1 Sommerfeld, 2 and Ishiwara. 3 They are usually referred to 
as the Sommerfeld quantum conditions. They apply to systems having 
periodic coordinates, like isolated atoms and molecules. Consider such 
a system, having n degrees of freedom. 4 Suppose we can choose coordi- 
nates q such that each generalized momentum p k is a function only of the 
corresponding q k . Then the stationary states are those for which 

§Vhdq k = n k h, (40) 

where n k is an integer and each integral is extended over a complete cycle 
of the variable q k . The symbol § is used to indicate that the integral 
extends over a cycle of q k . In the case of a coordinate which does not pass 
through a cycle of values, like the azimuth ip of the electron in hydrogen, 
the integral is taken over a range which brings the system back to its 
original configuration. The important thing is the physical periodicity 
of the system, not the periodicity of its coordinates. 

Let us apply these conditions to the examples just given. For the 
hydrogen atom with its electron on a circular orbit, the kinetic energy is 

T = %ma 2 cp 2 , (41) 

where <p is the azimuth. We have, 


= = (42) 

so that the momentum variable conjugate to <p is simply the angular 
momentum. There is only one quantum condition because the system 
has only one degree of freedom. It is 


Now Pv is constant so 


J '2w 

p v dip = nh. 
o . 


2 Tp v = nh, 

which is exactly the condition used in our previous treatment. 
In the case of the two-dimensional oscillator, 

T = i^m(£ 2 + y2), 


(43) 

(44) 


1 Phil- Mag., 29 , 795 (1913). 

2 Ann. Physik, 61 , 1 (1916). 

* T °kyo Math. Phys. Proc., 8, 106, (1915). 

1 If unfamiliar with generalized coordinates, the reader 


should refer to Chap. IV, * 
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dT . dTi 
"13 




my. 


Vx = — » - d .. 

We must now express these quantities in terms of the coordinates, as 
given by equation (38). We have 

mx = —2irvi mA sin (%rvt t + a) = — 2rvim(± ^s/A 2 ~~ ^ 2 )> (^5) 

and a similar equation for my. Since y x depends only on x, and p y only 
on y , we see that x and y are coordinates suitable for use in applying the 
quantum conditions, in the form 

fpjx = nji, §p y dy = n ^ h - 

The range of integration for x is one complete oscillation, from 0 to +A, 
to —A, and back to 0 again. A similar statement holds for y. The 
question now arises, how can this integration yield a finite result, since 
the upper limit x = 0, is the same as the lower limit? The point is, 
p x is a double valued function of x, as indicated by the ± sign -in equation 
(45). At each abscissa, the momentum p x 
can be either positive or negative, depending 
on whether the direction of travel is right or 
left. The situation is easily understood by 
plotting p x as a function of x (Fig. 3). This 
must not be confounded with a diagram of 
the actual motion. Starting at a: = 0, with 
p x positive, we pass to x = +A, and the con- 
tribution to the integral is represented by the 
area Q in the first quadrant. At A the veloc- 
ity reverses, p x becomes negative and the areas R and S m the diagram 
are traversed from right to left. At —A the velocity reverses again and 
area T is added to the value of the integral as x passes from A to U. 
Without carrying out the integration we can get the result from simple 
geometry, for the area of the ellipse is 

. T • A • tommA = ( 47 > 

and this must be equal to n x h. Finally, the quantized values of the *- 
and //-amplitudes are given by 

nih £ 2 = _nji (48) 



Fig. 3.- — Phase diagram for the 
harmonic oscillator. 


A 2 = 


2ir 2 vim " 2TT 2 v 2 m 

We can get the energy in a variety of ways. By use of equations (45), 
(47), and (48), the contribution to the energy due to the motion parallel 

to OX is found to be 

E, = X4(mx 2 4- hx 2 ) - }4[mAjr 2 vi 2 (A 2 — x 2 ) + hx 1 ], 

= 2xVi 2 mA 2 = njivi. 

Similarly, the contribution due to the ^/-oscillation is n 2 hv 2 . These 
results agree with Planck’s assumption mentioned at the end of Sec. 7. 
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Summing up, the spectral evidence discussed here is overwhelmingly 
in favor of the fundamental assumptions and of the quantum conditions. 
We now discuss evidence of a quite different kind bearing on the Bohr 
postulates, but not on the quantum conditions. 


9. THE RITZ COMBINATION PRINCIPLE AND THE CONSTANCY OF h 

Long before Bohr gave his theory of the hydrogen atom, careful 
studies of spectra had revealed a regularity which was clearly formulated 
by Ritz. It bears his name and may be stated empirically as follows : 
If v a and vb are the wave numbers of two lines in the spectrum of a certain 
atom, it often happens that lines also occur at the wave numbers v a + 
h or v a - v b . This was a powerful tool in the analysis of spectra. It is 
explainable at once by means of the second Bohr postulate. If the energy 
levels involved in the emission of P a are Ei and E 2 , and those involved 
in the emission of h are E 2 and E 3 , where E x < E 2 < E Z) then 

hCVa == E 2 E h 
he Vb = E z — E 2 j 

and hc(v a + n) = E s - E L , 

so that v a + n will be emitted in the jump from E 3 to E h Obviously, the 
emission of the difference frequency v a - v b will not occur in this case. 
With the aid of an energy diagram like Fig. 2, the reader can easily see 
under what circumstances a difference frequency will be emitted. More 
often than not, lines which are predicted by naive application of Ritz’s 
principle do not occur. This failure to appear may usually be ascribed to 

. e dynam ea impossibility of a direct transition between the orbits 
in question. 

The combination principle may be invoked to prove that in the 
equation e = hc/\ the quantity he is constant, within the accuracy of 
our spectroscopic measurements over the entire range from the infra-red 
o the shortest X-rays. This is reassuring, for quantum theory would 
have to be altered considerably if h were variable. Of course the 
accuracy with which this is known to be true will vary in different parts 
e range What we know experimentally is that spectral lines 

nroof^W^ t ° Un f • WhiCh Starting with this, the 

proof that Ac is not a function of wave, length depends on our acceptance 

of an equation of the form e = hc/\ for each spectral line, where « simply 
means a definite number belonging to the initial state minus a definite 
number belonging to the final state. . 

The degree of reliance to be placed on the combination principle 
y be seen from an example of its application to the iron spectrum by 
Meggers. Below, we compare the sum of the wave numbers of two 
1 Astrophys. 60, 60 (1-924), 
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lines with that of two others which should yield the same Value if the 
Ritz principle is correct. 

v* = 18,184.979 v ad = 19,404.864 

v hc = 19,169.445 v dc = 17,949.554 


37,354.424 37,354.418 

Today, the spectroscopist uses the Ritz principle as a sharp criterion, 
in deciding whether four lines arise from a group of four energy levels 
in the way described above. 

10. CRITICAL POTENTIALS 

When an atom or molecule is struck by a moving electron, the collision 
may or may not result in the transfer of energy between the electron 
and the internal mechanism of the atom. If the energy exchanged is 
entirely energy of translation of the collision-partners, the collision is 
termed “ elastic/ ; while, if the atom gains or loses internal energy, the 
collision is designated an u inelastic one.” A similar nomenclature is 
applied to encounters between atoms and molecules. Inelastic collisions 
are further classified according to whether translational energy of the 
atoms or electrons is transferred to the internal mechanism of the atom, 
or the reverse. These two cases are termed “collisions of the first and 
second kinds,” respectively. 

The way in which these energy transfers occur has been studied 
principally by bombarding the atoms of a rarefied gas or vapor with 
rapidly moving electrons, though recently the interaction of excited 
atoms with unexcited ones has claimed much attention. This is partly 
due to the ease with which electrons can be obtained from a hot cathode, 
but principally to the fact that they are quite insensitive to elastic 
collisions, from the standpoint of energy loss, so that effects due to 
inelastic collisions can be clearly distinguished. A simple calculation 
based on the conservation of energy and of momentum gives us the 
loss of energy of an electron in an elastic collision with an atom of mass 
M originally at rest. Relative to stationary coordinates, on the average, 
the electron will lose a fraction of its energy equal to 2m/ M. Even 
for a gas of H atoms, this is only % 2 2, while for Hg atoms it is 200 times 
smaller. On the other hand, the fractional kinetic energy changes in a 
collision between two atoms are much larger. 

Judging from our observations on macroscopic bodies, we should 
expect energy to be interchanged between electrons and the internal 
mechanism of atoms, regardless of their relative velocities. As mentioned 
in Chap. I, this is not true, a fact which furnishes one of the strongest 
supports of the theory of stationary states. The collisions of electrons 
of sufficiently low velocities with atoms or molecules are elastic. In 
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describing what takes place at higher velocities it will be best to restrict 
ourselves here to the phenomena characteristic of atoms. As the energy 
of the electrons is increased a point is reached where the collisions are 
inelastic and energy is transferred to the atoms. This results in a 
quantum transition, in which the atom is carried to a stationary state 
of higher energy, and the potential at which this first occurs is called 
the “resonance potential.” Often, though not always, the level reached 
by the atom is the one lying nearest to the normal energy level. At all 
potentials above the resonance potential, inelastic collisions occur which 
may have the same result as far as the atom is concerned, but the bom- 
barding electron has kinetic energy left over after the collision. Increas- 
ing the potential further, we reach a value at which the energy of the 
electron is sufficient to raise the atom to another stationary state, and 
so on. Each potential at which a transition to a new energy level 
becomes possible is called a “resonance potential.” The various resonance 
voltages are distinguished by calling them first, second, and so on, 
beginning with the lowest. All energy levels other than the one normally 
occupied are called “excited states” or “excited energy levels.” When 
the atom has been brought into one of these states by dir ect electron 
impact, usually it can return to the normal level by emission of light. 
Sometimes, however, there are dynamical restrictions which prevent 
its return, in which case the atom is said to be in a “metastable” state. 
Eventually, a voltage is reached at which the bombarding electrons 
can completely separate an electron from the atom, leaving a positive 
ion which is eventually neutralized by picking up a stray electron. The 
minimum potential at which this occurs is called the “ionization poten- 
tial,” while critical potential is a more general term referring to both 
resonance and ionization. Obviously, an atom or molecule has many 
resonance potentials. Except in the case of hydrogen and helium, it 
also has a number of ionization potentials, since different electrons are 
bound to the atom with different amounts of energy. 

In experiments on inelastic collisions, the energy of the electrons 
is imparted to them by allowing them to fall through known electric 
fields, so that the kinetic energy is given by the relation 



(49) 


where V f is the potential applied in electrostatic units. Now 300 volts 
correspond to one electrostatic unit of potential, so we have V = 300 7' 
if V is the value of V' expressed in volts, and the relation above becomes 

Ve __ mv 2 

300 ~ "2~* (50) 


An electron which has fallen through a potential difference of 5 volts is often 
called a 5-volt electron, and it is customary to refer to the critical energies required for 
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inelastic collisions in terms of volts. Thus, we say “ mercury has a resonance poten- 
tial of 4.9 volts,” or “the energy of the electrons was 60 volts.” Of course, the volt is 
not a unit of energy, but convenience dictates this practice. There has been some 
talk of introducing an energy unit called the electron-volt, equal to the energy of an 
electron which has fallen through a potential difference of 1 volt. From equation 
(50), this unit is equal to 1.591 * 10“ 12 ergs. It is used but little at present, 

11. EXPERIMENTS ON CRITICAL POTENTIALS 

Long before the advent of Bohr’s theory, it was believed that a 
definite amount of energy is necessary to ionize an atom, and various 
experiments were devised to measure this quantity. An estimate 
which is correct as to order of magnitude can be obtained from studies 
of the discharge in an ordinary tube with two cold electrodes, combined 
with an approximate theory of the complicated phenomena of such 
a tube. Details of such studies are given by Townsend. 1 

Bergen Davis 2 approached the matter in a simpler way, by the use of 
the electrodeless ring discharge. If an alternating current of high 
frequency (perhaps several hundred kilocycles) is passed through a few 
turns of wire wound loosely around a bulb containing gas at a pressure 
of a few hundredths of a millimeter, a bright ring of luminosity is formed 
in the plane of the coil. Under suitable conditions this is due mainly 
to the electromotive force induced in the gas by the change of magnetic 
flux through the coil. The maximum potential gradient is easily cal- 
culated from the current in the coil and the constants of the circuit, 
so the energy acquired by an electron in traversing its mean free path 
can be found. If the pressure is gradually increased, the mean free 
path becomes smaller, until at last the great majority of the electrons 
have energies insufficient to ionize the atoms, and the discharge ceases 
to be luminous. The maximum potential gradient occurring during a 
cycle of the current multiplied by the kinetic theory value of the mean 
free path at this pressure of extinction may be taken as a measure of the 
voltage required for ionization. 

The difficulty with all such methods is that the energies of the elec- 
trons are distributed over a broad range, and that it is difficult to ascertain 
the nature of the distribution. An arrangement in which the current 
and the potential can be varied independently is essential, and it is also 
very desirable that the velocity distribution of the electrons reaching a 
given point should be a narrow one. An apparatus satisfying these 
requirements was devised by Lenard, 3 the essentials of which are shown 
diagrammatically in Fig. 4. F is a hot-wire cathode, heated by a battery 
A. G is a metal gauze or grid. A voltage V h variable by means of a 
potentiometer arrangement J5i is maintained between F and (r, the 

1 “Electricity in Gases,” Clarendon Press (1915). 

*Phys. Rev., 20, 129 (1905). 

* Ann. Physik, 8, 149 (1902). 
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positive side being as shown, so that electrons are accelerated from 
F to G. The gas pressure in the apparatus is so chosen that the mean 
free path is comparable with the distance between electrodes. An 
opposing field V 2 , greater than V h is maintained between G and a metal 
plate P. Electrons which pass through the grid are thrown back by 
V 2 , and do not reach P. If some of these electrons cause the atoms to 
radiate, and if the wave lengths emitted are short enough, the light 



Fig. 4. — Lenard’s critical potential apparatus. 

ejects photoelectrons from P, charging the electrometer quadrants Q 
positively. If some of the electrons ionize the atoms, the ions pass to P 
and also charge the quadrants Q, positively. At certain values of V i 
the rate of charging shows fairly abrupt increases, which are interpreted 
as due to the occurrence of inelastic collisions. Breaks due to resonance 
and to ionization cannot be told apart by this method. 
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critical potential apparatus. 


The first work on critical potentials which yielded results of impor- 
tance for quantum theory was done by Franck and Hertz. 1 Figure 5 
shows the arrangement of their apparatus. It is similar to that of 
Lenard, except that a galvanometer is used, and the retarding potential 
7 2 is made small— about 0.5 volt, say. Further, the spacing of the 
electrodes and the pressure of- the gas in the apparatus are so adjusted 

Franck, J., and Hertz, G. Verh. d. Phys . Ges. 16, 10 (1914). 
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that the average electron makes many collisions in passing from F to G. 
V i is varied by small steps from zero up, and the galvanometer current is 
noted for each value of Fi. * 

As long as the collisions of electrons with gas molecules are elastic 
they lose little energy, and those which pass through openings in gauze 
0 are able to move against the small opposing potential F 2 , and will 
cause a current to flow through Ga. (The conventional direction of this 
current in the metallic parts of the circuit will be toward P.) But when 
the collisions become inelastic energy will be lost and many of 
the electrons will not have sufiicient energy to reach P. Figure 6 
shows a plot of galvanometer readings against Fi, in an experi- 
ment with Hg vapor. At first the current increases very much as the 



Fig. 6. — Inelastic collisions of electrons with Hg atoms. ( After Mohler, unpublished figure.) 

current from a filament in a high vacuum does, approximately in accord 
with the V Z A law (see Chap. XIII, Sec. 1). At a point slightly above 5 
volts the current starts to decrease quite suddenly, showing that inelastic 
collisions begin to occur at this point. It falls to a minimum and rises 
again. This means that many electrons having initial energies somewhat 
in excess of 5 volts do not lose all their energy in an inelastic collision. 
They retain enough to reach P against the voltage F 2 . When the voltage 
V i becomes equal to twice the resonance potential, the electron loses its 
energy in two successive inelastic collisions and again cannot reach 
the plate P, causing the second drop in the curve. The third and higher 
maxima are explained in a similar way. The value of the first maximum 
on this curve cannot be taken as the critical potential since the electrons 
emitted by the filament have an initial energy distribution which is 
unknown. This is due not only to the normal Maxwellian velocity 
distribution of electrons obtained from a thermionic source, but akc 
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to the contact pptentials between the electrodes. However, the dif- 
ference between two successive maxima should give a correct value of the 
resonance potential. Franck and Hertz found it to be 4.9 ± 0.1 volts. 
Similarly, experiments on helium give a first resonance potential at 
19.75 volts, and several others slightly higher. Helium has a higher 
first resonance potential than any other atom. The lowest value is 
that for cesium at 1.48 volts. 

i 

12. THE CONTROLLED EXCITATION OF SPECTRA 
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Consider the conditions when the bombarding electrons in a hot 
cathode tube have just enough energy to raise the atom from the normal 
level to the nearest excited state. For example, referring to the simplified 
energy diagram of sodium (Fig. 7), which is very similar to the diagrams 
of all other alkali metal atoms, the lowest level is called 1$ by spectro- 

scopists, and the nearest excited state is 
called 2 P for reasons discussed in Chap. 
VII. Experimentally, it is found that 
electrons which have fallen through a 
potential difference of 2.1 volts can raise 
sodium atoms from IS to 2 P. When 
this has been done, the atoms are in a 
zp position to return to 1/S, and so they do, 
emitting the yellow Z>-lines, and these 
alone. This emission is referred to as a 
single-line spectrum. (Strictly, there 
are two D-lines forming a narrow 
doublet, because there are two levels at 
2 P, close together. See Chap. VII. 
For our present purpose we may treat 
these two levels as though there were 
but one.) The energy transformations are these. When a bombarding 
electron falls through a voltage V, it gains an amount of energy Ve/300. 
This is transformed into internal energy of the atom which is struck, 
except for a small fraction which increases its translational energy, and 
then this energy is given up as a quantum he/\. We have therefore. 
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in a series of transitions emitting spectral lines with the wave numbers 
vj } $ 2 , etc. In this case, the equation replacing equation (51) is 

Vp 

3^ - (52) 

This is the fundamental equation in correlating critical potentials with 
spectral data. 

The ideas presented here lead to the expectation that a spectrum 
can be excited step by step, one group of lines after another coming; 
in as the voltage of the bombarding electrons is increased, and such is 
indeed thfe case. The first investigation in this field which yielded 
definite results was that of Franck and Hertz, already referred to. A 
good illustration of the important results which can be obtained is the 
work of Foote, Meggers, and Mohler 1 on the excitation of the magnesium 
spectrum, described in Chap. XIII, Sec. 3. 

13. UNIDIRECTIONAL QUANTA 

In discussing the photoelectric effect we mentioned Einstein’s sugges- 
tion that light of frequency v consists of units called “photons,” having 
the energy hv, each one traveling in a definite direction without dividing, 
as though it were effectively a particle. It is a theorem of electro- 
dynamics that a. unidirectional beam of light, carrying energy ii T , has 
momentum E/c associated with it, so each quantum should have the 
momentum hv/c. Special relativity leads us to associate the mass 
hvf c 2 with the energy hv. We shall see that there is much utility in 
treating light quanta as particles having these properties. 

This theory had a vast handicap to overcome, for the electromagnetic 
theory of light was successful in explaining nearly all gross optical 
phenomena on the assumption that each emitting atom sends out a 
.spherical wave. When it became evident that this picture could not 
account for the absorption of energy by distant atoms in quanta, or 
for the photoelectric effect, attempts were made to imagine emitting 
mechanisms which would produce directed quanta* These attempts 
to provide the atom with an ideal parabolic reflector have all been very 
unconvincing. Gradually, the opinion spread that neither wave theory 
nor photon theory could explain all the phenomena.. It was often said 
that physics was confronted with an impassfq that the wave theory should 
be used in studying problems of diffraction or interference, while the 
hypothesis of light quanta should be used to describe the photoelectric 
effect and others of similar nature with which we shall soon become 
acquainted. We may say at once that the two theories may be reconciled 
by reinterpreting the electric and magnetic forces E and H which charac- 

ip/wL Maa., 42* 1002 (1921); 43, 039 (1922), 
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terize a radiation field. In classic electrodynamics; it is supposed that 
E 2 + i? 2 is a measure of the energy density in the radiation field. E 
and H serve as a u ghost field” which determines in a statistical way the 
paths which the quanta are to take. On a screen which receives an inter- 
ference pattern, the value of E 2 + H 2 at any point is proportional to the 
number of quanta which strike at that point. 1 

14. EXPERIMENTS WITH WEAK LIGHT 

We now present experimental evidence bearing on these views. 
G. I. Taylor 2 performed the following experiment. The raysVf a very 
weak light source (Fig. 8) passed through absorbing screens A and fell 
on a slit S . Behind this slit were two others at B , arranged as in Young’s 
interference experiment. A photographic plate P was so placed that 
it would record the interference pattern. Knowing the constants of the 
absorbing screens, the incident intensity and the number of screens 
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Fig. 8. — Taylor’s arrangement for studying the interference of weak light. 

were so chosen that only a few quanta per second would pass the first 
slit S. If each of these passes through only one of the slits B , it is difficult 
to see how interference can occur. As a matter of fact, the weak-light 
interference pattern was identical with that produced by strong light. 
This experiment allows us to conclude that either the spherical wave 
theory is correct or the original form of the light-dart theory needs 
to be supplemented by a statistical postulate prescribing the density 
of quanta along any path in space. According to this picture, the 
significant factor in the production of the interference pattern is the 
structure of the ghost electromagnetic field, determined by the slit 
arrangement and the behavior of the emitting atoms. Taylor’s result 
is supported by the experiments of several other investigators. For 
example, Dempster and Batho 3 found that the diffraction pattern of an 
echelon grating showed no observable peculiarities when formed by very 
weak light. 

' 1 In the case of radio waves, this ghost field has a certain physical reality. It 
seems certain that E does represent an intensity of the electric field in the case of such 
long waves. 

2 Proc. Carnb . Phil Soc 16, 114 (1909). 

^ Phya . Rev,, 30, 644 (1927). 
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15. JOFFfi’S EXPERIMENT ON THE UNIDIRECTIONALITY OF QUANTA; 

THE RAPID INTERRUPTION OF A LIGHT BEAM 

It is customary to say that the light quantum does not spread sidewise 
as it passes through space — that it is rigorously unidirectional. If we 
could be sure that a light quantum strikes only a single atom when 
it ejects an electron from a metal surface, this would be satisfactory 
proof of its unidirectionality. We cannot be quite certain, however, 
that the energy is not collected by the whole metal surface and delivered 
to a single atom in some unexplained way. Joffd and Dobronravoff 1 
performecj an experiment to show that a quantum can be received by a 
very minute metal surface. A small X-ray tube was constructed, with 
a thin sheet of aluminium forming one of its walls. This was used as the 
anticathode, and also as the lower plate of a Millikan condenser. 
Conditions were so arranged that the tube emitted only about 10 3 
quanta per second. A bismuth particle, positively charged, was -caused 
to float in the Millikan condenser, close to the anticathode. Stray 
effects were satisfactorily eliminated and then it was found that about 
every 30 minutes the charge of the particle increased, due to the ejection 
of an electron by the X-rays. The particle was between 1 • 1()”~ 6 and 
5 • 10~ 5 cm. in diameter, so the whole quantum was absorbed inside a 
circle of this diameter. At the source, such a circle subtended a solid 
angle smaller than 10~ 6 . 

There is also good evidence that the quantum behaves as though it 
were very short in the direction of its propagation, Lawrence and 
Beams 2 constructed an electromagnetic shutter capable of, interrupting 
a beam of light more than 10 9 times a second. The shutter consists of 
two crossed Nicol prisms with two Kerr cells placed between them at 
right angles to each other. The Kerr cell consists of two condenser 
plates with a suitable organic liquid, usually carbon bisulfide, chloroform, 
or nitrobenzene, placed between them. If an electric field is placed 
across these condenser plates, plane polarized light passing between 
them becomes elliptically polarized. The second Kerr cell perpendicular 
to the first and with the same field across its plates just compensates 
for this so that plane polarized light emerges from the second Kerr 
cell; this cannot pass through the second Nicol. As long as the fields 
across the two cells are equal, no light can pass the shutter, but if these 
fields differ the elliptical polarization introduced by the first cell is not 
exactly compensated by the second and thus the light emerging from 
the second cell has a component which can be transmitted by the second 
Nicol. A spark gap and the two Kerr cells are wired in parallel to each 
other across a transformer. At a certain potential the spark jumps 

1 'z. Physik, 34, 889 (1925). 

2 See Phys. Rev., 32, 478 (1928) and J. Franklin Inst. 206, 169 (1928), where the 
latest results are presented and references to earlier work are given. 
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which starts light quanta through the shutter, lowers the potential 
across the transformer, and starts a potential wave down the wires 
to the Kerr cells. No light can pass the shutter until this potential wave 
reaches the first cell; then light can pass the shutter until it reaches 
the second cell, after which no light passes the shutter again. Thus, 
the shutter is open only during the time that the potential wave takes 
to travel from the one cell to the other. By this arrangement, Lawrence 
and Beams found that quanta passed through the cells in less than 10 y 
seconds, so that the quanta are not over a few centimeters in length. 
Similar experiments were performed by Breit, 1 using frequencies up to 
about 10 7 seconds" 1 . Now if the quantum emitted by a single atom 
were longer than ct, where t is the time the shutter remains open, it 
seems reasonable to believe it would be cut when the shutter closes. A 
very naive consideration suggests that the division of a quantum would 
give rise to two quanta of smaller energy and therefore of greater wave 
length. However, Breit, Ruark, and Brickwedde 2 showed that a 
correct application of Bohr’s postulates leads to the same result as optical 
theory, which predicts a very slight frequency change due to the modu- 
lation. The experiments are in agreement with this view, and a treat- 
ment in terms of wave mechanics also supports it. 

16. THE COMPTON EFFECT 

The theory of unidirectional quanta has received extremely strong 
support from studies arising out of a fundamental discovery by A. H. 
Compton. 3 He found that if the monochromatic X-radiation of molyb- 
denum of wave length 0.7 A. is allowed to fall on light elements, the 
spectrum of the scattered X-rays contains not only the incident wave 
length, but also a greater wave length, very close to the original one, but 
generally separated from it. The apparatus is shown diagrammatically 
in Fig. 9. Light from the X-ray tube strikes a scatterer of carbon, let 
us say, which is made quite small to avoid multiple scattering within 
the block, and to fulfill the condition that the rays incident on the block 
must come from a definite direction. The radiation scattered at a given 
angle 6 with the incident rays passes through a system of slits and is 
allowed to fall on the crystal of a Bragg spectrometer (see Chap. VIII 
for a description of the methods for studying X-ray spectra). Figure 
10 illustrates Woo’s 4 measurements on scattering from graphite at 
various angles. It shows the spectral distribution of the scattered 
light. In each diagram, the peak on the left occurs in the position of the 

i Nature , 119, 280 (1927). 

*Phil. Mag., 3, 1306 (1927). 

3 Bull. Nat. Research Council , 20, 10 (1922); Phys. Rev., 21, 483 (1923). 

4 Phys. Rev., 21, 715 and 22, 409 (1923); Compton “ X-Rays and Electrons,’ * p. 263, 
D. Van Nostrand Co., Inc., New York (1926). 
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original unscattered wave length coming from the X-ray tube, while 
that on the right is shifted in the direction of greater wave lengths by an 
amount which increases as the scattering angle becomes greater. At 
90°, the difference in the wave lengths of the two peaks is 0.024 A. 

Simultaneously, Compton published a theory of the effect, based 
on the unidirectional quantum. Debye 1 developed a similar theory 
independently. The simple classical theory 
of X-ray scattering is based on the conception 
that the bound electrons in the scatterer are set 
into forced oscillation by the electric force of 
the incident waves. They send out radiation 
having the same frequency as the incident waves 
in all directions. This picture contains no pro- 
vision for a shift of wave length. On the other 
hand, if the scattering entities are free, they 
will be accelerated in the direction of the in- 
cident X-ray beam by radiation pressure. Their 
velocities will continually increase until reduced 
to zero by a collision. This forward component 


Fig. 9. — Experimental arrangement for studying the Fig. 10.— Compton effect. 

Compton effect. The MoKa line scattered by 

graphite at different angles. 

of velocity gives rise to a Doppler shift in the scattered light. The fre- 
quency v (6) scattered at an angle 6 with the direction of the incident 
beam when the forward velocity is v, is obtained as follows, neglecting 
modifications due to relativity. If frequency v Q is incident on the 
electron, it oscillates perpendicular to the line of motion with the 
frequency, 

v > = y 0 (l - 0), p = -■ 

c 

Radiation scattered at the angle 6 will have a frequency given by 
Ve = v(& ) • (1 — /? COS 9), 
as seen by a resting observer, whence 

v(9) • (1 - /3 cos 9 ) = r 0 (l - 0). 

1 Physik. Z., 24, 161 (1923). 




( 53 ) 
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From this equation, radiation scattered parallel to the original beam 
suffers no change of wave length. As d increases, r(0) decreases to the 
value v(l — (3) /(l + /3), for scattering at 180°. As we shall see, the 
Compton wave-length shift behaves in this fashion, and E. Bauer, 1 
followed by others, attempted to interpret the shift as above. The 
difficulty is that the electrons should have a continuous range of velocities 
and at each value of 0 a continuous band of frequencies should be 
observed, extending from the original spectrum line ‘toward greater wave 
lengths. Such a band is not observed. The shifted line is definitely 
separated from the position of the incident wave length. Compton's 
treatment of the effect accounted for the experimental results so accu- 
rately that it was generally accepted until the advent of wave dynamics. 
It is as follows: 

Let v 0 be the frequency of the original X-ray quantum and v be its 
frequency after a collision with an electron. Figure 11 shows the paths 



Fig. 11. — Collision between a light quantum and an electron, (a) Energy relations, ( b ) 

momentum diagram. 


of the original quantum hv 0 and the electron e and quantum hv after the 
collision. 0 is the angle between the direction of the original quantum 
and the scattered quantum and <p is the angle between the direction of the 
original quantum and that of the electron struck. The directions of 
the quanta and the recoil electron must lie in a plane in order that 
momentum may be conserved. Conservation of energy and of the 
x - and ^/-components of momentum (as illustrated by the momentum 
triangle in Fig. lib) yields the equations, 


hv o = liv + me 2 


(1 


-V)M X ) 


hv o hv . . mv 

— - - cos 9 + COS 

A hv . mv 

0 = sin 9 + _ T ^ Bin <p. 


(54) 

( 55 ) 

( 56 ) 


In equations (55) and (56) we transpose the terms in 6 to the left, square, 
and add, to eliminate <p. Then, eliminating v between the result and 
equation (54), we find, 

f V = r+ oT(l - cos 0) = I-j- 2a sin 2 6/2’ where “ = me 2 ' ( ' 57 ' ) 


1 Comptes rendus , 177 , 1031 , ( 1923 ). 
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The wave-length shift of a quotum scattered at angle $ is 

AX = - —— = A (i — cos #) # (58) 

v vq me 


It is worth noting that this change in wave length is independent 
of the frequency of the light scattered, h/mc is the change in wave 
length of the light scattered at right angles to the original beam and has 
the numerical value 2.42 • 10~ 10 cm. or 0.0242 A. This is frequently 
called the “wave length of the Compton shift.” It is the wavelength 
which would be produced if the energy of an electron were transformed 
entirely into a light quantum. Using equations (55), (56), and (57), 
we find that 


tan (p — 


cot {6/2) 
1 -f- a 


( 59 ) 


so that the recoil angle decreases from 90° to 0° as the scattering angle 
is altered from 0° to 180°. ( v = 0, and <p is indeterminate, when 0 = 0.) 



shift. coil electrons. 


Figure 12 is a polar graph in which AX is plotted as a function of 0, while 
Fig. 13 is a diagram of Debye, showing the energy of the recoil electron 
and of the scattered quantum for ten different directions of scattering, 
the incident wave length being h/mc. Any radius vector of the upper 
solid curve, such as the one marked 3, is proportional to the energy of a 
quantum scattered through the angle which that radius makes with 
the direction of the incident beam. The energy of the corresponding 
recoil electron is shown by radius vector 3 of the lower curve, drawn 
at the appropriate recoil angle <p. 

The agreement of eouation (58) with the wave-length interval between 
the peaks in Fig. 10 is excellent. It is probable that the original wave 
length appears in the scattered light because some quanta are scattered 
by atoms as a whole. When this occurs, the mass of the electron must 
be replaced by the mass of the atom in the equation for AX, and the 
shift becomes negligible. 
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It remains to examine why the above theory based on the recoil of free electrons is 
satisfactory, for the electrons in the carbon atom are certainly not free. If the quan- 
tum must give up energy to eject the recoil electron from the atom, we should expect 
a greater shift than that given above. As a matter of fact, the shifted peak is usually 
broader than the unshifted one, so this factor must be taken into account. Its 
effect is relatively unimportant, however, when the ionization potential of the average 
electron in the atom is small compared with the energy of the incident quantum. 
Such is the case in the experiments quoted above, where the X-rays were of fairly 
short wave length and the scatterer was an element of low atomic number. See Chap. 
XI, Sec. 6. 

17. THE CONSERVATION OF ENERGY AND MOMENTUM IN THE 
SCATTERING OF X-RAYS 

If X-rays are scattered by the atoms of a gas or vapor, it should 
be possible to detect the recoil electrons by the Wilson cloud-track 
method (Chap. II). Independently, C. T. R. Wilson 1 and Bothe 2 
showed that such electrons are present by photographing their tracks. 
Compton and Simon 3 made use of this fact to show that the direction 
of recoil and the direction in which the scattered quantum move are 
related in the way required by the light-quantum theory. A beam of 
X-rays was allowed to enter a Wilson cloud-track chamber, and photo- 
graphs were taken in the usual way in order to detect any recoil electrons 

produced in the scattering process, and 
also any secondary electrons ejected by 
the scattered light quantum from the 
walls of the chamber. In order to 
make this latter process more probable, 
they suspended thin sheets of lead in 
the chamber. In most of the photo- 
graphs only the path of a recoil electron 
was observed, but in a small fraction of 
them there appeared also the track of 
the photoelectron ejected by the scattered light quantum. The origin of 
the recoil electron path showed the point at which the scattering took place 
and the initial direction of this path showed the direction in which the re- 
coil electron was ejected by the light quantum. The direction of the scat- 
tered light quantum was secured by drawing a straight line from the point 
of scattering to the beginning of the photoelectron path. Since two photo- 
graphs were taken at an angle to each other, the angles between the direc- 
tion of the original beam and the directions of the scattered light quantum 
and of the recoil electron could be determined. The relations are shown 
diagrammatically in Fig. 14. In this way, it was possible to see whether 
the angles <p and 0 were related to each other according to equation (59) 

1 Proc. Roy. Soc ., 104, 1 (1923). 

2 Z. Physik , 16, 319 (1923). 

3 Phys. Rev., 26, 289 (1925). 



Fig. 14 . — R is the recoil electron path 
and P the photoelectron path. 
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Within the limits of experimental error, which were necessarily quite 
large, the experiments agreed with the requirements of this equation 
and they show that energy and momentum are conserved when a light 
quantum is scattered by an electron. It should be noted that the 
experiment could not determine the energy of the recoil electron. The 
energy of the scattered quantum is known from the experiments on 
the Compton effect described in the preceding paragraph, 

Bothe and Geiger 1 showed that the ejection of the recoil electron 
and the deflection of the quantum occur at the same time. Their 
apparatus consisted of two point counters one of which was open, while 
the other was closed with a thin platinum foil. These were mounted 
facing each other, with a narrow space between. A beam of X-rays 
passed between the counters. If a scattering process occurs in ‘the 
neighborhood of the platinum foil, and the scattered quantum is absorbed 
in the foil, the electron which it ejects may enter the closed counter, 
while the recoil electron is recorded by the other counter. Therefore, 
a certain fraction of the events recorded by the two counters should be 
simultaneous. The fraction observed by Bothe and Geiger agrees well 
with what we might expect from the constants of the apparatus, and 
the assumption that each scattered quantum produces one recoil electron. 

These experiments disproved the theory of Bohr, Kramers, and 
Slater, 2 who suggested that energy and momentum are not conserved 
in the interaction of a single light quantum with a single atom, but are 
only conserved statistically for large numbers of such processes. 


18. THE STERN-GERLACH EXPERIMENT 

The orbital motion of the electrons in an atom produces a magnetic 
field of such a kind that the atom may be considered as a permanent 
bar magnet when discussing its behavior in an external field constant 
in time and uniform in space. We consider first an atom with only one 
electron. 3 By Kepler's law of areas, the rate dA/dt at which the radius 
r drawn from the nucleus to the electron describes area is such that 


2 mdA 
dt 


mr 2 <p = p; 


( 60 ) 


<P is the azimuthal angle and p the angular momentum. Integrating 
for one complete period T we get, 

Area of orbit = A — — • (61) 

2m N 7 

1 Z. Physik, 32, 639 (1925). 

2 Physik , 24, 69 (1924). 

3 The theory developed in this section neglects the intrinsic magnetic moment of 
the electron (Sec. 19) and must be corrected in the manner indicated in. Chap. X, 
Sec, 8. 
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As a consequence of the quantum conditions, the angular momentum of 
any atom is 

(62) 

2t 

where j is an integer or an integer plus and is called the inner quantum 
number, so equation (61) can be written 

A _ m. 

Awm 

The electron passes a given point on its orbit 1/T times a second, and, 
therefore, is equivalent to a current i = —e/T. We shall express 
e and i in electromagnetic units. Now, if a current i flows in a closed 
circuit of area A, then at a great distance it produces a field practically 
identical with that of a magnet having a moment 

fx = iA. (63) 

Proof of Equation (63). — The pattern of force lines at a great distance does not 
depend appreciably on the shape of the circuit, so we shall suppose the current flows 
in a circle of wire, for simplicity, and shall compare its field at a point P on its axis OP 

with that of a magnetic dipole having a 
moment ju directed along OP. By sym- 
metry, the force at P is along OP (Fig. 
15). The field at P, due to an element 
ds of the circular current, is i(U/r % , by 
Ampere’s law, and the component of 
force along the axis is aids/r 8 . The 
Fig. 15. — The magnetic field of a rotating component along the axis due to the 
charge. whole circle is 2 t aH/r z and the sum 

of the components perpendicular to the axis is zero. But the field due to the dipole 
would be 2(x/r 3 and this will be the same as that due to the current if m « i%a* * iA. 



From equation (63), 


j he __ __ p • e 
47 rmc 2 me 


(64) 


where e is now in electrostatic units. 

This is easily generalized for an atom having several electrons by 
simply s ummin g the contributions of all of them. If j/i/27r now denotes 
the resultant angular momentum of all the electrons and y the magnetic 
moment of the atom, we obtain an equation identical with equation 
(64). It is to be noted that this is a vectorial equation, and that y is 
opposed to p in direction because the charge of the electron is negative, 
as shown in Fig. 15. This simple theory requires therefore that the 
magnetic moments of atoms shall be multiples (or half-multiples, if j 
is an integer plus 14) of an elementary unit called the “Bohr magneton,” 
given by the equation, 

eh 

jkf a = = 9.22 • 10 -21 gauss centimeter, (65) 

- 4rmc 
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with e in e.s.u. Often, it is more convenient to deal with the 
magnetic moment associated with a gram-mole, without regard to the 
orientations of the separate atoms, that is, M s times the Avogadro number 
N. This quantity is 

jjl b = 5,589 gauss centimeter per mole. (66) 

However, magnetic moments are usually reported in the literature 
in terms of the Weiss magneton which is an empirical unit equal to 
1,123.5 gauss centimeter per mole, so that it is almost exactly one-fifth 
of n B . This unit was introduced by Weiss as a result of careful measure- 
ments of the magnetic susceptibility of Te and Ni. It was believed 
that the magnetic moments of all mole- 
cules were multiples of n w /N. The fact 
is, they are not multiples of either jjl w /N 
or jujs/W. The true state of affairs is more 
complicated due to the magnetic moment 
of the electron (Chap. X, Sec. 8). 

Stern and Gerlach 1 proved by ingen- 
ious experiments that certain atoms have 
magnetic moments equal to the Bohr 
magneton. Their first experiments dealt 
with the magnetic moment of the silver 
atom in the vapor state. The work was 
later extended to many atoms and mole- 
cules. It is very interesting to know that 
the result was predicted before the experi- 
ments were carried out. In order to 
understand these remarkable experi- 
ments, it must be pointed out that 
while, according to the classical theory, all orientations are possible for 
atoms in a uniform magnetic field, the quantum theory predicts discrete 
orientations such that the component of the total angular momentum vector 
directed along the lines of force is a multiple or a half-multiple of h/2ir. The 
argument for discrete orientations can be easily seen by considering the 
■hydrogen atom (again without the spinning electron, Sec. 19) . In the pres- 
ence of a magnetic field, the motion of the electron is changed in a very 
simple way. To a close approximation, the plane of its orbit rotates uni- 
formly around an axis drawn through the nucleus parallel to the lines of 
force. A person rotating with the same angular speed around this axis 
would say the motion of the electron in its orbital plane was the same as it 

1 Steen, Z. Physilc , 7, 249 (1921); Gerlach and Steen, ibid., 8, 10 (1921); 9, 349 . 
and 353 (1922); Stern, ibid., 39, 751 (1926); Knauee and Steen, ibid., 39, 764 (1926); 
Lett, ibid., 41, 551 (1927); Stern, ibid., 41, 563 (1927); Wredb, ibid., 41, 569 (1927); 
Leu, ibid., 49, 498 (1928); Gerlach, Ann. Phy3ik , 76, 163 (1925). 
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was in the stationary reference system before the field was applied. In 
Fig. 16, the normal to the plane of the orbit always makes the same angle 
with the direction of the field, and so the component of angular momen- 
tum parallel to the field is constant. Let us call this p<p, <p being an 
angle measured around the axis OZ. Then, as we shall see in (.'hap. 
X, Sec. 8 , 

((57) 

2t 


V<p 


where m is called the “ magnetic quantum number” and takes the value 
0, ±1, * • ■ ± j. In the case of other atoms, silver being an example, 
m can take the values ±%, • * • ± j ; for such atoms;/ is always 

an integer plus one-half. The angle between the field H and the vector 



Fig., 17. — An inhomogeneous 
magnetic field. 



merit. 


j is such that cos a = m/j and the atom can take up only 2 j + 1 orienta- 
tions in the field. This restriction was first pointed out by Sommerfeld 1 
and Debye, 2 and the atoms are said to be space-quantized. 

The experimental proof of space-quantization depends on the deflec- 
tion of elementary magnets’ moving through an inhomogeneous magnetic 
field. There is no resultant force on a small magnet placed in a homo- 
geneous magnetic field, for the force exerted on one pole will be exactly 
equal, but opposite in direction, to that exerted on the other. If the 
field is inhomogeneous, however, it will experience an acceleration. 
Consider an inhomogeneous field having force lines of the type shown in 
Fig. 17, where conditions do not vary perpendicular to the diagram. 
Such a field may be obtained with the aid of pole pieces having the 
cross-section shown in the figure. A unidirectional beam of atoms is 
produced in vacuo, by heating the metal to be studied in a furnace, and 

1 Physik. Z ., 17, 491 (1916); Arm . Physik , 61, 1 (1916). 

« Physic 17, 507 (1916), 


Sec. 18 ] 


THE STERN-GERLACH EXPERIMENT 


93 


passing the vapor stream which comes from its mouth through minute 
apertures in accurate alignment. The beam passes close to the edge 
of the wedge-shaped pole piece (Fig. 18) and is received on a glass plate 
P. Along the path of the beam the lines of force are nearly parallel 
to OZ and the field strength changes rapidly in that direction. At any 
instant, an atom of moment n will be deflected along OZ, by the force 


dH z . dH z . dH z 

lx °Jx + ^dJ + ^’ 


( 68 ) 


where jjl V) and fi z are the components of y along the axes. 

Proof. — Let the atom be represented by a bar magnet with poles of strength m, 
with its south pole at the origin. The south pole is urged along OZ by a force mH z 
( H z being evaluated at the origin), while the north pole, at x , y, z, experiences a force 
along OZ equal to 

dH s . , dH s , 9Hz 
dx ' 


m(^Hz H — + 




the derivatives being taken at the origin. The higher terms are neglected and the 
resultant force along OZ is 

dH z , dH z , dH z 


mx ^ +my ^ +mZ ^ z 


which is equal to expression (68) because mx = etc., by definition. 


As explained above, the atom will precess about the Z-axis, the value 
of j u z remaining constant. Now dH s /dy is zero over practically the com- 
plete trajectory of the atom; dH z /dx is zero in the median plane of the 
magnet and is small for positions very close to this plane and dH z / dz is 


constant over small distances. But still better, the mean values of 
y x and fjL y are zero over a period of the precession, which is small compared 
with the time the atom is in the field, so the average force on the atom is 
very nearly 

, dH z dH z a 
f = p-z-xz * cos 


dZ 


dz 


(69) 


6 being the constant angle between y and the lines of force. Accordingly, 
each atom moves on a parabolic path, with the axis of the parabola 
parallel to OZ, and if we take its ^coordinate to be zero when it enters 
the field, after a time t it will be 

_ P 
Z 2m 

If the velocity is v, and the distance traveled through the field in reaching 
the plate is l, then the deflection at the plate is . 



Since, in actuality, the atoms have a rather broad velocity distribution, 
the deflections at the plate cover a range of values. The ^-coordinate 
of the centroid of the spot thus formed will be obtained by using in 
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equation (70) the average value of 1/v 2 for all the atoms in the beam, 
which is m/ikT from kinetic theory. 1 
Substituting in equation (70), 


1 M z P 

s = - u cos 6— — — 

2 M dz 4kT 


(71) 


In this equation, all quantities except jjl cos 9 can be measured, and 
so this combination can be evaluated. Figure 19a shows the pattern 
obtained in the case of silver, when no field is applied, and Fig. 196 shows 
the pattern obtained when the field is present. Twenty scale divisions 
correspond to 1 mm. The Z-axis runs horizontally through the center 
of the pattern and the drawn-out unsymmetrical portion on the right is 



. (a) (Z>) 

Fig. 19. The deflection, of silver atoms in the Stern-Oerlach experiment. {After Stem and 

Oerlach .) 


due to the very large value of <3 H z / dz in the immediate neighborhood of 
the edge of the wedge-shaped pole piece. Above and below the Z-axis 
the value of dHJdz rapidly decreases to zero with a corresponding 
diminution in the deviation of the beam. From spectroscopic evidence, 
there is every reason to believe that the silver atom in its normal state 
can take only two positions with respect to the field, namely, with its 
magnetic moment parallel or antiparallel to the force-lines, so cos 9 ** ± 1. 
From measurements of dH z / dz in the plane of symmetry of the magnet, 
made by use of a thin bismuth wire mounted parallel to the edge of the 
wedge, the following values of s were computed, assuming that u is one 
Bohr magneton. (See Chap. X, Sec. 8.) These agree excellently with 
the observed values. 


Deviation s 

Observed 

Millimeters 

0.10 

0.15 


Computed 

Millimeters 

0.11 

0.15 


This experiment is excellent proof that the silver atom is space- 
quantized. If it were able to take up any orientation whatever in 
1 Steen, Z. Physik, 2, 49, and 3, 417 (1920). 
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the field, the two lines in Fig. 19 would be replaced by a continuous 
deposit filling the entire region which these lines enclose. Indeed, we 
should expect the densest part of the deposit to be in the center, for 
the number of atoms whose axis makes an angle between 9 and 9 + d9 
with the lines of force is nearly proportional to sin 9; thus a large fraction 
of the atoms are oriented nearly transverse to the field and will suffer very 
small deflections. 

Similar experiments were performed by Phipps and Taylor 1 and by 
Wrede, 2 using a hydrogen discharge tube as a source of monatomic 
hydrogen and a plate coated with molybdenum oxide as a detecting 
screen. Two reduced areas of the molybdenum oxide show that the 
beam of hydrogen atoms is split by the field into two parts and the dis- 
tance between the two reduced spots agrees very closely with that cal- 
culated on the assumption that the hydrogen atom has a magnetic 
moment of one Bohr magneton when in its state of lowest energy. 

19. THE MAGNETIC MOMENT OF THE ELECTRON 

While a model of the electron can be very useful in guiding our ideas 
of electrical phenomena, all attempts to endow it with an extended struc- 
ture should be regarded as a conventional way of summing up its properties. 
When we say the electron has the properties of a point charge, we mean 
by definition that in its neighborhood nuclei and other electrons undergo 
accelerations toward or away from a very small region of space, and 
that the acceleration depends only on the distance from that region. The 
great utility of attributing to the electron not only charge but also 
magnetic moment , not only mass and momentum but also angular momen- 
tum, has become apparent through the study of atomic spectra, so it is 
natural to think of the electron as an extended charged body in rapid 
rotation, which will possess these properties if the/ laws of gross mechanics 
and electrical theory can be applied to it. The phenomena which led to 
the hypothesis of the spinning electron can not be fully explained until 
we reach Chap. X, but the main facts will be stated at once. Studies 
of the behavior of spectral lines when a magnetic field is applied to a 
luminous gas or vapor give us the ratio of the magnetic moment to the 
angular momentum of the atom. According to equation (64), this 
should be 

- = ~ 2mc ( e ^ ec * ros ^ a ^ c units). (72) 

Sometimes the spectral data also give this value, but in the majority of 
cases the result is 

M _ e 

p ( ^2 me’ 


1 Phys. Rev., 29, 309 (1927). 
*Z. Physik. 41, 569 (1927). 


( 73 ) 
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where g is a ratio of two integers. The lowest value of g is 0, often 
it is in the neighborhood of 1, and values higher than 2 are rare. It is 
natural to explain this behavior as due to the presence in the atom of 
entities for which the ratio of magnetic moment and angular momentum is 
not given by equation (72). Independently, Uhlenbeck and Goudsmit 1 
and Bichowsky and Urey 2 assumed that these entities were the electrons 
themselves. On this view, the contribution of an electron to the angular 
momentum of the atom consists of that due to the motion of its center 
of inertia around the nucleus and that due to its own internal motions 
around its own center of inertia, which may be called its u intrinsic” 
angular momentum. 

Experiment has shown that th e intrinsic angular momentum of the 

1 Ji L f , 

electron is 55 - and its magnetic moment is one Bohr magneton, s - ’ • 

Thus the ratio p/p is e/mc for the electron, twice as great as the value 
of equation (72) belonging to a point charge revolving around a fixed 
center of force. The value of g depends on the way in which the external 
and intrinsic angular momentum vectors of the several electrons in the 
atom combine to form its resultant angular momentum vector. 

Evidence that positive nuclei have intrinsic angular momenta and 
magnetic moments has been obtained by Hund and others from band 
spectra, by Back and Goudsmit from the fine structure of spectral lines, 
and by Stern and Knauer from measurements of the magnetic moments 
of molecules. These moments are small compared with a Bohr magneton. 

In conclusion, it is not surprising that the discovery of the electron 
spin was delayed until 1926. Most of the effects it produces are quite 
small, and some of the more prominent ones could he explained by other 
hypotheses. 
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obtain, the components of force acting on one of the particles of the 
system; often, when this has been accomplished, the expressions for these 
components are so complicated that they cannot be used for solution of 
the dynamical problem, and the labor must be repeated, using another 
type of coordinates. Much of this difficulty can be avoided, and the 
method of so doing is especially easy for conservative systems. In such 
systems, the equations of motion can be derived from a knowledge of the 
Lagrangian function L, which is equal to the kinetic energy T minus the 
potential energy V, both being expressed as functions of the velocities 
and coordinates. Essentially, the method is to express the equations of 
motion in a form which is valid in any system of coordinates. The 
configuration of a system of r particles having n degrees of freedom 
(where n = 3r) is completely determined when the values of n quantities, 
# 1 , $ 2 j . . . q nj are specified. These n quantities are called the generalized 
coordinates of the system. They must be so chosen as to determine 
its configuration uniquely. In a Cartesian frame of reference, these are 
lengths; in polar coordinates, they are lengths or angles; and in other 
systems, they may have still other dimensions. The Cartesian coordi- 
nates of a particle of the system are functions of all or part of the q’s 
and possibly of the time also, as in the case where we transform to a 
moving system of coordinates. In the study of the atom we shall 
often wish to transform to a rotating system, or to a system moving 
with the center of mass of the atom, so we consider the general case. 
Let any Cartesian coordinate x, y , or z of a particle of the system be 
represented by Xi and the component of force acting on it in the direction 
of that coordinate by Xi. Unless otherwise specified, all summations 
are to be extended from i = 1 to i = n, i.e., over all the a;-, ?/-, and ^coordi- 
nates of all the r particles. We have then 

Xi = Xi(q h • • • q n ,f), ( 1 ) 

Xi — X i(c[ i, • * * q n j 0* 

First, we shall give some definitions and develop auxiliary equations, 
(5), (7), (8), and (9). The work which would be done on the system if 
the coordinates could be changed by the amounts 8xi, . . . } 5x n with t 
held constant is 

dW = 2Xi8Xi . ( 2 ) 

But 


( 3 ) 
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so that 
8W 


- Xl (wi SQl + " ' + 


= 


+ X ’*(S> + 


+ 


, -cr dx 2 

*t z. 2 \ — ~r 
dq i 




+ 


that is, 
where 


I / -tr dXj » tr , 

+ 1X^ + 1^ + 


*,> ) 

y AX,\ 

n J 

<></»/ 


0U 


5F = 

Q* = if + 

dq k 


+ 


<W 


5f/n 


(fi) 


and is called the “generalized force” corresponding to the coordinate 
Qk. Qk has the dimensions of a force only when qk has the dimensions of 
length; if q k is an angle, has the dimensions of a moment of force. I ts 
dimensions must always be such that the product of Q k and q k lias the 
dimensions of work. 


Example. Consider a single particle referred to Cartesian and to polar coordi- 
nates. Let xi — x, x 2 = y, x$ = 2, qi = r, g 2 = 9 and qn ® ip; the quantit.io« A , 

Z, Z 2 = Y, and Z 3 = Z are the Cartesian components of force, and Qi « H, Q 2 « o, 
Qs = <£ are the “generalized components of force." Then, 


#i = x{r j 6, <p) =s r sin 9 cos <*?, 

^2 = y(r, 9, <p) = r sin 0 sin 

#3 = «(r, <p) — r cos 6. 

We follow through the transformation just as above: 

8W = X*x-+ Ydy + Z8z, 

8x = sin 6 cos <p8r + r cos Q cos <pd9 ~~ r sin 0 sin <p8<p, 

8y = sin 0 sin <?5r -f r cos 0 sin <p80 + r sin 0 cos <p8<p, 

,v. ^ ~ cos 0$r — r sin 086. * 


(1«) 


(2ri) 

(3«) 


Substituting in we get 
where 


8W - R8r + 086 -J- &5<p, 


(4a) 


R = Z sin 6 cos + 7 sin 9 sin + # cos (9, 

0 = r(Z cos 9 cos + F cos 6 sin <p — Z sin 9) r 
$ = r (~^ sin (9 sin + F sin 9 cos *). 


(IWr) 


In this simple case the values of the Q’s could be obtained just as easily from ««.«,- 
metncai reasoning, by observing that R is the component of the force in the direefioi, 
of .increasing r; that * is the moment of force about the Z-axis in tlu r ■ on 
increasing *; while 6 is that component of the moment of force whU Z 'Z an 
increase in e, i.e., it is the moment of force about a line perpendicular to the tf-axis H1 „I 
the radius vector r. To specialize still further X Y Z r a 
of a force F directed toward the origin, "that ' “ 


X = —F sin 9 cos Y = —F sin 6 sin v , Z 


” - Y coh 6 . 
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Substituting those values in (5a) we secure 


R = -F, G = 0, 4 = 0. 

The last two sets of equations show that in the case of central forces polar coordinates 
are generally much more convenient than Cartesian. 

lor convenience, let x h x 2} and represent the Cartesian coordinates 
of the first particle; $ 4 , r 5 , and x 6 , those of the second, and so on, while 
m i, ^ 2 , are all equal to the mass of the first particle, and so on. Then 
the kinetic energy of a system of n/3 particles is 




i = 1 


Differentiating equation (1) with respect to t, 


(6) 


h 


dXj 

dqi 


qi + 


dXj . dXi 

dq n ^ n dt 


(7) 


Thus each xt is a linear function of the q } s, and also a function of the 
q ’ s and of t, since the partial derivatives are functions of the q ' s and of 
t Usually Xi does not depend on the time explicitly. When such is the 
case, we find from equations (6) and (7) that 



^dXi dXi 

dqk dqi 


qkQi + * * * 


- SSS-2 


k l 


dXi dXi . . 

2 m '~dq k ~dqi mi> 


( 6 ') 


so that T is a quadratic function of the cf s; the coefficient of each product 
of the form qgfr is a function of the q’ s. 

The components of momentum when Cartesian coordinates are used 
are equal to the partial derivatives of T{±i) with respect to the corre- 
sponding velocity component, 

dT 

5*. = ms* "(8) 


By analogy, we call the partial derivatives of the kinetic energy T(q, q) 9 
with respect to the q’s generalized • momenta , 




= Pk(q,q) 




dXi dX{. 
r k dqi q 


(9) 


(We use the notation T(q,q) in place of T(q 1} . . „ q n) q lf , . . q n ) for 
brevity.) The p 7 s are sometimes called “momentoids/ 7 for p k has the 
dimensions of momentum only if q k is a length. For example, in space 
polar coordinates p e and have the dimensions of angular momentum. 


In forming the partial derivative of Xi with respect to one of the variables on which 
it depends, we shall adopt the convention that all other variables are treated as con- 
stants during the differentiation. For example, when writing out dXi/dq we hold 
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<h, • • • , qi, . . . q k ~ i, ^jfc+i, . . . q n , and t all constant. The reader who is 
unfamiliar with such a convention will object that Xi will not change when the 
coordinates and the time are held constant. This is true; but we are not considering 
what happens in nature if the coordinates and the time are kept fixed. We are simply 
holding certain symbols constant in a mathematical expression. All partial deriva- 
tives occurring in the discussion of Lagrange’s equation are to be understood in this 
sense. The point is that we can consider the relations of two similar systems of 
particles occupying the same positions but having different velocities or two systems 
having the same velocities but not located at the same positions. The kinetic energies 
of two systems having the same q’s but slightly different velocities, —say q and q + 
Ag, will differ by AT. By definition, dT/dq k is the limit of AT/ A q k when A q k 
approaches zero. 


Also, 


From equation (7), by actual differentiation, 

dxj _ dXi 

dqk ~ dq~k 


( 10 ) 


+ 


dxA 
dt ) 


, d / dxA 
+ di\dq k /’ 


dXi __ d/ dXi . 

dqk dqk\dql qi + 1 dt 

= x JL(tei\ , . . . , . a (dx A 

qn dqn\dqk) 

which tells us that 

dXi _ d dXi 
dqk dt dqk 

So much for auxiliary relations. Now we are in a position to prove 
that the equations of motion in the coordinates q are 


( 11 ) 


d_[ST\ dT_ 

dt\dq k ) dq^ ~ Qk > k = !> ■ ■ ■ 


». ( 12 ) 
Here T must be expressed as a function of the q’s, q’s, and of t. If written 
“ “L 0 * T ati ° n (12) is not valid - To do this we shall prove 

equation (5) eqUati ° n (12) iS identical With the ri S ht skk of 

dr (g>g) _ V ^r( x) dXi _ *s-\ . dXi 

, ,, . ^ i $ miXi dq~ k ’ 

and, therefore, ^ 

d dT dT W 

.. \ I X ' • I J, ! fl'r.J \ ri t 

(13) 


a dl ST y~\ d Sx' /I / Asi \ 

By the ordinary equations of motion, 


dT 

dqk 


djmjXi) _ „ 

dt ~ X ' 


This relation, together with equations (10) and (11) 
the right side of equation (13) in the form 


enables us to recast 



ST 

dq k 
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The middle term here is 


d ^1 




Thus it is equal to the last term 


and the right side of equation (13) is simply Q k) as we see from the defini- 
tion of this quantity, in equation (5). This completes the proof of 
Lagrange's equations (12). 

The solution of equations (12) yields the same information as the 
solution of the Newtonian equations in Cartesian coordinates. They 
are n in number and of the second order. Their solution gives the values 
of the q 3 s as functions of the time as soon as we specify the values of 2 n 
constants of integration, which may be the values of the q’s and q 3 s at a 
given time. The values of the x 3 $ are then found from equation (1). 


Example. — We continue the example used above, where the transformation of the 
forces from Cartesian to polar coordinates is carried out. To express T in polar 
coordinates, we abandon the procedure outlined above, and use the relation T = 
(m/2) 0 ds/dt ) 2 , where the square of the element of arc, ds\ equals dr 2 + rW + 
r 2 sin 2 0 d<p 2 . This yields, 

T = (m/2)(r 2 + r 2 9 2 + r 2 sin 2 0 **)• (6a) 


This is a quadratic function of f, 9, and and the coefficients are functions of the 
coordinates — in this case of only two of the coordinates, r and 6. No cross-product 
terms of the kind r9 , Qtp, etc., appear in the expression for the kinetic energy in polar 
coordinates. This is the case whenever the coordinate system is orthogonal, i.e 
when the coordinate lines are perpendicular to each other everywhere in space except 
possibly at a limited number of singular points, lines, or surfaces. In the present 
example, the origin is such a singular point and the Z - axis a singular line through which 
an infinite' number of coordinate surfaces pass. The generalized momenta are 

— wit = p — mr 2 9 = pdj yr" ~ sin 2 0 <p = 2V 

dr 99 d< ? 


In these coordinates Lagrange’s equations are 


ddT_dT 
dt dr dr 

darker 

dt d9 de 
d dT __ dT 

di dtp ■ BtPi 


(12a) 


To prove the right side of these equivalent to the expressions given in equation (5a) 
above, we could follow the method given above. Written out in full, equation (12a) 


becomes, 


m(r — r$ 2 — r sin 2 6 tp 2 ) = R, 


dt 


(mr 2 d) — mr 2 sin 9 cos 9 <p 2 = 0, 


d 

dt 


( mr 2 sin 2 9 ip) 




(126) 


Equations (12) are very general but they have some limitations. 
They must be replaced by others if parts of the system are obliged to 
remain on certain surfaces — like a ball rolling in a trough -or if there are 
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other constraints which prevent the possible changes of the coordinates 
from being independent and Quite arbitrary. These cases are seldom met 
in atomic problems. 1 

There is a special case of equations (12) which is worth mentioning. 
If we are dealing with a conservative system in which the Cartesian 
components of force are functions of the coordinates alone, then they are 
expressible in the form 


where V is the potential energy. Then equation (5) reduces to 

Q - d7 dxi __ dV dXn = dV /r^j 

k dxi dqk dx n & Qk dQk 

Remembering that dV /dqk = 0, we can write equation (12) in the form, 


d d(T - V) _ d(T - V ) ^ 
dt dQk dq k 


(14) 


The function T — V is called the Lagrangian function and is usually 
denoted by L. The Lagrangian equations become 


d dL 
dt dq k 


dL 

dqk 


« 0,fc = 1,2, • • - 


(If)) 


From equation (15) we can obtain the equation of energy. Multiply equation 


(15) by qjc, obtaining 

. d dL 

dL . 


qk dt d<f k 

I 

! 

£ 

Add the identity, 

dL.. 

dL.. 


t ~~qk 
dqV 

— v-~- <h 
dqk 


and sum the result oyer all values of k to obtain 



dL 

dt 


« 0 . 


dL/ dqk i s the same as dT/ dq k . T is a quadratic function of the velocities, so by Euler’s 
theorem the summation in this equation is equal to 2T. Integrating, 

2T-L = T + V-E. 


The constant of integration E is the total energy. 

Equation (15) shows us that the whole motion of a conservative 
system can be derived from the single function L together with the initial 
conditions. Sometimes it may occur that equation (12) can be thrown 
into the form of equation (15) even when the forces depend on the 

1 See Chaps. II and VIII of Whittaker’s “Analytical Dynamics.” 



Sec. 4] 


LAGRANGE 7 S EQUATIONS 


105 


velocities and on higher derivatives of the coordinates. Then, of course, 
these derivatives will appear in the function 7. These cases are not 
unimportant, but have received very little attention. 1 A case in point 
is a charged particle moving in a magnetic field, so that the force acting 
on it depends on its velocity. The equations for this problem are given 
in Appendix VIII. 


4. LAGRANGE’S EQUATIONS IN RELATIVITY MECHANICS 

When the mass varies with the velocity the above proof must be 
modified. It might be thought that the relativity expression for the 


kinetic energy, namely, me 


1 

(1 - / 3 2 )^ 



should be substituted for 


the Newtonian expression in writing Lagrange’s equations for non- 
relativity mechanics; but this is not the case. One of the most valuable 
properties of the classical expression for the kinetic energy is that its 
derivative with respect to a generalized velocity is the expression for the 
corresponding generalized momentum; but this is not true of the rela- 
tivity expression for the kinetic energy. Therefore, we define a new 
function which does have this property. For a system of particles it is 


T* = 2/iiC 2 (l - VI - ( 16 > 

i 


where the summation is extended over all the particles of the system. 
The radical can be expanded for small values of /3, and then T* reduces to 



For small values of »< 2 /.c 2 , this approaches Now 


or* 

dqk 


= P&- 


(17) 


In Cartesian coordinates, we have 


dT* _ mdi _ 

~dXi ~ (1 - ft*)* ~ Vx ' 


This expression is the actual mass multiplied by i, which is defined to 
be the ^-component of momentum. Using T* instead of I 7 , the equations 
(5), (7), (10), (11), and (13) are unaltered and we find that 


ddT* _ dT^ 
dt dqk dqk 


( 18 ) 


If we write 

L = T* - 7, 


Lagrange’s equations for a conservative system take the form of equation 
(15), as before. 


1 See Whittaker, loc. cit ., pp. 45 and 266. 
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5. MOTION OF A PARTICLE ABOUT A CENTER OF FORCE 
Suppose a particle P is acted on by a force directed toward or away 
from a fixed point 0, the magnitude of the force F being some function 
of its distance r from the fixed point. At any moment the particle is 
moving in a plane determined by r and its velocity and it continues 
to move in this plane, for the total force acting upon it lies in the plane. 
We, therefore, use coordinates r , <p, in the plane of motion, the fixed 
point being taken as the origin.. The velocity is re- 
solved into components r and rip, as in Fig. 2. We 
have, 

r = Mm(r 2 + r¥), (19) 

while the potential energy is 



Fig. 2. — Particle 
moving in a central 
field. 




Fdr. 


Lagrange’s function is 

L = Km(r 2 + rV) - 7, 
and the Lagrangian equations of motion are 

d 
dt 


l/dL\ 
t \d<p) 


dL d. ... 
a; = dt {mr<p) = °> 


( 20 ) 


( 21 ) 


( 22 ) 


d/dL\ _dL _ d 


dt\dr 


dr dt 


( mr ) 


dV 

mrip 2 + — = 0. 
dr 


The integration of the first equation gives 


mrV = p, (23) 

where the constant p is the total angular momentum of the system. The 
energy integral may be secured by multiplying equations (22) by <pdt = 
d<p, and rdt = dr-, but this is unnecessary for we know the result will be 
T + V = E, that is, 


Mm(r 2 + rV) + V = E. (24) 

Eliminating ip from equations (23) and (24), 

r -(?£ - 21 _ 

\ m m m 2 r 2 J ' (^®) 

When the value of V is substituted in this equation it can be integrated 
thus giving r as a function of the time. This value of r substituted in 
equation (23) gives a differential equation for <p as a function of the 
time. To secure the differential equation for the orbit we eliminate the 
time from equations (23) and (25). 

dr = drd<p_drp _ (2E 27 p* 

dt dip dt d<p mr 2 \ vi ~m ~ m 2 r 2 ) (26) 

The last equation can be integrated when V is known as a function of 
r, and gives the polar equation of the orbit. 
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6. INVERSE SQUARE LAW OF FORCE 
The force acting between two electrically charged particles varies 
as the inverse square of the distance between them and is proportional to 
the product of their charges. The force is positive, i.e., in the direction 
of increasing r, if the charges are of like sign and negative if of unlike 
sign. The electrostatic unit of charge is so chosen that the constant of 
proportionality is unity so that for two charges, e t and c 2 , 


F = 




The potential energy is, therefore, 

V = J -Fdr = J - ~dr = 

the value of V being taken equal* to zero for r = «> . 

Let the masses of the two particles 
be mi and m 2 and their coordinates with 
respect to their center of gravity as y 
origin be r 1} (pi and r 2 , <P 2 ) and let r = n 
+ t 2 (Fig. 3). Then, 

rriiTi = m 2 r% and <pi = <p% + ir, 


r i = r 


m 2 


Mi + m 2 


> r 2 = r 


Mi 


mi + m 2 


and 




m 2 


mi +• m 2 


r 2 = r- 


mi 


mi + m 2 


; <^i = 


The kinetic energy is 


(27) 



■J 

[T 


1 

\A 

$ 

Eig. 3. 


> 


2 ~(n 2 + *iW) +“2 ? (5 ; 2 2 +■ r 2 W)- 

On substituting the above values for ri, r 2 , cpi and <p 2 , 

T = p* + rV), , (28) 

where Ip = <p 1 = <p 2 , and \x — m 1 m 2 /(mi + m 2 ); 11 is called the reduced 
mass. 

Equations (27) and (28) show that r varies just as though we were 
dealing with a particle of mass /x, moving about a fixed center under forces 
having the potential V(r). Having solved this problem, the behavior 
of 7*1 and r 2 is obtained from the relations preceding equation (28). The 
angular momentum of the system is -f m 2 r 2 2 <p 2 which is equal 

to /j,r 2 <p. It follows that the equations for the motion of a body about a 
fixed center of force will hold for the motion of one body about another 
if the reduced mass /x is substituted for m throughout. When the value 
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of V is substituted in equation (26) and /x is used in place of ra, we have 
on integrating, 


p | eie 2 


jXT 


V 


2 E 

IX p 2 


ei 2 e 2 2 \^ 


= cos (<p -f <p 0 ). 


Rearranging, this gives 


where we have written 


r = 


-p 2 hxe Y e 2 


1 — e COS {ip + <£o) 


(29) 


e 2 =l+M. 


Equation (29) is the equation of a conic section with parameter —p 2 //xe ie 2 
and eccentricity e. The semimajor axis a is such that 

-n 2 

a{ 1 - e 2 ) = — 


pz 

peie 2 


In order that <p = 0 may coincide with the major axis of the conic, <po 
must be equal to 0 or r. 

The conic is an ellipse, parabola, or hyperbola when e is less than, 

equal to, or greater than 1, respectively; 
that is, when E is negative, zero, or posi- 
tive, respectively. 

3 x \ W e shall consider the case in which the 

\0~ ^ ^ a energy is negative and the path an ellipse. 

Figure 4 shows the orbit; a and b are the 
semimajor and semiminor axes, respec- 
Fig. 4. — Kepler eUipse. tive *y> € = cos £, and c is the parameter. 

The maximum value of r is OA and is 
secured by substituting <p = 0 in equation (29) when <p 0 is set equal to 0; 

p2 


ve ie 2 (l — c) 

p2 

^ie 2 {l + e) 

2 p 2 


r max 

The minimum value of r is 

^min 

Further, 

2a = r max 4" T mln = — 

M eie 2 (l - € 2 ) 

whence, from the definition of 6, a = e^/2 E. The distance OB is equal 
to a so that n 

b = OB sin ? = a(l - ^ 

Substituting the values of a and €, we have 

b = 


(-2En)*' 
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Thus, the semimajor axis depends on the total energy but not on the 
angular momentum; the semiminor axis, on both the energy and the 
angular momentum; and the parameter on the angular momentum alone. 
All orbits having the same major axis have the same energy though the 
angular momentum may be different and all orbits having the same 
parameter have the same angular momentum though the energy may 
vary. 

By substituting V = eie^/r in equation (25), and integrating between 
the limits r min and r max , we get the time required for a half revolution, 


or 



jardr 

(2 E/jlt 2 — 2fiei etfr — p 2 )^ 


— 27rei<3 2 g^ 

T ~ (-2 E)M 


— 6iC2/X'-7T 

JP2 W*’ 


where r is the period. 


The frequency is 

(-2 E)K 


2ireie2tiA 


The frequency depends on the energy, but not on the angular momentum. 
If instead of the energy we substitute the semimajor axis a, the frequency 
is 

— \ e 'i /2e ^\ 

03 27ra ; ^jU^ 

The three laws of Kepler for the motion of the planets about the 
sun apply to this motion: (1) the path of one body with respect to the 
other is an ellipse; (2) the area swept out per unit time by the line joining 
the bodies is a constant. This follows from equation (23), for rep is the 
base of a triangle swept out per unit time and its altitude is r, so that 
the area is Since /xrV is a constant, and /x is a constant, this law 

is true; (3) the frequency of the rotation is inversely proportional to the 
%-power of the semimajor axis. All the results of this section are 
useful in the study of the hydrogen atom (Chap. V). 


7. HAMILTON’S EQUATIONS 


The Lagrangian equations are n in number, and are of the second 
order, so that 2 n constants of integration are introduced in their solution. 
Often it is convenient to replace them by 2 n equations of the first order, 
as follows: When the equations of motion are of the form of equation 
(15), pk is defined to be dL/dqj c , whether dL/dqk = dT/dq h or not. This 
definition replaces equation (8). 


, Pk = 

so that Lagrange’s equations are 


dL 

dqu 


(30) 


dL(q, q) 


f Ol \ 
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H = 2 p h q k - L(q, q). (32) 

At first sight this is formally a function of the p’s, q’s, and q’s, but taking 
its total differential we have, 

dH = Lq k dp k + 2 p k dq k - ^~jdq k - ^ dq k. 

By equation (30), the second term cancels the third, and 


Eq k dp k 


2a* 


This shows that H depends only on the p’s and q’s. But then 

Each differential is quite arbitrary, so the corresponding coefficients in 
these equations must be equal. Using equation (31), 

§3> = dH (P. g) . dpk _ dI1(p, q) 

dt dp k ’ dt ~ dq h ‘ l 33 ) 

It is essential that II be a function of the p’s and q’s; otherwise, the 
qua ions are no valid. These equations of first order are equivalent 
to the Lagrangian equations of second order and are called the canonical 
equations of motion, or Hamilton ’s equations. II (p, q) is called 
the Hamiltonian function and q k and p* are said to be canonically conjugate 

equations (33), “ S of H witllres P“‘ to the time and using 

- 'S?[ dH x j_9H. 1 

dt - 2i L^ + ^J = °, 

wh^rifA a C ° nStant - Th f meanin g of this constant is easily seen 

Sle° rthimm O8 ' n60US ,UadratiC by 


2m * - 2I£«* - 2T - 


H = 2T - L = T + V, 

tT^nffn 8 S® t0tal f ergy ° f the s ^ stem - We derived Lagrange’s eaua- 
tions for the case of conservative forces As far a* 

is concerned, then, Hamilton, equSLli” I Z 

conservative forces. However it i« +r, 1a +u + p ea onl T for 

ean often be thro™ into this’ form even rfl 1“ 0f moti °» 

servative. When such is the ease tbs i . ^ 8ystem 18 hot con- 

furnishes an integral of the ^ 
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8. HAMILTON’S PRINCIPLE 

With a view to applications in this chapter and in Chap. XV ff, we 
now discuss Hamilton’s principle, which is a statement of the laws of 
dynamics in integral form. This principle has the advantage that it is 
the same in form for all systems of coordinates. Let a dynamical 
system move from a fixed configuration A at time 1 1 to a fixed configura- 
tion B at time h. Hamilton’s principle states that the path chosen 
in nature is such that 



takes an extreme value as compared with all conceivable neighboring 
paths. The condition for this is that 



(34) 


where 5 JLdt means the variation which the integral undergoes if the 
system moves from A to B ) on a path infinitesimally different from 
the natural one (Fig. 5). Suppose the coordinates and velocities on the 
natural path are qi, q 2) . . . , qi, q 2 
... at time t. At the same instant 
the coordinates and velocities on a 
neighboring path are qi + dq h q 2 + 

^ 2 , . . }i + dqi, & + • * • 

We wish to express SfLdt as a position q t 
function of the q’s and q’s and their Jimeij 

variations. In varying the path the Fiq . 5 ._A ctuaI and varied paths, 

time is not changed, and so the order 

of the variation and integration can be interchanged. That is, 



Now 


d[Ldt = JdLdt. 




dL s . , XTl 

f qh + 2i^ k dqk 

I dL s 
idq k 


On integrating, the first term yields 
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which is zero because the variations of all the coordinates are zero at 
h and t%y by hypothesis. Therefore, 


!slh. Cy\ & -*(*£) 

J ^\_dqk dt\dc[k/ 


8qjcdt 


and this must be zero, regardless of our choice of the quantities 8q k} that 
is, for all varied paths. Choosing all the 8q ’ s except 8q% equal to zero, 
we see that the coefficient of 8q x must be zero; and similarly for the 
coefficients of all the other <5g’s. Therefore, the equations 



must hold true if Hamilton’s requirement, equation (34), is to be satisfied, 
and these are simply the Lagrangian equations, from which we derived 
the Canonical equations, above. By substituting Sp*#* — II for L in 
equation (34), and finding the conditions which II must satisfy, we can 
derive the canonical equations (33) directly from equation (34). 


9. CANONICAL TRANSFORMATIONS 


It is often convenient to solve the equations of motion by introducing 
new variables P k and Q k , having the following properties: (1) The 
transformation equations are 

p*“P*(Qii-Q* • • ■ Pi, P 2 , • • • ,t), 
qk = qk(Qi, Q 2 , • • • Pi, P 2 , • • ■ , t). (35) 

This transformation is much more general than that of equation' 
(1), where the new coordinates depend only on the old coordinates and 
perhaps on t. (2) In the new variables the equations of motion must 
be in the Hamiltonian form 


dPk = dQ k _ dH* 

dt dQ k ’ dt dP k ’ $ 6 ) 

where H* is not necessarily the same as H, the Hamilton function in the 
original coordinates. When equations (36) are obeyed, the transformation 
is said to be canonical . 


, We J. 0W P roceed to determine the relation between II* and II, and 
the conditions which equation (35) must satisfy in order that the trans- 
ormation may be canonical. Since the canonical equations can be 

yafue for th? I T aria + tional princi P le that jLdt shall have an extreme 
alue for the actual motion, regardless of the coordinates used, we have 

tl ~ H(qi> Vi) • ° * t)]dt = extreme, 


[SP*Q* 

ti 


P U 


t)]dt = extreme. 


and 
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The integrals are taken between fixed values of t, and the final and initial 
configurations are fixed. The last equation will be true if the difference 
between the two integrands is the total derivative with respect to time 
of a function which depends on t and on any group of 2 n variables chosen 
at will from both the old and new coordinates. Usually, this function 
is taken in one of the four forms, 


p, t), F(q, Q, t), F(p } P, t ), or F(p, Q, t). 

The first of these four forms is most often used and we shall illustrate this 
one only. If 

2pk4k - H(q h Pi - - . 0 = ZP*4 - Pi, - * • t) + 

|(P - S P*Q»), (37) 

then multiplying by dt and integrating we have 

F[zpw- H(q llVl • • • o]<fi = f‘^P k Q k -II*(Q l ,P 1 , • ■ • <)]*-!- 

(F - l 

Therefore if the left hand side of the equation is a maximum or mini- 
mum, the right hand side enjoys the same property. The variation 
of the last term depends only on the variations of its independent 
variables at the times b and f 2 but the variation of the integral depends 
on their variations at all times from h to f a . We may conclude that at 
all times, with the possible exception of h and f 2 the equations of motion 
will be of the canonical form in the new coordinates. Rewriting, 


- H(qi, fi, 


-•<) = - VQJP k - P u t) + 

2 dF . dF h dF 

dq k <Jk + 2 dP '/ k + 'dt ’ ^ 


This is true whatever be the values of the q/ e and the P*. Therefore, the 
coefficients of these quantities on both sides must be equal and the terms 
free of them must also be equal, which yields the relations, 


and 


Pk 


dF 

dqk 


Qk 



H = II*- 


dF 

dt 


( 38 ) 

( 39 ) 


The 2 n equations (38) when solved for the 'pk and qk, yield the transforma- 
tion relations of equation (35). All equations of transformation in the 
form of equation (38) preserve the canonical form of the Hamilton 
equations, as in equation (36), regardless of the nature of F. It must be 
remembered in applying equations (38) and (39) that F is a function of 
q, P, and t. 
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Illustration. — In transforming from plane polar to Cartesian coordinates, the 
appropriate function is 

F = p x r cos <p + p v r sin <p, 

whence 


p x cos <p H- Vy sin <P, Pip = K — px sin <p + p y cos (p), 
■ r cob <p, y = r sin <p. 


10. ACTION, HAMILTON’S PRINCIPAL FUNCTION, AND THE HAMILTON- 
JACOBI DIFFERENTIAL EQUATION 

The action function 8 is defined by the equation 

aS 1 = f l 2Tdt, (40) 

Ju 


where f Q is an arbitrary initial value of the time-variable. A change of 
t n results in adding an unimportant constant to S. We shall set <o = 0 
for simplicity. Now 2 T = hprip, so that 


and, therefore, 


S = fZpkdqk 

(41) 

11 

(42) 


Thus, for a single particle moving with constant velocity, 

S = £‘m[i 2 + if 1 + z 2 ]dt = J Vxdx + p v dy + Pzdz 

= PxX + p v y + PzZ, 

if wo so choose the coordinates that x — y = z = 0 when f = 0. Obvi- 
ously, equation (42) is verified in this case. For all dynamical systems, o 
is an ’increasing function of the time. The Hamilton principal f unction 
is closely related to S and is defined by 

W = -FA + 8, (43) 

ho that 

% - *■ f - -*• (44> 

These functions owe much of their importance to their appearance 
in the ’ Hamilton- J acobi differential equation. Consider the relation 

F(P, ( l) = E > 

which is an integral of the Hamilton equations of motion for a conserva- 
tive system. If wp substitute the values of the p’s from equation (42) 
in this relation, we have the H amilton-J acobi equation for the deter- 
mination of 8, as a function of the q’s and of n constants of integration. 
It will often bo referred to as the H. J. equation, and has the form 


r /dS \ 

V' S V 


( 45 ) 
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For a single particle, the equation H(p , q) = E takes the form 

+ P»* + ^ + V = E, 

and the H. J. equation is 


(46) 


1 W dS VjL f dS \\ f dS \ 2 ~ 

2m\\dx) + + \dz) 


+ V = E, (47) 

To solve this, we must know the 


where E is a constant of integration, 
form of V. 

Example 1. V = 0. Free Particle. — We solve equation (47) by the usual device of 
separation of variables. Multiplying by 2m we assume the solution is of * the form, 

S == S x + S y + &*i (48) 

where S x is a function of x alone; S y , of y alone; and S z , of z alone. Then dS / dx = 
dS x /dx and this is a function of x alone; similarly, dS/dy = dS v /dy and is a function 
of y , etc. Transposing all terms except ( dS/dx ) 2 to the right, we have on the left a 
function of x alone and on the right a function of y and z. But a function of x can 
be equal to a function of y and z only if both are constants. Calling the constant 
value of each side 2 mE x we have, 

Solving, and omitting an unessential additive constant of integration, 

S x = (2 mE x )y% (50) 

and likewise, 

S v - (2 mE t )Ky and S, = (2 mE z )V% 

where 

E x + E v 4" E z = E. 

From equation (49), (2rnE x )^ = p x ~ constant so S may be written 

$ = p& + VyV + V*Z‘ ( 51 ) 

Here the constant p’s play the r61c of integration constants, of which there must be 
three since the H. J. equation is of first order and has three variables. 

Example 2. V - — e 2 /r. Particle Attracted to Origin by the Inverse Square Law 
of Force; the Problem of the Hydrogen Atom.— Plane polar coordinates arc especially 
suited to this problem. Equation (47) becomes 


We have, 

since the force is radial. 
But 

Then, 

and 


asy , i/asf> 

dr J ) 


2 mE 4~ 


2 me 2 


(470 


~~ = i> v = constant, say a v , 

(tip 

This can be shown also by the method used in example 1. 
S = Sr +8 V . 

S v = OLyip 


so that finally. 


(2T- 

n 


2 mE -f 


2 me 2 


S ~ a<p<P 4“ 


0 _ . 2 me 1 

2mE 4 - 

r 


OL<p L 

r 2 9 


_ vv 

>7 


dr. 


( 52 ) 


S is a function of <p, r, and two constants of integration, and B 
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(53) 


(54) 


(55) 


11. CYCLIC VARIABLES 

The. function S owes much of its importance to the fact that it is 
useful in reducing the Hamilton equations to an especially simple form. 
Suppose we try to find a transformation of the type given in equations (38) 
and (39), such that dF/dt = 0 and the function #* depends only on the 
new momenta Then 

H = H* = H*(P l} • • • P»). 

Then the equations of motion (33) tell us that 

dPk = _c = Q 
dt dQk ’ 

so that all the momentum variables are constants, say on, . . . a n ] 

Pk = otk = constant. 

Now 

dQ k = dff* 

dt dPk 

and so dQk/dt is a function only of the P’ s. We call its constant value 
cofc, and then 

Qk = cojrf + (56) 

The great advantage of using such coordinates is seen at once, for the 
equations (55) and (56), represent the complete solution of the problem. 
The apparent simplicity of equation (56) is misleading; often the coordi- 
nates Qk have a very complicated meaning. Coordinates of this kind, 
which do not appear explicitly in the Lagrange equations (54), are called 
u cyclic variables.” To find such variables we begin by requiring that 

* = P x (53') 

a special case of equation (53), so that the energy constant E is one of the 
new momenta. From equation (38), we have p k = dF/dqk . But the 
action S obeys the same relations, so that aside from a possible term 
containing the time, the transformation function F is the action S. The 
procedure for finding cyclic variables is therefore the following: 

Solving the H. J. equation. 

we obtain $ as a function of the q’ s, of E , and of n — 1 other constants of 
integration, a 2 , . . . a n , which we make our new momentum variables, 
P 2 . . . P n ] so that 

S — S(qi • • • q nj E, a% * * * & n ). (57) 

Then, because of equation (53'), we have satisfied equation (53), and 
equations (54) to (56) follow. To get the formulas of transformation, 
we use the relations 

as „ dS ^ 1 dS es 


Pk = 


dq k . 




d(*2 SP 2 


etc. 


(380 
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The solution of the problem is then given by equations (55) and (56), 
where 

dH * 1 A 

031 = ~dPi = ^ W2 = * * * = 0 , 

so that all the Q ’ s are constant except Q h and Qi = t + $i. The pro- 
cedure has led to the discovery of 2n — 1 functions of the original 
coordinates and momenta, P h . . . P n , Q 2 , . . . Q n , which remain 
constant during the motion and another function Qi which increases 
uniformly. 

Example. — In example 1 of the preceding section, the appropriate transformation 
which makes all coordinates constant except Qi is geometrically obvious. We need 
only pass to new Cartesian coordinates, X, Y, Z , with the axis of X parallel to the 
motion of the particle. The axes of Y and Z can occupy any positions in the plane at 
right angles to OX. As for the scale of the, X-coordinate, we choose it so that the 
velocity «i = dX/dt is unity, that is the unit of length is equal to (p x 2 4“ Vv 2 + 
p e 2 )^ z /m. To obtain this transformation by the analytic method outlined above 
would be quite tedious. In all such problems, it is well to remember that in the new 
frame of reference the path of the particle is a coordinate line. 

Often it is convenient to replace the variables P by other variables 
P', each P f being a function only of the P’ s. Then new coordinates Q r 
conjugate to the P r can be found. It can be proved that each Q' is a 
linear function of the Q* s, with coefficients depending on the old P's. 1 
Thus each Q' is a cyclic variable and the Hamilton function is of the 
form H'(P'). 


12. A GENERALIZATION OF THE HAMILTON-JACOBI EQUATION 


The transformation theory of the preceding section refers to problems 
in which H does not contain t, so that it has the significance of the total 
energy. When II does contain t, another artifice is adopted. We seek 
to find a moving frame of reference in which all the new coordinates 
and momenta are constant, so the equations of transformation, must 
involve t. (In the case of a freely moving particle, for instance, we 
choose any set of curvilinear coordinates which has a translational 
motion like, that of the particle.) Now, when the coordinates and 
momenta are all constant, we see from the canonical equations in these 
coordinates that 


dH* 

dPk 




' Therefore, H* does not depend on the Q’s and P’s, although it may be a 
function of t. We are free to choose H* = 0, because any function of t 
which might be chosen can be incorporated in dF/dt in equation (39). 
Adopting this assumption we have, 

H(p,q, t)+-^ = 0. (58) 


1 Born, “ Atommechanik” p. 36. 
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Replacing pk by dF/dqi, we have a generalization of equation (45). If 
H does not contain t, we put 

F = —Et + S{q, *). (59) 

Substituting this in equation (58), we find that the equation to determine 
S is equation (45), so that S is the action; and since dF/dt = ~~E, we 
conclude that F is the Hamilton principal function W. When H contains 
t 9 the solution of equation (58) cannot generally be put in the form of 
equation (59), but it is still convenient to define the Hamilton principal 
function as the solution of 



13. ANGLE VARIABLES; CONDITIONALLY PERIODIC SYSTEMS 1 

A particular kind of cyclic variables called :t angle variables” are very 
frequently used in the mechanics of the atom, which has borrowed them 
from astronomy. For simplicity, we shall suppose the system is con- 
servative, and that its motion has n distinct fundamental frequencies, 
on, . . . co n . By distinct , we mean that there is no relation of the type 

Tl«l + * ' * + T n G) n = 0 (61) 


where the t ’ s are integers. The concept of distinctness is a generalization 
of the idea of the incommensurability of two frequencies. When the 
frequencies are distinct, the system is said to be non-degenerate; otherwise 
it is degenerate. There are important differences in the methods of 
treating these two classes of systems. We call the angle variables Wi 
. . . w nj and the corresponding momenta Ji, . . . J n , and require 
that they satisfy the following conditions, the fhjgt two of which apply 
to any set of cyclic variables as described above: 

1. The time does not enter in the equations of transformation from 
the variables p, q to w, J, so that H*, the new Hamilton function, is 
the energy E. 

2. H* is a function of the J’s alone, so that 


J k — constant Wk — c ojjj — j— == Vr • * 

OJk 


(62) 


3. The system returns to its original configuration when any one of 
the w’Sj varying separately , increases by unity. This means that any 
one of the coordinates q t can be expanded in a multiple Fourier series, 

qi = • • • Tn cos [2tt(tiWi + • • • + T n W n ) + er, • • • rj. (63) 

Here the quantities r x , r 2 , etc. are integers, and the summation is 7^-fold, 
with each of the r's running from — co to + 00 . 

1 An excellent treatment is given in Van Vleck’s “Quantum Principles and Line 
Spectra.” 
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4. The action 8 can also be expanded in a Fourier series of this kind 
when expressed in terms of the w * s and J’ s. 

In these Fourier series the amplitudes and phase constants are 
functions only of the J 7 s. A system whose coordinates are of the type of 
equation (63) is called conditionally periodic. It must be understood 
that in general such a system is really not periodic. The system never 
passes twice through the same configuration if it is non-degenerate, 
simply because the periods are distinct. However, it can be proved 
that it passes indefinitely close to any specified point. The term con- 
ditionally periodic is to be understood as meaning that if the frequencies 
were allowed to become commensurable the system would be truly 
periodic. 

The reason for the name angle variables is that the w 7 s actually are 
dimensionless. The J 7 s have the dimensions of angular momentum, or 
action. 


14. ANGLE VARIABLES TOR A SEPARABLE SYSTEM 

Suppose that we can put S into the form 


Si(qi; a tj . . . a n ) 4- $ 2 (? 2 j on, • • ■ a n ) ■+••*, (64) 

and that each q varies between a maximum and a minimum value, like the coordinate 
of a linear oscillator. Then, writing 


dqk ** ai ’ ' * * ari ^’ 

it is possible to define n phase integrals by the relations 

Jk = « ^Ek(qk' } oc 1 , • • • oL n )dq k . (65) 

The symbol f indicates integration around a complete cycle of that is, from the mini- 
mum to the maximum value and back again. Each Jk is a function of the constants 
of integration, and the equations 

Jk = /&(«!, a 2 , as, • • • ) 

may be solved for the a’s so that 


CLk — 0!a(</ 1, J‘2, J 3, ’ * * ). 

Then these values may be substituted in S. Ordinarily, we obtain S from the func tions 
F, so that 

n 

S = %f Q *F k (q t ; J h ■ ■ ■ J»)dq h . (66) 

The function S determines a canonical transformation of variables, 


Vk 


OS 

dq/c 


> wj c 


dS 

dJk 


(67) 


such that 


H = H(J 1 , J 9 , • - • ). 
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We must prove that the w ’ s in equation (67) actually enjoy the property that the 
system repeats its configuration when any w is changed by unity, the others being held 
constant. Consider the change of one of the w’s , say w% } when any one of the old 
coordinates, say is carried through a cycle, the other q’s being constant. It is 

Awi = f (SK’ 


but by equations (67) and (64), 


so that 


dWi _ d 2 S _ d dSk 
dqk dJidqjc dJidqk 


d CdSk, 


dJk . 

dJi ’ 


and since the J’s are independent variables, dJk/dJi is unity when k = i, and zero 
otherwise. That is, when passes through a cycle, Awk = 1, and the change of the 
other w’s is zero. They may vary during the process, but at the end they have 
returned to their original values. This proves that the w’s fulfill the third condition 
mentioned in Sec. 13. 


16. THE ANGLE VARIABLES OF THE HARMONIC OSCILLATOR 

As an illustration of the use of cyclic variables we shall consider the 
linear harmonic oscillator. If we draw a circle using the path of vibration 
as a diameter, the motion of the projection of a point rotating uniformly 
on this circle describes a simple harmonic motion. Then the variable 
which increases uniformly with the time is the angle between the radius 
vector to the moving point and the path of the particle. If we set this 
angle equal to 2 irw, w will increase by unity during one oscillation so that 

W — cot 5j 

where co is the frequency of vibration and <5 a phase constant. Thus 
w is the angle variable for the oscillator. 

We now show this independently by the methods developed in the 
preceding paragraphs. Here V = h r 2 /2, so that the H. J. equation 
(47) becomes 



and thus, 

S — Sx = J (2mE — mkx 2 )^dx = ^(2mE — mkx 2 )^ + 

(68) 

The oscillation takes place between two limits for which the momentum 
is zero and this occurs at the values of x for which dS/dx = 0. Therefore, 
X varies between the limits ± (2 E/k)^. Now 

7x = = 2 (2mE - mkx^dx »= 
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Of 

2 mE = (mk)M~ 

7T 

Substituting this value of E in equation (68), we have 

7 

( mk) 1A — — mkx 2 dr, 

7T 

and 

as i f-r j. 
w a/. 2 ttJ t(mfc)% 

Of 

- = cos 2rw, 
a 7 

"Where 

_ ( l Y - ( 2 iY 

a \t ( mk) l/z ) \ k / 

^ndL is the amplitude of the vibration. The value of w obtained in this 
'Way is the same as that derived above by direct consideration of the 
Trxotion. This method, though more involved for this simple case, is a 
most powerful method when applied to more complicated mechanical 
systems. 
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CHAPTER V 

HYDROGENIC ATOMS AND THEIR SPECTRA 
1. THE SPECTRA OF HYDROGEN AND IONIZED HELIUM 

The first clew to our present knowledge of the quantized character 
of atomic systems and their radiations came from Balmer’s discovery 
(1884) of simple numerical relations between the frequencies of hydrogen 
lines. The spectrum of a hydrogen vacuum tube is quite complex, but 
among all its lines there are four which catch the eye by their intensity. 
These lines are brightened relative to the others by increasing the current 
and can appear under conditions where the gas is largely dissociated, 
as in certain stars, so they are definitely assigned to the neutral hydrogen 
atom. Their names, wave lengths and wave numbers are tabulated 
below : 


H« X = 6,562.79 k v = 15,233.22 cm.- 1 

Hj8 4,861.33 20,564.79 

H t 4,340.47 23,032.54 

H 8 4,101.74 24,373.07 


The series can be followed with diminishing intensity to 35 lines in the 
solar chromosphere. In Fig. 1 is shown the series as absorption lines 
in the spectrum of a star. The lines become closer together in the 



Fig. 1 .—Spectrum of a star (« Lyrae) showing the Balmer lines of hydrogen in absorption. 

{After Hulburt.) 

neighborhood of a limiting wave length, namely, 3645.98 A. In certain 
stellar spectra a continuous absorption begins at this point and extends 
to shorter wave lengths, rising to a maximum of intensity and then 
fading away again. 1 Balmer was acquainted with six of these 1 lines and 
found a formula for their wave lengths, which converted to wave numbers, 
is 



R h is an empirical constant called the “Rydberg constant for hydrogen/' 
having the value 2 

R h = 109,677.759 ± 0.05 cm." 1 . 

1 Hartmann, PhysiJc . Z., 18, 429, (1917). 

2 Houston, Phys. Rev., 30, 608 (1927). 
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We place m = 3 to obtain the wave number of II a, m = 4 for lift, and 
so on. Placing m = oo we get the wave number of the series limit, at. 
3645.98 A. 

Investigations in the ultra-violet and infra-red showed that similar 
series exist in these regions. Lyman 1 found a series which can be repre- 
sented by the formula, 



while Paschen 2 and Brackett discovered 5 series in which of the 
Balmer formula is replaced by and J4 2 , respectively. More recently 
Pfund 4 found the series having J^ 2 as the first term and Poettker 5 has* 
extended the Paschen series to 8 members. All lines known to be due 
to the H atom are given by 

v = Rn (— 2 - AY n < m > ( 3 ) 

\n 2 mrj 

where n and m are integers. Similarly, it is found that all observed lines 
of singly ionized helium are given by the formula, 

V = mJI: - AY Bh. = 109,722.403 ± 0.05 cmr 1 (4) 
v n 2 m i J 

If n = 4, m = 6, 8, etc., equation (4) yields wave numbers which lie 
very close to those of the Balmer series of hydrogen; for this reason 
the whole series for which n = 4 was attributed to hydrogen when first 
discovered. 8 In the spectra of other elements a great many series have 
been found, which are in many cases rather similar to those of hydrogenic 
atoms. 

When examined with spectroscopes of high dispersion, the first few 
members of the Balmer series can be resolved into very close doublets. 
The difference in the wave numbers of the two components is nearly 
constant for all these doublets. Ionized helium lines of the series with 
n — 3 and n — 4 have been studied by Paschen and by Leo, under high 
dispersion, and are found to consist of a number of components (Sec. 
6 ). Theory predicts that all the lines of a hydrogenic atom (that is, an 
atom with one electron) should be multiple, although experimental diffi- 
culties make it impossible to observe their structures except in a few 
instances. 

2. BOHR’S THEORY OF HYDROGENIC ATOMS 

In Chap. Ill we derived equation (3), by quantizing the motion 
of an electron on circular orbits around a nucleus. We now treat the 

1 See references at end of Chap. X. 

* Ann. Physik, 27, 537 (1908). 

* Astrophys. J. 66, 154 (1922). 

* J. 0. S. A. 9 , 193 (1924). 

6 Phys. Rev., 30 , 418 (1927). 

6 A detailed account is given in Fowler’s “Report on Series in Line Spectra.” 
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problem in a more general way essentially as Bohr 1 did, to make clear the 
physical ideas which led him to propose his theory. He supposed that the 
dimensions of the particles in the atom are so small in comparison with 
the distance between them that effects due to their finite size do not 
influence the problem. (A little later this restriction will be removed 
and we shall study the modifications due to the spin of the electron.) He 
assumed that they attract each other with a force varying as the inverse 
square of the distance between them. Let the distances of the nucleus 
and electron from their center of mass be T\ and r 2y respectively, and the 
distance between them be r. The kinetic and potential energies are 
jthen 

T = £(r 2 + rV>) and V = (5) 

A T 

where \x is the reduced mass mM/(m + M ), and the total energy is 
E = T + V. This dynamical problem was solved in Chap. IV. The 
nucleus and the electron move on Kepler ellipses just as the planets do. 
(Chap. IV, Fig. 4; and Fig. 6 of this chapter.) The equation describing 
their relative motion is 



p being the total angular momentum of the sytem about its mass center. 
This can be put in the form, 


wnere the eccentricity is 


and the semimajor axis is 



The distances of the nucleus and electron from the center of gravity are 


m , M 

r i = i — T/r r an d r 2 = j— 

m -j- M m + M 

The frequency is 

1/-8# 3 Y* 

® 2t\ZH^) ' 


( 8 ) 


1 Phil. Mag., 26, 1, 476, and 857 (1913). In 1910, Arthur Haas had arrived at the 
formula for Rydberg's constant ( Sitz . Ber. der Wiener Akad ., math. nat. Kl . , Ila, p. 119) 
while Nicholson (Monthly Notices of the Royal Astronomical Society, 72, (1912)) had 
applied the quantum condition to the rotator; however, the mechanical frequency was 
set equal to the emission frequency in his theory. 
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If the electron radiated energy according to the Maxwell theory of light 
it would emit the frequencies co, 2«, etc., while the observed frequencies 
of the emitted light are given by equation (3). We have seen that 
classical electrodynamics agrees very well with experiment in the region 
of long wave lengths. Therefore, Bohr made the very probable assump- 
tion that the classical expression for the frequency should agree with the 
experimental values for the region of low frequencies. Equation (3) can 
be written 

V = cRz4 \ - 7 — jhrr, 

\n 2 (n + An) 2 

where n + An has been substituted for m. This is equivalent to 

(2n + A n) An 
•n 2 (n + An) 2> 

.and for the region »of low frequencies where An is small compared to n, 
we have approximately, 

v = cRZ 1 ■ ~—p- 

n 3 

Putting An = 1, the fundamental frequency is 2cRZ 2 /n 3 . Combining 
with equation (8), we have 

1 /-8E 3 \» 2 cRZ 2 fn , 

" 2tt( ZhX ) n 3 (9) 

On the other hand, Bohr’s second postulate and the Balmer formula give 
En+An E n _ cRZ 2 cRZ 2 


v = cRZ 2 - 


h 


(n + An) 2 


so that aside from an additive arbitrary constant which we take equal 
to zero, we must have 

^ RhcZ 2 

En — o * 

n 2 

Substituting this value of E n in equation (9) and solving for R, we have 


R 


2irV 4 

h 3 c 


(10) 


y 20>22 V 202S 


? 20,24 


T~T = I 


1—1 


I 


Zeo 20 
Fig. 2. 




4 ( 0 : 


7 20 


The substitution of the values of the 
universal constants determined by 
methods independent of spectroscopy, 
gives R = 1.09 - 10 6 cm. -1 , a result in 
agreement with the spectroscopic 

value of R within the limits of experimental error. Figure 2 shows the 
asymptotic agreement between the actual frequencies and the multiples of 
a. The upper spectrum is that calculated from equation (3) for n = 20, m 
= 21, 22, • • • , and the lower spectrum is obtained by plotting 


An 2RAn 

" !0 7 = 20 * 


) An = 1, 2, 3 
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R varies with the mass of the nucleus since p depends on M as well 
as m. Precise spectroscopic values of R for hydrogen and ionized helium 
are known. Thus, 

in 

R* Mu 7tl -f- Mile _ M He 

Rhq m + Mn Mb.q -j , m 

+ 1 h 

and using the known values of m, JIf H , and M He this ratio is 0.999596, 
while the value calculated from Houston’s spectroscopic measurements is 
0.999593, This accounts at least qualitatively for the difference in 
wave length of the Balmer lines and the ionized helium lines. Bohr 1 
predicted in 1913 that this difference should exist. The subsequent 
experimental confirmation was one of the striking triumphs of the theory. 
If the mass of the nucleus is very large R approaches the value 

p _ 27r 2 me 4 

Kco ~ “mT" 


This can be calculated from the spectroscopic value of R it using the 

relation R n = R « — Mil , or f rom the value of 72 H e in similar manner, 

m + Mn 

The best value is 

R co - (109737.42 ± 0.06)cm.- 1 . 

The theory as developed by Bohr requires then, that only those 
orbits exist for which the total energy is given by the equation 


E = 


2w 2 Z 2 e i fx 
n 2 h 2 


n 


1, 2, 3, 


( 11 ) 


The relation of equation (7a) shows that the possible values of the semi- 
major axis of the elliptical orbits are 


a = 


n 2 h 2 

Air 2 Ze 2 ix n 


= 1, 2, 3 • • - 


( 12 ) 


In this computation the value of the angular momentum is not fixed and 
thus the semiminor axis and the eccentricity may vary continuously, so 
that associated with each energy level there should be an infinite number 
of possible elliptic orbits having the same semimajor axis. The energy 
levels required by the theory are shown in the energy diagram, Chap. 
Ill, Pig. 2. As mentioned in Chap. Ill, the quantity 

rp __ Rn 

he 


is called the “ spectroscopic” term, or “ term-value,” corresponding 
to the energy E n . If the atom passes from higher levels to the lowest 
1 Nature, 92 , 231 ( 1913 ). 
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level, the Lyman series lines are emitted. If from higher levels to the 
second level, the Balmer series lines are emitted and so on for the Paschen, 
Brackett, and Pfund series. In the absorption of light the atom is 
raised to a higher energy level and the frequency of the light absorbed 
is the same as that of the light emitted when the reverse transition 
takes place. 

3. THE PROOF OF BOHR’S THEORY BY THE METHOD OF ELECTRON 

COLLISIONS 

The resonance potentials of the hydrogen atom can be calculated 
from its energy levels by Bohr’s theory, or from the observed spectral 



Fig. 3. — Transitions corresponding to the resonance potentials of hydrogen. 


lines. These potentials are the voltages required to raise the electron 
from the first orbit to the higher orbits. They are indicated in Fig. 3 
and are given by the equation 



The constant 300 Rhc/e = 13.54 volts. 1 The resonance potentials and 
corresponding wave numbers from this equation are given in Table 1. 


Table ' 1 


n 

V 

Volts (calculated) 

Volts (observed) 

2 

82,258 

10.154 

10.15 

3 

97,491 

12.034 

12.05 

4 

102,823 

12.692 

12.70 

5 

105,291 

12.997 

13.00 

§ 

106,631 

13.162 

13.17 

7 

107,440 

13.262 

13.27 

00 

109,678 

13.539 

13.54 


^irge gives a slightly different value, 13.529 0 abs. volts. 
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The last column gives the critical potentials observed by Olmstead and 
Compton. 1 At the pressure and temperature used the hydrogen was 
99 per cent dissociated. No critical potentials that could be assigned 
to molecular hydrogen were observed. The agreement between cal- 
culated and observed values is extremely satisfactory in view of the 
experimental difficulties. 

4. QUANTUM CONDITIONS AND THE QUANTIZATION OF ELLIPTIC ORBITS 

‘We have seen that Bohr’s method of quantizing the hydrogen atom 
involves the following steps: (1) solving the two-body problem, we 
obtain the frequency of revolution of the electron in terms of the energy; 
(2) we equate the frequency of revolution to the frequency of the light 
emitted in the region of high quantum numbers and small quantum 
transitions, i.e., the region of low frequencies. The possibility of using 
this method depends on our possession of an accurate empirical formula 
such as that of Balmer. In principle, similar methods could be applied 
to dynamical systems having sevp^l degrees of freedom, but usually 
we do not have a sufficiently precise empirical formula for the emission- 
frequencies. This prevents an application of the method to the fine 
structure of the lines of hydrogenic atoms. Instead, we utilize the 
Sommerfeld quantum conditions described in Chap. III. For conven- 
ience we repeat them here: If there are coordinates for a mechanical 
system such that each generalized momentum, 

dL 

Vk dq k 

is a function of the corresponding q k only, then the stationary states are 
those for which 

§ p k dq k = n k h, n k = 1, 2, 3 • • • , (13) 

where each integral is to be extended over a complete cycle of the variable 
q k . If one of the q’s is the azimuthal angle <p of an electron, the integral 
is extended over the interval 2ir. These equations, one for each degree 
of freedom, serve to determine a number of constants of integration 
equal to the number of degrees of freedom of the system. The reasons 
underlying the adoption of these equations are described in Chap. VI. 

Let us quantize the elliptic orbits of the hydrogenic atom following 
Sommerfeld. 2 The energy equation is separable in polar coordinates 
r, <p (Chap. IV). The kinetic energy is 

T = 2u[ Pr2 + 7$* ’ 


1 Phys. Rev., 22, 559 (1923). 

2 Ann. Physik , 51 , 1 (1916). 


(14) 
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where p r — /xr, p v — ixir 2 — angular momentum = constant. The quan- 
tum conditions are 

T<pd<p = kh, J p r dr = n r h . (15) 

Here & is called the u azimuthal quantum number” because it depends for 
its value on the variation of <p, while n r is called the “radial quantum 
number.. The second integral is extended from the minimum value 
of r to the maximum value and back again. When the electron is 
receding from the nucleus, both p r and dr are + , while they are both — 
when the electron approaches the nucleus. We have 


kh 


(16) 



3h/2Jf 

2h/21T 

h/2I 


777777777 ' 


Y ZSyy/7/A 


Fig. 4. — Kadial momentum diagram 
for hydrogen. 


—9 

Fig. 5. — Angular momentum diagram 
for hydrogen. 


To obtain an expression for p r we write the Hamilton equation, 


II 


1 

% 


Pr* + ~ 2 P V 2 


Ze 2 


= E. 


The radial quantum condition then can be written, 

Ze 2 


j V Ar - 2v^r(- r ’ " ¥ r + sr* 


(17) 


(18) 


where r m ; n and r max are the values of r when p r = 0; they are the roots 
of the equation p r = 0, that is, 

2 Ze 2 p v 2 . 

- r - ~w r + is - °- . 


Thq integration can be carried out by ordinary methods. Perhaps the 
meaning of the phase integral is more clearly seen from Fig. 4 where 
p r is plotted against r for the case of a hydrogen orbit with k = 1 and 
n r = 1. The quantum condition requires that the energy and eccentric- 
ity of the orbit shall be such that twice the area enclosed within the curve 
shall be n r h. Similarly, the phase integral for the coordinate (p requires 
that the area enclosed within the rectangle of Fig. 5 shall be equal to kh . 
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It is more convenient to evaluate the radial integral by expressing 
it in terms of <p as follows : 


d/r * dv 

p r dr = ixirdr = 


and on substituting <p and dr/d<p from fxr 1 2 * ip = p v and r from equation (6), 
we get 



e 2 sin 2 <pd<p 
(1 — € cos <p) 2 



(19) 


After substituting p# — kh/ 27 t, the integration of this equation gives 


1 - e 2 = 


k 2 

(k + n r ) 2 



( 20 ) 


where n has been substituted for k + n T . 

To prove this we observe that 

e 2 sin 2 <pd<p _ — € sin <p I 2tt T 2ir cos <pd <p 

o (1~6 cos (p) 2 1—6 cos ^Jo € J o 1 — 6 cos <p 


The integrated term is zero and the second may be written 


r(~ — i)*, 

JO \1 — e COS (p J ’ 


which is equal to 
1 


— * 

o 


(i - ^ 


tan 


-l (1 — e 2 )^ sin <p 
— e + COS <p Jo 


27 r 


— 27 r, or 


2r 


(1 - € 2 ) ' 


— 27T, 


since the inverse tangent in this expression increases by 27 r when its argument runs 
through its cycle of values from 0 to + , to — oo and back to 0 again. 


The energy is obtained from equation (20) by using the expression 
of equation (7) for e in terms of the energy. Then, 


1 _ (, , 2 Epf \ = If _ If 

\ juZ 2 e 4 / ( k + n r ) 2 n 2 

Remembering that p v = kh/ 2w, this gives 

F = 27TVZV _2t ryzw 

h 2 (k + «r) 2 nW~' ^ 21 ' 

which is the result secured by the original method. Using the expressions 
for the semimajor axis a, the semiminor axis b( = a-\/l — « 2 ), the 
parameter c and frequency <o, respectively, we have 

_ fff _ , _ njff b _k 

4zir 2 Ze 2 iJ.’ 4v 2 Ze 2 )x’ ' ' a~ n’ 

= lfhf _ _ 4t rfZfef, 

47 T 2 Ze 2 n’ w n z h 2 
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Next, we have the possibility n = 1, k = 1. The li orbit is the 
normal state of the hydrogenic atom, and is of course a circle, since 
€ = 0. If n = 2, we have a circular 2 2 orbit and an elliptical 2i orbit. 
The following table gives the values of the energy, eccentricity, and 
semimajor and semiminor axes of several orbits of the H atom. The 
radius ai of the li orbit is 0.528 • 10“ 8 cm., a value consistent with kinetic 
theory estimates of the size of atoms. 


E 

nk 

n 

k 

n r 

£ 2 

a/a i 

h/ai 

— Rhc 

It 

1 

1 

0 

0 

1 

1 

— Rhc/ 4 

2i 

2 

1 

1 

(i - K) 

4 

2 

—Rhc/ 4 

2 2 

2 

2 

0 

0 

4 

4 

—Rhc/ 9 

3! 

3 

1 

2 

(l - H) 

9 

3 

—Rhc/9 

3 2 

3 

- 2 

1 

(l - H) 

9 

6 

-Rhc/ 9 

3a 

3 

3 

0 

0 

9 

9 


It is customary to refer to an orbit having principal quantum number 
n and azimuthal number k as an Uk orbit. In conclusion, equations (20) 
and (16) determine both the major axis and the eccentricity of an 
orbit. Figure 6 illustrates a few of the possibilities. If 1c = 0, e — 1 , 
and the ellipse degenerates to a straight line so that the electron would 
hit the nucleus. This state is customarily excluded as dynamically 
impossible, and, in fact, it is generally stated that orbits with k = 0 
do not occur in any atom. J. W. Nicholson 1 suggested that orbits 
passing through the nucleus are dynamically possible and gave a deriva- 
tion of the energy of such orbits, arriving at equation (21). His calcu- 
lation is probably at fault, because in the quantum condition jmxdx » 
nh , he uses the rest mass of the elec- 
tron instead of the actual mass. 

When the actual mass is used, diffi- 
culties are encountered because of the 
way in which mx approaches infinity 
in the neighborhood of the nucleus. 

R. B. Lindsay 2 showed that the law of 
force can be modified in such a way 
that these difficulties are avoided and 
yet the energy levels coincide with the 
Balmer terms except for quantities 
which cannot be detected experiment- 
ally. There is no indication from 
either spectroscopic or X-ray data, 
however, that such energy levels exist. 



Fig. 6. — Orbits of the electron in 
hydrogen. 


i Phil. Mag., 45, 801 (1923). 
zProc. Nat. Acad. Set., 13, 413 (1927). 
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5. THE RELATIVITY CORRECTION 

At first sight, the requirement that only definite values of the semi- 
minor axis can occur seems inaccessible to experimental verification, 
since the formula for the energy of an orbit is independent of its eccen- 
tricity. In fact, the energy in Keplerian motion depends only on the 
major axis of the orbit. In his earliest papers, Bohr suggested that the 
relativistic variation of mass of the electron should be taken into account 
in determining the energy levels, since its velocity on the innermost 
orbit of hydrogen is 0.007 of the velocity of light. In the paper in which 
Sommerfeld introduced the use of two quantum numbers to determine 
elliptic orbits, he also treated the problem from the standpoint of special 
relativity. With this improvement, it is found that the energy depends 
not only on n but also on k, so that ellipses of different eccentricity have 
different energies. This gives rise to slightly different frequencies when 
the electron passes between orbits of the same principal quantum num- 
bers, depending on the azimuthal numbers of the orbits involved, so 
that every line in the spectrum of a hydrogenic atom should be complex. 
This prediction is verified by experiment. 

The relativistic expression for the kinetic energy of an electron 
moving about the nucleus (assumed to be at rest) with velocity v = c/3, is 

T = w » c2 ((irr^)Ii “ l). (23) 

The potential energy is -Ze*/r, as before, and the Lagrangian function 
(Chap. IV, Sec. 4) is 

L = m 0 c 2 [l - (1 - /3 2 )*n + — - 

r 

Replacing /3 2 by (r 2 + r*^*)/c* and writing the Lagrangian equation of 
motion for <p, we have 

d mor 2 <ip 

dt (1 - / 3 2 )^ = 0; 

so that the angular momentum is a constant: 

m 0 r 2 <p 

(1 — £2 y/> = mr<1 <P = V- 

The quantum condition for the <p coordinate is 2ir V = kh, as before 
1 he radial momentum' is 

v _ §L ___ m Q r 

dr f T 

1 - - 2 (f 2 + rV) 
c 


( 24 ) 
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C 2 TOo 2 


, 2 + £ 


: \ v 2 /c 2 

7 1 _ V 1 
A <> 


Solving this for v 2 and substituting in equation (23), we have 

The sum of the kinetic and potential energies is equal to the Hamiltonian 
function: 

" — “ Ze 2 


H = m 0 c 2 




= E. 


(25) 


This equation, solved for p r 2 , gives 

p 2 = Eml2 + + 2m 0 Ze{l + F 2 ) - - p 2 (l - - 2 - 

\ m 0 c 2 / \ m 0 c 2 / r \ p 2 c 2 / r 2 

This is a function only of r and the fundamental constants, so we can 

apply the quantum condition of equation (13) directly, but we shall 

first secure the equation of the orbit. To simplify the computation 

we introduce the variable u = 1/r. Then 

dr . m du. 

pr = m r = m ^ = 

and substituting p for m<p/u 2 , we have p T = —pdu/d<p. Making these 
substitutions in the equation for p r 2 , it becomes 
(du y __ ( __ ZW\ 2 , 2moZe 2 / , E \ , W 9 , £ \ 

\d<p/ \ p 2 c 2 / p 2 \ ra 0 c 2 / P 2 \ m 0 c 2 / 

Writing 


1 - 


■ZV 

p 2 c 2 


r 2 , 


(26) 


/du\ 2 _ 
\d^/ 


2 2 10 2 
7 2 u 2 + 


p z y* 


i 1 + 


. v 2 Em 0 (' 

pV 


2 + 


XV 

m 0 c 2 / 


Letting = \p, we get 


( SV + »• - + -£,) J»( ! + -5-A 

\#/ 7 2 P 2 \ m 0 c 2 / 7 2 p 2 \ moc 2 / 

To solve this equation, we add the square of the coefficient of 2 u to both 
sides of the equation. It takes the form 


where 


(d(u - ^)\ 2 

V # / 

A . JL\, 

7 V \ rn^c 2 / 

( s 


+ (« - .A ) 2 = B 2 , 


( 27 ) 


Em o 


5 2 = ^(2 + 


E_ 


\ geW / E \ 
7 t 4 P 4 \ w 0 c 2 / 
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If a; = (u — A) /B, this becomes 

(§-) + * 2 = 1 > 

which has the integral, 

(u — A) . , 

x = g — = sm \j/ or cos \p. 

Returning to the coordinates r and <p, and measuring <p from a position 
where r is a minimum, we have the equation of the orbit, 

1 _ 1 + e cos 7 <p a{ 1 — e 2 ), 

r a( 1 — e 2 ) ’ or r - i _|_ \ cos y v ’ (28) 

where the constants a and e are such that 


«(1 - e 2 ) = j’ — 


e 2 ) 


1 

B 


(29) 


Now r does not return to a given value when <p increases by 2tt, but only 
when it increases by 2 t/y, which is greater than 2 tt since 7 is less than 
one ' perihelion of the orbit precesses in the same direction as the 

rotation of the electron. It is incorrect, however, to describe the orbit 
as a uniformly rotating ellipse, so 6 cannot be regarded as the eccentricity 
of an e llipse but only as a constant having a geometrical meaning 
some what similar to an eccentricity. The advance of perihelion per 

revolution is 2x(y-i - 1). Substituting 
p — kh/2r, inequation (26), and introducing 
the dimensionless fine-structure constant, 

2-re 2 



a = 


we get 


he 


r (7.284 ± 0.006) ■ 10- 


7 2 = 1 - 


Z 2 a 2 

k 2 


1 - 


Z 2 

k 2 


5.305 


10- 5 . 
(30) 

When Z 2 /k 2 is small, the advance of perihe- 
lion per revolution approximates to 

'Z 2 \ 


Fig. 7.—Relativity precession 
of an orbit in the H atom. 


fZ 2 


5.305 • 10 6 radians. (31) 

Figure 7 shows the approximate character 
or bit. The radial quantum condi- 
tion could have been applied by using p T expressed in terms of r in equa- 
tion (13), but can be calculated more easily by expressing p r and dr in 
terms oi <p. Then 

^mr 2 ip dr r 2jr /v 


(j)p r dr = J* 


dip 


dr = pe 2 y 2 


■f 


siri 2 (yp)dp 
(1 + e cos y<p) 2 
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The limits of integration are from 0 to 2ir/y , since r passes from its 
minimum to its maximum value and back again when <p increases from 
0 to 2ir/y. This is equal to 


f*2ir 

Py io ( 


€ 2 sin 2 f d\p 

(1 ~+ e COS 


2 = 27rp7! 


1 


(1 ~ € 2 )^ 


0- 


n r h, n r = 1, 2 


(32) 


and since M /2r = p, 


1 - € 2 


JV _ 

(n r + ^ 7 ) 2 


6. THE RELATIVISTIC ENERGY LEVELS AND THE FINE STRUCTURE OF H 

AND He* LINES 

Using equations (27) and (29) to obtain E in terms of e and p, we find 



(33) 


and substituting the value' of e we have 


1 H~ 


E 

m„c 2 



a*Z 2 


[nT+ (fc 2 ~ « 2 ^ 2 ) 


' 4 ] 2 ) 


■>4 


(34) 


An expression for E can now be obtained to any desired degree of accuracy 
by expanding the radicals of this equation in ascending powers of the 
small quantity a 2 ^ 2 . 1 The term value, —E/hc, which results from this 
computation is 


T(n, k). 


R7S RZ*a*(n _ 3\ 
n 2 n 4 \k 4/ 


+ 


+ 

+ 


rz^\ 

n" 

RZ*a* 
n 8 


1 
4 

1/ n 
8U 


3 + 3 (n 


+ 


8U. 


2 


4 



351 


64j 

(35) 


The term in a 2 is the only one of importance in visible and ultra-violet 
spectra, but the higher terms are useful in discussing X-ray spectra, 
where large values of Z come into play. Dropping these higher terms 
for the present, the change of the term of a hydrogenie atom due 
to the variation of electronic mass with velocity is given, in cm." 1 , by 


AT(n, k) = Rd 2 



n 

k 



(36) 


This is always positive for k is always less than n. We shall calculate 
only the shifts of the hydrogen terms since the shifts for other atoms are 


1 The work is given in detail on p. 420 of Sgmmeufkup’s “ Atombau, ,, 4th ed. 
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obtained by simply inserting the factor Z A . Remembering that orbits 
with h = 0 are excluded, we have the following values of A T/Ra 2 : 



These results are illustrated by Fig. 8 in which horizontal distances from 
the left are proportional to AT 7 . If the relativity correction were neg- 


n r 

i 

*, u 

,11 


I 


I 


0.01 O.OE 0.03 0.0* 0.05 0.06 0.07 0.08 

jfcccfe 4 - — ^ Unity =Rcc 2 

0.3645 cm' 1 >- 

Fig. 8. Shifts of hydrogen terms caused by relatively. 
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{ 


^-H/3 2 
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(b) 
^ J/ (c) 


--Rk* 

-2 2 (D 


lected, all the levels in each diagram would coincide with the dotted 

line on the left, which represents the posi- 
tion of the Balmer term.. Actually they 
are shifted to the positions indicated by 
the solid vertical lines. The shifts are 
given in terms of both Ra 2 and 1 cm." 1 
as units. We omit the figure for n = 1 to 
avoid an unfavorable scale for the more 
complicated patterns. Now we wish to 
obtain the positions of the lines emitted 
in transitions between these relativistic 
energy levels. We begin with the jump 
from orbits of total quantum number 3 to 
those with total number 2, which yield the 
fine structure of the line Ho:. Figure 9 
shows the energy levels for this emission, 
taken directly from Fig. 8. The arrows 
represent transitions, and would be thou- 
sands of times longer if drawn to scale. The light dotted lines represent the 


H. 
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Fig. 9. — Fine structure of Ha 
according to the relativity theory. 
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Balmer levels, — R/2 2 and — JB/- 3 2 . Below the energy diagram is a hori- 
zontal scale of wave numbers on which the spectral lines are plotted in 
their true relation. Each arrow in the upper diagram is placed above the 
line arising in the corresponding transition. Because of the compara- 
tively small separation of the 3-quantum levels, the lines fall into two 
groups of three. Proceeding similarly with other lines of the Balmer 
series, we should expect that H/3 would consist of two groups of four 
lines each (Fig. 10), each group being narrower than those in Ha because 
of the factor n 4 in the denominator of equation (36) and so on. As a 
matter of fact, these groups are so narrow that they have not been 
resolved even for Ha. All the Balmer lines appear as doublets when 
examined with spectroscopes of high resolving power. This is due mainly 



0.365 cm 


d 


Fig. 10/ — Fine structure of H/3. 


jr 

ii 

c 6 CL 


to the small mass of the H-atom, which endows it with high thermal 
velocity so that its lines show a large Doppler effect. Further, the 
velocities acquired by light atoms in collisions with fast electrons cause a 
broadening which is large enough for detection with the best interference 
spectroscopes. 

The interval of the hydrogen doublets is discussed in Sec. 19 . Here 
we consider the data on the lines of ionized helium, obtained in an 
investigation by Paschen 1 and in later work by Leo. 2 In helium, the 
pattern of a line arising in a certain transition is sixteen times as broad 
in the wave-number scale as that of the corresponding line in hydrogen, 
but it lies at a wave length four times smaller, so that the breadth is 
constant in the wave-length scale. Thus the pattern of the first Balmer 
line of helium, at 1,640 A, will be of no more help to us than that of Ha. 
The lines which Paschen investigated belong to the Fowler series 

? = 4i?(i = 4,686, 3,203, 2,733, etc.; n = 4, 5, 6, etc., 


and the Pickering series 


V = — Lj ; \ = 10,123, 6,560, 5,411, 4,859, etc.; n = 5, 6, 7, 8, etc. 

We shall restrict our discussion to the line at 4,686, the first member 
of the three-quantum series. This line should have twelve components, 


1 Ann. Physik, 60 , 901 (1916). 

2 Ann. Physik, 81 , 757 (1926). 
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whose positions, obtained from equation (36), are shown in Fig. 11. 
Below these components we plot curves showing the intensity distribu- 
tion in the lines which Paschen observed in a strong discharge (Funken- 
entladung), and still further below, the lines observed in a direct current 
discharge. 1 The agreement of calculated and observed line positions 
may be considered as very good. The trend of the intensities merits 



A =" 4686.2 M 5A ~6^6 5A W to~ 

Fig. 11. — Structure of X 4686 of helium. 

careful notice, however. We observe that components arising from the 
transitions 4 4 — t 3i and 4 S — 1 3i are extremely weak in the direct-current 
discharge. It is probable these components would be entirely absent 
in a very weak discharge. This is due to the action of so-called selection 
principles, which will now be explained. 


7. THE SELECTION PRINCIPLES FOR THE INNER AND AZIMUTHAL 
QUANTUM NUMBERS 

The total angular momentum associated with the electrons of an atom 
may always be expressed as jh/2ir, where j is either an integer or an integer 
plus one-half, and is referred to as the inner quantum number. Before 
the spinning electron was discovered, the inner quantum number of the 
hydrogen atom was thought to be identical with the azimuthal quantum 
number of its electron. Now, we know that it is the resultant of the 
spin” angular momentum of the electron and that due to its revolution 
1T he curves are redrawn with ordinates somewhat reduced from photometer 
curves obtamed by Paschen and reproduced in Sommerfeld’s “Atombau ” 4th ed. 
p* 439. > *> 



Sec. 7] 


THE SELECTION PRINCIPLES 


139 


around the nucleus. It is found (Chaps. VII and X) that the spin 
vector must be either parallel or antiparallel to the vector kh/2T , in 
hydrogenic atoms. Here a peculiar circumstance shows itself. It is 
found that the inner quantum number takes the values (fc — 1) ± K 
instead of k ± }4, as we should expect, and we shall have to postpone 
explanation to Chap. XVI, where the hydrogen atom is treated by the 
new mechanics. The important point for our present purpose is that 
the inner quantum number of an atom can change by only + 1 , — 1, or 0 
when light is emitted or absorbed . 

Aj ~ ±1 or 0. ■ (37) 

This is the selection principle for j , which applies to all atoms. Further, 
there is a selection principle for fc, which is as follows for hydrogenic 
atoms and certain other simple atoms (see Chap. X, Sec. 3 for a 
generalization) : 

The azimuthal number of the electron of a hydrogenic atom can change 
only by ±1 when light is emitted or absorbed. 

A fc = i 1. (38) 

These two principles go a long way toward explaining the fact that 
in all spectra the majority of the lines predicted by na'ive application 
of the Ritz combination principle fail to appear. In 1918, Rubinowicz 1 
and Bohr 2 gave explanations of this behavior by two different methods. 
Bohr’s procedure is based on his correspondence principle, and is 
explained in Chap. VI. It yields restrictions on the possible changes 
of both the azimuthal and the inner numbers during a quantum transi- 
tion. The reasoning of Rubinowicz specifies only the possible changes 
of the inner quantum number. At the outset we call attention to the fact 
that both restrictions are altered in the presence of an external field, 
so that exceptions to the rules derived are frequently met with in practice, 
due to the use of high electric fields or to the disturbances caused by 
atoms and ions in the neighborhood of the emitting atom. Rubinowicz 
(and also Bohr, independently) applied the law of conservation of 
angular momentum to the system consisting of an atom and its field 
of radiation as specified by classical electrodynamics. The most impor- 
tant term in the force exerted upon a moving charge by its own radiation 
is 

Ir “ 3c»(i - p ~ c } K } 

where v is the velocity. In general, this force has a component at right 
angles to v so that the angular momentum of the system is altered. The 

1 Physik. Z., 19, 441 and 465 (1918). 

2 “On. the Quantum Theory of Line Spectra,” Det Kgl. Danske Videnskab 
Selskabs Skrifter, 8th series^ vol. 4, No. 1. In English. 
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angular momentum lost must appear again as angular momentum of the 
field of radiation. Let us take our origin at the center of the emitting 
atom, and consider the angular momentum about the origin associated 
with an element of volume (J7 at a distance r. At this element there 
is a flow of radiant energy in a direction perpendicular to the electric 
and magnetic vectors E and H. Since it can exert pressure in the 
direction of propagation, momentum is associated with it, and the 
momentum vector lies in the direction of flow. The momentum reckoned 
v per unit volume, i.e., the momentum density, is, 


M - 


[EH] 

4ttc ; 


where [EH] is a vector perpendicular to the plane of E and H having 
magnitude EH sin 0, and where 6 is the angle between E and H. This is 
called the vector product of E and H. Associated with dV there is a 
momentum M dV, and this will have a certain lever arm r sin a about 
the origin. Its angular momentum is therefore MdVr sin a in exact 
analogy to the expression mr 2 d applying to a particle. By definition, 
the angular momentum vector is perpendicular to M dV and to r, so it 
is the vector product of these two quantities, [rM dV], The reader 
may find it difficult to see how the waves sent out by an atom can possess 
angular momentum about their origin, for at first sight it seems that 
E and H are always at right angles to the wave front, so that the vector 
M is directed straight away from the origin. Thus, the vector product 
of M and r becomes zero. Except in special cases, this view is wrong 
because of the incorrect supposition that E and H are perpendicular 
to r* In the equatorial plane of the field due to a rotator, the vector 
E is tangent to a spiral of Archimedes, not to a circle concentric with 
the path of the rotator, and the prolongation of the vector M does not 
pass through the origin. In the field of a linear oscillator however, 
the total angular momentum is zero, as it must be since the oscillator 
has zero angular momentum at all stages of its motion. 

We shall illustrate the physical ideas involved by considering the 
emission from an elliptic rotator with coordinates 

x = a cos 2 Tvt, y = b sin 2t rvt. (40) 

Let AE be the loss of energy in a quantum transition and AP the loss of 
angular momentum. Then it can be proved, following Rubinowicz, that 

AP __ 2 ab 

AE (a 2 + b 2 )2%v 


Putting AE = hv, 


( 41 ) 
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and since 

2 ab ^ a 2 + 6 2 , 

4P S A. (42) 

Considerations of symmetry show that the plane of the rotator is not 
changed during the emission so Aj is collinear with AP# Since the angular 
momentum of the rotator must be a multiple of hj 2 tt, the only values 
Aj can take are ± 1 or 0, which is the selection rule. In Chap. VI, we 
show that the same rule is obtained by other methods in a more general 
case. Of course, it is somewhat illogical to apply a theory of this kind, 
based mainly on classical considerations, to a quantized atom. The 
above treatment is very useful, however, in trying to understand how 
the selection rule arises. 

$ 

8. POLARIZATION RULES 

From the selection principle we can obtain information as to the 
state of polarization of the emitted light. Suppose, first, that Aj = ±1. 
Then AP = h/ 2tt, and we must have a = b, so the electron moves in a 
circle, and the axis of the circularly polarized emission is normal to the 
plane of its orbit. Suppose now that Aj = 0. Then AP = 0, and we see 
that either a = 0 or 6 = 0. The rotator becomes a linear oscillator, 
and emits a linearly polarized wave with axis parallel to the direction 
of motion. In the absence of an external field, the atoms are oriented 
at random, and these predictions cannot be tested. When a field is 
applied, a test becomes possible, for the atoms then take up definite 
orientations with respect to the lines of force, as we saw in the discussion 
of the Stern-Gerlach experiments (Chap. Ill, Sec. 18 ). Before passing 
to the study of the spinning electron, we take up the behavior of the 
hydrogenic atom as a spatial configuration, both in the absence and the 
presence of external fields. 

9. SPACE QUANTIZATION 

Consider a hydrogen atom subjected to a weak field which serves 
to indicate a fixed direction in space. In general, the motion of the 
electron will be three-dimensional and will contain three frequencies, 
so that three quantum conditions are necessary for fixing the energy 
states. One of these quantum conditions restricts the atom to a finite 
number of possible orientations in the external field. For uniform 
electric and magnetic fields, the component of the total angular momen- 
tum in the direction of the field is constant, though the plane containing 
the nucleus and the velocity vector of the electron continually changes 
its position. In these and similar cases it is customary to speak of an 
orientation of the atom, or to say that the atom is space quantized. 
Anticipating, we may say that when the field is very slowly reduced to 
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zero the expression for the energy becomes identical with that obtainc 
by quantizing the undisturbed atom and the atom is left with its anguli 
momentum vector in one of a discrete set of possible positions wit 
respect to the direction of the original field. The positions may n< 
be the same for all types of force fields. 

In Fig. 12a, let OZ be the direction of the lines of force. Let ti 
angle y determine the position of the electron in the plane of the orbi 
<p and d are the space polar coordinates of the electron with OZ as tl: 
pole. The kinetic energy in terms of r and y is 

T _ (P£ + Py 




Fig. 12a and 126. — Spatial quantization of hydrogen. 

while in the space polar coordinates r, <p, and 6, it is 


so that 

and, therefore, 
Then 


(PrT + p e d + 

2 ' 

PrT + p 7 y - p T r + Pod + P<pip> 
Pydj = p e d9 + ppdp. 

§Pydj = fp e dd + jptpdv. 


The quantum conditipns require that 


(43 

(44 



kji and 


f 


= k 2 h, 


(45 


and therefore that k = fci + kt. is the angular momentum abou 
the line OZ and is constant as can be shown from the Lagrangian equatio: 
of motion; p r is the total angular momentum of the electron and is als 
constant; p y and p v are connected by the relations p v = p y cos a, wher 
a is the angle between p., and the direction of the field, before its removal 
That is, 



Sec. 10] CLASSICAL THEORY OF THE ZEEMAN EFFECT 143 

Figure 12 b shows the possible orientations of the angular momentum 
vector with respect to the (vanishing) external field for the value k — 3. 
The numbers placed at the end of each vector are the values of k\. 
The expressions for the energy and the constants of the orbit are the 
same as before but in addition the orbits are oriented in such a way 
that the cosine of the angle between the angular momentum vector 
and the direction of the field can take only the values required by equation 

m 

An experimental test of the existence of space quantization in the 
case of the hydrogen atom was carried through by Phipps and Taylor, 
and by Wrede (Chap. Ill, Sec. 18), who performed the Stern-Gerlach 
experiment with a beam of atomic hydrogen produced by allowing the 
atoms to escape from a discharge tube, through a system of narrow slits. 


10. CLASSICAL THEORY OF THE ZEEMAN EFFECT 


Direction 


in Magnei\ Coils 


of Current 


We now proceed to siudy the behavior of the hydrogen atom in a 
magnetic field, and especially the effect of such a field on its spectrum. 
Zeeman discovered, in 1§96, that if a 
light source is placed in an external 
magnetic field of a few thousand gauss, 
each line of its spectrum (with few ex- 
ceptions) is split into a number of 
polarized components. In the case of 
hydrogenic atoms (and in the singlet 
series of other atoms), a so-called 
“normal triplet is observed if the line 
of vision is perpendicular to the lines of 
force. As shown in Fig. 13, the elec- 
tric vector of the outer components is 
perpendicular to t the lines of force; 
that of the undisplaced, parallel. The 
letters s (senkrecht) and p (parallel) 
are used in referring to the components. 

Along the lines of force, the 5-components are circularly polarized; the 
^-component is absent, as in Fig. 13. 

The displacement of an s-component in the frequency scale is 

a e H T 
Av = — - A — = L, 
m Ak.c 




'/¥ 


fiormal Zeeman Triplet 
Transverse Effect 


Fig. 13.— Normal Zeeman triplet. 


where L is called the frequency of the Larmor precession, for reasons 
now to be explained, and in the wave-number scale, 

e H 
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where e is the absolute value of the electronic charge in electron! ** 
units. f% 

The classical interpretation of Lorentz is based on the motion of 
oscillator carrying the charge e and having the fundamental frequi.j** ** 
v. The component of its motion parallel to the field is unchanged * . 
frequency. The radiation due to this component is a spherical wi»* * 
plane polarized parallel to H. An observer looking along H will m-.-s * ^ 
no energy from this wave; seen perpendicular to the field, it yield* 4 ** 
p-components in the Zeeman patterns of all lines emitted by the nl«* # * „ 
Now Larmor’s theorem (Appendix VIII) tells us that when a unifi,# '** j 
constant magnetic field is applied to a system of particles having iden!*^* # | 
e/m ratios, the resultant motion is the same as that which is perforn**'"* 
in the absence of the field, except that a uniform precession of the w|,« 
system around the lines of force is superposed. This uniform rotali* ** % 
is called the Larmor precession. In the case of the harmonic oscillm*** ’ 
the fixed center of attraction is the center of rotation. Looking ah**** 8 
the Z- axis, which is chosen as the direction of the field, consider i 
projection of the motion of the field free atom on the xy plane. If * • **’* 
coordinates of the electron are 


x' = A cos (2 Trvt — a), y' = B cos (2-irvt — 13), ( <§ ** 

then, by Larmor’s theorem, after the field is applied these are also * **** 
coordinates in axes which turn around the direction of II with frequrj**"* 
L, so that the coordinates in resting axes will be 

x = x' cos 2irLt - y' sin 2tt Lt, y = x' sin 2 jt Lt + y' cos 2-rrLt. ’ 

Substituting equation (48) in (49), we have 

x — C cos [2ir(v + L)t + 5] + D cos [2 ir(? — L)t + «], ( '»<• 4 

y = C sin [2t(v + L)t +6] — D sin [2ir(v — L)t -\~ «], 

where C, 6 , D, and e are found from the defining equations, 

2 Ce u = Ae~ ia 4- Be ^ 2 2De~ u = Ae™ + Be ^ +f> \ 

Since the axes are right-handed, the vibration with frequency { v {* 

{ v ■— t, 

■ [ right-handed 

represents a | i^^anded ] circularly polarized wave when the observe* 

looks along H. Seen from a position in their equatorial plane, Mur-***,, 
waves appear plane polarized and give rise to the s-components of 1 1 %«.. 
triplet. 

In the absence of the field, the resultant ampfitudes of each spoctr**j 
line parallel to the x-, y- t and z-axes are equal. From this ^ 
and the above equations we find that the Zeeman pattern as a wh**!^ 
should show no polarization. Experimentally, this is true in many 
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although exceptions are known, and have been studied by Wiechert 
and his colleagues. 1 The theory outlined here was considered a striking 
triumph since it yields a complete explanation of the normal triplet. 
Its defect is that it predicts normal triplets for every atom, since x, y , 
and z can be regarded as the coordinates of the electric “ center of gravity' 7 
when there are several electrons, in complete disagreement with the 
existence of so-called “ anomalous 77 Zeeman effects in which more 
complex patterns are observed (Chap. X, Sec. 8). This is a defect 
of the model used, and not of electrodynamic theory. We can see this 
from the fact that Voigt arrived at an interpretation of the Zeeman 
pattern of the D-lines of sodium by the use of coupling forces depending 
on the velocities of the electrons. 

11. QUANTUM THEORY OF THE ZEEMAN EFFECT OF HYDROGEN 

In quantum theory, the splitting of a spectrum line into several 
components must be traced to changes in the allowed energy values of 
the emitter. The energy levels of hydrogenic atoms in the presence of a 
magnetic field were obtained independently by Debye 2 and Sommerfeld. 3 
In agreement with experiment, the result is the normal triplet. This 
is a lucky coincidence, for the same result is obtained when the electron 
spin is taken into account. Such is not the case in non-hydrogenic 
atoms, where the spin must be considered in order to get correct results. 
However, we shall give here a theory which applies to any atom, neglect- 
ing the electronic magnetic moment. Let r, 0, <p, be the polar coordinates 
of an electron in a resting frame of reference and r, 0, x> its coordinates 
in a frame which turns around the axis 0 = 0 (the direction of the field 
H) with angular velocity 2 ttL. When the field is zero, the kinetic energy 
of the system is given by 

2Tq = 2m(r 2 + r 2 0 2 + r 2 sin 2 0 <£> 2 ), (51) 

where the summation extends over all the electrons. 

If we replace <p by x > this becomes the kinetic energy measured in the 
rotating system when the field is H. The kinetic energy referred to 
the resting system T H is still given by the function on the right side of 
equation (51), but the value of <p is changed. In fact, <pi = + 27 rL, and 

2 Th = Sm(r 2 + r 2 0 2 + r 2 sin 2 0 x 2 + 2r 2 sin 2 0 x • 2tL + 

r 2 sin 2 0 ... 47 r 2 L 2 ). (52) 

Neglecting the term in L 2 , this shows that 

A Tn = Th “ To = 2 t rLp x . (53) 

1 See Summary in Graetz* “Handbuch d. Elek. und. Mag. 77 
8 Physik. Z., 17, 491 (1916) 

® Physik. Z., 17, 507 (1916) 
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For an observer in the rotating system, the space quantization of Sec. 9 
will be valid and if j denotes the inner quantum number, 


p x = — j ^ m S j, m = 0 excluded. 


(54) 


The level m = 0 does not occur for dynamical reasons (Compare 
Sec. 13). The potential energy depends only on the distances between 
the particles and is the same in both systems of coordinates, so that the 
change of the total energy is equal to AT H ; 

% A E = mhL. (55) 

Consider two stationary states, with energies E% and Ef in the absence 
of the field, which combine to give a spectral line 

hv = Ei — Ef. 

The frequencies emitted in the presence of the field will be 
h(v + Air) = Ei + A Ei - E f - A E*. 

Therefore, 

A^ = (ym — m/)L. (56) 

(Often the symbols o/2tt or Av n are used in place of L; the subscript n 
indicates that Av n is the value of Av appropriate for the normal triplet.) 
This equation predicts lines which lie symmetrically on either side of the 
original line, at intervals of the magnitude L. Thus, if the greatest 
values of \mi\ and \m f \ are ji and j f , we should expect 
lines at the positions, 

0 , ± 1 , ± 2 , • , • ± (ji+jf), 

times L, with the origin at the position of the field-free 
line. In general, each line could arise from several 
transitions. As a matter of fact, only the normal 
triplet is observed. 

Aside from very small oscillations in magnitude 
and direction occurring with the orbital frequency of 
the electron, the vector j precesses uniformly around. 
H with frequency L; to the same approximation, its 
component along the field is constant, as shown in. 
Fig. 14. It must be noted that the quantum con- 
ditions of Sec. 4 are applied in the rotating coordi- 
nates. However, it is customary to refer to the angular 
momentum vector and its ^-component in the resting coordinates as m and 
j, though they are neither quantized, constant, nor identical with the m 
and j used in the paragraphs on space quantization. This is iustifiable 
to a high degree of approximation. 

The fact that only the components 0, ±1 exist is due to the action 
of a selection principle. Considerations of the angular momentum lost 


J* 






Fig. 14. — Vector 
diagram for hydrogen 
atom in a uniform 
magnetic field. 
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in the radiation process cannot be applied here, because conservation 
of angular momentum holds true only for the system composed of the 
atom and the apparatus producing the field. The correspondence 
principle yields a definite result. The reader may refer to Chap. VI, 
Sec. 6 for an exposition of the basis for the following remarks. To 
derive the selection principle for m, we note that the ^-component of the 
electric moment contains only the original frequencies of the motion. 
The coefficient of 2rLt in the Fourier series for the 2 -component is zero, 
so that the corresponding quantum number m must remain unaltered 
in any transitions giving light polarized with the electric vector parallel 
to H. But 27 rLt appears in the series for x and y with the coefficients 
+ 1 and — 1, so m must change by ± 1 in transitions giving light with the 
electric vector perpendicular to H, that is, 

Am = 0 for p-components , ± 1 for s-components } 

and we have the Lorentz triplet. The circular polarization of the waves 
giving the 5-components is concluded from the amplitudes and phases 
of the corresponding terms in 
equation (50). In very strong 
fields, this selection principle is 
violated, and components appear 
at ±2, and + 3. 1 This was pointed 
out by Bohr, who detected the 
additional components in photo- 
graphs published by Paschen and 
Back, and is explained as due to 
the increasing importance of terms 
in L 2 , for L is proportional to H. 

The physical significance of our 
results will be clear from Fig. 15, 
which shows the Zeeman splitting 
of the levels 33 and 2% of hydrogen. 

At the left are the field-free levels. 

The allowed orientations of j in the Fig * 15“Magnetio energy levels of hydrogen, 
field are shown in the center and the corresponding energies on the right, 
as given by equation (55). The selection rule allows only the transitions 
Am = + 1 or 0 as indicated by arrows. 

12. THE STARK EFFECT 

It is rather surprising that the influence of an electric field on spectral 
lines was discovered many years after the Zeeman effect, for the shifts 
of wave length which can be produced with usual laboratory facilities 
are large compared with those due to the strongest magnetic fields; 

1 Paschen and Back, Ann. Physik, 39, 897 (1912), and 40, 960 (1913). 
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In 1913, Stark 1 demonstrated that in a field of the order of 100,000 volts 
per centimeter the hydrogen Balm'er lines observed transverse to the 
field are split into a number of linearly polarized components. The 
difficulty which had thwarted previous attempts was twofold: First, 
the Stark effect is much smaller in non-hydrogenic atoms than for hydro- 
gen; and second, it is difficult to increase the potential gradient in the 
ordinary discharge tube because any attempt to raise the applied potential 
simply increases the. ionization and decreases the resistance of the tube- 
Stark overcame this trouble by placing an auxiliary electrode E close 
behind the cathode C, which is perforated, as shown in Fig. 16. Then, 
due to the fact that this electrode is inside the cathode dark space, no 
discharge takes place in EC . Positive ions are accelerated toward C 
and some will pick up electrons on the way, forming neutral H atoms - 
The fast atoms (and ions also) which pass through the perforations 
and emit light in EC are called “ canal rays.” Soon after Stark's dis- 



covery, Lo Surdo 2 found that the faint light emitted in the cathode 
dark space also shows the effects described above. For descriptions 
of experimental details and for an account of the Stark effect in non- 
hydrogenic atoms, we refer the reader to Chap. XI. Here we shall 
calculate the energy levels of the H atom in a uniform electric field 
and the orbits of its electron. The field is supposed so strong that the 
modifications due to relativity and electron spin may be neglected. 
(The energy levels in a weak field are discussed in Sec. 15 .) The sblution 
of this problem was obtained independently by Schwarzschild 3 and 
Epstein 4 in 1916 and was a real triumph for the quantum theory because 
classical theory was powerless to attack the problem. Suppose the 
field is directed along the positive Z- axis. Then, the potential energy 
of a positive charge e may be taken as ~eFz, and that of an electron will 
be eFz. To solve the problem, we use the Hamilton- Jacobi equation. 
This is not separable in polar or Cartesian coordinates, but becomes 

l Berl, Sitzungsberichte (1913), Ann. Physik, 43, 965, 983 (1914). 

2 Accad. deiLincei, 23 (1914). 

3 Berl. Sitzungsberichte, April (1916), 

* Ann, Physik, 50, 489 (1916), 
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so in parabolic coordinates, £, tj, <p, which are defined by the relations 
x = S’? cos <p, y = sin <p, z = (57) 

from which we see that <p is the polar angle in the xy plane. If we write 
P 2 = x 2 + y 2 , r 2 = x 2 + y 2 + z 2 , 

we have 

p 2 = £V, | 2 = r + z, r,* = r - z, r = (58) 

The coordinate surfaces £ = constant and y — constant are paraboloids 
of revolution. Figure 17 shows the parabolas in which they intersect 
the yz plane, having the equations 

y 2 = —2 e(z - y* = 2^2 + (59) 





The origin is the focus of all these curves; the segment of the y - axis 
intercepted between the two branches is the latus rectum; for the first 
family it is 2£ 2 and for the second 2rj 2 , This property helps us to visualize 
the positions of these curves. The curve y = 0 is the positive 2-axis 
(twice covered), while £ = 0 is the negative 2-axis. As £ and y increase, 
the parabolas become wider, with vertices farther from the origin. To 
find the expression for the element of arc, it is convenient to consider 
its familiar value in cylindrical coordinates, 

ds 2 = dp 2 + P 2 <V + dz 2 , 
whence, by equation (58), 

ds 2 = (£ 2 + y 2 ){d? + dy 2 ) + £Vd<* 2 , 


( 60 ) 
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and the kinetic energy is 

T = (j )[(£ 2 + n 2 )(k 2 + v 2 ) + fVtfl. (61) 

From this we find the momenta, 

Pi = m 0 (£ 2 + rj 2 )£, p„ = m 0 (| 2 + p v = (62) 

Thus, is the component of angular momentum around 02 . The 
significance of pj, p, is not simple; but they may be rewritten as 


T T 

Pi = m 0 (r + z) -> p„ = m 0 (r — z) — 

c 


When T is expressed in terms of the 
1 


v 

p’s, we get for the energy function 
2 


2m a J + r, 2 ) + (£ + fa 

Ze 2 IP 2 — v 2 ) 

wiy) + eF ± -r a = K < 63 > 


Since <p does not appear in this, we see from the canonical equation, 
dpcp/dt = dH /dip, that p is constant. Multiplying equation (63) 
by 2 m 0 (§ 2 + 17 2 ), we get 

P £ 2 + Pu 2 + (£“ 2 + v~ 2 )p<p 2 — 4:moZe 2 + m 0 eF(^ — r / 4 ) — 


which is separable. 

2m 0 (£ 2 + rj 2 )E = 0, 

(63a) 

We can write 

Vi 2 

= 2 m Q E£ 2 + 2ai — ~ — m 0 eF£ 4 , 

(64a) 

Vr? 

“ ZmoEr) 2 + 2oi 2 — —■ + moeFrj*, 

(645) 

where 


* 

ai + a 2 = 2 m 0 Ze 2 . 

(65) 

Then the quantized orbits are picked out by applying the conditions 


= nji, ^p v drj = n 2 h, (pp^dp = mh, 

whence we have 


To obtain the range of integration for the other two integrals we note 
tfiat p f (or p„) is the square root of a rational function of £(or 77 ). Since 
the p’s must be real, the limits of variation of £ and v will lie at the points 
where the values of Pi 2 and p „ 2 are changing from plus to minus, that 

l When F is zero ’ the session on 

e nght of equation (64a) becomes quadratic after multiplication 
by | , and therefore gives us two limiting values of f 2 . On taking the 
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square root, we have 4 limiting values of £, but the negative ones have 
no physical meaning, so we restrict oiir attention to the positive roots. 
When F is not zero, there is a third root of the equation which is very 
large and which does not concern us when dealing with values of F 
obtainable in the laboratory. We are interested only in the two roots, 
?ma X and £ min , which correspond to the pair existing when F = 0. These 
considerations show that the orbit is restricted to an annular space 
bounded by the surfaces £ = £.*», £ = S™*; v = i?mm, v = w. 

If we substitute £ 2 = x or rj 2 = x both integrals reduce to the form 


nh = (A + £ + B x y dx, (66) 

where in the integral for £, 

A = 2 m 0 E, B = 0 Li } C = — p^ 2 , 15 = —nioeF, (67) 

and in the integral for rj, 

A — 2m 0 E , B = a 2 , C = —p? 2 , D — +m 0 eF. (67a) 

Evaluating these integrals, we have two equations containing i?, on, and 
o: 2 . Using equation (65), we eliminate the a ; s and obtain 


E = — 


27 r 2 m 0 e 4 Z 2 

n 2 A 2 


- ni> - 


( 68 ) 


where the total quantum number n, is given by 


n = wi + n 2 + m. (69) 

States for which m takes a specified value —a have the same energy 
as those for which m = -fa. Therefore, we restrict m to positive 
values in this formula. 

A term in the energy proportional to F 2 has been computed by 
Epstein, and gives rise to effects* which have been observed at very high 
fields by Takamine and Kokubu. 


The details of obtaining equation (68) are as follows: 

Integral 66 is evaluated in Appendix II by expanding the integrand in powers of the 
small quantity D. The result is 


2 nh = ~ 2 ^° h - ba ^ + ($)(? - c } 


( 666 ) 


Since the term containing D gives the Stark effect it is small compared with the first 
two terms. Without appreciable error we may use an approximate value of B*/A in 
this term. To get this we drop the terms in D and solve the resulting equation, 
obtaining 

B> 




2 
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Putting this in the last term of equation (666), and solving for B , we have an equation 
giving B in terms of A, C r and D. It represents two equations, in which B and D take 
the values given in equations (67) and (67a), respectively, while n takes the values n± 
and n 2 , respectively. Writing down these two equations and adding them we have 

2 m oZe * = A*(2C* - + (^)(§ ( ^~ ^ + ~ * l)M ^ ) 

Now, we put 
the terms in F : 


We use this value in the correction term in equation (666). Writing n\ n 2 ~\r m = n, 
we calculate a new value of A, and then, by equation (67), we arrive at the energy 
equation (68). 

13. ENERGY LEVELS, SELECTION PRINCIPLES, AND POLARIZATION RULES 
IN THE STARK EFFECT 

As mentioned before, Stark and Lo Surdo found that in the electric 
field each Balmer line is split into a number of components. When 
the fine of vision is transverse to the field, all components are linearly 
polarized. For some components, the electric vector vibrates per- 
pendicular to the field (s-components), and for others, parallel to it 
(p-components). Observing longitudinally, only the s-components 
appear, and these are unpolarized. These facts are fully explained 
by ideas similar to those in Secs. 7 and 8. The application of the field 
does not alter the angular momentum component of the electron around 
the ^-axis, p although the two components at right angles to it are 
continually changing, for the force on the electron is parallel to the 
2 -axis. If we suppose the atom replaced by a harmonic oscillator 
radiating the actual emission frequency, having amplitudes a, 6, and c 
parallel to the x-, y-, and 2 -axes then ’the 2-component of the impulse 
moment of the radiated quantum will be 

P = f-\ 2a b si 5> “ 0) 

2 \2tt J 2 6 a 2 + b 2 +7 2 

a. and (5 are the phases of the x- and ^-components of the electric moment. 
This must be equal to the change of p v , namely hAm/2*, and by reasoning 
like that leading to equation (42) we arrive at the following possible 
cases: 

1. Am = +1, a = b, c = 0, and sin(a — 0) = +1. 

This corresponds to circularly polarized light with axis parallel to OZ . 
Observed at right angles to the lines of force, such waves appear linearly 
polarized with electric vector perpendicular to OZ, and give rise to the 
s-components. In the longitudinal Stark effect these components are 
unpolanzed, for there is no preferred direction of rotation around the 
lines of force, For each atom yielding a certain frequency there will 


—mhi/27r, and calculate an approximate value of A, neglecting 


A - — 


47 r 2 m 0 2 Z 2 e 4 
h 2 (ni -f- ns + m ) 2 
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be another yielding the same frequency which is the mirror image of the 
first in a plane parallel to the force-lines. 

2. Am = 0; a or 6 or sin(a — p) must be zero. There is no preferred 
direction in a plane perpendicular to the lines of force. Therefore, 
there is no reason why sin (a — p) should be zero, and no reason why 
a should be zero while 6 is finite, or vice versa. The only way to avoid 
giving preference to some one direction is to make a = b = 0. Then 
we have only a linear oscillation parallel to OZ which gives rise to the 
p-components in the transverse Stark effect, and is not observed in the 
longitudinal effect. Summarizing, the selection principle for the equa- 
torial number m states that Am = + 1 or 0 ; transitions in which Am = i 1 
yield s-components ; those in which Am ~ 0 yield p-components. 

By the energy equation (68), the Balmer energy level having a given 
total quantum number n is split by the field into a number of neighboring 
levels characterized by different values of n x , n 2 , and m . The wave- 
number interval between one of these levels and the Balmer level is 



If F is in volts/cm., this has the value 

Av = 6.45 • 10^(^jn{n 2 — n x ). (71) 

Let us consider the possible values of n 1} n 2 , and m for a given n. The 
value m — 0 is excluded. It corresponds to an orbit located entirely 
in a plane through the nucleus, parallel to the lines of force. The 
limits of its motion are determined by finding the roots of equations 
(64a) and (646) after putting p ^ = 0. The minimum values of £ and rj 
are zero, and this means that the orbit will cross the negative and positive 
z-axes. The region swept over by the orbit is contained between two 
parabolas rj = rj m(LX and £ = £max- It can be proved 1 that if the system 
is not degenerate, the electron will eventually pass indefinitely close 
to any point of this domain, and so it must approach arbitrarily close to 
the nucleus. For this reason, such orbits are considered impossible 
and are excluded from further consideration. It follows that %i and 
n< * can take values from 0 to n — m inclusive, subject to the condition 
n i + n 2 + m = n. For each positive value of n 2 — n x in equation (71), 
there is a negative value, equal in magnitude, which means that the 
displaced terms are disposed symmetrically about the original term, 
and thus the pattern of displaced lines is symmetrical about the original 
line. We illustrate this by listing the possible combinations of n h n 2 , 
and m, together with the corresponding values of n(n 2 — n\) for the 
initial and final orbits of Ha. 

1 Born, <^ AtoInmechamk/ , p. 342, 
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Figure 18 illustrates the facts presented in the table. The displacements 
of the lines emitted from the field-free Balmer line are obtained from the 
formula, 

A * = 6.45 • 10~ 5 ^^[n/(n 2 / - n u ) — n,-(n 2i — ?»«)], (72) 


derived from equation (71). The sub- 
scripts i anf / refer to the initial and 
final quantum states. Figure 19 shows P 
the parallel and perpendicular com- 
ponents of the first four lines in the 
Balmer series. Lines which were 5 
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Fig. 18. — Energy diagram: Stark effect of Ha. 
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Fig. 19. — Components of Ha, Bp and 
Hy in an electric field. 


observed by Stark are drawn in full, while additional components 
predicted by the theory are shown by question marks. Intensities 
are indicated roughly by the heights of the lines. Photographs of the 
Stark effect of Hy, obtained with a Lo Surdo tube , 1 are presented in 
KT? 0 ' T are re P* oduced from P lates kindly placed at our disposal 

^ I S ' , T e se P aration of the lines is due to the increase 

m field strength as the surface of the cathode is approached. To give 
1 Phys. Rev., 23, 667 (1924). & 
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an idea of the scale of these patterns, it may be stated that the strong 
outer parallel components of Ry are displaced by 0.23 A and 0.19 A, 
respectively, when the field strength is increased 1 kilovolt per centimeter. 
At 38 kilovolts per centimeter, the total spread of the parallel pattern 
in Fig.‘ 20 is more than 17 A. Foster found that the displacements are 
rigorously proportional to field strength up to this value, in agreement 
with theory. 

The agreement between theory and experiment in the Stark effect of 
hydrogen may be described as practically perfect and has been one 
of the strongest supports of Bohr’s postulates and the quantum 
conditions. 



(«) ( 6 ) 

F*g. 20. — Stark effect of Hy; a y p-components; b , a-components. ( After Foster.) 

14. THE MOTION OF THE ELECTRON IN THE STARK EFFECT 

In certain cases, the motion of the hydrogen electron in a strong 
electric field is very simple. If n x = n* = 0, then n =* m and the orbit 
is a circle perpendicular to the field. It lies upfield from the nucleus, 
and both the radius and the energy are changed only by quantities 
of the second order. In other cases, the motion is more complex. As we 
have mentioned, the orbit eventually fills up the ring-like space between 
two paraboloids of the ^-family and two of the ^-family. In a single 
circuit around the nucleus the orbit varies but little from a Kepler 
ellipse, but in the course of time the eccentricity of the orbit and its 
inclination to the lines of force will vary, and the orbital plane processes 
around the direction of the field. Methods of calculating the secular 
changes of the ellipse have been given by Bohr, 1 Lems, 2 and Klein.® 

1 “Quantum Theory of Line Spectra/ 7 Kopenha gen Academy (1918). 

2 Z. Physik, 24, 197 (1924). 

3 Z. Physik , 22, 109 (1924). The papers of Lenz and Klein discuss the more general 
case in which both an electric and magnetic field are present. ' 
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Referring to Fig. 21, B is the electrical center of the orbit. If tjie electron 
were permanently located at B , its potential energy in the external 
field would be equal to the average potential energy, taken with respect 
to time- over the unperturbed orbit. That is, if z is the 3-coordinkte 
of B ? then 

1 

eFz = - 

T 

T is the period of the undisturbed motion. The result is that 


I 


eFzdt. 


( 73 ) 


z 


Sea COS a 


2 


( 74 ) 


where € is the eccentricity of the ellipse, and a its semimajor axis, while 
a is the angle between OZ and the major axis. Thus, for reasons of 



symmetry, B lies on the major axis at a distance from the nucleus 
Since the average potential energy over a revolution of the electron is 
same for all its revolutions, I is constant, and the electrical center 
moves m a plane perpendicular to Z. As a matter of fact, the path 

having^re,™^ 1 ’*' WhiCl> “ tr “ !rSe ' W “ h SimPl6 h * ImM>10 m °‘ Ion - 

3 hF 

VF ~8^Ze n - ( 75 ) 

From tins we can obtain the energy change .caused by the field The 

ru “ k : i p “ — • ^ 

^ 


n f = m — m. 


( 76 ) 
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THE EFFECT OF ELECTRON SPIN 


16. THE STARK EFFECT IN WEAK FIELDS 

Up to this point, the precession frequency v F due to the electric 
field was supposed to be large in comparison with the frequency of the 
relativity precession. In the opposite case of a very weak field, Kramers 1 
showed that the formula for the energy change is 

<77 > 

n and k are the total and azimuthal numbers, while m is a quantum 
number measuring the component of angular momentum parallel to the 
field. At intermediate field strengths, the formula contains terms 
in both F and F 2 . The reason for the absence of a term proportional 
to F in equation (77) is easily explained. When the field is strong, it 
suppresses the relativity precession, and the electrical center of gravity 
li^s always on one side of the plane through the nucleus and perpen- 
dicular to the field (Fig. 21) ; but when the field is very weak, the relativity 
precession carries the electrical center first to one side of this plane and 
then to the other. The first-order term in the energy is first positive 
and then negative and its time average is zero, so that the quadratic 
term, equation (77), is the largest term in AE. 



16. THE EFFECT OF ELECTRON SPIN 
As stated in Chap. Ill, Sec. 19, the electron behaves to a high degree 
of approximation as though it possessed an intrinsic angular momentum 
h/4 7r and a magnetic moment of one Bohr magneton, Qi/2ir)(e/2mc)< 
Abraham 2 calculated the ratio of angular momentum and magnetic 
moment for a rigid spherical shell having a charge e uniformly distributed 
over its surface, obtaining the result e/mc, which agrees with the ratio 
of the quantities assigned above. Since the charge of the electron is — e } 
we have the vector equation 

* - -(£)•» < 7s > 
expressing the fact that the spin vector p s and the magnetic moment 
vector y are opposite in direction. Now the electron moves with velocity 
r through the electric field E of the nucleus. If it were uncharged, its 
velocity would not change in either amount or direction, and the electron- 
magnet y would behave as though it were subject to a magnetic field 



(79) 


where [vE] means the vector product of v and E. (See Appendix VIII; 
H 7 is analogous to the field E 7 = [vH]/ c which acts on a charge moving 

1 Z. Physik, 3, 199 (1920). The results of this paper are discussed in Van Vleck’s 
“B ulletin” and Pauli’s Handbuch article in considerable detail, 

1 Ann, Physik, 10, 105 (1903). 
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with velocity v through a magnetic field H.) However, the motion 
of the electron is not uniform and so the energy change is not obtained 
from equation (79). At first, this fact was overlooked and the energy 
change caused by the existence of y was calculated as follows: 

In the magnetic field H' the moment y will precess around the lines 
of force with angular velocity &/ = eH'/ me in accordance with an easily 
proved extension of Larmor’s theorem (Appendix VIII). Just as we 
found the change of energy A T H in equation (53), neglecting electron 
spin, so we prove that this precession gives rise to an instantaneous 
energy change 

AE' = (<■>' • p 8 ) = — (y • H')> (80) 

where (o>' • p s ) stands for the scalar product of o' and p s . The pre- 
cession will not be uniform because H' varies as the electron traverses 
an elliptic orbit. We shall assume that it follows the change of H' 
without appreciable lag. 

The procedure is nearly the same when the non-uniform motion of the 
electron is taken into account. We shall see in Sec. 18 that the velocity 

of precession of the spin vector, as seen by an observer at rest with respect 
to the nucleus, is 

eH' 

W 2 me (&1) 


which is just one-half the value used above, and 
replaced by 


AE = ( w .p s)== 

A 


so equation (80) is 
(82) 



Fig. 22. Motion of the spinning 
electron. 


In Chap. VI, Sec. 10, it is proved that 
the presence of a small perturbing term 
AE gives rise to a change A. E of the 
total energy, where AE is the time 
average of AE, taken over the unper- 
twbed orbit; so we proceed to calculate 

AE. Since the components of the elec- 
tric vector are * 


E x = -EB, e - - Zey p Zez 
r s ,Ji v- ^r’E,-- — , 

the vector itself may be written 

e = -Zb, 

r 3 

and 



( 83 ) 

( 84 ) 
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but m[rv] is the angular momentum vector p k associated with the revolu- 
tion o f the electron around the nucleus, and is directed perpendicular 
to the plane of the orbit, as shown in Fig. 22, so 

H '“(ss>‘- ■ (85) 

Putting the values of equations (81) and (85) into equation (82), we have 

Ze 2 


AE = 


3(ps ■ Pk). 


2 • m 2 c 2 r 3 ^ 

Now p a = sh/ 2m, where s = ±%- p k = kh/ 2 t; and so 

skh 2 cos 0 


(Ps-Pk) = 


4x 2 


(82a) 


( 86 ) 


where 0 is the angle between p s and p k . As a matter of fact, p s is space 
quantized in the field H', and 0 = 0° or 180°, so that the total angular 
momentum of the atom is 

j h _ (k ± s )h 

r 9/tp 

and 

Therefore, by equation (82a), 


2ir 2x 

3 = k ± K- 
Zehkh\ 


(87) 


A E = 


;(±> 


8*7 r 2 m 2 c 2 

For a Keplerian ellipse of semiminor axis b , 

I 1 


and by equation (22), 
so finally, 


J. 

6 3 


r 3 6 3 
/ 4cT 2 Ze 2 m\ z 


\ nkh 2 


ny 


(88) 


A E = Rhca 2 Z* 


n 3 k 2 


Adding this to the relativity correction of equation (36), the correction 
of the energy value due to both relativity and electron spin is found to be 


A E(n, k, s ) = 


Rhca*Z 4 /3 

\4 


n sn 

k + ¥ 2 


o- 


(89) 


It is understood that s is positive if p„ and p k have the same direction. 
The alteration of the spectral term is 

\ f V(nn 7 \ Roi 2 Z A ( 71 3 S7l\ 

AT(n,k,s) -j -p). (90) 

As emphasized in the preceding sections and in the sections on X-ray 
spectra, the first two terms of equation (90) are in good agreement with 
experiment, so there does not appear to be room for the existence of the 



160 HYDROGENIC ATOMS AND THEIR SPECTRA [Chap. V 

term m/k 2 , which splits each relativistic level into two levels, corre- 
sponding to the values s = ±}^. 


17. MODIFICATIONS OF THE ENERGY FORMULA CAUSED BY THE NEW 

MECHANICS 

Preparatory to the removal of this difficulty, it will be convenient to 
rewrite the last term of equation (90) in a more general form. Let us 
suppose for the instant that 6 is not zero or r. Then in accord with 
principles established in Chap. X, Sec. 14, the vectors p k and p s will 
precess around their resultant, which will have only certain quantized 
values. Calling the resultant j h/2w } we see that 

j 2 = k 2 + s 2 -f 2ks cos 6 , 

and 


r 

cos 6 = — 


2 ks 


(91) 


I/O 

Using this value in equation (86), the result is that the last term of 
equation (90) is changed to 

_ Ra 2 Z*(j 2 — k 2 — s 2 ) 

2 n s k 8 C®2) 

Heisenberg and Jordan 1 and also Richter 2 showed by the new mechanics 
that equation (90) must be replaced by 3 


A T = 


Ro?Z i {_ 3 

4 + 


n 4 


r 


n 


i + M 

vMii. + 1) - id + 1) - s( s + di \ .. .. 
W+ H)d + i) / (93 > 

The number n takes the same values as before, but Z = k - 1 and takes 
values from 0 to » - 1 include; the definition of is now'tTvectr 

eauation m) t ' ' i a u’ j = ! ± IU = °> the third term to 
equation (93) a replaced by -n/2(Z + y 2 ). The levels predicted by 

equation (93) are identical with those obtained from the relativity 

“ « “ -»■ 

is replaced bv k ° n a r ® latmty correction term in which k 

is replaced by k - gives results in agreement with exneriment * 

fact which is essential for the interpretation of both X-ray and optical 

spectra. As an example, we may compute the displacements of the 

Thfti eTels , w ^ n ” - 2 ' **—»• “■- 

BaZ/n. The terms of Sommerfeld's theory are given by the values 


of 


n 


4 Tutting k 1 and k - 2, these terms he at the positions 

^ and y, measuring down from the position of the Balmer term in 
the nnergy diagram, Fig. 23. The following table show, how the e 

Z. Physik , 37, 263 (1926). 

I Rev ‘\ 28 > 849 (1926); Proc. Nat Acad. Sci., 13, 476 (1927) 

* Here « is always taken positive. U '• 



161 


Sec. 17] MODIFICATIONS OF THE ENERGY FORMULA 


same terms arise from the combination of the relativity correction 
7b 3 

^ ^ and the spin correction, while the second and third columns 

of Fig. 23 also show their origin: 


1 

n 3 

S 


Spin 

Total 

£ 4* l A, 4 

j ■ 

correction 

correction 

1 

k 2 

7 +x 

H 

-M 
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l -X 

x 

+ M 2 

H 
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13 A 

X 

X 

— 2 
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Fig. 23.— Effect of relativity and electron spin on the terms of hydrogen. 


We spe that the term % arises from two combinations of quantum 
numbers. In the case of X-ray spectra, the effect of the other electrons 
in the atom is to separate these two coincident terms, beoause of the 
different shapes of the orbits involved, a matter which is discussed in 
detail in Chap. VIII. 

For a considerable time the riddle which is solved in this section caused? 
great confusion. One set of facts seemed to point conclusively to the 
relativistic origin of the hydrogen and helium fine structures and their 
analogues in the X-ray region. Evidence drawn from the spectra of 
non-hydrogenic atoms indicated just as strongly that these phenomena 
originated from the presence of a magnetic moment within the atom. 
The combination of the two explanations, using quantum numbers 
which apparently take half-integral values, seemed artificial until the new 
mechanics demonstrated the validity of the procedure. 
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18. THE PRECESSION OF THE SPINNING ELECTRON 

In this section we' prove that the angular velocity with which the spin vector 
precesses as seen by an observer at rest with respect to the nucleus is given by equation 
(81). This proof is not needed for the understanding of what follows, and it may be 
passed over if the reader desires. Frenkel 1 and Thomas 2 proved equation (81) inde- 
pendently. We shall give a treatment like that of Thomas, but much simplified. 
Let x, y , z , t be coordinates and time in a frame of reference R in which the nucleus is 
at rest, and in which the electron is momentarily at the origin, while xo y yo, z 0y and tfoare 
measured in a frame 0 which moves with the instantaneous velocity of the electron at 
zero time, measured in R. For simplicity, we take z perpendicular to the orbital 
plane, and both x and x Q parallel to the velocity vector v 0 (Fig. 24). We pass from R 
to 0 by a Lorentz transformation, 

Xo = k Q (x - Vo t), 2/0 = y, Zo - Zj to - k 0 (t 


where 


xv 0 \ 


(94) 


-(*-« 




(95) 


Z 

(FrameR) 


Z\ (Frame o) Zj \ (Frame I ) 



Electron crF 


Electron af time F-0 inR 


time At' in R 


Fig. 24.- — Coordinate systems for study of electron spin. 

Similarly, let x Xy y x , z i, h be measured in a system I in which the electron is instan- 
taneously at rest at the origin at time At measured in R. As before, the axis x x is 
parallel to x. The relative velocity of the two systems is given by 

vi = vo + iAt (96) 

where f is the acceleration of the electron, and since v x is not parallel to the and 
£i-axes, the formulas for Lorentz transformation from R to / are more complicated. 
In R let the coordinates of the electron be a Xy a Vy a ty and let r and r x be vectors with 
the components x , y } z and x i} y lf z h respectively. Then the transformation 8 is 


ri = r - a + (fci — 1) 


(j£ ~ a} • vO. 


i\ — h\ ] t — At — 


({r - a] 


vE 

•Vi) 


Vi — kiVift — At) 


(97) 


By eliminating x, y y z, t f between equations (94) and (97) we obtain the formulas 
of transformation from 0 to L The result is this: I can be obtained from 0 by apply- 
ing two transformations in succession: first, a rotation around the 2 -axis through an 
angle 

(fco - l)[vodv 0 ] 

V ’ (98 > 

1 Z. Physik, 37, 243 (1926). 

2 Phil. Mag., 3, 1 (1926). 


8 Madelung, Math, Hilfsmittel des Physikers, 1st ed., p. 209. 
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where dv 0 
velocity 


fodio, and second, a Lorentz transformation characterized by the vector 


fco dv o + fcoffco - 1) 

Vo 


(99) 


The second does not concern us. In the first, the vector product of v () and dv Q has 
the value [vof Q ]dt and ko — 1 ^ y 0 2 /2 c 2 , so equation (98) takes the form [v 0 U]dt/2c 2 . 
Therefore, an observer in R believes that the axes of 0 and I are parallel to his own, 
but an observer in 0 is equally sure that the a>axis of I makes an angle with his own 
rr-axis. TSis result of relativity kinematics cannot be understood in terms of our 
usual ideas of space and time except with the aid of specially constructed hypotheses 
like the Fitzgerald contraction. 

Suppose for the sake of generality that the atom is exposed to an external magnetic 
field H parallel to the z-axis, and let E 0 and H 0 be the electric and magnetic field 
strengths as measured in the system 0. To a first approximation, 


mio = — eE 0 

and the rate of precession of the spin vector s is 

eH 0 


( 100 ) 

( 101 ) 


when measured in 0. Suppose that the projection of s on the xoyo plane is directed 
along xo. For the “ resting” observer it will be along x. After time dt, an observer 
in I will find by equations (101) and (98), that the projection of s has rotated through 
an angle 


dA — wo dt 



( 102 ) 


(aside from negligible quantities introduced by the Lorentz transformation of the 
time). The resting observer will conclude, applying the transformation (97) in the 
reverse direction, that s has rotated an amount dA with respect to R. Now dA, is 
expressed in terms of the field strengths Eo and Ho- We proceed to express it in terms 
of E and H, as measured in R. To a sufficient approximation, the transformation 
equations are 

Eo = h (e + ^3), Ho = 7co (h - E— !)! (103) 


in accord with the explanation given in Appendix VIII. 
(101), and (103), we obtain 

dt me [ 1 k 0 c J me { 


Using equations (100), 



(104) 


The first term gives the Larmor precession of the electron in an external field H. If 
H = 0, |dA/eft| reduces to the value w of equation (81). 

, In conclusion, we must point out that Dirac 1 has developed a more general theory 
of the electron. According to his conceptions it behaves like a spinning body only 
under certain simple circumstances. However, this does not affect any of the appli- 
cations we shall make. 


19. REVISED SELECTION PRINCIPLES FOR HYDROGEN 
In Sec. 7, we stated that the selection principles for a hydrogenic 
atom are Aj = ±1 or 0; Afc = ±1. The introduction of the spinning 
electron makes it necessary to distinguish between k and j 7 and therefore 
new components are predicted in the fine structure of hydrogen and 
'Proc. Roy , SoQ n 117, 610 and 118, 351 (1928). 
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ionized helium lines. Eyen before the advent of the spinning electron 
this revision was suggested by Slater 1 and by Sommerf eld and Unsold, 2 
independently. 

As an illustration, we shall consider the fine structures predicted 
for Ha by the two theories. Let us compare Fig. 9 with a similar energy 
diagram constructed in the same way as Fig. 23 with the aid of both 
relativity and spin corrections. This diagram is shown in^ Fig, 25. 
Levels which correspond to two configurations of the atom are shown 
slightly separated for the sake of ease in listing the various possible 
transitions, although they are actually coincident. Three quantum 
numbers n, l, and j (or s) are now required to determine a quantum state, 
and the values of these numbers are shown on the right of each level, 
In discussing X-ray levels it is convenient to use the symbol n* Xl ** 
where ki is identical with the azimuthal number k. These symbols are 



Fig. 25. Fine structure of Ha on the spinning electron theory. 


also shown in the diagram. The transitions allowed by both selection 

ZTZZofZ* iy fu ," Iines while ™ 

on^e or both of the principles are indicated by dotted lines. Whereas 
t- ITno T ™ the azimuthal number 

The relative inteuS^T 

« uoT^aTr *7“ ““ PW oa the a We 

, “ ‘ ‘7*'°° “> comI> " e ( »« predictions with experiment. 

l Proc. Nat. Acad. Set 11 , 732 (1925), 

8 Z, Physik, 36, 259 and 38, 237 
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Only one of the new components, namely, 3, 1, Y 2, 0, is far enough 
from its nearest neighbor to give us hope of detecting it. As a matter of 
fact, experiments which are not inconsistent with the existence of this 
component have been made by Hansen, 1 Kent, Taylor and Pearson, 2 and 
W. V. Houston. 3 The results of Kent and his colleagues will be discussed 
here. Density measurements of plates showing the H a doublet were 
made with the aid of a microphotometer. One of the curves showing 
density as a function of wave length is reproduced in Fig. 26, with 
wave lengths increasing toward the right. The amplitude of the 
original microphotometer curve for the peak of shorter wave length 
was about 15 cm. The asymmetry of the shorter component is attributed 
to the existence of the faint line at c', predicted by the spinning electron 
theory. Houston’s curves are similar. 



Fig. 26. — Microphotometer curves showing structure of Ha. ( After Kent.) 

The new theory predicts additional components, of other Dalmer 
lines. On the basis of the older selection principle we should expect 
each Balmer line to consist of three components, corresponding to the 
changes 3-^2, 1 2, and 2 — » 1 of the azimuthal number k. ' The 

separation between the first two components should be very small 
compared with their distance from the third, and should approach zero 
as we pass to higher series members, because the spread of the n-quantum 
terms decreases as n grows larger. All the lines should appear as doublets 
with separations which approach 0.365 cm. -1 for the higher series mem- 
bers. The changes predicted by the me w theory are not so prominent 
as in the case of Ho:. Kent, Taylor, and Pearson have obtained density 
curves for Up and Hy. In the case of H/3, these f&vor the new theory 

1 Ann. Physik , 78 , 558" (1925), 

2 Phys . Rev., 30, 266 (1927), 

3 Astrophys. J. 64, 81 (1926) j R hys . Rev., 30, 608 (1927), 
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but the data for Hy do not permit any definite conclusions. The slight 
increase in width on the wave number scale as we pass to higher series 
members is borne out by the data. 

The measurement of these small doublet differences is beset with many sources 
of error which have been successively discovered and eliminated by a number of 
careful investigators. Kent and his colleagues give references to the older literature. 
To show the status of the Subject, we list the results of five recent investigations, giving 
the separations in milli-Angstroms. Below, the mean values of the separations are 
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xvxux. evidence m tavor of the new selection principles can 

be obtained [from the lines of ionized helium, as Slater pointed out 

r C ■“*•)■ R f® rnn S 1° Fi S- n> we may note the following alterations: 
On the new theory, 16, II C and Hid are allowed, though previously 

ttt 611 ' In fact IIc and IIId can eacb arise in two ways 116 lid 
mL nf% e r h t Ve tW ° possibilities of realization as against one before.’ 
Most of these changes are not amenable to test by the aid of Me 11 

PreSenCe 1 ° f U l d “ considerable strength is favorable to the new 

^33“- 3™ usly ' its presence ™ explaiBed by — * 

2°. SUGGESTED CORRECTIONS OF THE HYDROGEN ENERGY LEVELS 
ihe evidence m favor of equation (36) obtained from the H and 
He+-spectra, interpreted with the aid of the correct selection principles 
may be considered fairly conclusive. Various refinements and modi’ 
fications of equation (36) have been proposed, m alteration F 

SilLreteS S1 who a lbt enCi d y ° f nUCl6US WaS thorou 6 hl y discussed by 

wh«e *3*1 ; s't 

t0 S Q9i h 9) R &me by the theory - ** ^ Wfison* 

FhU Mag., 39 46 (1919); P T oc, Soy. foe,, A, 98 , 1 (1920) 

Mrophys. J., 66, 34 (1922), ^ ^ 
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suggested that the potential energy of the atom should be regarded as 
distributed through the space surrounding it, so that this energy (endowed 
with mass in the sense of the theory of relativity) will partake of the 
motion of the electron. This theory predicts shifts of the spectrum 
lines which are too large to escape detection, but which have not been 
observed. H. S. Allen 1 calculated the correction due to a nuclear 
magnetic moment for the case of circular orbits. His results were 
extended to elliptical orbits by Ruark. 2 The calculation unfortunately 
is in error, but a reconsideration of the question shows that the final 
result is of the correct order of magnitude. The conclusion drawn 
was that experiment decides against the existence of a nuclear moment 
as large as one Bohr magneton. This is in agreement with our present 
belief that the moment of the nucleus is ~m/Mn Bohr magnetons. In 
the same paper, effects due to a possible asphericity of the electron are 
discussed, and all the above corrections are shown to be in disagreement 
with experiment. 

There is a slight error in the relativistic quantization presented in 
Sec. 5. The motion of the nucleus is neglected, and cannot be taken 
into account by modifications similar to those used in the classical 
calculations, because in special relativity the theorems concerning the 
motion of the center of mass break down, and are replaced by equations 
which are so complicated as to be useless. Then too, retarded potentials 
and magnetic forces due to the translational motion of electron and 
nucleus have not been used in our derivations. All these defects were 
remedied by Darwin. 3 Schwarzschild 4 showed that the equations of 
motion of a charged particle in an electromagnetic field can be put in the 
Lagrangian form if we use for L an expression given in Appendix VIII. 
Darwin generalized this result for any number of particles, obtaining a 
Lagrangian function which is symmetrical in the coordinates and angles 
characteristic of each particle. He then applied this Lagrangian to the 
case of two bodies, and found that the term in parentheses in equation 
(36) should be modified to read 

n 3.1 Mm 
k 4 + 4 (M~+ m) 2 ' 

The last term is too small to detect in visible spectra, and in X-ray 
spectra other terms arise which mask its, effect. 
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p. 67. 
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CHAPTER VI 


GENERAL THEOREMS OF THE OLDER QUANTUM THEORY 


Most of the general theorems of the older quantum theory must 
be modified in the light of the new quantum mechanics, and it might 
seem that they are now of little value. However, they are often very 
useful in giving hints as to the solution of problems in the new mechanics, 
for Bohr’s theory is a first approximation to wave dynamics, and they 
form a necessary background for reading papers which appeared prior 
to 1925. Orbital models, both atomic and molecular, as treated by 
ordinary dynamics, give concrete mental pictures which are very valuable 
in thinking about atomic systems, though exact relations must be 
secured from mathematical formulas of quite another kind. A number 
of theorems based on the Bohr theory will be presented in this chapter. 


1. CLASSICAL THEORY OF LIGHT EMISSION 

We begin with a study of the light emitted by a conditionally periodic 
system (Chap. IV, Sec. 13) on the classical theory. As stated in Chap. 
, bee. 4, it is assumed that the emission frequencies are identical with 
ose occurring in the various terms of the Fourier series representing 
the coordinates of the charged particles in the atom. 

. As shown in Appendix VIII, electromagnetic theory requires that the 
instantaneous rate at which an accelerated charge radiates energy shall be 

-dE _ 2e 2 v 2 

dt ~ 3c 3 ' (1) 

where v is the vector acceleration and c the velocity of light. For a 
armomc oscillator, x = A x cos (2-kU + o x ), co being the frequency, and 
* = — A i (27tco) 2 cos (27 rut + S x ). (2) 

There are similar expressions for the y- and .-components of acceleration 


i> 2 = x 2 + y 2 _|_ jj 2; 
so that equation (1) becomes 
—dE /2e 2 \. 

~dt~ ~ W cos 2 (2-irwt + s x ) 

+ A y 2 .cos 2 (2™t + s v ) + A z 2 cos 2 (2 Tut + 5»)1 (3 ) 

The average rate of emission by the oscillator is 

-dE / fi*\ 

4 y(27r«) 4 (A I 2 + Ay 2 + A/), 


dt 


3 c 3 > 


for the time average of the cosine squared is K 

168 


( 4 ) 
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A similar result is obtained for a conditionally periodic system 
having the fundamental frequencies coi, . . . co n . By the methods 
of Chap, IV it is possible to express the coordinates of a particle in such 
a system as functions of the canonical variables, the J’s and w’s; the 
former are constants and the latter linear functions of the time of the 
form, 

Wh = o>kt + ^ (5) 

where is the frequency of oscillation of the kth, coordinate and 
is a phase quantity. In general, a coordinate will be represented by a 
multiple Fourier series containing the w ’ s only as arguments of the sine 
and cosine terms and having coefficients which are functions of the T s; 
thus 


qto = 2An, • * ‘ Ta)k cos 2 tt[(tiO)i + • - • r a o) e )t +($!+••• 8 s)h], (6) 


where each t ranges over all integer values from — oo to + 00 , subject 
to the restriction that ncoi + etc . must be positive . We shall usually 
employ the following abbreviations: 


Ar t - * • r„/b = At } h) (5i + • • • 5 s )k = +• • • • 


so that 

Then, 

and 


q h = cos (2tt2tc ot + 2$*). 

x = 2A r , x cos (2t25tco;{ + £5*), 
i = — SA r , x (27rSr6j) 2 COS (27 t2tco# + S5 a ) 


2™, (7) 

(8) 
(9) 
( 10 ) 


and there are similar expressions for the ?y- and ^-components. Inspection 
of equation (10) shows that x z contains squared terms of the form 


A T ,* 2 (27rSrto)4 COS 2 (2t t£tco£ + 28 x ) 


and cross-product terms of the form, 

27r2ro) 2 (27r£r'co) 2 cos + 25*) COS (2^ Sr 'coi + 25'*), 

which give rise to rapid fluctuations of the rate of radiation. Similar 
terms will occur in ij 2 and z 2 . The mean value of each squared term in 
equation (10) is equal to one-half its coefficient, while that of each cross- 
product term is zero. Therefore, the mean rate of radiation by an 
accelerated charged particle is 

-J? = + A (11) 

r 

This represents the simultaneous radiation of a number of frequencies of 
the form nan + • • • + r s w s . The rate at which energy is carried 
away by one of these is given by the corresponding term in the summa- 
tion of equation (11). 
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If the system contains several charged particles, equation (1) is 
replaced by 

-dE _ 2P 2 n9 , 

dt 3c*’ * } 

where P is the electric moment vector of the atom, whose components are 

i=n *=? 

P x = te*, P.j - ^e t yi, P z = ( 13 ) 

i = l i = l 

The summations extend over all the particles of the system with due 
regard to the signs of the charges 61, . . . e n . Just as before, we express 
the function P 2 as a multiple Fourier series in order to obtain the rate of 
emission of light of a given frequency, obtaining 


= (~)X(^- 2 + P ->' 2 + Pr..*)(2r2r»)‘. (14) 

Usually, it is convenient to use exponential notation in dealing with 
multiple Fourier series. In place of equation (8), we write 

q,. = hCr,k exp 2-wi^rwt, (8a) 

where the t’s now take all integral values both, 'positive and negative. The 
two terms, 

C T ,k exp 2rt Srcoi + C_ r ,; c exp 27rt‘2(— rco)t, 
must be identical with 

A r ,k cos (2r23r«i + 26k) 

which is a real quantity. This will be the case if 

2C T( * = Ar,k exp iSS*,, 2 C^r,k = Ar.k exp - iSS*. (15) 

In place of equation (9), we write 

x = 2C r ,x exp 27r iHrut. (9u) 

Then » 

x = -SC , r ,x( 27 rSrw) 2 exp 29rtSTwf, (16) 

and 

X 2 = ^2C T , K a',x(27rSrw) 2 (27rSr , W ) 2 exp 2«S(r + r')«*. 

The average of each exponential te rm is zero unless t = — r', which means 

Tl = - Tl ' t . . . ; T „ = — r/. Thus, the double summation reduces to a 
single summation, and, since there are two terms with frequency hru 
in equation (8a), we finally get, 


-dE 

dt 


2e 2 

3c 3 


+ Cr.tG-r.v + <? T ,.CU„) (2^™)*, 


(17) 


which, by using the relations in equation (15), is found to be identical 
with equation (1 1). In equation (17), r runs only from + 1 to + * . 
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*■ the comMBmnmmn theorem and thi correspondence 

PRINCIPLES 

\\*v hnv t* t Hut on thf* rliwuiral f henry each atom almullanrouiily 

ntut* nil Hi-* #|w*rintl line*. In f In* nl we tire of definite quantum condition* 
tli«* amplitude uf a given harmomr in the motion might vary from atom 
t*» atom If a light nourr e were actually inside up of a vn*t numlier of 
atom* radiating in thin fnahion, the inferno! y nf n xjieefml Hut* uf frequency 
w would Ik* proportional to 


(2#w) V* LM 1 

Sr* 


(IH) 


where /I in the am jih t tide nf tin* rorreapotiding harmonic in the motinii of 
a typical atom, iitnl tin* automation *igt* now indicate* addition of the 
mill rthiit mna nf all atom# (Wt* mhl $nknmhtM Iwcanac the atom* 
radiate with mutloin plume*, ) Therefore, 


| <m 


(3»w)vM* 

Sr 1 


(19) 


where » in t hr* intennily pr*r atom nml /1 1 in flu* average ftqunred amplitude 
uf the harmonic of frrquetiry w. 

On thf* Bohr theory flu* picture i* quite different. Thu uminsnion 
freqtienric* arc imt ummllv identical with tin we iinsuiined lit la* preheat in 
the million of the charged particle* Further, the intenaity in calcu- 
lated nti t hr Ixmi* of a radically different merhnnifom An atomic ayatcmi 
remain* in a iiieady utate without radiating energy for aotne finite length 
uf time ami then radiate* onr quantum, preatimnbly in ti vary abort time, 
after whirh it remain* in tin* Mate of lower energy for n finite time with- 
out radiating or ahnorhing additional energy The lime an atom remain* 
in an rsrltcd xfaie i* # in the almesim of it radiation field, governed by a 
proliahility whirl* dc|x*nd» only on flu* internal *t mature of ihr atom 
in thi* two Meady Male* Finxiein reprraent* thin probability by A\% 
and thux t ho rate of rtmoaion of light |ter atom by a gaa mo taming N\ 
atom* III I hr higher xiate will lx* 


hr A 


•*< 


(30) 


hr tlX i M 
t/f * dt 

in upHc of ihexe different*'*, it i* |gM*ibie and extremely tmrfwl to 
(mm* a eorrexpondenee 1*0 worn tin* frequence* and amplitude* of orbital 
model* an*1 fhoxe of tin* tight they emit. Tbix ia i'*|teetally iron in flit* 
o*0iin of largo quantum mi tidier* am! xinall rhangon of tin* tpiantum 
■■■ whirl* lianally m«*ana that wr art* dimting with largo wavr 
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Rayleigh- Jeans formula for the distribution of intensity in the spectrum 
of a black body agrees with Planck’s formula in the region of great wave 
lengths, and the values of equations (19) and (20) approach equality. 
There is no implication that the mechanism of emission from an individual 
atom merges into that of classical theory. 

While it is customary to speak of the complex of facts associated with 
this asymptotic agreement as the Bohr correspondence principle/ it is 
important to state accurately the various hypotheses and theorems 
which are involved, as van Vleck has done in “ Quantum Principles 
and Line Spectra.” We shall discuss this subject under three headings — 
the correspondence theorem for frequencies, the correspondence hypothe- 
sis for intensities, and the correspondence hypothesis for polarization. 


3 . THE CORRESPONDENCE THEOREM FOR FREQUENCIES 

Consider an atomic system which passes from a state characterized 
by the quantum integrals, 

JJ = njh , • • • JJ = njh, (21) 

to a state for which these integrals take the values, 

Ji" = Ul "h, • . • JJ' = nj'h. , (22) 

The frequency emitted in the transition is given by the frequency 
condition, 

hv(n', n") = E(JJ, • • • JJ) - E(JJ' • • • JJ') = A E (23) 

while by Sec. 1 and Chap. IV, Sec. 13, the classical frequencies appearing 
in the Fourier expansion of the motion of the charged particles and 
emitted according to electromagnetic theory are 


_ T _ $E dE 

CC T — 2jT03 — T ivy + T2ry + 

vJ 1 oJ 2 


If the quantum numbers involved are large and the changes of the 
quantum numbers are small, we have 


Setting 


hv(n', n") = A J 2 + 

oJ i aJ 2 


AJi = (n/ - m") h, A Ji = (rii - n 2 ")h, ■ ■ ■ AJ„ = (nj - n,")h, 
gives 


v{n',n") ^ 0 ) 1 ( 711 ' - wi") + 0 ) 2 ( 712 ' - ti 2 ") + 1 • • a ),(»,' - 7i,"), (26) 

and this is equal to 2toj of equation (24), if 

vi = n{ - nx", r 2 = ti 2 ' - tz 2 ", ■ • • r, = n,' - n,". (27) 

The quantum frequency, determined by equation (26), approaches 
asymptotically to the classical frequency, Sto), for which the t's are given 
by equation (27). The frequencies v(n' , n") and Srw related in this 
way are said to be corresponding frequencies. 
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Regardless of the magnitude of the quantum numbers and their changes , 
the quantum frequency is a mean value of the frequency in equation (24) 
averaged over all intermediate orbits in such a way that the J’s vary linearly 
from the one state to the other. To prove this let 


Jk = ri k "h + X(n*' - n k ")h, dJ k = h(n k f - n k ")d\, (28) 

where X is a quantity which increases from 0 to 1. Then the mean 
fx-i 

value sought for is Sur^X, but using equations (24) and (27) this 
J\=o 


takes the form, 

Substituting from equation (2£) this becomes 


dE 

dj 3 


(n/ — n s ") 




1 p= 

*Jx- o 


x=1 /dE 

dJi 


dJ i + 


BE 

dJ t 


dJ t 


^ ^ E'_ 


- E h 


= v(n',n"), (29) 


which is the correspondence theorem for frequencies. 


4. THE CORRESPONDENCE PRINCIPLE FOR INTENSITIES 

The correspondence principle for intensities is not a theorem, but a 
postulate, which may be stated as follows: 

In the region of high quantum numbers and small changes of the 
quantum numbers, the rate of emission per atom approaches the value 
given by the classical formulas. That is, if we compute the frequencies 
and amplitudes of the various harmonics in the motion of the atom in 
either the initial or the final state, and substitute them in equations 
(11) or (13), a correct result is obtained. The frequencies and amplitudes 
in both states are nearly equal because of the restriction to high quantum 
numbers and small quantum number changes. Therefore, equating 
the right member of equation (20) to the corresponding term in the 
right member of equation (14) and substituting for Srco its approximate 
value v we have 

hvAu £* -^Vr,* 2 + Pr,/ + PrJ) (30) 

for the relation between the probability constant A 12 and the Fourier 
coefficients P TlX , P T ,y, P^z belonging to the terms of corresponding fre- 
quency in the cohaponents of the electric moment P. Knowing Aw, 
it is possible to calculate the coefficients of induced emission and absorp- 
tion by the relations Au/Bu = Sirhv z fc 3 and piBi 2 = P 2 P 21 , derived in 
Chap. Ill, Sec. 4. When the attempt is made to extend the relation 
in equation (30) to the region of small quantum numbers, it is necessary 
to use some means of averaging the amplitudes of the corresponding 
harmonics. Almost without exception, the various suggestions made 
prior to 1926 as to the proper type of average failed to yield results in 
agreement with experiment, so we shall not discuss them here in extenso, 
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with the frequencies rco r ± <a v . 1 Since co^ appears only with the coefficients 
±1, we conclude in accordance with the assumption of Sec. 4 that the 
azimuthal number changes only by ± 1. On the other hand, r can take 
any value whatsoever and therefore the changes of the radial quantum 
number are unrestricted. The above argument is valid only when the 
electron moves on a plane orbit. If its interaction with the remainder 
of the atom causes the motion to be of a more complex kind, we expect a 
breakdown of the selection principle. 

The selection principle for the inner quantum number is derivable 
in much the same fashion for an atom with one valence election. The 
resultant angular momentum vector jh/ 2 t is composed of the contribu- 
tions kh/2ir arising from the orbital motion and sh/2r due to electron 
spin. These two vectors must precess around their resultant, which 
is fixed in magnitude and direction, and it can be shown (Chap. X, 
Sec. 14) that this precession is uniform, that is, the orbital plane precesses 
around the direction of j. Just as before, we obtain the Fourier expan- 
sions of the electronic coordinates, and find that the precessional fre- 
quency w appears with the coefficients ±1 or 0, and these alone. The 
conclusion is that A j can be + 1 or 0, for it can be shown that the quantum 
integral jh is the momentum variable conjugate to 2 ttco. However, a more 
general proof requiring no detailed knowledge of the atomic motions 
is the following: 

To describe the position of the pth electron let us use cylindrical 
coordinates r p , z P , <p p , where z p is the distance of the electron from the 
invariable plane perpendicular to the vector j, and <p P is its azimuth 
in that plane. Then we can arrange that one of the <p’ s (say <pi) shall not 
appear in the expression for the energy; for the <p * s do not occur in the 
kinetic energy and the potential energy depends only on the relative 
azimuths $2 == <^2 — Vi) $3 = (pz — <£1, etc. We take (p and these relative 
azimuths as new coordinates. The kinetic energy is 

T = MmxrxW + *■*•■] (33) 

= ^[miriVi 2 + m 2 r 2 2 (i2 + T1) 2 + • • * ] 

and 

— — = miriVi + m 2 r 2 2 ($ 2 + <pi) + • • • 

o<p 1 

= miri 2 (pi + m 2 r 2 2 ^ 2 +•••■, 

for the partial differentiation is carried out holding the $’s constant. 
We see now that dT/d<p lf the momentum conjugate to <p u is the total 
angular momentum, which takes the quantized value jh/ 2 tt. Now, 

x p + iy v = t p ex P Wp = t p ex P *Vi ex P (3 4 ) 

1 Alternatively we could prove this without the use of imaginaries by using the 
relation 2 cos cos 6 = cos (a H- b) + cos (a — b), and similar trigonometric formulas. 
An excellent alternative discussion is given in Van Vleck’s “Bulletin,” p. 294. 



176 


THEOREMS OF THE OLDER QUANTUM THEORY [Chap. VI 


where x and y are coordinates taken in the invariable plane. If P x and 
P y are components of the electric moment, we have 

P x + iP y = exp itpi • F($, r) (35) 

' Pz = G($, r). 

The functions F and 0 can be expressed as Fourier series which do not 
contain <p x . Thus, P x and P y contain sine and cosine terms with argu- 
ments of the type 

2 7t(2toj£ + ( pi ), 

in which <p x has the coefficient +1 or —1. On the other hand, <pi does 
not occur in P z . We conclude that A j may take the values ± 1 or 0, and 
these only. As to polarization, the terms of a given frequency in P x 
and P y have phases and amplitudes such that they represent a circular 
motion in the xy plane, while each term in P z represents a vibration 
parallel to the z- axis. By the correspondence principle for polarization, 
we conclude that quantum transitions in which Aj — ±1 give rise to 
circularly 'polarized light with its oscillation plane parallel to the invariable 
plane, while those in which Aj = 0 give rise to light linearly polarized 
perpendicular to that plane . 

Enough has been said to illustrate the spirit of the correspondence 
principle in its application to the derivation of selection rules. Other 
examples will be given throughout the text, as the necessity arises. 


7. THE ADIABATIC PRINCIPLE 

We have emphasized the fact that after a transient disturbance 
has passed over an atomic system it will be found in a quantized state, 
in contradiction with classical mechanics. Similarly, if an external 
field of force is established and is then maintained at a steady value, 
the atom is still in an allowed state. This fact imposes certain restric- 
tions on the quantum conditions. The energy of an atom depends on the 
charges and masses of its constituent particles, and on the strength of 
any external fields of force which may be present. Any quantity of this 
kind which is treated as a constant in solving the equations of motion 
will be called a “ parameter.” The parameters c h c 2 , . . . will appear 
m the quantum conditions, which will therefore be of the form 

„ F i(ci,C2, * • • ) = n x h, 

f z(ci,C2, •••)■= n 2 h, (36) 

and so on. If the parameters are very slowly changed, the left members 
of these equations retain their values because the system is in a state 
characterized by the same quantum numbers. Since this is true for any 
alterations of the c* s, we must have 


dFi ' n d Jl 
dCi U ’ da 


= 0, etc., 


(37) 
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where c* is any one of the c’s. In other words, the functions F which 
appear in the quantum conditions must be invariant during changes 
of the kind described. 

In general, as we said above, classical mechanics does not predict 
that the atom will be in a quantized state after a disturbance, but under 
special circumstances now to be explained the changes in its motion 
can be calculated with the aid of the usual equations. Consider a 
quantized atom which is not degenerate , that is, the fundamental fre- 
quencies in its motion are all distinct, and are equal in number to the 
number of degrees of freedom. We change its condition infinitely slowly 
and in a way not systematically correlated with the motion of the system, 
either by altering the strength of an external field of force, or by changing 
the internal constitution of the system, at least in imagination if not in 
actuality. For example, we may suppose the charge on the nucleus 
of the H atom is increased to +2e , or we may alter the distance between 
nuclei in a diatomic molecule. 

It can be proved that the new state of the system is the quantized state 
appropriate to the new values of the parameters, such as the external field, 
and the quantum numbers are the same as those . of the original system . 

This is the principle of slow mechanical transformability introduced 
by Ehrenfest 1 and called by him the adiabatic hypothesis because of 
thermodynamic applications which he made. It is not an hypothesis 
however, but a definite theorem. 


Proof— The following demonstration is essentially due to Burgers. 2 It employs 
straightforward methods to find an expression for the change of each quantum integral 
J when the atom is disturbed, and to show that this change is zero. Let the Hamil- 
tonian function of the system be II ( q , p, c ) where c is a parameter which we intend to 
vary. Holding c constant, we transform to the angle variables w and the associated 
momentum variables J . Instead of making the transformation function W a function 
of the g’s and J’s, as we did in Chap. IV, Sec. 9, we give it the form W(q, w, t). Then, 
an argument exactly like that in Chap. IV gives us the relations between the old and 
new variables and the form of the new Hamiltonian function, //, They are, 


Pk 


dW 

dqf 


J » = -JE, H 

dWk 


H + 


dW 
" at * 


(38) 


The new equations of motion tell us that 


dJ k = _ dH _ _ aH _ 

dt dwic dWk dt ) 


(39) 


When forming dW/dt in equations (38) and (39), W must be written as a function of 
g, w, and t; but we must then transform dW/dt into a function of w, J, and t, before 
carrying out the differentiation with respect to w k ; for in the new Hamilton equations, 
H must be written in terms of w and J. As long as c is constant dJ k /dt = 0, because 
W is so chosen that the J’s will be constant, and the quantum conditions state that 
Ja- = m h. But when c is allowed to vary, the system is no longer conservative and the 

1 Ann. PhysiJc, 36, 91 (1911). 

2 Dissertation, Leiden, 1919. 
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where x and y are coordinates taken in the invariable plane. If P* and 
l\ are components of t he electric moment, wo. have 

l' x + il' u — exp iip { ■ F(< 1>, r) (3> r >) 

l\ = (}(&, r). 

The functions F and G can be expressed as Fourier series which do not 
contain p\. Thus, P , and I\ contain sine and cosine terms with argu- 
ments of the typo 

2ir(E,Tiot ± ysi), 

in which <p, has the coefficient- +1 or -1. On the other hand, v>, does 
not occur in We conclude that A j may take the values ± 1 or 0, and 
these only. As to polarization, the terms of a given frequency in P, 
and 1\ have phases and amplitudes such that they represent a circular 
motion in the xy plane, while each term in F, represents a vibration 
parallel to the z-axis. By t he correspondence principle for polarization, 
we conclude that quantum transitions in which &j = ±1 give rue to 
circularly polarized light with its oscillation plane parallel to the invariable 
plane, while those in which Aj «= 0 give rise to light linearly polarized 
perpendicular to that plane. 

Knough has been said t,o illustrate the spirit of the correspondence 
principle in its application to the derivation of selection rules. Other 
examples will be given throughout the text, as the necessity arises. 

7. THE ADIABATIC PRINCIPLE 

We have emphasized the fact that after a transient disturbance 
haH passed over an atomic system it will be found in a quantized state, 
in contradiction with classical mechanics. Similarly, it an external 
field of force is established and is then maintained at a steady value, 
the atom is still in an allowed state. This fact imposes certain restric- 
tions on the quantum conditions. The energy of an atom depends on the 
charges and masses of its constituent particles, and on the strength of 
any external fields of force which may he present. Any quantity of this 
kind which is treated as a constant in solving the equations of motion 
will is* called a "parameter.” The parameters ci, c.%, ■ • • will appear 
in the quantum conditions, which will therefore be of the form 

Fi(ei,et, • • • ) “ »ih, 

iA’it ••»)=* Hik, (^®) 

and so on. If the parameters are very slowly changed, the left members 
of these equations retain their values because the system is in a state 
characterized by the same quantum numbers, hi nee this is true for any 
alterations of the r’s, we must have 

- 0 . f * - 

3c. ' He. 


0, etc.. 


(37) 
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where Ci is any one of the c’s. In other words, the functions F which 
appear in the quantum conditions must be invariant during changes 
of the kind described. 

In general, as we said above, classical mechanics does not predict 
that the atom will be in a quantized state after a disturbance, but under 
special circumstances now to be explained the changes in its motion 
can be calculated with the aid of the usual equations. Consider a 
quantized atom which is not degenerate , that is, the fundamental fre- 
quencies in its motion are all distinct, and are equal in number to the 
number of degrees of freedom. We change its condition infinitely slowly 
and in a way not systematically correlated with the motion of the system, 
either by altering the strength of an external field of force, or by changing 
the internal constitution of the system, at least in imagination if not in 
actuality. For example, we may suppose the charge on the nucleus 
of the H atom is increased to +2e, or we may alter the distance between 
nuclei in a diatomic molecule. 

It can be proved that the new state of the system is the quantized state 
appropriate to the new values of the parameters, such as the external field, 
and the quantum numbers are the same as those . of the original system. 

This is the principle of slow mechanical transformability introduced 
by Ehrenfest 1 and called by him the adiabatic hypothesis because of 
thermodynamic applications which he made. It is not an hypothesis 
however, but a definite theorem. 


Proof. — The following demonstration is essentially due to Burgers. 2 It employs 
straightforward methods to find an expression for the change of each quantum integral 
J when the atom is disturbed, and to show that this change is zero. Let the Hamil- 
tonian function of the system be Ii ( q , p, c) where c is a parameter which we intend to 
vary. Holding c constant, we transform to the angle variables w and the associated 
momentum variables J. Instead of making the transformation function W a function 
of the g’s and J\s, as we did in Chap. IV, Sec. 9, we give it the form W (q, w, t). Then, 
an argument exactly like that in Chap. IV gives us the relations between the old and 
new variables and the form of the new Hamiltonian function, H, They are, 


Vk 


dW r dW 

dq h ’ Jk dm 


H = H + - 


dW 


dt 


(38) 


The new equations of motion tell us that 

dJ k __ OH _ OH 0 / <9TF\ 
dt dwj c Owjo Owic\ dt J 


(39) 


When forming dW [dt in equations (38) and (39), W must be written as a function of 
q, w, and t; but we must then transform dW/dt into a function of w, J } and t , before 
carrying out the differentiation with respect to wt; for in the new Hamilton equations, 
H must be written in terms of w and J. As long as c is constant dJk/dt — 0, because 
W is so chosen that the J’ s will be constant, and the quantum conditions state that 
Jk ~ rikh. But when c is allowed to vary, the system is no longer conservative and the 

Mm Phyrih, 36, 91 (1911). 

2 Dissertation, Leiden, 1919. 
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situation is changed. To compute the change in one of the J’s, we note that H , the 
energy, is independent of the w% and so 


d / dW dc\ 
dwk\ dc dt ) 


(40) 


The change in Jk in a specified time interval, very long compared with 
the system, will be 



any period of 
(41) 


It was stated above that the change in c must be quite unsystematic. That is, we 
must not apply the increments in any definite relation to the phases of the atomic 
motion, as we would in starting a swing by appropriate pushes at the moments when 
it comes to rest. This condition will be satisfied, for example, if we give dc/dt a 
constant value. With this understanding, A J k will be of the same order of magnitude 
as the quantity 



(41a) 


where dc/dt is an average value of dc/dt. Now d W /dc can be represented by a multi- 
ple Fourier series containing the Vs, and so the integrand in equation (41a) is a similar 
series without a constant term. This is the essential point in the proof, for it means 
that the integral always remains below a certain finite value. Thus it is possible to 
make A J k as small as we please by decreasing the rate of variation of c. Special atten- 
tion must be paid to the restriction that the system must not become degenerate. If 
it were to happen at some stage of the process, that the frequencies obeyed a relation 
of the type, 

TiCdi +.•'•+ r«£0 n = 0, 


the r’s being integers, then a term in the Fourier series for d*W/dcdw k , containing this 
combination of frequencies, would reduce to a constant. The value of the integral 
would then increase without limit, and we could not make A J k as small as we please. 


The result of this section may be expressed by stating that the 
quantum integrals of a non-degenerate system are adiabatic invariants . 
This is a theorem of great power which enables us to avoid lengthy 
calculations in many problems. For example, if an atom is subjected 
to a weak magnetic or electric field, the component of angular momentum 
parallel to the field is equal to a quantum integral divided by 2tt. We 
can conclude at once that the same will be true in a very strong field. 

8. THE ADIABATIC INVARIANT 2 T/ca 

The following theorem of Ehrenfest is often very useful. Let T 
be the average kinetic energy of a singly periodic system, and co the 
common frequency of all the coordinates. If the system is altered 
adiabatically by changing parameters c* which occur only in the potential 
energy function, 2 T/co is unaltered. 


The proof is very simple. Each coordinate q may be expressed as a Fourier series 
containing terms of the type cos (2? ttw + 5 r ), where w = <d. In equation (39), 
dW/et wiJl be a Fourier series similar to those for the coordinates q. d 2 W/dtdw will be 
a Fourier series without a constant term. Further — and this is the crucial point — 
none of the terms cos (27rroji + 5 r ) can reduce to a constant unless co itself vanishes. 
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If that were to occur there would be no motion. Leaving this trivial case aside, we 
can prove as before that the momentum variable conjugate to w is invariant. This 
variable, J, can be found from the definition-equation 


S being the action (see Chap. IV, Sec. 13). Now 


r- 2 ™ - /«*• - *£* - j; 

(42) 

/M/co 

I 2 Tdt 


2T = Jo - 
1/co 

(43) 


and so 2 T/co is adiabatically invariant, being equal to J. 


9. JUSTIFICATION OF THE -QUANTUM CONDITIONS 
If we assume the quantum condition J = nh for the Planck oscillator, 
it is possible to justify the conditions 

Ji = nji, i ~ 1, 2, • • • (44) 

which are applied to conditionally periodic non-degenerate systems with 
any riumber of degrees of freedom. Let such a system be altered adia- 
batically, by changing the forces acting on its particles, or in other ways, 
until the motion of each particle is a superposition of three simple 
harmonic vibrations, mutually at right angles. The physical signifi- 
cance of the J’s will alter until they become identical with the momentum 
components of the particles along the axes of their vibration. This 
follows from the way in which the J’s and w’ s are found. The trans- 
formation equations connecting the sets of variables p, q and J , w are 
determined by solving the Hamilton-Jacobi differential equation. As 
the potential energy is adiabatically altered, the value of the trans- 
formation function S (or W) of Chap. IV, Sec. 10 is also changed, even- 
tually becoming identical with the action function for an assemblage of 
oscillators. Since the J’s and w ’ s are completely determined by S, 
they must merge into the values appropriate to the oscillators. Further, 
the J’s are unaltered in value if the change is made in such a way that 
the system never becomes degenerate. But each component oscillation 
is independent of the others, and is quantized by applying the condition 
J = nh, which justifies the equations (44). 

10. A THEOREM FOR CALCULATING ENERGY PERTURBATIONS 

Consider a * non-degenerate atom described by variables w, J, the 
energy function being Zio(J). Let it be disturbed by conservative 
forces which contribute a term w) to the energy, so that it takes 

the form 

H = Ho + \H 1} (45) 

X being a small quantity which measures the strength of the force field. 
Tjien, the additional quantized energy in the presence of the field is equal 
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to the average value of \H h taken over the unperturbed motion , except for 
negligible terms containing X 2 and higher powers of X. This theorem 
enables us to obtain the energy without any knowledge of the changes 
in the motion. 


The following derivation is nearly the same as one given by van Vleck. 1 Although 
it is stated for a single particle the extension to other systems is easy. Let the total 
energy be 

E = y 2 m{x* + if +> 2 ) + 7+ \#i, (46) 


where V is the unperturbed potential energy, and suppose for the purposes of this 
proof that X increases slowly and uniformly from zero to its final value. The rate of 
change of the energy is 


dE 

dt 


^mxx + 


f i + xf- 

dx dx 


*) 


+ etc. -j- ^ II i, 


(47) 


d V XdH 

but the equations of motion tell us that mx + -r — h 1 

dx ax 


0, etc;. Therefore 


dE = Hid\. (48) 

Let H i be the time average of Hi over an interval which comprises many periods of 
the undisturbed motion, but which is small compared with the interval in which X 
attains its final value. Hi is expressible as a Fourier series, with periods equal to 
those of the atomic motion corresponding to the instantaneous value of X. Hi is equal 
to the constant term of this series, and so Hi — Hi is a Fourier series without a con- 
stant term. 

Therefore, 


The last integral remains finite because the integrand is alternately positive and 
negative, and d\/ dt can be chosen as small as we like. Therefore, in obtaining the 


, change of E we may replace J H x dX by J* H x d\ and 

E — Eq — jf Hid\. 

Hi will change as X increases, and we may write it in the form 
Hi — (&i) x = o 4 x/ 


/a // a 
V5x r m 0 


+ 


(49) 

(50) 


The second term and all higher ones contain X 2 and higher powers of X, and may bo 
neglected for our present purpose, so 

E — E o - X# 10 . (r,l) 

(The subscript zero indicates that Hi is taken over the unperturbed motion.) This 
proves our theorem. If we desire closer approximations, we use additional terms in 
the expansion in equation (50), obtaining 




( 52 ) 
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CHAPTER VII 


INTRODUCTION TO OPTICAL SPECTRA 


1. THE TYPES OF SPECTRA EMITTED BY ATOMS 


The line spectra emitted by atoms or atomic ions when they pass 
from an excited stationary state to another of lower energy are very 
different from the spectra of molecules; the latter consist of regular 
series of lines, usually quite closely spaced, which have the appearance 
of continuous bands under low dispersion and therefore are called “band 
spectra.” (See Chap. XII and especially Fig. 1.) The line spectra 
of the neutral atoms in the first and second columns and the second 
subgroup of the third column of the periodic table, are especially simple, 
being characterized by series of lines not unlike those of hydrogen. 
The wave numbers of the lines in a series can usually be calculated with 
fair accuracy from the so-called “Rydberg formula,” 


v = v x 


RZ 2 


T - t-m- (« 

(m + < p ) 2 

In this formula, R is a constant nearlv equal to the Rydberg constant 
for infinite mass; Z — 1 for neutral atoms, 2 for singly charged ions, etc. ; 
m is an integer, and <p is a common fraction which is reasonably constant 
for all lines of the series, while v - is the wave number of the series limit, 
obtained by placing m = ° o . The obvious interpretation of equation 
(1) is that the atom has a sequence of levels with the energies 

Z 2 Rhc * /n\ 

Em = (m + tpj 2> 

and that it can pass from any of these to a level with the energy —P«,hc. 

While well-defined series are to be expected in all atomic spectra, 
they are usually short and difficult to trace for elements in the center 
and on the right of the periodic table. The characteristic feature of 
these spectra is their richness in lines, brought about by the existence of 
many energy levels, which, in turn, is due to the manifold possibilities of 
internal arrangement arising when the atom possesses several loosely 
bound “valence” electrons. Such spectra contain groups of lines called 
“multiplets,” which arise from transitions between groups of physically 
related energy levels, referred to as multiple or polyfold levels. 

The discovery and interpretation of spectral regularities is a science 
in itself. Given a table of the spectral lines characteristic of a substance, 
the modern spectroscopist wishes to gain all the information he can about 
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the entities which emit that spectrum. We shall outline the procedure 
he follows, and shall then describe the structure of some simple spectra, 
the modes for exciting and studying them, and their interpretation: 

1. The wave-length table will contain lines due to impurities. These 
must be eliminated by careful experiments, and by comparison with 
published spectral tables. 

2. The revised table will contain lines due not only to the neutral 
atom but also to the singly charged ion, and quite frequently, lines 
belonging to the atom in still higher stages of ionization. The relative 
intensities of lines, due to different emitters, are changed by almost any 
alteration in the physical conditions, such as variations of the voltage 
or current when the spectra are excited electrically; or changes of tem- 
perature in the case of flame spectra or furnace spectra; or the addition 
of varying amounts of a foreign gas or vapor. There are many ways of 
separating the lines into classes each of which is due to only one type 
of emitter. Among the more powerful and trustworthy methods we 
may mention the study of the influence of a magnetic field on the lines 
(Zeeman effect), and the determination of the energy which an electron 
must possess in order to excite a given group of lines (Chaps. Ill and 
XIII). In the case of furnace spectra, the study of the growth of 
intensity with increase of temperature is particularly valuable for 
elements of rather high, but not too high, boiling point. 

3. The separation accomplished, let us fix our attention on the 
lines due to a given emitter, the neutral atom for example. It is necessary 
to ascertain whether Jdie wave lengths are expressed in Rowland’s scale, 
or in International Angstroms (I. A.) The latter have superseded the 
former. Descriptions of both scales are given in Fowler’s “ Report 
on Series in Line Spectra,” described in Chap. X, Sec. 1. Assuming 
that the wave lengths are in International Angstroms, they have been 
measured, with respect to those of a standard element such as cadmium, 
and the latter are determined in dry air at 15°C. and 760 mm.; so we 
must reduce the tabulated values to the values which would be obtained 
if our experiments were carried on in vacuo; reciprocals are then taken 
to obtain the wave numbers of the lines. Now the real task begins — to 
discover from these wave numbers the arrangement of energy levels 
which can give rise to the lines in accordance with the relation, A E = hv. 
This is an empirical process. In the case of the more complicated spectra, 
it consists mainly of searching for constant differences between pairs 
of wave numbers in the table, although Zeeman-effect data, physical 
characteristics of the lines, critical potential data and indications of a 
theoretical character are almost indispensable aids. At some stage 
m the investigation it may appear probable that certain energy levels 
are so distributed as to form a sequence of levels, with energies given 
by equation (2). After the identification of series of lines” arising in 
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transitions from such a sequence of levels to other lower lying levels, 
the problem is one of interpretation. In general, it will be found that 
many of the mathematically possible transitions between energy levels 
do not actually give rise to spectral lines. It is important to explain 
such absent lines, by showing that if they appeared some dynamical 
principle would be violated. Theories must be constructed to predict 
the existence as well as the energy values of the observed stationary 
states, and to explain the absence of missing lines. 

2. METHODS FOR PRODUCING LINE EMISSION SPECTRA; SPECTRAL 
CHARACTERISTICS OF VARIOUS SOURCES 

The reader should understand clearly that by the spectrum of a 
neutral atom we mean the spectrum emitted due to the return of an 
electron after the atom has been singly ionized; or, the spectrum emitted 
when the atom has been raised to a high energy level and performs 
transitions to lower energy levels. Similarly, the spectrum of a singly 
charged ion is the aggregate of lines emitted by atoms which have been 
doubly ionized and to which an electron is returning; and so on. It 
must be observed that two electrons of a neutral atom can be raised to 
higher orbits simultaneously; the lines emitted when one or both return 
are a part of the spectrum of the neutral atom. 

In general, it may be said that when atoms are excited by subjecting 
them to the action of high temperatures or to bombardment by electrons, 
any increase in the strength of excitation is accompanied by greater 
complexity of the spectrum and by a shift of the center of intensity 
toward the shorter wave lengths. To take the simplest possible case, 
the introduction of a tiny bit of NaCl into the Bunsen flame causes the 
abundant emission of the familiar yellow D-lines (X = 5.890-6 A) 
while other lines are so faint that they are completely lost in the weak 
background of continuous radiation. In the spectrum of sodium, 
obtained by heating the metal in a carbon tube furnace in vacuo, 1 these 
are the first lines to . appear. On raising the temperature other lines 
due to the neutral atom are observed. 

If we study the spectrum of an arc between carbon poles which are 
bored lengthwise and packed with a mixture of carbon dust and some 
sodium salt, we obtain practically all the lines which have been definitely 
identified as due to the neutral Na atom; since this is approximately 
true for many elements, the spectrum of a neutral atom is often called 
the “arc spectrum,” regardless of the means by which it is produced. 
If an element is caused to emit light by passing a high tension discharge 
between poles of the material, the spectrum contains, in addition, the 
lines of the singly charged ion, and very frequently the lines due to atoms 
in still higher stages of ionization. The spectrum of the singly charged 

1 King, A. S., Astrophys. J., 27, 353 (1908); and numerous later papers. 
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ion is often called the “spark spectrum,” and that due to the doubly 
charged ion the “double-spark spectrum.” It is desirable to abandon 
these ambiguous terms and to designate the spectrum of neutral Hg, 
for example, as Hg I; that of once ionized Hg, as Hg II, etc. 


3. THE SPECTRUM OF A NEUTRAL ALKALI ATOM 

In the spectrum of a neutral alkali atom, such as cesium (Fig. I), 1 
one readily picks out three main sequences of lines, known as the “prin- 
cipal,” “sharp,” and “diffuse” series. This designation arises from 
, the fact that the principal series is espe- 

cially strong in the alkalies, while sharp 
series lines are really quite narrow, and 
diffuse series lines quite broad. There is 
also a “Bergmann” series, or “funda- 
mental” series, lying entirely in the infra- 
red except in the case of cesium. The 

3677-77 7 2 s~s 2 p term “fundamental” is a misnomer, 

/ ^ o arising from the mistaken idea that the 

3876-88 7 2 S-4 2 P frequencies of the lines in this series 

Impurity represent the lowest frequencies asso- 

Ciated with the motions in the atom. 
" ' ^ This terminology is extended to series 

arising from the same types of electron 
Z 2 P - m z D and transitions in other atoms, even though the 

2 2 P-m 2 S ) 6984A physical characteristics of the lines may 
Jo about 6.200 A be radically different from the simple 

state of. affairs described above. The 
C7 2 s-2 2 p nex ^ P°^ n t to be noticed is that each 

crh 8527-8943) member of the principal, the sharp, and 

Fig. i.- The spectrum of cesium, the diffuse series is double. The early 

' , . _ ' members, at least, of the diffuse series 

may be described as doublets in which the component of longer 
wave length is accompanied by a faint companion, or satellite. (The 
erm satellite is used also in another sense, see Chap. XI, Sec 3) 
In the higher members the satellite fuses together with the main line. 

lnformatlon 18 easily acquired from Table 1. The first column 
contains the wave lengths of the more prominent lines due to the neutral 
c sium atom. In succeeding columns the wave numbers of the. lines 
are hsted under the names of the series to which they belong, and doublet 
differences are given. The wave lengths of series limits are placed in 
parentheses. These limits cannot be directly observed except in the 
principal senes, the limit of which can be clearly seen in the absorption 
1 This spectrum was kindly prepared for us by Dr. F. L. Mohler, 
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Table 1. — Series in the Spectrum of Neutral Cesium 


Wave lengths, 
International 
Angstroms 


36.127.0 

34.892.0 

30.100.0 
14,694.8 

13.688.1 

10.124.1 
10,026.4 

9.208.40 

9.172.23 

8.761.36 
8,943. 46R 
8,521. 12R 

8.079.24 
8,015.90 
7,944.11 
7,609.13 

6.983.37 

6.973.17 

6.723.18 
6,586.94 
6,364.98 

(5,948.23) 
(5,913.77) 
(5,081.88) 
(4,942.67) 
4,593. 16 
4,555.2 6 
3,888.65 
3,876.39 

3.617.41 
3,611.52 

(3,183.33) 


Principal series 

Sharp series 

Diffuse series 

Bergmann series 

P 

A v 

P 

AP 

P 

AP 

P 

A it 





2.767.3 

2,865.2 

3.321.4 








97 . 9 







554. 1 





6.803.3 

7.357.4 







554.1 










9,874.8 

9,972.0 








97.2 





10.856.7 

10,899.5 

11.410.7 

42.8 






554 . 0 



11.178.3 

11.732.3 

564.0 




12,374.0 

12,471.8 









97.8 



12.584.5 

13.138.5 







554.0 








14,315.8 

14.336.7 

14.809.8 








20.9 







554.0 





15,177.4 







15,731.4 

554.0 


















31D H 

97.0 



2 







554.0 

2»Py, 

2P H 

554.0 



21.765.4 

21.946.5 

181.4 



1 

i 


25,709.3 

25,789.9 

80.6 







27.636.2 

27.681.3 

45. 1 







1 2 Sj,<j, limit. 









spectrum of cesium vapor. This spectrum contains only the principal 
series lines. Bevan 1 was able to obtain 31 members of the principal 
series of cesium, while Wood 2 photographed 57 members in sodium. 

1 Proc . Roy. Soc 83, 421; 86, 54; and 86, 320 (1910 to 1912). 

2 Astrophys. 43 , 73 (1916). 
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The cesium sharp series has been photographed to 7 members; the diffuse 
to 10; and the fundamental to 9. 

There are several important facts in regard to the doublet separations 
in alkali spectra : 

1. In the principal series, the difference of the wave numbers of the 
components of a doublet decreases rapidly as we pass toward the ultra- 
violet. 

2. The wave number differences Av s of sharp series doublets remain 
constant as far as the series can be followed, and in the diffuse series 
the same is true of the difference A v& between the shorter component 
of the doublet, and the satellite. 

3. Av s = Av d . 

4. The wave-number difference of the first doublet in the principal 
series is equal to Av a . 

Let us now consider the interpretation of these regularities. Many 
facts in regard to the arc spectra of alkali atoms can be explained by 
assuming that each stationary state corresponds to a different orbit 
of a single loosely bound valence electron. In a transition giving rise 
to an arc line only the quantum numbers of the valence electron are 
changed. 1 

The arc spectrum of cesium, or of any alkali, arises in transitions 
between stationary states occurring generally in close pairs, as shown 
in the energy diagram (Fig. 2). In this diagram, horizontal lines are 
drawn at ordinates proportional to the energies of the atom in its various 
stationary states. We start with zero energy at the top, which corre- 
sponds to complete removal of one electron. At the left is a scale from 
which we can read off the wave number T of the quantum which would 
be emitted if the valence electron fell from a position at rest at infinity 
into any given orbit. If E is the energy of the atom when the valence 
electron is on that orbit, then T = -E/hc. T is called the “term” 
or the . term value ” belonging to that state. 

This gives us a schematic method of indicating transitions between 
states by drawing an arrow to connect their representative lines. Down- 
ward arrows correspond to emission; upward, to absorption. To aid 


the ? etails of the motion of the electrons may be 
neglected, and the atom may be treated as though it consisted of a single electron 
moving m a central field of force. For this reason it became customary durtg he 
early deve opment of the subject to think of optical energy levels in general as deter- 
mined by the nature of the orbit of a single electron called the “light electron ” and 

1 T" ™ “ “T lml " “ °' biL Th “- ™ -r, mTT; Js 

°rbrt; These practices present no difficulties in dealing with the are spectra of the 
atkahes and some portions of the spectra of the alkaline earths, but ffiotW cases 
they lead to confusion because, in general, several electrons play an active p^rtTn 
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the eye in picking out the levels which belong to a physically related 
sequence of states, such as the initial levels for the emission of a series, the 
horizontal lines are separated into several groups. The lowest stationary 
state of an alkali atom is single, and is designated as l 2 Sy 2 for reasons 
partly historical and partly logical. This symbol is read “one doublet 
S sub one-half” or “one doublet S one-half.” It is the first or lowest 
state of a set designated as the S sequence. The letter S shows that 
this sequence of levels consists of the initial states for the emission of the 
sharp series. The superscript “2” shows that the state belongs to a 
sequence of levels denoted by m 2 Sy and giving rise to a doublet spectrum. 
The particular state under discussion happens to be unaccompanied 





Fig. 2. — Energy diagram of cesium. 


•by another state of closely neighboring energy. The reason why the 
S states are not double will soon be given. In these states the atom 

possesses a total angular momentum — so that j = The subscript 

indicates the inner quantum number. (Many authors use,; + H instead, 
when j is half-integral, in order to avoid the use of fractional subscripts.) 

We come now to the closely neighboring sequences designated as 
m 2 P% and m 2 P^, where m is an integer. The lowest pair of states 
belonging to these sequences is called 2 2 Py 2 and 2 2 P^. The number j 
varies as we pass from level to level within the limits of a given multiplet 
level. The reader will see that the 2 P states are the initial levels for 
the emission of the principal series, whence the letter P, and will recognize 
sequences labeled m 2 D% and m 2 D%, with m = 3, 4, • • • , which are 
initial orbits for the diffuse series. Other sequences are also present, 
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such as mFj mG, mH, . . . , with m starting at the values 4, 5, 6, ... , 
respectively. All the terms of the sequences G, H, etc., lie extremely 
close to the i^-terms and cannot well be indicated in the figure. 

Symbols such as 2 2 P y 2 are customarily used, not only to designate a 
spectral term, but also to mean the actual numerical value of the spectral 
term, T. Thus the term values for the states 1 *S H and 2 *P H of sodium 
are 41,449 and 24,493. The wave number of the line emitted in a fall 
from 2 2 Py to 1 2 Sy is 

v = 41,449 - 24,493 = 16,956, (X = 5,896i) 
which is expressed by 

* = l 2 ^ “ 2 2 Py 2 . 

Therefore the line itself is referred to as 1 2 Sy 2 - 2 2 P Vl . 

Where no confusion can arise, we shall omit the superscript which 
shows the degree of multiplicity of the spectrum (doublets, triplets, 
etc.) and also the subscript indicating the angular momentum of the 
atom. To summarize, an alkali spectrum contains the following main 
series: 


Series 

Satellite 

Component of 
greater wave 
length 

Component of 
smaller wave 
length 

Principal: .1 

m ^ 2 
m ^ 2 
m ^ 3 
m ^ 4 


- mP yi 

2 P% — mSy 
2 P'H - 

3 D% — mF% 

2Py — mSy 

2 Py - mDtf 
3 

Sharp 


Diffuse 

2 P% - mDy 
3 d H ~ mF H 

Fundamental 



The number m runs parallel to the total quantum number of the valence 
electron, but often is not equal to it. The connection between to and the 
total number is discussed in Chap. X, Sec. 1. The energy diagram 
shows clearly why only the principal series lines appear in the absorption 
spectrum. In the absorption of light the atom is raised from a level 
of lower energy to one of higher energy and since at low temperatures 
all but a negligible fraction of the atoms must be in the lowest energy 
state these lines must arise in transitions from this lowest level to higher 
ones. We see also, from Fig. 2, that the variation of the doublet dif- 
erence m the principal series, and its constancy in the sharp and diffuse 
senes, is at once explained. The ^-difference of the lines IS - mP 
and 15 -mPy 2 is simply mPy 2 - m P H> which decreases as to increases! 
On the other hand, the frequency difference of the members of the sharp 
or diffuse doublet arises from the fact that the two lines have different 
final orbits, 2 P H or 2 P Hl the same for all members of the series. 
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4. SELECTION PRINCIPLES 

The question now arises, why do many lines which seem to be possible 
from consideration of the energy diagram fail to occur? Prior to the 
introduction of the spinning electron, it was supposed that the electron 
of an atom in an $-level has the azimuthal quantum number k = 1 ; 
while the P, D, F, etc. orbits were assigned the azimuthal numbers, 
2,3,4, . . .^respectively. Some authors preferred to assume azimuthal 
numbers ... for the $, P, . . . levels, for reasons connected 

with the energy of the various states. As a purely empirical rule to be 
justified later, we may say: 

Only those transitions ordinarily occur for which the change in k is ±1. 
Thus we have the combinations S — P, P — S, P — D, but such series 
as IS — mS, or 2 P — mF are either entirely 
lacking or very faint. It remains to mention 
a rule governing the non-appearance of the 
lines 2 2 Py 2 — m 2 P%, which would be satellites 
of the shorter main components in the diffuse 
series: 

Only those transitions ordinarily occur for 
which the change in the inner quantum number 
j is ± 1 or 0. 


J f : 


Xr 


ZT.97,9cm , }3 2 JD 


L 


5S4-Jcm / \2 2 JP 


II 


5 A- 


Thus, we have in Fig. 3 the following fig. s.—Th 
transitions of j: cesium multiplet. 

y 2 — » satellite; 

> y 2) longer main component; 

• y 2) shorter main component; 

but the line for which j changes from y 2 to }/ 2 fails to appear. A diagram 
of the spectral lines produced in these transitions is given at the bottom 
of the figure. 

6. THE QUANTUM STATES OF A ONE-ELECTRON SYSTEM 
In Chap. X, we shall describe a scheme which enables us to predict 
with almost complete success the existence of every term in the X-ray 
and optical spectra of the atoms. Here we describe its application to 
atoms with only one valence electron. Many features (if a doublet spec- 
trum can be interpreted by considering the orbits of a single electron 
moving about a kernel which has an electron configuration like that of a 
rare gas atom. It is an empirical fact that the electrons of the kernel 
have zero resultant angular momentum. The existence of the terms 
in the energy diagram can be deduced almost without reference to the 
structure of the kernel, and many of their properties can be expressed 
entirely by means of the quantum numbers of the valence electron. As 
mentioned in the case of the hydrogen atom, four quantum numbers must 
be assigned to this electron. They are as follows: 



190 INTRODUCTION TO OPTICAL SPECTRA [Chap. VII 

1. n ) the total quantum number of the electron orbit, which takes 
integral values and does not measure a vector magnitude. 

2. I = k — 1, which takes the values 0, 1, 2 for S, P, Z), etc. terms, 
respectively. The number l is found to behave exactly as we should 
expect k to behave if the old quantum mechanics were valid. The 
reason for this cannot be understood in terms of the model we are using, 
but is easily understandable when using the model suggested by wave 
mechanics (Chap. XVI). 

3. s, a vector having the magnitude The theory can be applied 
independent of any assumption about the physical nature of s, and the 
method was freely used to predict spectral terms before any hypothesis 
was made to explain this quantum number. However, sh/ 2w is the 
angular momentum of the electron spinning about its own axis. 

4. j, defined as the vector sum of l and s. We now inquire for the 
possible values of j. Both l and s have fixed values, and their vectorial 
sum j must be constant in the absence of an external field since it repre- 
sents the total angular momentum of the atom. This means that both 
the normal to the orbital plane and the spin axis of the electron must 
precess about the vector j. The strict application of Sommerfeld’s 
quantum conditions to this motion requires that j should be an integer. 
The new mechanics leads to the result that j can take the values 

l + 5 , l + s — 1, ■ • • \l - $|. (3) 

That is, for a one-electron system, 

j = l ± H. (4) 

These quantum numbers apply to hydrogen as well as to the alkalies. 

The enumeration of the possible spectral terms is now only a question 
of listing all the possible values of the quantum numbers n, l , and j, 
for s is always Y. When l and 5 are given, the corresponding j values 
are found by using equation (4). In the case of atoms with more than 1 
valence electron, this procedure usually results in the prediction of 
some terms which do not exist. To exclude these terms, we must apply 
the so-called Pauli exclusion principle to the energy levels in a magnetic 
or electric field, introduced to make the system non-degenerate as 
described in Chap. X, Sec. 10. This difficulty is not encountered in our 
discussion of alkali atoms in the absence of a field. Table 2 illustrates 
some of the possibilities for those low-lying terms of cesium in which 
the total quantum number is 6 or 7, as well as a few others. 

The reader will observe how naturally the singleness of the S terms 
fits into the scheme. When 1 = 0 there is only one possible value for j, 
that is, the value of s itself. The S term is single in all other spectra 
for a similar reason. The numeration of the terms in column six of the 
table is purely conventional and is explained in Chap, X, Sec 1. 
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Table 2. — Quantum Numbers for the Terms of Cs 
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6. ZEEMAN PATTERNS OF ALKALI ATOMS 
We now describe the Zeeman pat- 
terns of the principal and sharp series 
in alkali spectra. Only the patterns 
observed perpendicular to the field will 
be discussed since the longitudinal pat- 
terns do not show components polarized 
parallel to the field. If- the frequency 
changes due to the field are large (or 
small) compared to the doublet inter- 
val we say that the field is strong (or 
weak). Obviously, no hard and fast 
distinction is intended. As we increase 
the field, the patterns undergo a change 
known as the “Paschen-Back effect.” 

Hence, we must describe the weak- and 
strong-field patterns separately. In 
weak fields, the line of greater wave 
length, in a principal series doublet 
yields four components as shown at the bottom of Fig. 4. Expressed in 
terms of the wave number L corresponding to theLarmor precession (Chap. 


s, 

•2 


3 3 J 3 3 3 
Fig. 4. — The Zeeman patterns of a prin- 
cipal series doublet in a weak field. 
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V, Sec. 11 ) as a unit, their wave number displacements from the postion of 
the field-free line are ± ± respectively. Similarly, the shorter mem- 
ber has components at ±%, respectively. The energy levels 

from which the components arise are shown above by full lines, while the 
energy levels in the absence of the field are represented by dotted lines. 
The letters s (senkrecht) or p (parallel) indicate the components polarized 
perpendicular and parallel to the field respectively. The atoms are 
space-quantized in the field, in accordance with Chap. V, Sec. 9, and each 
energy level in the figure corresponds to a definite orientation of the 
vector j with respect to the lines of force. The component of j parallel 
to the field is m, which is called the magnetic quantum number. The 



& 

Fig. 5. — The Zeeman 
pattern of a principal 
series doublet line in a 
strong field. 


facts in regard to these patterns may be summed 
up by saying that the displacements of the energy 
levels are given by the formula 

Av = mgL, (5) 

where m takes half -integer values from —j to +j 
and g = % for 2 Py,, % for 2 Py, 2 for This 

formula differs from that for the normal Zeeman 
effect only through the factor g (Chap. X, Sec. 8 ). 

Equation (5) is valid when the forces due to the 
magnetic field do not appreciably affect the cou- 
pling between l and 5 , which causes them to form 
a quantized resultant j.- This condition is not 
met if a strong magnetic field is applied to 
the atom for then the electron will orient itself 


with its axis of rotation parallel to the field so that the projection 
of its angular momentum vector along the field is identical in value 


with the vector itself, being either 


1 h_ _1 h 

2 2 tt ° r 2 2 i' 


We call this projection 


m s h/2nr, so that the magnetic quantum number of the electron in such 
a field is m„ Further, in a strong magnetic field the orbit of the valence 
electron is independently space-quantized, so that the component of 
l along the field is mi. Hence the restriction If l = 0, 

we may suppose the orientation is indeterminate. The energy levels 
in a strong field are obtained exactly as in the treatment of the Zeeman 
effect of hydrogen (Chap. Y, Sec. 11) and are given by the formula 

Aj" = (m t + 2 m,)L. (6) 

The factor 2 appears here because the electron has a magnetic moment 
of one Bohr magneton though its s is so that it pre cesses with twice 
the frequency of the Larmor precession. As an illustration, we show 
in Fig. 5 the strong-field patterns of principal and sharp series lines, 
as given by equation (6). The values of m h m„ and m t + 2m, are 
indicated at the sides of the figure. 
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7. SERIES FORMULAS FOR ALKALI ATOMS 

As we said at the beginning of this chapter, Rydberg 1 showed in 
1889 that the terms of the series spectra known at that time and belonging 

formula 616111611 * 8 ° f ^ firSt few columns in the periodic table follow a 

T = 

(m + <p) 2 ' W 


Here we shall follow the numeration of Paschen, in which the terms 
ot the various sequences are numbered as follows: 


mS : 

m = 1, 2, 

mP : 

m = 2, 3, 

mD : 

m = 3, 4, 

mF : 

m =M :, 5, 


A r<§sum6 of the various systems of numeration is given in Chap. X, 
Sec. 1. Only the combination m + <p is determined by the magnitude 
of the term, so that the value of m is quite immaterial. This number 
serves only for the convenient identification of the terms in a sequence. 
f'J 8 near * y constant for the terms of a given sequence such as the 
Py,, or 2 P % terms of the alkali metals, but changes when we pass to 
another sequence. Since these are associated with different values of l, 
this means that <p is a function of l and also of s. Ritz 2 modified the 
formula (7) to give definite expression to the variation of <p with the 
running number m, and showed that it was capable of representing 
many series terms with high accuracy. His formula is 


T = 


RZ 2 

(m + a -I- bT) 2 


( 8 ) 


where a and b are constants. Usually it is quite satisfactory to use the 
alternative formulas 



i?Z 2 


m + a + 


V 


(m + a) 


-or— ^1— 

)’ ( m + a + s)' 


(8a) 


In fact we may regard a + bT in equation (8) as the first two terms of a 
series m ascending powers of T, which reduces to its first term a as m 
approaches infinity. Both a and b are functions of both l and s, and 
approach zero as l increases. The same remarks apply to the formula 
ot Hicks, 


T = 


RZ 2 


m + 


, a Y 
a + — ) 
m ) 


( 86 ) 


1 K. Swenska Akad. Handl., Vol. 23. 

2 Ann. Physik, 12, 264 (1903); Physik. Z., 9, 521 (1908). 


194 


INTRODUCTION TO OPTICAL SPECTRA 


[Chap. VII 


Ordinarily we shall use the Ritz formula. The Rydberg and Rit z 
terms are customarily indicated by the symbols (m, ip) and (m, a, 6), respec- 
tively. It is often convenient to write m + a + bT in the form 

n + A + BT , (10) 

where n is the total quantum number of the valence electron. The 
quantity in equation (10) is sometimes called the “ Rydberg” or “Ritz 
denominator,” although it is actually the square root of the denominator 
of equation (8), but more often we speak of it as the effective quantum 
number, n*. Further, the so-called “quantum defect” is 

Q = n — n * = -A — BT. (12) 

Rewriting equation (8) in the form 

r== M? 

■ n* 

we see that the quantum defect is a measure of the departure of the 
spectral term from the hydrogenic term having the same total quantum 
number. Without exception, the terms of neutral alkali atoms are 
greater than the corresponding hydrogenic terms, so n — n* is positive 
for these atoms. Table 3 gives effective quantum numbers for certain 
terms of alkali atoms. The value of n for each doublet level can easily 
be found with the aid of this table, and of approximate atomic models 
now to be explained. 

8. APPROXIMATE MECHANICAL MODELS 

Many ingenious attempts have been made to calculate the energy 
levels of the simpler non-hydrogenic atoms with the aid of classical 
mechanics and the quantum conditions. Of course the mathematical 
difficulties are great. Even the three-body problem can be solved only 
by successive approximations and then only for certain special con- 
figurations, such as that in which both electrons move on identical orbits 
or one moves on a much larger orbit than the other. The problem 
of the hthium atom is still more difficult and no attempts worthy of 
serious consideration have been made to obtain the term values of atoms 
having three or more electrons. Calculations for the helium atom, assum- 
ing that the two electrons move on identical orbits, have been made by 
Bohr, 1 Van Vleck 2 and Kramers. 3 It is found that none of the models 
studied give the observed value of the ionizing potential and moreover the 
models are dynamically unstable; i.e., the electrons will not continue to 
move on orbits which are even approximately identical if their motion is 
slightly disturbed. Born and Heisenberg 4 have calculated the excited 
terms of helium and find that these also do not agree with the observed 
values. 

1 Phil Mag., 26, 476 (1913). 

*Phys. Rev., 21, 372 (1923). 

Z Z. PhysiJc , 13, 312 (1923). 

4 Z. Physik , 16, 229 (1923). 
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If the laws of mechanics held, atoms having many electrons would 
exhibit similar instability. Thus the energy of one electron in such an 
atom might increase, while the others lost energy until it was spon- 
taneously ejected from the atom, in evident contradiction with fact. 
Or, one electron might move so close to the nucleus that it would collide 
with it. The experimental behavior of atoms is characterized by a 
regularity and relative simplicity which cannot be explained on the 
basis of ordinary mechanics. These facts alone point out the necessity 
of the new systems of dynamics. 

In order to secure approximate models of the alkali metal atoms and 
thus a partial explanation of the energy levels, we can make non-mechan- 
ical assumptions which simplify the problem. An alkali atom can readily 
lose its valence electron to form a singly charged positive ion, a fact 
wjaich led us to conclude that this electron alone is responsible for the 
doublet spectrum of the neutral atom. Similarly, the divalent elements 
of the second column of the periodic table and the trivalent elements 
of the third column readily lose two or three electrons, forming doubly 
and triply charged ions, respectively. 

The singly charged ion of a second group metal or the doubly charged 
ion of a third group metal has a single valence electron moving about a 
very stable electron group. Thus, the ions Mg -1 " 1- and Al ++ " f ' have the 
same electron configuration as the very inert gas neon, while Hg ++ and 
T1+++ must be similar to platinum, which is also very inert chemically. 
Mg + , Hg + , Al ++ , and Tl ++ are called '' alkali-like 77 because they possess a 
single valence electron. The stable electron group obtained when this 
electron is removed is called the ''kernel 7 ' or the "core. 771 

The model of atoms (or ions) with one valence electron, used first 
by Sommerfeld, 1 2 rests on the assumption that the force field of the kernel 
is central in character so that the electron moves in an orbit similar to a 
precessing ellipse; whatever the law of central force between the kernel 
and the electron may be, the successive loops of the orbit have the same 
shape (Fig. 6). Therefore, the same energy and angular momentum 
are to be associated with the electron at corresponding points of these 
loops. Thus, the difficulties of spontaneous ionization or of collision 
with the nucleus do not arise with this model. At large distances 
from the kernel, its force field should approximate to the inverse square 
law. The kernel is not to be considered as a uniformly charged spherical 
surface of definite radius. The electrons within the kernel are rather 
to be regarded as moving (approximately) on elliptical or circular orbits 

1 We shall use the term “kernel” as the equivalent of the German atomrest or 
rumpf. It was first used by Lewis (/. Am. Chem. Soc. 3 10, 1121 (1916)), and we 
believe that it is a better English equivalent than other terms suggested since that 
time. 

2 Ann. Physik, 61 , 15 (1916). 
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of differing semimajor axes and eccentricities, giving rise to an average 
field not unlike that of a spherical volume charge with density whicl 
varies in a radial direction. The electron will induce a polarizatior 
of the kernel so that the field at points outside will be somewhat greatei 
than the inverse square. At internal points, some of the electrons 
of the kernel will not “ screen” the nucleus and therefore the force 
exerted on the valence electron will be much greater than the force 
outside. Within the innermost shell of electrons the nucleus is not 
screened by any of the electrons of the kernel and therefore the force 
will be 



where Z is the atomic number. It is convenient to represent the force 
at any distance from the nucleus as 


F = 


Z{r)e 2 


(13) 


where Z(r ) is a function of r, which decreases from the value of the atomic 
number at r = 0 to a value of 1, 2, 3 ■ • • at r = oo for neutral, singly 
or doubly charged atoms, respectively. However, in order to show 
qualitatively the various types of orbits of an electron moving in the 
field of an atomic kernel, we can use a simpler model for the kernel, 
namely, a positive nucleus surrounded by a uniformly charged spherical 
surface, so that the net attracting charge is Z?e outside of the spherical 
surface and Ze inside this surface. To determine the possible types 
of orbit, consider the situation when the path of the valence electron 
lies entirely outside the kernel. Its minimum distance of approach is 


= a(l-<) = 


n 2 a i 


Z' 


-M)’ 


(14) 


for an elliptical orbit of semimajor axis a, where the energy is negative 
and n is finite, ai is the radius of the first orbit of hydrogen. For 
the parabolic orbit, where the energy is zero and n is infinite, this becomes 

k 2 a i 
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All orbits having the same value of k have the same parameter, 

- k2ai 
C ~ 

An orbit having n finite and the orbit with n infinite are shown in Fig. 7. 
If for some particular value of k, the radius of the spherical shell p is 
less than k 2 a x /2 Z f , all the orbits of a sequence having the azimuthal 
quantum number k will lie outside the shell and will be elliptical orbits 
just as in the case of the inverse square field of force of a bare nucleus. 
If p is greater than c, all orbits with azimuthal number k will penetrate 
the shell, and the circular orbit for which n = k will lie completely 
inside. Finally, if p lies between c and c/2, the orbits of low total quan- 
tum number will not penetrate the shell but those of higher total quantum 
number will do so. Examples of all three of these types are known, 
although the types are not as sharply defined as this simple model would 
predict, since the kernel may have several shells of electrons and the 
valence electron may penetrate more than one of these shells. We 
now consider these three cases in turn. 


9. NON-PENETRATING ORBITS 


These will have energy values lying very near those of the hydrogenic 
atom having an atomic number equal to the number of charges on the 
kernel. For such orbits the effective quantum number must lie very 
close to integral values and it is possible to pick them out in most cases 
from tables similar to Table 3. Thus the 2 P, 2 D, and 2 F levels of the 
single .electron spectra of Li I and the other elements in the first 
horizontal line of the periodic table have effective quantum numbers 
lying very close to the hydrogenic values. The 2 D terms of Na I, K I, 
Mg II, A1 III, and Si IV and the terms of these spectra as well as 
Rb I, Cs I, Ca II, Sr II, Ba II, Zn II and Cd II have effective quantum 
numbers which are nearly integral, and, therefore, belong to non-penetrat- 
ing orbits. These terms follow the Ritz formula fairly well, although 
there are some minor deviations. This behavior is predicted by simple 
theory. 

The field of force outside the kernel may be represented by a series 
in descending powers of r, 


F = 


-!?(i + c? + cA+ cA+ 


(15) 


It may be, of course, that certain terms in this series are much more 
important than others. Born and Heisenberg 1 came to the conclusion 


1 Z. Physik , 23, 388 (1924); Born", “Vorlesungen liber Atommechanik/’ p ]89 
Springer (1925). 
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that the term containing r~ h is probably more important then any of the 
others except the inverse square term. The inverse fifth power term 
appears because the kernel is polarized by the field of the valence electron. 


Table 3. — Effective Quantum Numbers for Neutral Alkalies and Ionized 

Alkaline Earths 



Li 

Na 

K 

Rb 

Cs 

1S& . 

1.588 

1.626 

1.771 

1.805 

1.869 



2.596 

2.643 

2.802 

2.846 

2.920 

3$}4 

3.598 

3.647 

3.800 

3.856 

3.934 

Q 

0.40 

1.35 

2.18 

3.14 

4.06 

2 P^ 

1.966 

2.116 

2.232 

2.280 

2.392 

3 Pp .... 

2.956 

3.133 

3.263 

3.317 

3.374 

4P* 

3.954 

4.138 

4.272 

4.329 

4.390 

Q 

0.05 

0.86 

1.72 

2.66 

3.60 

3Z).}« 

2.999 

2.990 

2.854 

2.767 

2.548 



3.998 

3.988 

3.797 

3.706 

3.528 



5.000 

4.987 

4.770 

4.684 

4.526 

Q 

0.001 

0.02 

‘ 0.25 

1.33(?) 

2.47(?) 

4% 

4.000 

3.999 

3.994 

3.989 

3.977 

5 Fa 

5.005 

5.000 

4.991 

4.984 

4.975 

Q 

0.001(?) 

-0.00 

0.01 

0.01 

0.03 



Mg+ 

Cd + 

Sr + 

Ba + 

1 s H 

1.903 

1.791 

2.222 

2.333 

. . . 

2.920 

2.868 

3.267 

3.403 

3 S# 

3 925 


4 286 

4 404 

Q 

1.07 

3.10 

2.70 

3.60 

2 Pi A 

2.265 

2.181 

2.595 

2.696 

3 P H . 

3.286 

3.245 



4 Py. 

4.293 

4.276 



Q 

0.70 

2.71 

2.4 

3.3 

ZDz^. . 

2.970 1 

3.066 

2.431 

2.407 

4 Dzfi 

3.962 1 

4.093 

3.513 

3.557 

5 ; . . . . 

4.960 1 

5.104 

4.536 

4.588 

6 

5.957 1 

6.108 

5.552 

5.603 

Q 

0.04 

1.89 

1.45 

2.40 

4 Ftp 

4.00 

3.962 

3.962 

3.681 



5.00 


4.966 

4.495 



6.00 

5.953 

5.970 

5.209 

Q 

0.00 '* 

0.05 

0.03 

0.79 


These refer to the 2 D ^ levels. 
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To a first approximation the electric moment p of the induced dipole is 
proportional to the intensity of this field at a distance r from the center 
of the kernel so that 

V = £ (16) 

where a is a constant called the “polarizability/’ The dipole can be 
regarded as two equal charges of unlike sign and 

magnitude p/l at a small distance l from each , 1*] r 

other. The axis of the dipole always points toward e 

the electron (Fig. 8) and the force tending to increase 

the distance between them is Fla * 8 ’ 


i_L 
-HO 2 J- 


L( r + HQ 2 (r — H0 2 J r3 r5 K J 

The expression for the total force between the kernel and electron is 
therefore 

' (18) 

The potential energy is 

r --J>- -?-£• . (19 > 

and the kinetic energy is ra(f 2 + r 2 <p 2 )/2. The radial and azimuthal 
quantum conditions are thus 

f rr ^^>2 ri 2 svvn.0 . 2 


(fjwfe- = + “ - fe! + ^ 

J J L r r 2 r 4 


dr = n r h 


P<pdup = 27rp^ = &A. 


The integral in equation (20) is evaluated in Appendix II and leads 
to the energy value, 

w _ RhcZ 2 _ SZ 2 a _ Z 2 a 

L + 5l + bN 1 2 4 * Sai9 ' (22) 


where a* is the radius of the first Bohr orbit of hydrogen. The constant 
can be calculated from the experimental values of $i and 82 independently 
and may then be compared with a value found in the following way. 

The kernel of each of the alkali metal atoms has the same number 
of electrons as one of the inert gases and undoubtedly has the' same 
electron configuration. The electrons of the inert gases are bound less 
firmly however than those of the kernels of the alkali metals immediately 
following them in the periodic table, because of the smaller charges 
on their nuclei. Therefore, the polarizabilities of these atoms should 
be greater than those of the alkali metal kernels, though we can expect 
that the constants will be of the same order of magnitude. The value 
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of the constant a for a rare gas can be calculated from its dielectric 
constant e or from its refractive index n for infinitely long wave lengths 
by the Lorentz-Lorenz formula, 

3 e - 1 _ 3 n 2 - 1 
a 4 ttN e + 2 4 t riV n 2 + 2 ; 

where N is the number of atoms per unit volume; n is obtained by 
extrapolating the refractive index curve to very large wave lengths. 
In the following, Table 4, the first row contains values of a calculated 
from refractive indices. The second shows values obtained from spectro- 
scopic data, assuming that k = 1 , 2, 3, • • • for the S, P, D, • * - 
sequences, respectively. The third row is obtained in the same manner 
as the second row except that k is taken equal to Y, % etc. Rubid- 
ium is not included because of the irregular character of its terms. 


Table 4. — Polarizability Constants 


Inert gases 

He 

Ne 

A 

Kr 

X 

10 24 oi 

0.20 J 

0.39 

1.63 

2.46 

4.00 

Alkali metal ions 

Li + 

Na + 

K+ 

Rb+ 

Cs + 

With k integral, 10 24 a. . 

0.314 

0.405 

0.68 


6.48 

or, with k half-integral, 10 24 <x. . 

0.075 

0.21 

0.87 


3.36 


It will be noted that the half quantum numbers for k give values 
of OL lower than those of the corresponding inert gases, as they should 
be, while whole quantum numbers do not. This appears to be an argu- 
ment for the half quantum numbers but it cannot be taken as conclusive. 
Hartree 1 and Schrodinger 2 pointed out that different values of a can be 
secured by using different sequences of 'terms. The calculations show 
that the order of magnitude of a calculated with either set of values of 
k is that to be expected from the refractive indices of the rare gases. 


10. PENETRATING ORBITS 

Schrodinger 3 first showed that the 2 S orbits of the alkali valence 
electron must penetrate the kernel. In order to understand the difference 
between the energy values of penetrating and non-penetrating orbits 
we may assume that the kernel consists of a nucleus surrounded by a 
spherical shell, with the charge of q electrons uniformly distributed 
over its surface. Schrodinger considered the more general case of several 
shells with different radii, but the essential points can be understood 
by considering a simple model for the sodium-like atoms and then extend- 
mg the results to atoms of higher atomic number. Let us suppose 
that a sodium-like atom consists of a nucleus of charge Ze (Z = 11 12 

106, 1 £r a 2 t: Phil ' Soc ” 21, 625 (1923); 22> 409 and 464 (1924); R °y- s**’ 


2 Ann. Physik., 77, 43 (1925). 

3 Z. Physik , 4, 347 (1921). 
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13, . . . for Na I, Mg II, Si III, . . . , respectively) surrounded by a 
very small sphere carrying a charge -~2e and a larger shell of charge 
— 8e, and radius p. This distribution is based on the facts in regard 
to X-ray spectra presented in Chap. VIII. The two electrons of the 
inner shell may be considered as coincident with the nucleus for our 
purpose. Outside the kernel the effective charge attracting the valence 
electron is Z QJ where 

' Zo = Z - 10, (23) 

while inside the kernel it is 

Zi = Z - 2. (24) 

Neglecting the effect of polarization, the potential energy of the system 
when the valence electron is outside the shell is 


while inside the shell it is 


7 = 



r > P, 


(25) 


V = 





Z f + Zi f r < P . (26) 


The total energy and angular momentum of the electron are the same 
both inside and outside, and its path consists of sections of ellipses 
(Fig. 6). The equations of the outside and inside orbits and their 
semimajor axes are, respectively, 


and 


where 


p 2 1 

mZ 0 e 2 r 

p 2 1 

rnZie 2 r 




= 1 


1 + : 

1 + 


2Ef 

mZ 0 2 e* 

2 Eip 2 " 
mZi 2 e A 


cos Q , a 0 = 
cos 0, di = 


~ ZoQ 1 

2 E ’ 

2 Ei 


(27) 


pj. — pj Z 0 )e 2 

p 


In applying the azimuthal quantum condition to this orbit the range 
of integration is 2ir, and so 


V 



(28) 


but the range of integration for the radial quantum condition is made up 
of an outer loop and an inner loop, for after traversing this path the 
electron repeats its motion. The radial integral is 



rp 2 


dr = n r h. 


(29) 
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The integration can easily be carried out, but the graphical method 
used by Wentzel, 1 Sommerfeld, 2 and others shows more clearly the 
meaning of this integral. In Fig. 9, which is a modification of one 
given by Sommerfeld, p r is plotted against r so that the area under the 
curve ABCD is the radial integral and according to the quantum con- 
ditions must be equal to n T h. The radial integral of another orbit is out- 
lined by the curve A'B'C'D and that of an orbit which just falls within 



Fig. 9. Radial phase integrals of pene- 
trating orbits. 


The area under this 
We set 


the kernel by the curve A" CD". 
The energy E of the quantized orbit 
must be such that the azimuthal and 
radial quantum conditions are ful- 
filled. The area under the curve ABF 
is the radial integral of an orbit having 
the same energy and angular mo- 
mentum as the actual one but which 
lies entirely in the inverse square field 
of force of a positive charge Z„e. 


curve is not a multiple of Planck’s constant. 


and then 




2mE + “l 2 - t 


E = - 


Rhc 


(n r * + k) 2 


dr = n r *h 


Rhc 

'n**’ 


(30) 


(31) 


where n* and n* are not whole numbers and n* is obviously the effective 
quantum number defined in Sec. 7. Further, 


T" V*, 

where Q is the quantum defect defined in equation (12), and so 

^ rh = n T *h -f- Qh. (33) 

The geometric meaning of Qh is now clear. It is the area FBCDF 

^ TplSZTf ' 1 7* ( he Talne of « ““ b * 

used by Bohr in SS e Zf IT™ ° f **** kind Were exte nsively 
valence electrons in their normal ™ mheiS of the alkaIi 
are 2, 3, 4, 5, and 6 for Li Na K RK In Antlcl Pating, these numbers 
’ ' ’ ’ K ’ Rb> aDd Cs ’ res Pectively. Cu, Ag, and 

1 Z. Physik, 19 , 53 (1923). 

8 “Atombau,” 4th ed., p. 537, 
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Au have the valence electron in the 2 fi^ states in 4, 5 and 6 quantum 
orbits, respectively. The values of Q assigned to the energy states 
of the doublet spectra considered here are given in Table 3 and the 
values of the total quantum numbers of the orbits are obtained by adding 
Q to the effective quantum number and taking the nearest whole number. 

11. PARTIALLY PENETRATING ORBITS 

As stated above, it may happen that the orbits of higher total quantum 
number in a sequence may penetrate the kernel while those of lower 
quantum number do not. This occurs, if the radius of the kernel lies 
between k 2 ai and /c 2 ai/2, as shown in Fig. 7. An example of this was 
found by Wentzel (loc. eit) in the l P sequence of terms of the mercury 
arc spectrum. The higher members of this sequence have large quantum 
defects while the lower terms have small quantum defects. This 
sequence belongs to an atom with two valence electrons, however, and, 
therefore, the irregularity of the effective quantum number may be 
partly due to causes other than the one considered here. 

12. MODELS OF MORE COMPLICATED ATOMS, AND THE RITZ FORMULA 

The results obtained from our penetrating-orbit model of the sodium- 
like atom, such as the derivation of the Rydberg formula, are surprising 
in view of its simplicity. Of course many modifications suggest them- 
selves. The force field outside the kernel is not exactly an inverse 
square field as assumed, partly because of polarization forces and partly 
because the electrons of the kernel cannot be replaced by a uniformly 
charged spherical surface. Moreover, in dealing with more complicated 
atoms, the effect of the electrons should be approximated by several 
shells of charge. The orbit of a valence electron would then consist 
of parts of several ellipses with different major and minor axes. It 
can be shown by methods like those of Sec. 9 that the spectral terms of such 
a model are given by the Ritz formula (8). According to the theory 
the constant a should be negative, and b positive. Ordinarily this is 
found to be the case. 

Much attention has been devoted to the computation of spectral 
terms on the basis of the shell model, and in simple cases fair agreement 
with the spectra has been attained. Appropriate distributions of the 
inner electrons must be determined with the aid of information gained 
trom X-ray spectra. 

13. THE ORIGIN OF THE ALKALI DOUBLETS 

We have seen that the difference between the orbits m 2 P% and 
and m 2 P)& of the valence electron of an alkali lies in the orientation 
of the electron-spin vector with respect to its angular momentum. The 
quantum numbers n, Z, and s are the same for both orbits, but s and 7 
are parallel and antiparallel for these two states, respectively. Therefore, 





Hydrogen 
Fig. 10. 


Lithium 
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we should be able to calculate the wave-number difference of these 
terms by a method like that used in Chap. V, Secs. 16 to 19, to obtain 
the difference of the terms 2, 1, % and 2, 1, }4 °f hydrogen. The paral- 
lelism of the two cases is most easily seen by considering the element 
lithium, whose P orbits do not penetrate the kernel, the term values 
being very close to those of hydrogen. At the left of Fig. 10 the positions 
of the two-quantum states of hydrogen are indicated on a much exagger- 
ated scale. The 2, 1, H, and 2, 0, terms are shown separately though 
they are actually coincident. The slight displacements of these terms 
from the positions predicted by the simple Balmer formula are due to the 
combined effects of relativity and electron spin, as summed up in equation 
(93), Chap. V. The corresponding terms of lithium are shown on the 

right, also on a distorted scale. The 1 2 S# 

— 2p 3/£ orbit penetrates the kernel, as we recognize 

immediately from Table 3. Its quantum 
numbers are n = 2, l = 0, j = so that it 
corresponds to the 2, 0, H orbit of hydrogen 
and is denoted by the same symbol. Sim- , 
ilarly, the 2 2 Pj/ 2 and 2 2 P% orbits correspond 
to 2, 1,3 *2 and 2, 1, % of hydrogen. The 
interval between these two states is small, 
for the orbits have the same total and 
azimuthal numbers, and are practically coin- 
cident. In fact, the interval is due to the 
electron spin,. The energy of the penetrating 2, 0, 3/2 orbit is also affected 
by the electron spin and the relativity change of mass, though these are 
small compared to the increase of the term due to penetration. The 
interval between IS and 2 P is usually called a “screening doublet/ 7 for 
the difference of their energies is due to the fact that on the average an 
electron on a IS orbit is not screened from the powerful attraction of the 
nucleus to the extent it would be in traversing a 2 P orbit. Likewise, the 
interval between the 2 2 / > i & and 2 2 P% orbits is called a spin doublet. 

A better name would be “spin-relativity doublet. 

A quantitative test of the adequacy of this explanation is easily made. 
From equation (93) of Chap. V , the interval between two levels with 
quantum numbers n, l, l + }4 an( l n > h 

Ra*Z* 

+ 1 )‘ 

Now, in dealing with lithium, instead of employing an effective quantum 
number, we may think of the non-penetrating 2 P orbits as hydrogenic 
orbits moving in the field of a nucleus with an effective chaige Z* ff, so 
that the spectral term is 


-The correlation of 


hydrogen and litliuirn termn. 


H is 


A v = 


(33) 


T 


RZ** 
2 2 


(34) 
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Using the known value of T, namely 28,582.5, we find that Z eii = 1.021. 
This value is used in equation (33) to calculate the relativity and spin 
corrections of the two orbits in question. The result is 

Aiu = (35) 


where A?h is the separation of the two quantum orbits of hydrogen, 
0.365 cm. -1 . Therefore, 

Av Li — 0.386 cm. -1 . 

Kent 1 has found the separation of the 2 P orbits to be 0.34 cm. -1 , 
which is a satisfactory agreement in view of the approximate nature 
of our model. 

In order to apply these ideas to the penetrating orbits of the other 
alkalies, it is necessary to consider the contributions of the inner and outer 
parts of the orbits. On the outer part of its orbit, the electron moves 
in a field corresponding to an effective atomic number Z 0 and in an orbit 
•whose dimensions are determined by the quantum numbers n* and l 
For an electron moving in a complete orbit of the same shape as this 
outer loop, the difference in wave number for the two possible orientations 
of the electron spin relative to the orbital angular momentum will be 


__ i?a 2 Z 0 4 

Vo +!)’ 


(36) 


Similarly, the wave number separation for the two orientations for an 
electron moving in a complete ellipse having the same constants as the 
inner loop will be 


. Ra 2 ZS 
'* n*l(T+ 1 )* 


(37) 


To get the value of Av for the actual orbit consisting of an outer and 
inner loop. (Fig. 6), we weight these two values in proportion to the 
relative times spent by the electron in the two parts of the orbit. This 
procedure is partially justified by the theorem of Chap. VI, Sec. 10. 

The time r required for the electron to move from the position of 
maximum distance from the nucleus to the minimum distance and back 
again in the actual orbit is nearly equal to the time r 0 required for it to 
traverse the whole outer ellipse, a result easily verified by the study 
of a few examples. Therefore, 


n* 3 /i 3 
4 7 r 2 me 4 Z 0 2 


(38) 


Similarly, the time spent in the inner loop of the orbit is very nearly equal 
to the time of revolution in a completed internal orbit, so that 


, _n, 3 /i 3 

47 r*me*Z? 


(39) 


1 Astrophys. J., 46, 343 (1314). 
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and 


Ap = A v 0 — ”1“ A Vi~ ~ A v 0 "f* A v%-~ 

T T To 


Ba 2 Z 0 


• tt* 3 Z(Z + 1) 


(Z.2 + ^ 2 ). 


(40) 


14. THE CALCULATION OF ORBITAL PROPERTIES FROM DOUBLET 

SEPARATIONS 


If Z 0 is small compared to Zi, the first term in the parenthesis can 
be neglected. In this form Lande 1 used equation (40) to calculate 
values of Zi for the penetrating P levels of a large number of atoms and 
found that Zi differed from the atomic number by only a few units 
in all cases. This was interpreted as showing that the electron penetrates 
close to the nucleus in all these orbits. 

For the doublet separations of ionized atoms of low atomic number 
it is not justifiable to neglect Z 0 2 in the equation above. The Zi values 
for the doublet spectrum of Na and for ions which have the same number 
of electrons as Na (namely, 11), are given in Table 5. 


Table 5 


z. 

2 2 Pi4 - 2 2 P 3/2 

ft* 

Zi 

3 2 Py 2 — 3 2 Py 2 

n* 

1 

17.18 

2.117 

7.58 

5.49 

3.134 

2 

91.55 

2.265 

9.34 

30.05 

3.287 

3 

238 

2.370 

10.58 

80.13 

3.392 

4 

460 

2.450 

11.37 

162.06 

3.471 

5 

795 ' 

2.509 

12.14 



6 

1279 

2.556 

12.85 







Na I.. 
Mg II. 
A1 III 
Si IV. 
P Y. 
S VI. 


7.55 

9.36 

10.50 

11.38 



-VPy, - 4 2 P}6 

n* 

Zi 

Average 

Zi 

! 

Z - Zi 

Na I 

2.49 

4.139 

7.72 

7.62 

3.38 

Mg II 

14.07 

4.294 

9.57 

9.42 

2.58 

A1 III 

39.15 

4.399 

10.85 

10.62 

2.36 

Si IV 

75 

4.478 

11.34 

11.36 

2.64 

P Y 




12 14 


S VI 




12.95 

Zj , OU 

3.05 






The last column of the table gives the value of the so-called screening 
constant for the inner part of the orbit. It is the difference between 
the atomic number and the calculated value of Z { for the 2 P orbits of 
these atoms. The data indicate that the P orbits of these atoms plunge 
inside a shell of about 7 electrons and remain outside the region occupied 

1 Z. Physik., 25, 46 (1924). See also Millikan and Bowen. Phys . Rev 24. 209 
(1924). 
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of hydrogenic atoms. The total quantum numbers n are written beside 
the terms. If an energy level falls close to the corresponding hydrogenic 
level, the orbit is ordinarily assumed to be non-penetrating and is given 
the same quantum numbers as the corresponding hydrogenic level; 
the doublet separation must also be small in order that this may be 
justifiable. Thus in Cu I, the 2 P levels fall near the two-quantum level 
of hydrogen so that they might be assigned the numbers n, l = 2, 1. The 
doublet separation is large, however, and it is probable that this is a 
penetrating orbit with the quantum numbers n, l = 4, 1. The assignment 
of total quantum numbers is largely determined from such general studies 
of the building up of the entire periodic system of the elements, which 
will be taken up in Chap. IX after X-ray spectra have been discussed. 

16, THE SCHEME OF QUANTUM NUMBERS FOR AN ATOM HAVING ANY 
NUMBER OF VALENCE ELECTRONS 1 

We are now in a position to discuss the spectra of atoms having 
several valence electrons. New phenomena will be encountered because 
the properties of the atom, e.g ., its energy, and its behavior when external 
fields are applied, will depend on the quantum numbers of all the electrons 
in the uncompleted outside group. In the presence of a uniform external 
force field, which we assume to be magnetic for simplicity, each electron 
in the outer group may be characterized by five quantum numbers. 
We denote the quantum numbers of the pth electron by 

U v> lp, Wily, Spy 771 sp . (41) 

Here n p is the total number, l p the reduced azimuthal number, and mi v 
the component of l p along the lines of force; s p is the spin quantum 
number while m 8V is the component of s p along the lines of force. 2 When 
there is no external field, the system is degenerate and the situation is 
simplified. Let us suppose that the values of n p and l p for each electron 

1 The quantum numbers l, s, and j are vectors and should be indicated in bold-face 
type; but, since this is not customary, they have been indicated in this way only when 
it was especially necessary to emphasize their vector character. 

2 These five quantum numbers do not constitute a unique choice, and we shall 
sometimes use other systems, e.g., we shall replace s p by j p , where j p is the resultant of 
$ p and l v . The reader may wonder why the spinning electron is assigned only five 
quantum numbers. The fact is, there should be six quantum numbers if we think of 
the electron as a rigid body spinning on an axis. To specify the position of such a 
body, we may give the coordinates of a point on the axis, and three other coordinates 
which specify the motion of the electron about its center of gravity. The quantum 
numbers for the motion of a symmetric rigid body in the absence of a field of force are 
discussed in Chap. XII, Sec. 24. A third quantum number specifying the orientation 
of the angular momentum vector is necessary when a field of force is applied. This 
corresponds to m sP . In the case of the spinning electron, it appears probable that the 
other two have the same physical significance, so that apparently we deal with only 
one of them. 
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term sequences were given the names, S r P, D, etc., and the values 
k — 1, 2, and 3, etc. were assigned to these sequences, exactly as described 
in Sec. 3 . Naturally, it was believed that the azimuthal number of a 
spectral term was actually the azimuthal number of a single electron, 
called the “leuchtelektron” or “emitting electron. 1 ” Today, we know 
that 7b — T is identical with Z, the resultant of the l p , so that l — 0,1, 
2, • • • etc. for the 8, P, D , etc. terms, respectively. When s — 0, 

1, etc. we are dealing with singlets, doublets, triplets, etc. The multiplicity 
of the system of terms is indicated by a superscript in front of the symbol 
S, P, etc. Thus a triplet term for which l = 1 and j = 2 is written S P 2 . 

17. DESCRIPTION OF SECOND-GROUP SPECTRA 

The spectra of the neutral atoms of second group elements are more 
complicated than those of the alkalies because there are two sets of 
energy levels, a singlet system and a triplet system. We have spectral 

lines due to the combination of 
single levels, and groups of spec- 
trum lines, three or six in number, 
due to the combination of triplet 
levels with other triplet levels. In 
addition, there are lines caused by 
the change from a triplet level to 
a single level, and vice versa , which 
are called “intercombination lines.” 
In these spectra, the terms and their 
combinations may be described by 
means of numbers Z, j, and s, j ust as in 
the case of the alkali atoms. These 
numbers are characteristic of the 
term and not of any single electron. It is found empirically that when 
they are assigned to the terms in the way indicated in the energy diagram 
(Fig. 12), the selection rules as given above for doublet spectra hold 
true, i.e., l changes by ±1, except in the case of combinations with the 
so-called primed terms, which will be discussed presently; and j changes 
by ±1 or 0, with the additional restriction that the change 0 —» 0 is 
forbidden. 

We use the Hg spectrum (Fig. 13) as the first example because of its 
importance in experimental work. The physical properties of Hg are 
such that it is widely used in testing spectroscopic theories as well as in 
photochemistry and biological work, and the reader cannot be too 
familiar with its spectrum. Anticipating, we may say that all the terms 
which we shall define in discussing this element correspond to con- 
figurations in which one of the two valence electrons is on an excited 
orbit, while the orner is on an unexcited orbit, The freauenoy 
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Fig. 12. — The energy diagram of mercury. 
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differences between the components of the more important triplet levels 
of Hg are very large; e.g., 2 3 Pi — 2 S P 2 = 4,631 cm.” 1 . Quite generally, 
the separations of the components of multiple terms increase as we pass 
from low to high atomic numbers in a given group of the periodic table. 
The large v difference of the 2 3 P terms of Hg causes successive groups 
in the sharp and diffuse triplet series to overlap, so that it is difficult 


to detect series in this element by 
eye. The lowest term of the spec- 
trum is the singlet term VSq which 
lies at 84,178 cm.” 1 . There is no 
triplet S state having a term value 
comparable with VSq, 2 1 $ 0 isfound 
at 20,353 cm.” 1 and an S level of the 
triplet system lies nearby at 21,831 
cm.” 1 . Because of the close agree- 
ment in energy value with the 2 1 $ 0 
orbit, this state is also given the 
number 2 and is called 2 3 $i. The 
first lines of the singlet and inter- 
combination principal series, 1 1 Sq — 
2 ! Pi at 1,849 A, and VSq — 2 3 Pi at 
2,536.71, are the important reso- 
nance lines. They are the only 
lines in the absorption spectrum 
which lie in accessible regions. 
Often conditions are such that 
XI, 849 is the strongest line of the 
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Fig. 13. — The mercury spectrum. 


emission spectrum. The most important series of Hg are as follows: (Ii 


reading across a horizontal line the wave length decreases.) 


Singlet System: 

Principal m ^ 2 P/So — mlPi) vn ^ 3, 2 1 $o — m l P i. 

Sharp m ^ 2 2 ip x - m'S* 

Diffuse m ^ 3 2 l P x — m l D 2 . 

Triplet System: 

Principal ; m ^ 3, 2%Si — m 3 P 0 , 1 , 2 . 

Sharp m ^ 2 2 3 P 2 - m*Si; 2 3 P X - m*Si] 2 3 P 0 - m*Si. 

Diffuse m ^ 3 2 8 P 2 — m 3 Z>i, 2 ,a; 2 3 Pi — 

2 3 P 0 — m z Di. 

I ntercombination: 

Principal m ^ 2 P/So — m 3 Pi. 


It is unnecessary to illustrate the nature of the singlet series, so w< 
begin with the first triplet of the sharp series. The wave lengths, wav< 
numbers, and wave-number differences of its three lines are as follows 
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Classification 

X 

V 

Av 

2*p 2 - 23&i 

5,460.74 

4,358.34 

4,046.56 

18,307.5 

22,938.1 

24,705.4 

4,030.0 

1,707.3 

2 3 Pi - 2 3 $i 

2 3 P 0 - 2 3 ^! 



Higher members of the series are similar and, obviously, have the wave 
number differences listed for the first triplet. A diffuse triplet is more 
complicated, since it is obtained by the combination of two triplet levels. 
Thus it would be expected to contain nine lines, but three of these are 
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Flo. 14.— Transitions of u li P — multiplot. 

eliminated by the operation of the selection principle for j. In Fig. 
14 we see how this occurs. Numerical data for the diffuse triplet 2 — 
3 3 D of the related element cadmium are given below: 


Classification 

X 

V 

2 3 p2 - 3 3 Di 

3,614.43 

27,659.0 

- 3 8 /> 2 

3,612.86 

27,670.8 

- 3»D* 

3,610.51 

27,689.0 

2 3 / > t - 3 3 Di 

3,467.61 

28,830.1 

- PJh 

3,466.18 

28,842.0 

2 3 / > , ) — 3 3 /J>i 

3,403.60 

29,372.3 




11.8 

18.2 

18.0 


A VtP 


1,171.1 


512 2 


As for the intercombination principal series, the lines 1‘*S’ 0 — m 3 P a are 
ruled out by th (tj selection principle, while lbS 0 — 0 is absent because 
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character to the three possible quantized orientations of the * 
with respect to the l vector. In general, the number of level 
sponding to a given l and s is 2s + 1. 

The part of the table above the solid dividing line exhat 
possibilities of obtaining terms from a 3, 0 electron and a secoit 
quantum electron; the highest value of l which can arise from 
arrangement is 2 since l p < n p . To obtain F terms, we must p 
second electron on 'a four-quantum orbit. Then, l = l 2 = 0, 1, 
and we obtain the second members of the S, P, and D sequences a 
the first member of the F sequence. In all the terms in this tab! 1 
so that 1% determines the azimuthal character of the terms. In a: 
containing only one valence electron with an l value different frc 
that electron may be considered as the “leuchtelektron,” and 
others may reasonably be referred to the kernel: but, on the 
such a distinction is of little benefit. 

19. PAULI’S EQUIVALENCE PRINCIPLE 
In the energy diagram of Hg and in Table 6, we note that th« 
system has no deep-lying level which might be called l z Si in 
to the lowest level of the atom, VS 0 . This is due to the oper; 
Faulks 1 equivalence principle, a far-reaching hypothesis nov\ 
explained. In order to understand this principle we must 
acquainted with the behavior of an atom in a magnetic field, d: 
in Chap. X, Secs. 8 and 9. In the presence of a weak field the 
processes about the direction of the lines of force. Just as in the 
hydrogen and of the alkali metals, the atom is space-quantized 
field and the component of j in the direction of the field is ca 
magnetic quantum number m. On the other hand, in the prese; 
very strong field the coupling of the various l v and s p vectors is 
down, and each of these vectors is independently space-quantize* 
field. Their orientations follow the usual quantum rules, so t 
takes integral values obeying the conditions, 

-l P m lp g l v , 

while m sp has the values, 

s p ^ m sp ^ Sp, or m sp = ±^. 

It is often more convenient to consider the case of a stro; 
because each electron is then definitely characterized by the five q 
numbers n p , l p , s PJ m sp , and mi p . The assignment of number! 
intermediate field is not so simple as in either a weak or a stroi 
Paulks principle is as follows: 

There are never two or more equivalent electrons in the atom, s 
the values of all five of their quantum numbers will be identical 
strong magnetic field is applied, 

'Z.Physik* 3k 765 fl 925). 



Sec. 20] HIGHER SERIES SYSTEMS OF SECOND-GROUP ELEMENTS 215 

This assumption limits the number of ways in which the electrons 
in a field-free atom may be coupled, and also explains the structure 
of the periodic table of the elements (Chap. IX). We may use it at 
once to explain the absence of the l 3 $i term in Table 6. For this state, 
the total quantum numbers of both valence electrons are equal. Their l 
vectors are each equal to zero, and their 5 vectors are parallel. The 
orbits of these electrons are therefore completely equivalent, and if a 
strong field is applied parallel to the common direction of the s vectors, 
both electrons would be characterized by the magnetic quantum numbers 
7 ni = 0, m s = +K, or mi = 0, m s = -H, for both of them must behave 
similarly. This configuration would not be in agreement with Pauli’s 
principle and, therefore, the level 1 3 aS 4 does not occur in the absence of a 
field. Other illustrations will be encountered continually. 

20. QUANTUM NUMBERS FOR THE HIGHER SERIES SYSTEMS OF SECOND- 

GROUP ELEMENTS 

Let us now return to the study of the Mg spectrum. If we place 
the first electron on a 4, 0 orbit and the second on a 3, 0 orbit, we* obtain 
the terms 2 l S 0 and 2 3 aSi, as before; but the configuration of a 4, 0 orbit 
together with any possible orbit other than 3, 0 yields a series system 
similar to that in Table 6. Of course, all the terms lie at much higher 
levels on the energy diagram than their analogues in Table 6, and the 
series converges to a different limit. The triplet S term corresponding 
to the arrangement 4, 0; 4, 0 is missing, by Pauli’s rule. Similar systems 
are obtained if the first electron is on the 5, 0 orbit, and so on. Even 
the 4, 0 system must be expected to be extremely weak, and in Mg no 
such terms are known. They might be discovered by using a high- 
current arc. Series of this type are well known, however, in the spectra 
of other elements. 

When the first electron is on a 3, 1 orbit instead of its normal position 
3, 0, we encounter new relationships. Corresponding to given values 
of the Ip s, we can have different values for the resultant l ; that is, spectral 
terms having various l values are found to correspond to one and the same 
set of l p values; the difference between them arising from the various . possible 
orientations of the vectors l v . The- way in which such terms arise is shown 
in Table 7. In this table some of the term symbols are provided with 
primes. The meaning of this notation is given in Sec. 21 . 

It is not convenient at this stage to explain in detail the exclusions 
mentioned in the column of remarks for such explanation involves a 
knowledge of the strong field Zeeman effect of these terms, but we may 
describe the way in which these terms could arise, neglecting the fact 
that some of the possibilities listed are excluded. The resultant, s, of 
Sl and s 2 , may take the values % - H or M + H- The first value 
yields singlet terms; for when s = 0, the resultant, of l and $ is l itself , 
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state in the customary fashion, the Z P levels of calcium are found to 
have wave numbers which obey a Ritz formula. However, this is not 
true of the upper levels for the emission of the multiple! at 4,300 A, 
which are designated by m?P\ with m equal to 2, 3, etc. It was formerly 
customary to refer to such levels as primed levels, or primed terms, but 
the meaning of the term has been altered in recent years. Its present-day 
significance is described in Chap. X, Sec. 3, 

Let. us now examine the origin of the P ' levels 
of calcium. When the atom is in a P' state 
the valence electrons are on 4, 2 and n, 1 orbits, 
respectively, with the understanding that n is 
greater t han or equal to 4. When n becomes 
infinite, the atom is ionized; as before, the ion 
is similar to the atom of potassium, but it is not 
in the normal state, for the valence electron is 
on a 2 £> orbit* The energy of this state is 
positive and its wave number is negative, if 
the normal state of the ion is taken as the 
origin and therefore the wave numbers of the 
ml** levels converge to a negative value and can- 
not be expected to follow a Ritz formula. 

For example, the terms of the w?P r sequence of Ca have been assigned 
the following wave numbers by Russell and Saunders: 1 




Fig. 15.— -The 2*P 

multiplot of calcium. 


~ ''o 

mV" 


*>V" 10,753, 10,840, 10,887 

;jV" 711, 7(17, 781 

IV" . - 5,000, - 4,084, - 4,078 

r,V" ~ 8,334, - 8,313, - 8,30(1 

(iV" -10,086, -10,063 


The fact that these terms extend into the region of negative wave 
numbers is worthy of notice. When the term is negative, the atom 
possesses more energy than would be required to eject a single valence 
electron from the unexcited atom. 

All sequences which converge, as this one does, at an excited state 
of the ion, may be called “displaced;” they are neither anomalous 
nor infrequent, and it often happens that their wave numbers will obey 
a Ritz formula if the origin is shifted to the limit of the sequence. ThuK, 
in the case of calcium, Russell and Saunders showed that the lines 
2 */ J 2 — m¥Y are well represented by the formula 


47,950 


It 


(47) 


[m - 0.8202 -f 3.75 • 10 ='(17, 950 -?)]* 

Since the final orbit involved in the emission of those lines is 2 ■V > 2 , 
having the wave number 33,989 cm,** 1 , the series limit lies at 2 */■** — 


i Aulrnphys. 61, 38 (1025). 
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oo 3 P 2 ' = 33,989 - 47,950 = — 13,961 cm.- 1 . Let us now examine the 
evidence in favor of the statement made above, that the oo P r state 
is the 2 D state of the ion. We see that the ion will emit a quantum 
v — 13,961 in falling to its normal state which has wave num- 
ber zero in our present scheme of reckoning. The lowest terms 
of Ca + (with zero at the principal series limit, corresponding to 
removal of the valence electron) are as follows: 1 2 S at 95,740, 3 2 Z) at 
82,028 - 82,089, and 2 2 P at 70,325 - 70,548 cm." 1 . Now 1 2 S H - 3 2 D* A = 
13,711, and this agrees with 13,961 within the error involved in deter- 
mining the limit for the mP r sequence, which is somewhat irregular. 

This alone would not be sufficient proof of the assignment of quantum 
numbers cited above, but similar relationships are found in strontium 
and barium, and the question may be regarded as settled. In the 
elements Be and Mg, on the other hand, the situation is different, and a 
controversy arose before the matter was completely understood. Some 
authors claimed that the P' terms of all second-group elements arise 
from the configuration h = 2, h = 1, while others believed that the l 
values of both electrons are equal to one. Theoretically, there should 
be term systems corresponding to both configurations, and the question 
involved is really that of their relative prominence. For example, 
there should be Mg terms arising from the electron grouping 3, 1; 3, 2, 
but lines involving them should be very faint for these terms lie much 
higher on the energy diagram than those corresponding to 3, 1 ; 3, 1. This 
is due to the fact that the 2 2 P level of Mg + is lower than 3 2 D. On the 
other hand, in the spectra of Ca, Sr, and Ba, 3 3 D is very close to 2 3 P, 
and in Ba, 3 3 D is actually lower than 2 IP. Further in the spectra 
Ca II, Sr II, and Ba II, 3 2 D is greater than 2 2 P. Therefore, in these 
three ions this term lies closer to the normal level, 1 2 S, than any other 
level, and is metastable because of the operation of the azimuthal selection 
principle. It is well adapted to give rise to prominent terms when 
an electron is picked up by the ion to form a neutral atom. 

22. SELECTION PRINCIPLES 

Anticipating the explanations given in Chap. X, Sec. 3 , we may 
state the following selection principles for second-group spectra, which 
are a generalization of the ones used up to this point. The selection 
rule for j is A j = ± 1 or 0; that for l may be expressed by saying that only 
those transitions occur in which the l v of one electron changes by ± 1, 
and that of a second by 0 or ±2. If the l value of only one electron is 
altered, then it changes by ±1. This rule is obeyed with only a few 
exceptions in all spectra. 


CHAPTER VIII 


X-RAYS AND X-RAY SPECTRA 

1. THE DISCOVERY AND PRODUCTION OF X-RAYS 

While experimenting with a cathode ray tube, Rontgen 1 discovered 
that rays capable of passing through opaque objects originate wherever 
the cathode particles fall on the glass walls of the tube. These rays 
cause the air through which they pass to become ionized and thus con- 
ductive, affect a photographic plate, and cause many substances to 
fluoresce. They spread from the point of origin in all directions in 
straight lines and are not deflected by electric and magnetic fields. 
Because of these properties, Rontgen gave the correct explanation that 
they are electromagnetic waves, 
similar to ordinary light but of 
much shorter wave length. How- 
ever, experimental difficulties pre- 
vented him from demonstrating 
any interference phenomena such 
as are known for light. He 
observed that the ability of the 
rays to pass through thin layers 
of any substance varies greatly 
when the pressure of the residual 
gas in the tube is changed. Low 
pressure is favorable to the pro- 
duction of more penetrating or 
“harder" radiations, which have 
the shorter wave lengths. The 
stopping power of different elements for rays of the same hardness 

increases rapidly with the atomic number. 

X-rays are emitted by any substance upon which high velocity 
electrons fall, the kinetic energy of translation of the electrons being 
converted into the energy of the X-rays. In present practice, the 
electrons are caused to impinge on a metal disk, the anticathode, instead 
of on the walls of the tube. The many types of tubes designed for the 
study of the rays themselves, of crystal structure, or of medical problems, 
vary in the means used for producing the free electrons and in the 
i Sitz.-Ber. phys.-med. Ges., Wiirzburgh, 1895. English translation in The Elec- 
triciun, Jan. 24, 1896, and Apr, 24, 1897. 
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arrangement of the electrodes. We shall distinguish two main types, 
differing in the manner of producing the electron current. In ton tubes, 
the electrons are liberated when ions bombard the cathode. Such a 
tube is illustrated in Fig. 1 and consists of a disk-shaped cathode C, 
and anticathode A sealed in a glass bulb containing hydrogen at low 
pressures. A high potential (10 to 300 kilovolts), supplied by a trans- 
former and rectifier or by a battery of cells, is placed between C and A. 
The residual positive ions present in the gas are accelerated toward 
the cathode and cause the emission of electrons from the cold metal 
when they impinge on it with high velocities. The free electrons pro- 
duced in this way fall on the anticathode causing the emission of X-rays. 
By colliding with the H 2 molecules they maintain an abundant supply 
of ions which in turn maintain the electron supply. The electrons 
leave the cathode along lines perpendicular to its surface since nearly 
the entire potential drop from the cathode to the anode is very near the 
cathode and the electric force is nearly perpendicular to its surface. By 
making the cathode concave, the electrons can be focused on a small 
area of the anticathode. X-rays emitted at A can 5 pass out through 
the glass walls or through a window oh thin metal foil (usually aluminium) 
at L, The anticathode is often water-cooled as in the figure and can 
be removed from the tube so that different substances can be placed 
upon it. The kinetic energy of the electrons hitting the anticathode 
depends on the applied potential, and on the energy loss to molecules 
of the gas, that is, on the pressure. When the voltage across the tube, 
which determines the hardness of the radiation, is varied, the current 
is changed. The impossibility of varying these two factors independently 
is a marked disadvantage. 

Highly evacuated X-ray tubes differ from the ion tubes in that few 
gaseous ions are produced. Practically no electrons are liberated from 
the cathode by ionic bombardment. Other means are used to secure 
free electrons from the cathode such as thermal or photoelectric emission. 
The most common method is to use a hot filament, usually tungsten, 
as the cathode. The advantage of this type of tube over the ion tube 
is that both the potential drop and electron current and thus the hardness 
and intensity of the X-rays can be easily and exactly controlled. 

2. THE NATURE OF X-RAYS 

When a beam of X-rays falls on matter a portion of its energy is 
dissipated in a variety of ways. This energy is usually said to disappear 
by a process of absorption or by one of scattering. In absorption 
processes the energy is taken up by the atoms, raising them to higher 
quantized states or ionizing them. In the return to the normal condition 
these atoms can emit radiations which are definitely characteristic 
of the type of atom involved and are commonly called the “ fluorescent” 
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or “ characteristic radiations.” In scattering processes the atoms and 
electrons of the scattering material serve merely to deflect the X-ray 
quanta and in some cases to change their energy slightly, as explained 
in our discussion of the Compton effect in Chap. IV. Aside from this 
minor alteration of wave length, the properties of the secondary X-rays 
are determined by the character of the primary beam. 

We now discuss the experimental proofs that X-rays possess all the 
essential properties of ordinary light; in fact, many of their properties 
can be successfully predicted over a wide range of wave lengths by the 
electromagnetic theory of light. The existence of polarized X-rays was 
first demonstrated by studying the properties of scattered rays. In a 
beam of unpolarized X-rays, the electric vector shows no preference, 
on the average, for any direction perpendicular to the beam. It may be 
resolved into two components aa 
and bb perpendicular to each 
other. In Fig. 2, OA represents 
the direction of the beam. At 
A is placed a body which par- 
tially scatters this primary beam. 

According to electrodynamic 
laws, electrons in A vibrate with 
the frequency of the light beam 
and send out secondary wavelets 
in all directions which have the 
intensity and polarization re- 
quired for the light emitted by 



Fig. 2. — The polarization of X-rays by 
scattering. 


an oscillating doublet (Appendix 

VIII). The component of motion of an electron which is due to the 
aa component of the electric vector produces light with electric vector 
in the direction of the meridians of a sphere, having its poles in the direc- 
tion aa, as shown in Fig. 2, Chap. I. At a distance r from the scatterer 
in a direction making an angle 9 with aa, the intensity of this light should 


be proportional to 


e 2 v 2 sin 2 d 


( 1 ) 


where v is the acceleration produced by the electric field of the primary 
beam. From this formula the intensity of the light excited by aa is zero 
in the direction AB' and a maximum along AB. Similarly, the 'bb 
component of the primary beam will give rise to scattered light with its 
electric vector in the direction of the meridians of a sphere having its 
poles in the direction of bb. The intensity of this light is zero in the 
direction AB, and a maximum in the direction AB' perpendicular to this. 
Thus the beam scattered along AB, perpendicular to the primary beam 
should be completely polarized with its electric vector parallel to aa, 
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while that in the direction AB ' should be completely polarized along 
bb. The light scattered along the primary beam and that scattered 
backwards should be unpolarized, and in intermediate directions partial 
polarization should occur. The polarization of the scattered rays can 
be detected by allowing.them to fall on a second scatterer, either at B or 
B'. Reasoning similar to that above shows that the light scattered 
at B should have its electric vector along the meridians of a sphere 
with poles in the direction aa and this should have zero intensity along 
BC' and maximum intensity along BC. Similar relations hold for the 
beam scattered at B ; . Barkla 1 detected a difference in intensity for 

the beams BC and BC' which 
indicated that the beam AB 
was 70 per cent polarized. 
A. H. Compton andHagenow, 2 
repeating this work, took pre- 
cautions to avoid multiple 
scattering at A and B. They 
found polarization which was 
complete, within an experi- 
mental error of 1 or 2 per 
cent, showing that in this 
respect X-rays obey electro- 
magnetic theory. 

Additional evidence can be 
obtained from interference 
phenomena. Rontgen at- 
tem P te ^ to observe X-ray dif- 
fraction but was unsuccessful. 
Haga and Wind 3 and Walter and Pohl 4 detected a slight broadening 
of a beam of rays which had passed through a wedge-shaped slit having 
a width of about 0.001 mm. at the broad end. Sommerfeld calculated 
the wave length of the X-rays used by these investigators as 1.3 • 10““ 8 
and 0.4 • 10~ 8 cm., respectively. The experiments showed that the 
harder X-rays had the shorter wave lengths. Walter 5 and Rabinov 6 
have made further studies of this subject. 

Definite evidence of another kind was provided by Laue’s discovery 
(1912) that X-rays can be diffracted by crystals. It occurred to him that 
regularly spaced layers of atoms separated by distances of the same order 

1 Proc. Roy. Soc., 77 , 247 (1906). 

2 J. O. S. A. and R. S. I., 8, 487 (1924). 

3 Ann. Physik , 68, 884 (1899). 

4 Ann. Physik , 29 , 331 (1909). See also Sommerfbld, Physik. Z ., 2, 59 (1900); 
Sommerfeld and Koch, Ann. Physik , 38, 507 (1912). 

5 Ann. Physik , 74 , 661 (1924); 75 , 189 (1924). 

Nat , Acad. Sd^ 11 , 222 (1925). 
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of magnitude as the wave length of the X-rays should act as a diffraction 
grating. At Laue's suggestion, Friedrich and Knipping performed an 
experiment to test the idea which was immediately successful. 1 A 
beam of X-rays, selected by narrow slits, fell on a crystal of ZnS about 
0.5 mm. thick and struck a photographic plate mounted perpendicular 
to the beam. Most of the radiation passed the crystal without deflection, 
and a part was scattered in all directions, but beams of high intensity 
were scattered in certain definite directions so that a u point diagram” 
appeared on the plate as shown in Fig. 3. The theory of this pattern 
was developed by Laue, assuming that the atoms of the crystal were 
arranged regularly in space and that they acted as point charges in 
scattering the rays. Such patterns are valuable in the study of crystal 
structure but are not adapted to precise measurement of X-ray wave 
lengths. Arrangements for this purpose are discussed farther on. 

3. REFLECTION AND REFRACTION IN THE X-RAY REGION 

Recently, the wave lengths of X-rays have been measured without 
the use of crystals, the results agreeing with crystal determinations. 
The two methods used are refraction in prisms which may be either 
crystalline or amorphous, and diffraction at the surface of a ruled grating. 

In considering the results of both types of experiment, we must 
remember that the refractive indices of solid substances (and presumably 
also of substances in other states) for X-rays are in general very slightly 
less than unity, for the same reason that we encounter refractive indices 
less than unity in the case of ordinary light — namely, we are dealing 
with a region lying at smaller wave lengths than a strong absorption 
band, a region of so-called “anomalous dispersion,” though it is not 
in any way anomalous. As we can see from Chap. VII, Sec. 9, the 
refractive index n of an amorphous substance is given by the equation 



where N is the number of molecules per unit volume, and a the electric 
moment induced in a single molecule by unit electric field. If the 
medium contains harmonically bound electrons, 

_ V Fi 

01 ~ Vi i - „i’ 1 ^ 

in a region of slight absorption, vi being a typical resonant frequency 
of the electrons. The constant Fi corresponding to each frequency Vi 
is the number of electrons in each molecule having that frequency. 

1 Sitzungsber. Bayer . Akad. TPm. ( Math .- Phys, Klasse ), p. 303 (1912); Ann. 
Physik , 41, 971 (1913). 
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n will be greater or less than unity depending on whether a is positive 
or negative and this depends on the relative magnitudes of Vi and v. 
If v is less than all v i} n is greater than unity, but if v is greater than all 
or a part of the resonant frequencies, n may be less than unity. In 
most of the refractive index experiments discussed here the wave lengths 
used are shorter than the resonance wave lengths of all the electrons 
in the atom; a is small and negative and, therefore, 


n ! 


nS — — - 

-4^2irm v 2 


In deriving this equation, v? is neglected in comparison with v 2 * * . The 
last term in this equation is of the order 5 X 10~ 6 for the refraction 
of the wave length 1.3 A. in a glass prism of density 2.5. This formula 
is well confirmed by the measurements of Davis, Siegbahn, Compton, 
and their colleagues. This extension of the dispersion formula to the 
X-ray region could not have been expected confidently, since the assump- 
tions for its derivation are so simple that we might well feel inclined to 
distrust an extrapolation of such great range. 

The refraction of X-rays by solids has been used by Larson, Siegbahn 
and Waller 1 and by Davis and Slack 2 to secure prism spectrograms of 
X-series X-rays; The refracted beam is bent toward the apex of the 
wedge, because n is less than one. This method confirms the results 
of the more precise crystal grating methods of Sec. 7 . 

Laby, Shearer, and Bingham® have recently made the discovery 
that X-rays having a wave length of about 50 A. are reflected regularly 
from glass and quartz up to glancing angles of 45 degrees. (The glancing 
angle is the complement of the angle of incidence.) They state that 
the angle of incidence is accurately equal to the angle of reflection. The 
reflection coefficient is about 50 per cent for glancing angles up to 35 
degrees. Check experiments were made to show that the radiation 
dealt with does not consist of electrons, or of light of longer wave length. 
These observations are especially interesting because they open the 
possibility that X-rays can be reflected from spherical surfaces and 
brought to a focus. If this is correct, it makes possible new methods 
for the study of long X-rays. For shorter X-rays, such reflection has not 
been observed, but since n — 1 is small and negative, it is possible to 
secure total reflection, if the glancing angle is sufficiently small— 
of the order of 30'. At any interface, total reflection occurs on the side of 
higher refractive index, which is the air side in the case of X-rays. Work- 
ing within this small angle where total reflection occurs, Compton and 


1 Ph 2/s. Rev., 26, 235 (1926); Naturwissenschaften, 62, 1212 (1924). 

2 Phys. Rev., 26, 881 (1925); Ibid., 27, 37 (1926); also Slack, ibid., 27, 691 (1926). 

s Nature 122, 96 (1928). See also Henderson and Laird, Proc . Nat. Acad. Sci., 

14,773 (1928). 
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Doan 1 succeeded in securing an X-ray spectrum from a ruled speculum 
grating. Their photographs show an unreflected beam and diffracted 
beams of several orders at, the positions predicted by the simple theory 
of the diffraction grating. The wave length of the Ka i line of molyb- 
denum was found to be 0.707 A. Within the error of experiment, 
this agrees with the value 0.70759 JL, obtained with crystal gratings. 
Similar spectra have been obtained by Thibaud, 2 Hunt, 3 and Weatherby, 4 
who photographed lines with wave lengths between 6 and 46 A. Figure 
4 is a spectrogram, the original of which shows three orders of the carbon 
line known as K a, at 44.6 A. The direct beam (D) and a reflected beam 
(R) are also shown. 



J £ / R & 

C Roc 

4. — X-ray spectrogram of the carbon K a line. ( After Weatherby.) D is the 
direct beam, It the reflected beam, and 1, 2, and 3 are the first, second, and third order 
spectra. 

By a clever use of the phenomenon of total reflection, Prins 5 has 
brought forward evidence of anomalous dispersion in the X-ray region. 
His method consists in the determination of the limiting angle of total 
reflection of the X-rays at the surface of a mirror, with X-rays of various 
wave lengths. If the refractive index of the mirror is 1 - S, then the 
limiting angle is approximately y/25. Prins was able to show that 
this angle varies considerably when the wave length passes through 
certain critical regions. 


4. DIFFRACTION OF X-RAYS BY CRYSTALS 
There are many useful arrangements of apparatus for studying the 
diffraction of X-rays by crystals. Some are especially adapted for 
the determination of crystal structures, the wave lengths utilized being 
known from the results of previous work, while others are especially suited 
to the independent determination of wave lengths. The methods intro- 
duced by W. H. and W. L. Bragg with their many modifications are 
equally useful in both these fields and depend on the use of a well-formed 
perfect crystal placed in definite orientations with respect to the incident 
X-ray beam. The method associated with the names of Debye and 

1 Prnc . Nat , Acad. Set 11, SOB (1925), 
a C. R.j 182, 1141 (1926); Revue d’optique, 5, 97 (1926). 


* Phm. Rev., 30, 227 (1927). 

4 Phyti. Rev., 32, 707 (1928). 

fi See Naturum 16, 555 (1928) for bibliography and for a summary 
obtained; also Z , Physik , 47 , 479 (1928). 
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Scherrer and of Hull and frequently called the “powder method” has 
its main applications in the field of crystal structure and has the advan- 
tage that it depends on the use of a diffracting sample having numerous 
small crystals arranged at random, e.g., a powder or a piece of steel. 
Before describing these methods, we shall first recall some of the leading 
facts of crystallography. 

5. THE NATURE OF CRYSTAL LATTICES 

The natural regularity of external form and the homogeneous charac- 
ter of crystals led Haiiy (1784) to suggest the modern theory of their 
structure in a primitive form; namely, that they are built up by the 
repetition of unit cells having the same size and orientation throughout 
the crystal. The unit cell may be taken as the smallest group of atoms 
such that the entire crystal can be built up by repeating it in a definite 
way throughout the crystal. Isotopic atoms are regarded as equivalent in 

forming a cell. Such a group can 
be chosen in many ways, but in 
practice this leads to no confu- 
sion. Let us fix our attention on 
some arbitrary point within a cell, 
such as the nucleus of a certain 
atom. The assemblage of simi- 
lar points in all the cells of an 
ideal i nfinite crystal forms a 
regular array which is called a 
“spacelattice.” Whatever point 
in the unit cell we take to start 

with, the resulting space lattices 
F I0 . 5. A space lattice and a typical plane. ^ f()r transla _ 

tional shift. In Fig. 5, we show a possible space lattice. Its points may. 
be co nne cted in a variety of ways by three sets of parallel lines, so that 
every point lies at the intersection of three lines, one from each set. 
This is simply to aid the eye in following the symmetry of crystals 
possessing such a space lattice. The lines themselves have no 
physical significance, and in general will be drawn in a simple way, 
so that the resulting parallelopipeds have edges of the same order of 
magnitude. For example, in a crystal with cubic symmetry the lines 
may be drawn at right angles. Having chosen a particular method of 
drawing the lines, we choose a lattice point as origin and take the lines 
pa rsing through it as coordinate axes (Fig. 5) which will be called 
the axes of the crystal. We now introduce a method of naming 
the different planes of atoms in the crystal. Let ABC be a typical 
plane on which a set of points lie, including the points at A, B, and C 
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themselves. OA , OR, and OC arc then multiples of the smallest distances 
a, b, c, bet ween lattice points in the directions Ox, Oy, Oz, respectively. 
(We any the distance between lattice points, not the distance between 
particles. The distinction is apparent at once from Fig. 16, which shows 
the unit cell of Nad, containing two species of atoms.) Then the ratios 
OA/a , Oli/b, OC/c are the integers, i\, ij, u and 


a h r. 
OA'OB'OC 


— ids- idC- ids- 


(5) 


Dividing the integers ids, i»h, ids by their largest common factor we 
arrive at a triplet of integers h, k, l called the “Miller indices,” used to 
designate the plane ARC and all similar planes of lattice points parallel 
to it. For a cubic crystal where a = b — c, these indices have a simple 
physical meaning. Taking the axes OA, OB, OC at right angles to 
each other the equation of plane ABC is 

lx + my + nz = P (6) 



!'iu. 0. Fiu. 7. 


when> l, wt, n are the direction cosines of its normal and P its perpen- 
dicular distance from 0. The intercept equation is 


.r , ?/ , * 
oA + oiroc 


or, Ht *z + = W**- 


(7) 


Bo if a 
indices 


h ** r, then l: m: n * iiiy. idi-ids, which is the ratio of the 
inuieeH .Own for crystals whose axes are not at right angles, and for 
which « h, r are not equal, this relation will serve as a rough means of 
visualizing the positions of the planes, although the above derivation 
dir not hold for such crystals. In Figs. 6, 7, and 8, we show three 
common forms in which cubic, crystals occur m nature. The symb 
1 1 i indicates the plane wit h indices 1, 1, - 1 ; the minus sign is custom- 

arilv written above to nave apace. 

H„„| y „f H, „ atcrml symmetry of crystals has shorn that it is 

, J I, to classify all koown crystal, into six systems ' 

by the relative lengths of «, 6, c ami by the angles «, S,7. which the 

axes make with each other, an follows. 
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I. Cubic, a = b = c, a — (3 ~ 7 = 90° 

II. Tetragonal a=Mc,a=j3 = y = 90° 

III. Rhombic a b ^ c, a = l 3 = 7 = 90° 

IV. Monoclinic. . a = /3 = 90°, y ^ 90° 

V. Triclinic a b c, a^/3^7^ 90° 

VI. Hexagonal a = b?*c, a = P = 90°, 7 = 120°. 


Rhombohedral. The axes may be chosen as for the hexagonal, or 
a = b = c, a = j 8 = 7 7 * 90°; 

These six systems of symmetry can be further subdivided into 
thirty-two classes on the basis of partial suppression of the maximum 
symmetry which the system can possibly possess. Both the system 
and class can be determined from the macroscopic crystalline form, 
but little can be said about the arrangement of the atoms within the 
unit cell without the aid of X-rays. 


6. THE REFLECTION OF X-RAYS FROM CRYSTALS 


It must be understood that the word reflection is not used here 
in the same sense as in optics. If a parallel beam of X-rays of a given 



Fig. 9a. — The reflection of X-rays from, 
lattice planes. 



Fig. 9b . — The diffraction of X-rays by a 
simple cubic lattice. 


wave length impinges on a crystal, there is an angle of incidence 7t/2. — 6, 
(or better, several such angles), upon any set of crystal planes we may 
care to consider, such that a strong diffracted beam is sent off making 
an angle of tt/2 — & with the normal to these planes, just as in the 
optical case (Fig. 9 a). The angle d is called the glancing angle. The 
X-rays penetrate deep within the crystal, and the diffracted beam is 
formed by the interference of elementary beams scattered from all planes 
of the set under consideration. In position it obeys the ordinary law of 
reflection, but the mechanism of its production is not the same as that 
of a reflected beam of light. In some respects the action is like that of a 
diffraction grating with its spacings perpendicular to the surface of the 
crystal. 
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For simplicity, in giving the explanation of these facts, we begin 
with the case of a crystal having axes at right angles, the scattering 
centers being concentrated at the lattice points. Let a parallel beam of 
monochromatic X-rays be incident on the crystal. How can we choose 
its direction so that the secondary waves from all the atoms- will reinforce 
to form diffracted beams of high intensity in definite directions? The 
answer is easily found if we assume that each lattice plane reflects in 
accordance with geometric optics. For, in Fig. 9a, “reflected” rays 
from the individual layers will interfere unless the paths of the beams 
diffracted by the successive layers differ by a whole number of wave 
lengths of the incident radiation, i.e., 

NB' + B'M = 2d sin d = n\, (8) 

which is known as “Bragg’s law.” The integer n must be less than 
2 d/\ because sin 6' is less than 1; n is called the order of the spectrum. 
This derivation has the disadvantage that one cannot be sure that it 
gives all the possible diffracted beams. Thus we might expect each 
layer of atoms to act as a two-dimensional grating, so that there would 
be additional diffracted beams. One might expect that such higher 
order beams from successive layers of atoms would reinforce in certain 
directions. However, a rigorous treatment (given below) shows that 
all of these higher order beams are destroyed by interference and that 
Bragg’s formula gives all the possible reflections from the crystal. 


Alternative Derivation of Bragg’s Law. — In Fig. 9 b, let a Q , ft, To, be the direction 
cosines of the incident beam and «, ft y those of the reflected beam. Consider wave 
fronts of this beam which are separated by the distance X. We draw the intersections 
of these wave fronts with the YZ plane at any instant and find the condition that a 
pair of adjacent scattering centers on the Z-axis should be excited in the same phase 

by these wave fronts. It is , 

(y — To )c = LX, 

where L is a positive integer or zero, for as we see from the figure, the difference m 
path of the beams which strike adjacent atoms is cy - cyo. Similar conditions are 
obtained for reinforcement along the X - and 7-axes, so that 

(« - = HX, 05 - ft) )b - K\, (y - yo)c = LX. . (9) 

But if these conditions are satisfied, then the waves from all pairs of atoms reinforce, 
because for any such pair the path difference is a sum of multiples of the three ele- 
mentarv path differences written on the left side of equation (9). N, e have, 

a — an + , ’ 0 = ft< 


, , L\ 

' -T- v 7 = 70 + T 


Squaring, addins, and utilizing the relations, « s + P* + 7* 
we get, 

of // “» 

X - * 


1 , a» ! + < 3 o 2 + .To 2 


( 10 ) 

= 1 , 


, K ) So , hyi) 

• ’l) ’ c j 




(ID 


, . , jr _ ts — j — q giving the undeflected beam for 

Hero wc exclude the simple ease H - K - L. . u, yyi b 

which a - ft = ft* T = 7 .. This beam is present regardless of the wave length 
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used, but in all other cases, if oj 0 , 0o, 70 , are given, by orienting the crystal in a particu- 
lar way with respect to the incident beam, a diffracted beam can arise only if X has 
one of the values obtained by substituting a possible set of values of H, K, and L into 
this equation. At first sight it appears that H, K, and L could always be chosen to 
satisfy this condition, since after all the light used is not strictly monochromatic. 
However, if very high values are chosen for any or all of H, K, and L f the diffracted 
beam is found by experiment to be very weak, a result quite analogous to the faintness 
of higher orders of diffraction grating spectra, which is easily explained by optical 
considerations. 

For given values of Ii , K, and L, the angle 20 between incident and reflected 
beams is given by 

for squaring the relations in equation (10) and adding we have 

/ H 2 K 2 L 2 \ 

2 - 2 (oiotQ + PPo + 77o) = +£ 2 “ ) 

or, since 

act.Q 4~ 00o 4" 770 = cos 20, 

' . , A ,JH 2 . K 2 . L 2 \ 

4sm 6 = x Xtf + -F + s)'> 

and equation (12) follows. These relations are valid only for crystals having their 
axes mutually perpendicular. 1 

We can now prove that the diffracted beam behaves as though reflected from a set 
of atomic planes within the crystal. To do this, we write a condition which must be 
satisfied by the coordinates x , y, z of a point P in a plane which bisects the angle 
between the incident and diffracted beams and is perpendicular to the plane in which 
they lie. The line OP makes equal angles with these two beams. The equality of 
the cosines of these angles is expressed by 

ocx ■+■ ft/ + 72 = ocqx + 0o2/ 4 * 7os. ( 13 ) 

Combining with equation (9), 

H , K . L 


4- XU 4- 7 * - 0 , 

CL 0 C 


(14) 


which must be the equation of the reflecting plane. 

H/a , K/b, and L/c are proportional to the direction cosines of its normal. Refer- 
ring to equations (6) and (7), we see that this plane is parallel to the lattice planes 
having Miller indices proportional to H, K } and L. Thus if n is the greatest common 
factor of H, K, and L we put 

H - nh, K = nk y L - nl , (15) 

and h, k, and l are the Miller indices of the plane. The X-rays are diffracted as 
though they were reflected from a lattice plane of Miller indices h, k, and thus 
equation (12) takes the form of Bragg’s equation (8), if we put 

Hi 2 , k 2 , l 2 \ 


d 


(a!!- + — 4 . : 
\a 2 ^b 2 ^c\ 


(16) 


for this expression is the distance between two successive lattice planes of indices h, k } 
and L 

7. METHODS AND APPARATUS FOR X-RAY SPECTROSCOPY 


The X-ray spectrometer used by the Braggs consists essentially 
of a system of slits which selects a narrow beam of rays from the radiation 

1 The general formulas holding for any crystal will be found on p. 99 of Wyckofp, 
“The Structure of Crystals," Chemical Catalogue Co., 1924. 
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of the X-ray tube, a crystal mounted on a revolving table carrying a 
vernier and a graduated circle so that its position can be accurately 
determined, and a device for detecting the beam reflected from the crystal, 
also mounted so that it revolves about the same vertical axis as the 
table and carrying a vernier to determine its angular position (Fig. 10), 
The Braggs used an ionization chamber as a detecting device. This 
is a metal chamber containing a vapor which absorbs the rays readily. 
Methyl bromide and S0 2 are often used. An electrode is mounted in 
the chamber just out of the way of the entering beam. The chamber is 
insulated and raised to a high potential and the electrode connected to a 



Fig. 10. — Tho Bragg spectrometer. 
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Fig. 11. — The intensity of reflection of the Pd 
Ka h and Ka 2 lines as a function of the angle, Q. 
{After Bragg.) 


sensitive electrometer. When X-rays enter, ions are produced, and the 
electrometer is discharged. In operation the crystal is set at an angle 
with the direction of the primary beam and the detecting device at twice 
rhh angle since the reflection angle must be equal to that of incidence; 
the crystal is rotated through successive small angles, the dete ° ting 
device being rotated always through twice the change of the crys 
i TBn ionization current is determined at each position and is then 

It is to U noted ££ ; « J the ™ur 

pairs oi peaks are due to the* two ! J“ g * dets 4J tte m ore intense 

the relative intensities that the intensities 

wave length. W. H. and W. ■ °° +h ratio 100: 20: 7: 3: 1. 

of the first five orders are approximate y 
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A photographic plate may be used to detect the reflected beam. 
An arrangement suited to this means of detection and known as the 
rotating crystal apparatus of de Broglie is shown in Fig. 12. X-rays 
enter at C and fall on crystal D which is continuously and slowly rotated 
about axis 0 by clock work. At some position 1 making angle 6 1 with 
the original beam, a spectrum line is obtained due to X-rays of wave 
length \i = 2d sin di/n. . The rays, deviated through an angle 20 1 arrive 
at position I on the photographic plate AA\ As the crystal is turned 
to another position 2 at an angle 0 2 from the direction of the original 
beam, another wave length \ 2 = 2d sin 6%/n will be reflected through 
an angle 2 0 2 to another position II, and so on. The photographic plate 
is mounted on an arm so that its position can be determined relative 
to the direction of the original beam. Since each wave length is diffracted 

to a different position a spectrum similar 
to the usual optical spectrum appears on 
the photographic plate and the wave 
length can be determined very accurately 
from the position of the line on the plate. 
This method has the advantage that it 
is largely automatic in operation and 
requires little attention, but it is not 
so sensitive as the ionization chamber 
method. 

In order to avoid the necessity of 
rocking the crystal, M. de Broglie 1 
has used a curved sheet of mica, and 
Trillat 2 made use of a similar device 
in studying the orientation of the molecules in a thin film of fatty acid 
on the surface of a liquid. The film is allowed to' spread over the curved 
surface of a small drop of the liquid (mercury, for example), and the drop 
is placed in the beam of X-rays in the position ordinarily occupied by the 
crystal. 

8. THE DETERMINATION OF CRYSTAL STRUCTURE BY THE USE OF 

X-RAYS 

We must content ourselves with a few brief examples of the use 
of X-rays in studying the structure of crystals. References to many 
excellent treatises are given at the end of the chapter. Potassium 
chloride and sodium chloride have very simple space lattices, but they 
illustrate practically all the essential features involved in determining a 
structure. They may crystallize in cubes and on the basis of this 
crystalline form they must be assigned to the cubic system. The 

1 C. R., 157 , 924 (1913). Verhandl. d . D. Phys. Ges 15 , 348 (1913). 

2 C. R. 7 187 , 168 (1928). 



Fig. 12. — The de Broglie rotating 
crystal arrangement. 
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elements of symmetry of these crystals as determined from a study of 
all the forms in which they occur, are shown in Fig. 13. 1 The planes 
drawn in the figure are so-called “ reflection planes” dividing the crystal 
into two halves which are mirror images of each other. The lines con- 
necting the face centers are fourfold 
axes of symmetry, since rotation 
about these axes through one-fourth 
of a revolution brings the crystal to 
a position indistinguishable from its 
first position. Similarly, lines con- 
necting the opposite corners of the 
cul>e are threefold axes of symmetry 
and lines connecting the middle 
points of opposite edges are twofold 
axes. The center of a cube is a center 
of symmetry since a line drawn from 
it to any point in the crystal, when 
extended in the opposite direction 
an equal distance, will locate a point 
with properties similar to those of 
the first point. The possession of 

these elements of symmetry places a T 

crystal in the holohcdrio class of the cubic system, by definition, we 
attribute to the unit cells of NaCl and KC1 all of the symmetry properties 
of a culm. There arc three possible space lattices having the type ot 
symmet ry exhibited by the holohedric class of the cubic system These 
are the simple cubic, face-centered cubic, and body-centered cubic 



X 

TUo. 13. — The symmetry properties of ,i 
rock salt crystal. {After Wyckoff.) 
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lattices shown in Fig. 14. The problem is to decide which of these i. 

i« tomount the crystal in a Bragg spectrometer, 
illuminate it with monochromatic X-rays (a reasonable amount of con- 

ETil*. * -* •>,*»«» r lra TT, 

gl(! for reflection from various sets of atomic planes. The 
i Wyckoff, “The Structure of Crystals,” Chemical Catalogue Co., New York 
( 14 ) 241 . 
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of the interplanar distances for two sets of reflecting planes cat* 
determined without a knowledge of the wave length used. For 
two peaks to be considered we have 6 - values given by 

2 di sin d x = fti\ ; 2 d% sin 0 2 — W 2 X, 

so that 

di _ n-i sin 62 o 
d% n 2 sin 0i 

Care must be taken in assigning the values of n for the diffe** € 
peaks. By inspecting the diagrams of the three possible lattice#? 
from the relation 

m \/hF+ /v 2 + l 2 

(obtained from equation (16) by putting a = b = c), we find that 
each lattice 


dioo'.dvo'. dm — 1 * 


1 


V2V3 

At first sight, then, we should predict identical Bragg diffraction patto 
from all three lattices, as in Fig. 15a where the abscissa is proportion^ 
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Fig. 15. — Reflection patterns from simple, face-centered and body-centered cubic l&tfcs 


sin 6 and the diffraction peaks of various orders from the three sets of plit 
considered are drawn in separate rows. The spaces between orders for 
three types of planes are in the ratios 1 : \/ 2 : \/3. The heights of the hoi 
lines indicate roughly the decreasing intensity. The simple cubic lab 
actually gives a pattern of this kind, but with the face-centered lat 
some of the peaks due to 100 and 110 planes are destroyed by in 
ference, caused by atomic planes lying midway between those predic 
by the formula and having the same number and arrangement of at* 
as the latter planes. (This does not contradict the formula, for it 
derived by considering an imaginary lattice, formed by taking one p< 
in each unit cell, while the intermediate planes of which we speak 
due to structures within the cell.) For all diffractions of odd 01 
the length of path of the light diffracted by these intermediate pit- 
will differ by one-half wave length from that of the light diffracted by* 
planes considered in deriving the formula. The light from these 
sets of planes interferes and thus the diffraction beams of odd order 
completely extinguished, The result is the same as would be sect 





Sec. 8] THE DETERMINATION OF CRYSTAL STRUCTURE 


235 


by reducing the interplanar distances in a simple cubic crystal to one-half 
their value. The diffraction patterns for the 100, 110, and 111 planes 
of the face-centered lattices are shown in Fig. 156. The 111 pattern is un- 
altered. Similarly, the body-centered lattice gives the patterns of Fig. 15c 
with odd orders missing from the 100 and 111 reflections. The diffraction 
patterns of the 100, 110, and 111 faces of NaCl are similar to those for the 
face-centered cubic lattice except that the odd-order diffractions from the 
111 planes are relatively weaker than those predicted for this lattice. 
This pattern can be explained by the lattice of Fig. 16 where black dots 
represent positive metal ions and circles negative chlorine ions. The 
positive and negative ions are each placed on, face-centered lattices 
which are displaced relative to each other by one-half their body diagonal. 
The diffractions by the 100 and 110 planes are the same as would be 
obtained if ions of either sign were present alone ; for 
the addition of the negative-ion lattice to the positive- 
ion lattice produces no new 100 or 110 planes; but it 
does introduce new 111 planes, of negative ions only, 
midway between 111 planes of positive ions. The 
presence of these intermediate planes will reinforce 
the even-order diffractions and will cause only partial 
interference of odd orders, because the electron density 
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Fig. 16.- — The Nad- 
lattice. 


near planes of positive charge is smaller than that near 

negative planes in the ratio 10:18. Thus, the weakening of odd 111 

orders is explained. 

With this definite information as to the arrangement of the atoms, 
we can compute the distance between 100 planes, which is called the 
“grating constant.” Inspection of Fig. 16 shows that 4 molecules of 
NaCl are to be considered as belonging to each unit cell, and knowing 
the number of molecules in 1 cc. of rock salt from its density, molecular 
weight, and the Avogadro number, we find the number of unit cells m 1 
cc., and, therefore, the side of each cell. Proceeding in this way we 
obtain the value 5.628 1. Since relative measurements of X-ray wave 
lengths can be made to six significant figures, the grating ^ 

taken as 5.62800 I. with the understanding that the last two dig 


have no physical significance. ... . 

Let us now consider KC1. Evidently, if the electron densities m 

planes containing only positive and negative < ° ff^ecomeS the 

the odd 111 orders disappear completely and the pattern becomes t 
same as that of a simple cubic lattice having the lattice constant iioo/2. 
KC1 presents a case of this kind, for K+ and Cl ions contain the same 
number of electrons and therefore should have nearly equal scattering 
powers. A glance at Pig. 15 shows that the diffraction pattern* tot 
of a Simple cubic lattice. The grating space as obtained from th 
pattern appears to be 3.138 it. If KC1 really has a face-centered lattice. 
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its constant is twice this value, 6.276 A, and d(KCl)/d(NaCl) - 1.115. 
This is much more reasonable than the ratio obtained by using 3.138 A, 
for the K-ion should have a larger volume than the Na-ion. 

By equation (8) we can now calculate the wave lengths of the X-rays, 
using the observed values of 6. Thus, for the second order, 

X = 2dsin * = 2 X 5. 62800 o ms 
n 2 

X = 0.576 • 10- 8 cm. = 0.576 A. 

The theoretical maximum wave length which can be measured by using 
a given set of crystal planes is equal to 2d divided by the lowest value 
of n. This corresponds to sin 6 — 1 or 0 = 90°. For intensity reasons 
60° is about the working maximum so that the longest wave length 
which can be measured is considerably less than the theoretical limit. 
To avoid the excessive use of decimals it is customary to record X-ray 
wave lengths in terms of the X unit (abbreviated to X.U.) which is 
10~~ 3 Angstrom units or 10~ u cm. Thus, the strong palladium line 
called Ka has the wave length 0.576 X 10~ 8 cm. = 0.576 A = 576 X.U. 

Before leaving this subject, attention should be directed to X-ray 
diffraction patterns of liquids. While many investigations of these 
patterns have been made, the subject has developed rapidly only in 
recent years. We owe to G. W. Stewart and his colleagues, Morrow 
and Skinner, 1 the first extensive and systematic studies of X-ray diffrac- 
tion in organic liquids, with spectrographs of adequate resolving power. 
The results give interesting information on the size and arrangement 
of molecules in the liquid state. 

9. DISCOVERY OF THE K AND L RADIATIONS BY ABSORPTION 

MEASUREMENTS 

Before Laue’s fundamental discovery, some information about the 
wave lengths of X-rays was obtained by Barkla through study of their 
absorption. Just as the intensity of a monochromatic beam of light 
falls off exponentially as it penetrates an absorbing medium so X-rays 
follow the law 

I = I oe r#* (19) 

where I is the intensity at depth d, J 0 the intensity at depth d = 0, 
and ix the absorption coefficient which depends on the absorbing material 
and the wave length. The values of g for different substances are not 
directly comparable, for densities vary widely and in an irregular manner 
as we pass through the periodic system. It is convenient to substitute 
m/p for d where m is the mass contained in a column of length d, 1 cm. 2 
in cross-section, and p is the density. Then 

__ urn 

I = he T. (20) 

1 Series of articles in Phys. Rev . (1927) and (1928). See especially 30, 558 (1928) 
for a summary of theories concerning liquid diffraction patterns. 
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The m/p value for any monochromatic constituent of a heterogeneous 
beam is called the “mass absorption coefficient for that wave length.” 
It is a measure of the absorption in a beam of 1 sq. cm. cross-section in 
passing through unit mass, while ju. measures the absorption of such a 
beam in unit volume. When many wave lengths are present, equation 
(20) is replaced by 

I = i 0 ' 6 “p m + + (21) 

and for continuous radiation the sum becomes an integral. 

The primary rays produced in the anticathode cause a substance 
absorbing them to emit both electrons and secondary X-rays. The latter 
consists of two parts of different origin; the scattered radiation, which 
has an intensity distribution with respect to wave length determined 
primarily by the source of the primary rays, and the characteristic 
radiation, which varies with the material of the absorber. 

Barkla showed that the absorption of secondary X-rays follows 
the law in equation (21) and that the characteristic radiation consists 
mainly of two types of rays which differ greatly in hardness. The harder 
constituents are called the K radiation and the softer the L radiation. 
Table 1 gives the values of the mass absorption coefficients in aluminium 
for the K and L radiations of a few elements. 


Table 1.— Coefficients of Mass Absorption in Aluminium ( After Barkla) 


Atomic 

number 

i^C-radiation 

L-radiation 

20 

435 


24 

136 


28 

59.1 


33 

22.5 


37 

10.9 


42 

4.8 


47 

2.5, 

700 

51 

1.21 

435 

56 

0.8 

224 

74 


30.0 

78 


22.2 

82 


17.4 

90 


8.0 

92 


7.5 


For example, silver produces a characteristic X radiation whose absorp- 
tion K y aluminium is given by equation (21) using m /p - - 1 ; 5 and ^ ( p 
700 These two coefficients are characteristic of the K and L radiations 
re“occtiv* The corresponding thicknesses of dominium which would 
reduce th .eK and £ radiations separately to half their initial intensities 
Tre 01M and 3.7 X 10- cm. After the rays pass through a small 
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thickness of aluminium foil, say 0.037 cm., the intensity of the L radiation 
will be reduced to a fraction of a per cent of its original value. That 
of the K radiation is practically unchanged. After this the K radiation, 
if monochromatic, should obey equation (20), and is found to do so. 

The mass absorption coefficients in aluminium for the characteristic secondary 
radiation decrease continuously as the atomic number of the emitting element increases 
and show no periodic variations corresponding to the periodic variation in chemical 
pioperties. Facts of this kind led quite early to the speculation that X-rays arise 
from the inner portions of the atom, where the influence of the nucleus preponderates 
over those due to the electrons in the outer shells. However, this simple dependence 
of ju upon atomic number is not encountered in general. It occurs only when the 
atomic number of the absorber is less than those of the emitters under consideration, 
which is true for the combinations listed in Table 1. We shall return to this subject 
in Sec. 12. 

10. GENERAL SURVEY OF X-RAY EMISSION SPECTRA 

The study of characteristic radiations received a great impetus 
when Moseley, 1 using de Broglie’s method, first photographed the K spectra 



of a number of elements between Ca and Zn (Fig. 1, Chap. I). He usee 
the second and third reflections from a crystal of potassium ferrocyanide 
In agreement with Bragg’s ionization measurements, the K radiatidr 
was found to consist of two distinct wave lengths for each element 
The work of later investigators with higher dispersion shows that th< 
typical K spectrum contains four strong lines known as Ken, Ka^ K(3i 
and Kpz. For atoms of atomic numbers less than 16 (sulfur) the Ka 
i Phil Mag 26, 1024 (1913); 27, 703 (1914). 
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and Kca lines lie so close together that they have not been separated by 
X-ray methods. X0 2 has not been observed in atoms of atomic number 
lower than 22 (Ti) . In addition to these strong 
lines, a number of very much weaker ones have 
been observed, due, it is believed, to doubly 
ionized atoms and, therefore, having analogy 

to the spark lines of optical spectra. The order 

of decreasing intensity of the four strong lines 
is, ai, « 2 , ft, 02- Moseley’s work showed that 
the X-lines shift toward shorter wave lengths 
in a regular way with increasing atomic num- 
ber. The law connecting wave length and 
atomic number is most easily seen by plotting 
■s/J/R against the atomic number, where R is 
the Rydberg constant, inserted for reasons 
soon to” be explained. Such a graph is called 
a “Moseley diagram.” Figure 17 shows 
Moseley diagrams for the X-series lines, with 
circles indicating the experimental values. 

(They can be extrapolated to atoms of lower 
atomic number, but this is not done here since 
the structure of the spectra becomes more 
complex in this region, as described in Chap. 

X. ) The curves of this diagram are very nearly 
straight lines, so that for each line we have 
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where A and s are constant. Therefore, 

v = (Z - s YRA\ (23) 

For the X lines, s is approximately one, A 2 
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is about equal to p - p for the Ka lines 
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15 


and is roughly equal to p — p 

other words, the lines obey Bohr’s formula for 
the lines of hydrogenic atoms, a result of pro- 
found importance. 

The general structure of the L-series, 
which consists of many more wave lengths 
than the X-series, is illustrated by the dia- 
grammatic spectra in Fig. 18 together with 
two commonly used systems_of designating the lines 
has any theoretical basis. 


o 

IS 


g 


iS 

o 


I 

<0 


s 


■neither system 

3 UJ. &>-*"*•' O ^ , 

The brackets indicate line groups which 


Fig. 18. — The L spectrum of tantalum. 
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appear successively as the tube voltage increases. The lines of group 
1 in the case of tungsten are excited by potentials higher than 10.16 
kilovolts, and those of group 2 come out above 11.6 kilovolts, while group 
3 lines appear only at potentials higher than 12.0 kilovolts. 1 The relative 
intensities are indicated roughly by the weights of the lines. The regular 
shift in position of the L-series lines is shown by the Moseley diagram of 



Fig. 19. The number of lines decreases below about Z — 50, due to the 
smaller number of electron shells in the atom. 

In 1916,* Siegbahn 2 discovered the M- series, lying at much greater 
wave lengths than the P-lines, while Dolejsek 3 demonstrated the existence 
of an N-series at still greater wave lengths. In no case do the series 
so far mentioned overlap. The existence of 0- and P-series lying in 
* Webster, D. I,., and H. Clark, Phys. Rev., 9 , 571 (1917). Hoyt, Proc . Nat. 
Acad. Set., 6, 639 (1920). 

a Ter. d. Deutsch. Phys. Oes., 18 , 278 (1916). 

» Z. Physih, 10 , 129 (1922). 
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experimentally difficult regions is made certain by a study of the energy- 
levels which give rise to the above mentioned series and by critical 
potential measurements and other special methods. The observed 
Jkf-series spectra consist of many lines which are usually designated 
by the symbols of the two energy levels involved, since they were first 
discovered after the energy levels were fairly well known. N - series 
spectra have been measured only for a few heavy elements. 1 

Just as the K-senes lines obey approximately a formula like that 
of the Lyman series of hydrogen, so the stronger lines of the L, M , and 
spectra are represented in a rough way by formulas of the type 

* - ( z - .)* (24) 

ttl = 2, 3, 4 for the L-, M-, and N-se ries, respectively, n 2 is an integer 
greater than n, ; and for each series, s is a constant. 

11 . absorption spectra 

The intensity of the darkening of a photographic plate due to the 
action of light will depend among other things on two factors, the inten- 
sity of the light and the coefficient of absorption of the silver bromide 



]?iq. 20.— The K- and L-absorption limits of Ag and Br. (After de Broglie.) 

for that light. De Broglie 2 noted on his first photographs of X-ray 
spectra a very sharp change in the darkening of the plate caused by the 
continuous spectrum, at two distinct wave lengths as shown m Fig. JO. 
These are the so-called “absorption limits of Ag and Br. Large 
absorption means intense darkening, so we see that rays of shor er 
wave length than these limits are absorbed strongly by the Ag or Br, 
respectively, while those of longer wave lengths are absorbed only slightly. 
It is certain that these limits are associated with silver bromide, for 
their positions are independent of the anticathode material. . 

Similar abrupt changes in absorption coefficients can be detected 
by studying the absorption spectrum of the element in question. To do 
this, a thin layer of the element (or of a compound containing the element) 
is placed between a source of continuous X radiation (e g., a tungsten 
target) and the slits of an X-ray spectrograph. Absorption of certa n 
wave-length regions by the layer is indicated, of course, by absence of 
darkening in certain parts of the spectrum plate. 


1 Hjalmar, Z. Physik , 15 , 55 (1923). 

2 Jour, de Physique, 6, 161 (1916). 
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Figure 21 shows photographs of the A-absorption spectra of several 
elements. The edge marked “ Ag” is due to silver in the plate, i.e., 
wave lengths shorter than this are strongly absorbed by the silver 
(plate darkened) while longer wave lengths are absorbed only slightly. 
This limit is present in all the photographs. In addition, there is a 
limit due to the absorbing element. Its frequency is denoted by v K , 
its wave length by \ K , and it is called the “ X-absorption limit/’ Fre- 
quencies greater than v% are strongly absorbed; smaller frequencies are 
only slightly absorbed. The simple interpretation is that quanta 


Ag-Edge CcL-Edge WXSenes Cd-Edge Ag-Edge 
\ / ^ ""S.; Z / 



Fig. 21. — The iC-absorption limits of a number of elements. (.After de Broglie.)' 

greater than hv K can eject tightly bound electrons, which cannot b 
removed by smaller quanta, from the atoms of the absorber. Th 
darkening of the plate falls off rapidly with increasing v in spite of th 
increased number of electrons which can be removed. This shows tha 
as long as the number of electrons which can be ejected. from each ator 
remains constant, the absorption coefficient decreases continuous! 
with wave length. In fact, the absorption coefficient per atom is give 
approximately by the empirical formula, 

kZ 4 \ 3 -|- 0.8Zvo, 

for wave lengths between 0.1 and 1.4 A, for all elements having atomi 
number greater than 5. Z is the atomic number, and k and <r 0 are coi 

1 Fig. 21 is taken from Sihgbahjt, “ Spektroskopie der Hongenstrahlen, ” p. 130, Springs 
Berlin, (1924). 
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stants. The first term arises from the ejection of photoelectrons and 
the seconn from scattering. 

Similar relations are found in absorption spectra covering the range 
of the L- series lines, but, here, three distinct limits are observed. The 
M»absorption spectra of a few heavy elements have been studied and 
five absorption limits have been observed. The general nature of the 
absorption by a given element as a function of wave length and the 
relative positions of the absorption limits and the emission lines are 
illustrated in Figs. 22a and 226 for the K- and L- series, respectively. 


K 




The ^absorption limit lies very slightly to the short wave-length side 
of the shortest emitted wave length, Kfr. The three L limits are often 
designated U, Lu, and Lm in the order of increasing X The L. limit 
has a wave length slightly shorter than the shortest L-emission line, 
but the Lu and Lm limits fall among the L-e mission lines. Closer 
examination shows that in Hoyt’s classification of the hues according 
to their excitation voltages (Sec. 10) Lu lies on the high frequency 
side of groups 1 and 2, and Lm on the high frequency side of group 1 
only. Similarly, designating the M limits as Mr to M v m the ordero 
increasing wave length, the U, limit lies slightly to the short ™™leng*h 
side of tht shortest M emission line, the others falling among the emission 

lines. 
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12. KOSSEL’S EXPLANATION OF X-RAY SPECTRA 

The experimentally ascertained regularities just described can be 
explained by a very simple theory, the foundations of which were laid 
by Kossel. 1 He thought of the atom as built up of successive aggregates 
of electrons, often loosely referred to as shells. All the electrons in a 
given aggregate are supposed to have the same ionization potential. 
We may think of these aggregates as containing the maximum number 
of electrons which they can possess without dynamical catastrophe, 
except that the outer shells, having very small ionization potentials 
from the standpoint of X-rays, may be incomplete. Because of this 
situation, it will generally be impossible to move an electron from a 
tightly bound to a more loosely bound shell, either by electron impact, 
or by the absorption of X-rays. Any excitation of a deep lying shell 
of the atom must consist in the removal of one of its electrons to the 
exterior of the atom. If this is done by radiation, the energy of the 
quantum must be equal to or greater than the ionization potential of 
the shell in question, which yields an immediate explanation of the 
absorption bands just described. The sharp discontinuity in absorption 
at the long wave-length limit v 0 of such an absorption band gives a 
direct measure of the ionization potential V of a shell through the equation 
Ve = hv 0 . A quantum having the frequency v 0 will eject an electron 
and leave it at rest outside the atom; a higher frequency v will eject an 
electron and give it kinetic energy h(v — vq). 

Similarly, a bombarding electron must fall through a potential at 
least as large as hvo/e in order to ionize the shell in question. This 
explains Webster and Clark's observation of well-defined excitation 
potentials for the L- lines of tungsten. 2 When a certain shell of the 
atom has been ionized, an electron may fall from an outer shell into 
the vacant place, causing the emission of light. It is important to remem- 
ber that the X-ray spectrum originates in an ionized atom. 

Evidence for this relation between the absorption and the emission 
spectra is found also in the variation of the absorption coefficients 
of an element for the characteristic X-rays of other elements immediately 
preceding and following it in the periodic system. Table 2 gives Barkla’s 3 
determinations of the absorption coefficients for characteristic X-rays of 
elements from Cr to Se using Fe and Ni as the absorbers. 

A sharp increase in the coefficient of absorption for the characteristic 
X-rays occurs at the element having atomic number just two units 
higher than the absorber. Coincident with this increase in absorption 
there is a marked increase in the number of photoelectroris emitted 
and the characteristic K radiation of the absorber is first excited. 

1 Z. Physik, 1, 124 (1920). 

2 Loo. tit. Sec. 10. 

* Phil. Mag., 17, 749 (1909). 
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Table 2 


Emitter 

Absorber 

Fe 

Ni 

Cr 

103.8 

129 

Fe 

66.1 

83.8 

Co 

67.2 

67.2 

Ni 

314 

56.3 

Cu 

.268 

62.7 

Zn 

221 

265 

As 

134 

166 

Se 

116.3 

141.3 


The reason for this is evident from Kossel’s theory of the absorption 
limit and its relation to the emission lines. The X-absorption limit 
of Fe is at 1,737.7 X. U. and the X-emission lines of Fe, Co, and Ni 
are as follows: 



oti 

ai 

01 

02 

Fe 

1,936.51 

1,932.30 

1,752.72 

1,740.60 

Co. 

1,789.56 

1,785.28 

1,617.13 

1,605.4 

Ni 

1,658.54 

1,654.61 

1,497.03 

1,485.4 






The Ni radiation, having wave lengths shorter than the Fe absorption 
limit will be absorbed by Fe with the removal of one of its K electrons 
and the entire X spectrum of Fe will be excited. The Fe radiation and the 
strong a, and a 2 lines of Co will not be absorbed. Thus Barkla s experi- 
ments are in accord with the predictions of the theory. 


13. THE GENERAL FEATURES OF X-RAY ENERGY LEVELS 

In discussing X-ray energy levels, it is customary to assist zero 
energy to the normal state of the atom, in contradiction to the con- 
voXb used to optical energy diagrams. Approximate formulas 
to the wave number, of K-, L-, and Jf- series hues were g.ven “ 

(24). The similarity of these formulas to those used m describing th 
snectrum of hydrogen leads at once to an arrangement of the X-ray 
energy 1 levels, shown in Fig. 23, not unlike that to hydrogen. It unrnt 
be understood at once that this figure is a diagram of 
the different level, representing the energies required 17"Trepresent 
from the different electron groups. Alternatively, the report 

the energies of the atom ionised in various ways referred to the normal 

atom as an origin. Let us suppose the neutral atom is ionise yre 
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ing one of its most firmly bound electrons belonging to the so-called 
“K shell.” It will then be in the energy level marked K in Fig. 23 
which we shall call the “K state.” An electron in any of the looser- 
bound shells, which are called the L, M, etc. shells in order of decreasing 
ionization potential, could then fall into the K shell with emission of a 
X-series line. If this electron comes from the L shell, the line emitted 


has the wave number RZ' 2 ^—^ — and is called Ka \ if from the M shell, 


it has the wave number RZ" 2 


a 


V 


3 2 


and is called K/3; and so on. 


■K 


Ka\ 


K P 


(As we shall see farther on Z' and Z" may be considered 
to be effective nuclear charges.) When any one of these 
events has occurred, the shell from which the electron 
fell is incomplete and may be filled by the transition of 
an electron from any shell of smaller ionization potential. 
Such jumps continue in cascade fashion until the out- 
ermost shell has lost an electron and is replenished by- 
picking up a stray electron from regions outside the 


—M 

==rw 

Norma/ Atom 

Fig. 23. — Sim- 
plified X-ray en- 
ergy diagram. 


atom. 

From the diagram, we can read off many combi- 
nation relations at once. For example, the frequency 
of the Kp line is the sum of the frequencies of the K<x 
and the La lines. It is customary to use the names of the 
lines and the levels to denote their frequencies, or better, 
the corresponding values of ?/ R, which are of convenient 
magnitude. Thus, the K level of uranium has a P/R 
value of 8,477, corresponding to a wave length of 0.107 5 
k; this is the highest value encountered. Using this 
notation, we have relations of the type 

Ka = K - L, Kp = K - M, La = 

L - M,Kp = Ka + La. 


Let us now consider X-ray transitions in more detail. If we ionize 
the atom from the L shell to begin with, leaving a full complement of 
electrons in all others, transitions from M to L, N to L, etc., will occur, 
giving rise to the emission of L-series lines. The principle is now obvious, 
and we may determine the energies of the various states in Fig. 23 
referred to the normal atom as an origin. They are given approximately 
by the values R(Z - s) 2 /n 2 where s is in the neighborhood of unity 
for the K state and assumes larger values for the other states. Each 
of these values is identical with the amount of energy required to remove 
an electron from an orbit of a hydrogenic atom having the nuclear charge 
Z — s. The explanation of this approximate regularity is very simple. 
The motion of an electron in the innermost shell of an atom of reasonably 
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high atomic number is governed almost entirely by the overpowering 
attraction of the nucleus. The inner shell has 2 electrons as we shall 
see in Chap. IX, and the effect of each electron on the other is practically 
equivalent to a reduction of the nuclear charge by one unit. That is, the 
repulsive force which one electron exerts may be considered to screen off 
one unit of nuclear charge. This is the meaning of the value one assumed 
by the constant $ for the K state. As for the other electrons in the 
atom, we shall see that their penetrating orbits (Chap. VII, Sec. 10) 
may pass very close to the electrons of the K shell; but in these portions 
of the orbits their velocities are very high and they remain between 
the K electrons and the nucleus only a very small fraction of the time. 
The result is that the kinetic energy of a K electron plus its potential 
energy with respect to the nucleus and the other K electron is practically 
that of an electron in a hydrogenic atom of nuclear charge Z — 1. This 
energy is approximately the amount required to bring the neutral atom 
to the K state. Similar statements may be made in regard to the 
ionization of any other shell. 


14. THE COMPLETE SCHEME OF X-RAY ENERGY LEVELS 


The preceding description is only a rough approximation to the facts. 
The interaction of the electrons in the atom is very complicated, and 
we have not discussed modifications due to relativity and to electron 
spin, which may be quite large because of the high velocities of the 
electrons in the interior of the atom. These influences give rise to the 
existence of several classes of electrons in each shell except the K shell, 
each class having its own ionization potential. We said above that 
there are three L-absorption limits in the region covered by the L-senes 
emission lines, five absorption limits corresponding to the ejection of 
Af electrons from the atom by light, and so on. This complexity of the 
energy levels brings about a considerable increase in the complexity 
of the emission spectra. For example, there are two Ka lines close 
together produced in transitions from the K state to two of the three 


L states. ■ 

An illustration will make these facts more concrete. We may 
determine the L levels of tungsten from its absorption spectrum; on 

numbering them U, La, Lax in descending order on the energy dia^am 

we find the v/R values shown in the tabulation below. In this tabulation 
we also list the v/R values for the individual lines of the L-senes, divided 
into groups in accordance with the work of Webster and Clark and of 
Hoyt described in Sec. 10. All the lines in group 1 arise m transitions 
to the Lm shell and are excited at 10.16 Idlovolts which is not ar above 
the theoretical ionization potential of this shell, 9 f 7 k . 

discrepancy is due to the fact that the probability of exClt [ tl ^ 1 ^ 1 ° 
when the energy of the bombarding electrons is very close to the value 
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required for ionization. Similarly, the other two groups arise in transi- 
tions to the Lu and Li shells and appear only when these levels are 
ionized. 


Table 3. — v/R Values of the L Limits and L Lines of Tungsten 



Li 

74 

03 

04 




Group 3 

889.9 

887.77 

723.23 

701.66 





Ln 

71 

0i 

V 




Group 2 

849.59 

• 831.81 

712.39 

642.78 





Liii 

05 

07 

02 

Oil 

«2 

u 

Group 1 

750.88 

751.56 

746.45 

733.76 

618.46 

613.85 

544.03 


Table 4 gives the X-ray levels of uranium, thorium, and tungsten, 
obtainable by removing a single electron from the atom. The v/R 



values for all observed emission lines are expressible as differences between 
these numbers, except for certain lines which have their origin in the 
doubly ionized atom. However, not all the differences give rise to 
emission lines because qf selection rules similar tQ th.QSC found in optical 
spectra. 
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Table 4. — v/R Values of Uranium, Thorium, and Tungsten 


Level 

u 

Th 

W 


8,477.0 

8,073.5 

5,113.8 

Li 

1,603.5 

1,509.7 

893.0 

Ln 

1,543.1 

1,451.5 

850.6 

Lin 

1,264.3 

1,200.6 

752.1 

Mi 

408.9 

381.6 

208.1 

Mu • • 

382.1 

354.4 

191.3 

Mm 

317.2 

298.0 

169.8 

Miv 

274.0 

256.6 

138.3 

Mv 

216.0 

244.9 

133.7 

Nt 

106.6 1 

97.8 1 

44.1 

\r TT 

95.7 


38.0 

ATtty . 

77.1 


33.0 

j.y in 

Niv 

56.3 

51.2 

18.8 

iVv 

53.6 

47.8 

18.4 

Nr 

28.4 

24.8 

2.9 

ffvn 

27.6 

24.1 

2.8 

Or 

26.2 


5.7 

On, in * 

15.4 


5.2 

Oiv,v 

5.8 

5 ' 7 



The combinations which occur can be seen in Fig. 24 which shows 
the levels of the rare gas radon on an exaggerated scale. (The correct 
scale has been used in the small diagrams at the left.) For example, 
the diagram indicates that only two of the three possible transitions 
between the L levels and the K level occur with emission of radiation, 
so that there are two J Ka lines and not three. On the right are the 
symbols and quantum numbers for the levels, n and Z are the total 
and reduced azimuthal numbers, respectively, j is not a quantum 
number of the removed electron but is the inner number of the ionized 
shell, and therefore of the whole atom, as we shall see in detail m Sec. 20 . 
Further, Z is the vectorial sum of the angular momenta of the electrons 
in the ionized atom, due to their revolution around the nucleus, ihis 
is numerically identical with the Z value of the missing electron. In 
the earlier attempts at an interpretation of X-ray terms, the numbers 
l and o were often thought of as belonging to the missing electron. 

As an empirical fact, the following selection principles are obeyed 
with extreme fidelity in X-ray emission spectra: 

AZ = + 1, Aj = + 1 ° r °» ( 25 ) 

found in most treatises on X-ray spectra; * » equa to l + 1 andwas assumed 
the values 1, 2, ... n; j as commonly used is equal to our j plus, 
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or in the older notation of Sommerfeld, 

Aki = ±1, A fc 2 = ±1 or 0. 

These rules appear to be identical with the selection principles for th< 
azimuthal and inner quantum numbers in optical spectra, and l and , 
are often called by these names in spite of our more detailed and exac 
knowledge of their significance. Few exceptions to these rules an 
known. A weak tungsten line, Ka$, has been observed at the posit io] 
expected for the K — Li transition. The quantum number Z does no 
change in this transition and therefore this is a violation of the firs 
selection rule. 

Using the transitions indicated in the diagram, which obey thi 
selection rules, very good agreement is obtained between the v/R value 
of the emission lines and those calculated from the experimental! 
determined absorption limits. When we have established the origi] 
of a set of emission lines by comparison with the experimental absorptioi 
limits, using elements in which both are easily studied, the regularit; 
of the Moseley diagrams enables us to classify the corresponding line 
of other elements with confidence even though some of the absorptio] 
limits are inaccessible. Then, from the known absorption limits am 
the v/R values for the emission lines, we can find the unobserved limits 
For example, we can secure the M levels of W and other elements whos 
M-absorption limits have not been measured. It is known (usin 
Siegbahn’s notation) that 

Li — Lfi 4 — Mn, Li — Lp 3 = Mm‘ 

Substituting the numerical values from the tables of Siegbahn or Lindh, 
we have 

893.0 - 701.7 = Mu = 191.3, 

. 893.0 - 723.2 = Mm = 169.8. 

Using these values it is possible to show that the Kpi line represent 
the combination of the Mm levels with the K level. Thus, 

K - Mm = 5,113.8 - 169.8 = 4,944.0 
while the measured value of K[ 3 X is 4,942.9. 

Thus, the building up of the complete X-ray energy diagram require 
the use of the usual spectroscopic methods of searching for combinatio; 
relations, and needs no further illustration. 

The values given in the case of these three elements refer to th 
atoms in chemical combination, for the spectra are obtained from thei 
compounds. Experimentally this makes little or no difference, for tb 
energy of interaction of an inner incomplete shell and an outer incomplet 
shell is of the same order of magnitude as the doublet or triplet difference 
occurring in optical spectra. From a theoretical standpoint, howevei 

1 For reference, see end of chapter. * 
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the number and arrangement of levels in Fig. 24 would be considerably 
altered if outer electrons were present. As it stands it applies only 
to an atom or ion having complete subshells, that is, having the electronic 
configuration of radon. Fine structures of the X-ray lines due to the 
existence of incomplete shells are well known in a number of cases, 
as we shall see in Sec. 22. It will be understood that lighter atoms 
do not possess all the ionization potentials implied by the levels in 
Fig. 24 because they do not have as many electron shells. The X-ray 
spectra of the lightest atoms are very simple, and there is a steady 
increase in complexity as the atomic number increases. This will be 
discussed in the following chapter, since the exact number of levels cannot 
be deduced entirely from X-ray data' but requires the use of facts and 
theories derived from the study of optical spectra and the periodic table. 

For detailed tables of wave length and of v/R and (5/E) 1 ' 6 values, 
the reader should consult the references at the end of the chapter. 

16. T HE EMPIRICAL LAWS OF X-RAY DOUBLETS 
Some of the most useful advances in our knowledge of atomic 
structure have come from the critical study of Moseley diagrams 1 showing 
the dependence of the ( v/R values of the X-ray levels on the atomic 
number. Figure 25 is such a diagram showing data for the K, L, and M 
levels, and Fig. 26, a similar diagram showing the M, IV, and 0 levels 
on a larger scale. For the present, we may confine our attention to 
those portions of the curves which are quite uniform. It will be seeD 
that the lines for the levels La and Lm diverge, but that the lines Lx 
and Lu are parallel. We shall refer to the frequency difference between 
two neighboring levels as a doublet. Intervals which behave like that 
between Lu and Lm are called “relativity doublets” or “relativity-spin 
doublets” and were first discovered by Sommerfeld, while those which 
resemble the interval between Li and La are screening doublets, and 
were discovered by Hertz. At the right of Fig. 24 we indicate the 
character of the various doublets. It will be noted that spin ( R ) and 
screening (* S ) doublets alternate in passing down the energy diagram, 
a fact which is helpful in memorizing these regularities. It is apparent 
that the two levels belonging to a spin doublet have identical azimuthal 
numbers, but different inner numbers. On the other hand, the levels 
of a screening doublet have different azimuthal number, but the same 

inner number. These relations are recapitulated in Table 5. 

The frequency difference A? of a spin doublet increases as the fourth 
power of the atomic number diminished by a certain screening constant 
d. In fact, the data are well satisfied by an empirical formula of the type 

A? = C{Z - d) 4 [l + a ( z ~ d ¥ + h(Z ~ d)4] - (26) 

R 

i See Bohb and Costeb, Z. Physik, 12, 342 (1923). 
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Table 5. — Quantum Numbers op X-ray Levels 1 


Level 

Type of 
doublet 

n 

h = fci 

l S k - 1 

Ilf 

s* 

1 

s: 

K j 


1 

1 

0 

x ■ 

Li. 

s 

2 

1 

0 

a 

Ln 

R 

2 

o 

1 

A 

Lin 


2 

2 

1 

H 

Mi 

S 

3 

1 

0 

'A 

Mn 

R 

3 

2 

1 

A 

Mm 

S 

3 

2 

1 

H 

Mrv 

R 

3 

3 

2 

% 

Mv. . ... . 


3 

3 

2 

H 

Nl. ; 

S 

4 

1 

0 

A 

Nil 

R 

4 

2 

1 

H 

Nm 

S 

4 

2 

1 

% 

ATiv 

R 

4 

3 

2 

% 

Nv 

S 

4 

3 

2 

% 

iVvi 

R 

4 

4 

3 

% 

iVvn 


4 

4 

3 

A 

Oi 

S 

5 

1 

0 

X 


1 R s=> relativity-spin doublet; S = screening doublet, k i is the older azimuthal number assigned 
by Sommerfeld to these levels; l is the true azimuthal number. 


Retaining only the first term in this formula, it is " equivalent to the 
statement that AX is constant for the spin doublets as we pass from 
element to element. We see this at once from the relation AX = 
-Ap/p 2 , together with equation (24). As an experimental fact, easily 
interpreted by the theory we are about to outline, this law also holds 
approximately for the emission doublets. For example, in passing 
from uranium to silver the wave lengths of the Ln and Lm limits change 
by a factor of 6, but the wave length difference of L-series emission 
doublets which involve these limits changes by only 40 per cent. The 
law followed by the screening doublets is explained at once by the 
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Moseley term values, equation. (24). If we have two levels for which 
the empirical screening constants are si and sa, we may write 


(s) = ^ and ($f = a ^ Z “ ^ 

and, therefore, 



(27) 

(28) 


that is, the difference of their (; P/B )** values should be a constant, 
and their representative lines on the Moseley diagrams should be parallel. 
That this is approximately but not exactly true is evident from Figs. 
25 and 26. A more exact theory of these doublets will be given in Sec. 18 . 


16. SOMMERFELD’S FORMULA FOR THE SPIN- RELATIVITY DOUBLETS 


We pointed out in Sec. 13 that the magnitudes of the X-ray energy 
levels are equal to the ionization potentials of electrons in the inner 
shells of the atom. The approximately hydrogenic character of these 
Spectral terms is explained by the controlling influence of the nucleus; 
the effect of the other electrons on the one which is to be removed to 
give rise to an X-ray energy level is practically equivalent to a simple 
reduction of the nuclear charge. When an electron moves on an orbit 
qf low total quantum number in the field of a nucleus of high atomic 
number its velocity may not be neglected in comparison with the velocity 
of light, and it is essential to use a formula for its energy, which takes 
account of the variation of mass with velocity. 

Sommerfeld 1 showed that it is possible to obtain excellent agreement 
with the observed X-ray energy levels by using a modification of the 
relativistic formula for the energy of the hydrogenic atom. This 
modification consists in replacing Z by Z — s in equation (35), Chap. V, 
so that 8 represents the screening of the nucleus by other electrons. 
Wentzel 2 further modified this by replacing Z by Z - $ in the first term 
of equation (35), Chap. Y, and by Z - d in the other terms, so that the 

formula becomes 



i An excellent resumd is given in the chapters on X-rays in “Atombau,” 4th ed. 
^ Z, Physik , 16, 51 (1922). 
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The reason for the introduction of the two screening constants 
s and d can be seen from a consideration of the origin of the terms in 
this formula, using the simple shell model of Chap. VII, Sec. 10. We 
can see that the screening constant s in the first term depends on the 
distribution of electrons in shells both inside and outside the one con- 
taining the electron in question. All other terms in equation (29) arise 
from the variation of mass with velocity and from electron spin. In 
accord with Chap. V, Sec. 16, the values of these terms depend essentially 
on the velocity of the electron and this is determined by the field in 
which it moves, that is, on the screening due to the inner shells, regardless 
of the distribution of the outside shells. We may call s and d the total 
and partial screening constants, respectively. 


17. DATA CONCERNING THE L AND M DOUBLETS 


To obtain the formula for the separation of the L doublet, we write 
down the term values for Lu and Lm, as obtained from equation 
(29) by substituting the values of k and n given for these levels in Table 
5. Assuming that s is the same for both these levels, the term con- 
taining ( Z — s) drops out in the difference and we obtain 


Av 

R 


Ln — L] 


R 


mi = %(z - dy 


1 + 2 ¥ z 


■dy 


+ 5 - a ~(7 
+ 8 ¥ z 


The equations for the M doublets are 


dy + 




(30) 


A? 

~R 

Av 

R 


Mn — Mm 

R 

Miv — My 
R 


= £(z - dy 
= $(Z - dy 


3 , ?79 «* 

2 ‘ 32 ¥ Z 


1 , 25 a 2 

2 T 32 3 2 ^ 


dy + 


y 


(31) 


and other doublet formulas are obtained similarly. 

The precision with which the theory accounts for the spin doublets 
can best be seen by substituting the experimental values for the spin- 
doublet separations on the left-hand side of equations (30) and (31), 
and solving for the values of d. The degree of constancy of d for a 
given doublet, as the atomic number changes, is a measure of the 
applicability of equation (29). The constancy of the screening number 
for the L-doublet is shown by Table 6 which is an extract from a more 
extensive table compiled by Sommerfeld. 1 

Similar calculations for the M and N doublets give values which are 
nearly as constant as those for the L doublet. It is natural that the 
departure from the Sommerfeld formula should become greater for the 
outer shells where the physical conditions necessary for its validity 
1 “Atombau,” 4th ed., p. 447. 
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z 

Element 

Av/R 

d 

41 

Nb 

6.89 

s 3.50 

45 

Rh 

10.48 

3.47 

50 

Sn 

16.73 

3.50 

56 

Ba 

27.70 

3.54 

60 

Nd 

37.86 

3.51 

67 

Ho 

62.46 

3.50 

74 

W 

98.54 

3.51 

82 

Pb 

160.02 

3.44 

92 

U 

278.71 

3.49 


are not so well fulfilled. The screening constants for the L, M, and N 
doublets are assembled in Table 7. 

Table 7 


Level d 

Lu f Lin 3.50 

Mu, Mm. 8.5 

Miv, M v 13.0 

Nii,Nm 17.0 

Niv, Ny 24.4 

Nvit Nvix 34 


18. SCREENING DOUBLETS 

The values of the constant d can be secured by the method given 
in the preceding section, for all X-ray levels except K, Li, Mi, Ni , Oi, 
etc. In these cases there is no relativity doublet and, therefore, the 
constant 5 cannot be eliminated as for the other levels. The values 
of « for the doublet levels can be calculated by substituting the values of 

d (Table 7) in equation (29) and solving for the term - 2 — — » This 

Th 

is known as the “reduced term” and is represented by v \ it is the same 
for both levels of a relativity doublet. Following the reasoning used in 
deriving equation (28), but using the reduced terms instead of the actual 
terms, we secure the equation 



When the reduced terms for the Mn,m and the Mxv,y levels are sub- 
stituted in this formula it is found that A s/n is constant, with no 
indication of a trend such as we found in Sec. 15. The same is true for 
the Nil ,m and iViv,v screening doublets, though the erratic variations 
of A s/n are greater. 
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To secure the reduced terms for the Li, Mi, Ni, etc., levels further 
assumptions are necessary. It seems most natural to assume that 
As/n should be constant, with increasing atomic number, for the screen- 
ing doublets Li - L u , m , Ml - Mu, m, Ni - Nu,n i, ft - Oii.m, 
as well as for the screening doublets Afn.ni — ATiv,v and JV’u.m — 
N iv , v • Wentzel chose a value for d for the Lj level in such a way as to 
satisfy this assumption. That is, we calculate the reduced Li term, by 
substituting WentzePs d in equation (29), and call it h] we also calculate 
the reduced term v% corresponding to the Ln and L m terms. Then, using 
equation (32) we obtain a value of A s/to which is practically independent 
of the atomic number. The same method was applied by Wentzel to the 
other single levels. The values of d thus secured are as follows: 

Li Mi Ni 

d 2.0 6.8 14 

By comparison with Table 7, it will be seen that these values fit in with 
the trend of those for the other levels. The values of As/n calculated 
from equation (32) for a number of elements are listed in Table 8, which 


Table 8. Differences of the Square Roots of Reduced Terms for Screening 

Doublets 


z 

(Li, 

hiijin) 

(Mi, 

M 'n, m) 

(■Mu, hi, 
M rr, v) 

(Mi, 
Mn, m) 

(■Vii,m, 
N rv,v) 

(Viy,v 

-Vyijvii) 

(Oi, 

0n,m) 

(0ii,iii, 

0rv,v) 

74 

0.54 

0.60 

1.12 

0.56 

1.15 

2.57 

0.58 

1.70 

78 

0.55 

0.63 

1.11 

0.45 

1.17 

2.47 

0.53 

1.51 

79 

0.57 

0.61 

1.12 

0.53 

1.27 

2.40 

0.09 

1.81 

81 

0.57 

0 .57 

1.16 

0.63 

1.09 

2.21 

0.54 

1.42 

83 

0.54 

0.63 

1.08 

0.63 

1.05 

2.11 


1.97 

90 

0.60 

0.61 

1.12 



1.95 



92 

0.60 

0.62 

1.13 

0.56 

1.14 

1.94 

1.20 

1.51 


is similar to, but briefer than a table given by Wentzel. The constancy 
of these differences with respect to atomic number is very satisfactory j 
it is also evident that they are approximately multiples of 0.58 so that 
the reduced terms are given by the equation, 

Z — 9 12 

-~^- 0 . 58 ^) . 

In this formula s n is that value of $ which will give the reduced term, 

-jg for the Li, Mi, Ni, Oi . . . levels when n equals 2, 3, 4, 5, ... , 

respectively; for these terms <p(l) is zero. We cannot expect s n to be 
independent of atomic number, since it depends on the number and 
distribution of electrons both nearer and farther from the nucleus 
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the region occupied by the electrons under consideration. The addition 
of electrons to the outer part of the atom must change the value of s n . 
Since d depends only on the inner electron configurations, it should be 
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The empirical relations developed hen* for the dependence of the 
X-ray levels on the atomic miml>er ami the quantum numlterN can 
be summarized in one formula due to Wentxcl, partly thi*on*tieaI and 
partly empirical, which gives an excellent representation of the expert* 
mental X-ray energy' levels. This formula is, 



y>(0) * 0, y>(l) *- l, #{ 2) «*» 3, > • • , 
d(2,0) - 2.0, d(2,l) - 3.5, 
d(3,0) - 6.8, d(3,l) - 8.5, d(3,2) - 13 0, 
d(4,0) « 14.0, d(4,l) - 17,0, rf(4,2) » 24 4, d(4,3) - 34 (34) 

The values of »(£,«) are those given in Fig 27 

As yet there is no complete theoretical explanation of these very 
striking empirical relations. Fites' and Hart me* have shown that 
it is possible to account for the X-ray levels approximately by nsmtning 
stationary electron orbits in a central field ami especially Fites has 
shown that it is not possible for electrons to Is* Istund in orbit* having 
the quantum numbers n *» 4, k *»• 4, in the cesium atom, but that 
it is possible for such electron* to Is* present In atoms having atomic 
numbers only slightly higher than that of cesium. An investigation 
by Htigiura and Urey* shows that this is also true if k is assigned half- 
integral values and that the values of the inner screening constant, rf, 
calculated on this basis agree fairly closely wit h the experimental values. 
The calculated and observed constants for cesium are 




! l*ihm 

! — '*T~“ 

•Wii.iii 


H\ wlMilaUHi 

! 

f M 

l' " ' " " : 

if 3 

i a 4 

d\ obaMtrvodl , , , , 

— ~ ;:,.i 

n a 

* 4 

_ 

13 a 


Using similar assumptions, Pauling 4 scoured values which agree alsmt 
as well with the observed values ns those given above. 


' Z, t’hmk, ti, ;«n airiai; la, i (itivai; tt, an nuam. «, anr, nuan 

' Cumb. Phil Sm., 31, tm 1 1 112 A) 

1 Kgl, I km. Viikk. SrUktih. Mnih-fy* AhtM, VII, 13 lieJU; 

*Z. Pkmk, 40, 344 ( 19517) Psei.isii ha* sJsn appltot Uw w*w n> ihw 

problem, torn J, A. f. X.. W, IIM UtntH) sort /» W. Hoy. Hoc., II*, |H( (tW7) 
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19. COMPARISON OF THE RELATIVITY AND THE SPIN-RELATIVITY 
THEORIES OF X-RAY DOUBLETS 

We are now in a position to understand how and why Sommerf eld’s 
original interpretation was replaced by another which takes the spin 
of the electron into account. We have seen that in Sommerf eld’s 
theory it was necessary to assign the azimuthal number 1 to the Li 
and Ln orbits, and the number 2 to L m , and that similar assignments, 
conflicting with the spin theory, must be made for other levels. This 
leads to difficulties. The two levels associated with a relativity doublet 
have the same total screening constant, as we assumed when equations 
(30) and (31) were obtained by subtracting two equations of the form 
of equation (29), having the same value of 5. It is difficult to see how 1 
this can be the case except in the case of a hydrogenic atom, for electrons 
having the same total but different azimuthal numbers will move on 
orbits of different shape. Even if this difficulty were overcome, there 
is another which . may be illustrated by referring to the L levels. Li 
and Ln form a screening doublet which obeys Hertz’ law. If the total 
screening constants are different for these two levels, it seems reasonable 
to suppose that the' relativity corrections should be different for them. 
As a matter of fact, the data would not permit this, as we see by 
considering the parallelism of the Li and Ln curves on the Moseley 
diagram. Even in the region of high atomic numbers where the rela- 
tivity doublet separation becomes large compared with the screening 
doublet there is no indication of such an effect. 

It is possible to overcome the first difficulty by a different inter- 
pretation. We may suppose that the interval between Li and Lm is 
a combined relativity and screening doublet, in which the difference of 
the screening constants is directly traceable to the difference in the 
azimuthal numbers. The difficulty is that We then are still confronted 
by the same trouble as before in attempting to explain the interval 
between Li and Ln. Similar remarks may be made in regard to doublets 
of other series. 

Further difficulties arise when an attempt is made to correlate the 
energies of the X-ray electrons with those of the valence electron of an 
alkali metal. The correlation is based on the similarity of the X-ray 
diagram and the energy diagram of a typical alkali atom. In Chap. 
VII, Sec. 13 , we discuss the empirical laws describing the separations of the 
doublet levels in alkali atoms, and in ions having the same number of 
electrons as the neutral alkalies. The outstanding fact is that these 
doublets obey approximately the same law as the X-ray spin doublets, 
especially when we are dealing with highly charged ions. Because of 
the inhomogeneity of the field through which the electron moves in the 
Q$se of the optical spectra it is necessary to introduce screening con- 
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stants for both the inner and outer parts of the orbit, as we showed in 
equation (40), Chap. VII. 

Even before the discovery of the spinning electron it was practically 
certain from evidence based on the Zeeman effect that the alkali doublets 
were principally due to differences in the orientation of two or more 
portions of the atom with respect to each other, and that the forces 
which held these parts in their quantized orientations were magnetic 
in origin. Because of the definite connection between magnetic moment 
and angular momentum, it appeared necessary to say that the levels 
forming an optical doublet have identical azimuthal numbers but 
different inner numbers. The selection principles for these numbers 
are identical in form with those for the X-ray quantum numbers 
by l and j in equation (25). Therefore, it appeared reasonable to call 
these numbers by the same names as the analogous numbers in optical 
spectra, and this is in complete disagreement with the assignment of 
quantum numbers based on the relativity theory. 

For a time this difficulty remained unsolved. It appeared that 
the magnetic explanation, using the two possible, orientations of a 
magnetic spinning electron relative to the magnetic moment of the 
orbital motion of the electron, left no room for the relativity correction, 
and vice versa, for either alone was able to yield a quantitative inter- 
pretation of the levels. As stated before, the true explanation lay 
in the fact that the combination of relativity and magnetic corrections, 
.as calculated by the new mechanics, gives the original relativistic 
energy levels of Sommerfeld. The validity of the first-order term of 
Sommerf eld’s formula was established by Heisenberg and Jordan 1 
and by Richter. 2 Darwin 3 has proved that the wave- mechanical 
theory of the electron introduced by Dirac yields precisely the expres- 
sion given by Sommerfeld. His formula is derived in such a way that 
the spin quantum number of the electron does not explicitly appear, 
but the selection principles appear in their usual form. 

20. THE QUANTUM NUMBERS OF THE X-RAY LEVELS 

Although the preceding discussion was based on a study of the 
energy of a single electron in the field of a partially screened nucleus, 
we must remember that this procedure yields only approximate 
results; for the negative energy of such an electron on its normal 
orbit, as determined by Sommerfeld’s formula and measured from the 
state in which it is removed to infinity, is only approximately the same 
as the energy of the atom on the corresponding X-ray level, measured 
from the unexcited state as an origin. In Sec. 14 we stated the selection 

1 Z. Physik, 37, 263 (1926). 

2 Phys. Rev., 28, 849 (1926) and Proc. Nat. Acad. Sci., 13, 476 (1927). 

3 Proc. Roy. Soc., 118, 654 (1928). Also Gokdon, Z. Physik, 48, 11 (1926). 
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principles for X-ray spectra and compared them with the strikingly* 
similar rules for an alkali atom. Further, we have pointed out the 
similarity of the alkali metal and X-ray energy diagrams. The reason 
for this similarity was first clearly stated by Pauli. 1 When a single 
electron is removed from an atom, the number of X-ray levels which 
may result is equal to the number of essentially distinct ways in which 
the remaining electrons may be coupled to yield quantized states. 
Let us suppose that we are dealing with an atom in which the l vectors 
(Chap. VII, Sec. 6) of the individual electrons are coupled so as to form 
a quantized resultant ~Z, and that similarly the $ vectors form a quantized 
resultant s. Further, we suppose that the vectors l and i are so oriented 
with respect to each other that their resultant j is quantized. If the 
atom is built up of successive electron shells each of which has no resultant 
angular momentum or magnetic moment, i.e with the l and s vectors 
adding up to ~l = 0 and 5 = 0, then the removal of one electron whose 
quantum numbers are V and s f will leave an incomplete electron shell 
with its l and s values equal to V and s', so coupled as to give a certain 
quantized resultant j f . Thus, the shell from which one electron is missing 
must have the same number of possible combinations of the l and s 
vectors of its electrons as the single electron removed from the shell 
and for this reason the X-ray levels are doublet levels just as in the case 
of the optical spectrum of an alkali. 

The exact optical analogues of the X-ray energy values are the 
energies required to ionize atoms having completed subshells of electrons, 
such as the alkaline earths and inert gases. We may take neon and 
magnesium as the simplest examples. In Chap. IX, we shall see that 
the numbers of electrons in the two- and three-quantum shells of these 
elements are the following: 


Subshell 


Element 

2, 0 

2, 1 

3, 0 

Ne 

2 

6 

0 

Me 

2 

6 

2 

^6 





The energy required to remove one of the 3, 0 valency electrons of Mg 
is the energy of the Mi X-ray level of magnesium. The 3, 0 subshell of 
Mg has l = 0, s = 0 and 'j = 0. Each of the electrons of this subshell 
has the quantum numbers l = 0, s = '% and j = If one electron is 

i. Z . Physik, 31, 765 (1925). 
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removed, we obtain the quantum numbers of the incomplete subshell 
left behind by subtraction, as follows : 


1=0 $ = 0 j = 0 

1 = 0 S = y$ j = 

1-1 = 0 s - s = —yi j - j = —y 

The values in the last line are in fact the quantum numbers of the remain- 
ing electron of this subshell. The level is, therefore, a 2 Sy level from 
the standpoint of optical spectra, so that our assignment of quantum 
numbers for the Mi level in Sec. 15 is verified. The removal of one of 
the 2, 0 electrons of neon gives an exactly similar optical level except 
that the total quantum number of the remaining electron is 2 instead 
of 3, and the ionization energy of this subshell is the energy of the L\ 
level of neon. 

The removal of one of the six 2, 1 electrons from either of these elements 
may leave the incomplete subshell with an angular momentum of % or z /&, 
in terms of h/2r as a unit. That is, the electron removed may carry 
with it an angular momentum corresponding either to j = \ /e i or j = jHs ; 
so that the quantum numbers of the ionized atom are formed as follows : 

7=0 s = 0 j « 0 

1 s = K j = o - Z A . 

1-1= -1 J- - j = ~'A OYj - j = 

We conclude that two different ionizing potentials will be observed 
depending on whether the incomplete shell is left with j equal to % or 
to As we shall see in "Chap. X, Sec. 10, these two levels of the ion 
are 2 Py and 2 P% levels. They are the Ln and Lm levels of neon, 
respectively. The Ln and Lm ionization potentials correspond to the 
two limits for the optical series spectra described in Chap. IX, Sec. 5. 
Ln with j = }4 is higher than Lm on the optical energy diagram so that 
these levels are an inverted 2 P level of Ne + . The same is true of the 
low-lying 2 P levels of the halogens. This is not true of the alkali metals 
in their 2 P states, for here the level with j — % has the greater energy. 
Quite generally, the low-lying states of atoms with incomplete subshells 
are similar to the X-ray energy states in their multiplicity, and jusb 
as in this simple example the levels correspond to inverted doublets 
of optical spectra. Table 9 gives the number of electrons in each of the 
subshells of the argon atom in its normal state and each of its X-ray 
states. That the assignment of electrons to the subshells of the normal 
atom is correct will be proved in Chap. IX. In the last two columns 
of the table we give the optical symbol for the level and the atom whose 
normal or low-lying state is similar to the X-ray level. The addition 
of completed subshells to the outside of the atom does not change the 
multiplet character of the level. 
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Table 9 


X-ray level "" ^ 

1,0 

2, 0 

2, 1 

3, 0 

3, 1 

Optical 

symbol 

Analogous 

atom 

Normal state 

2 

2 

6 

2 

6 

l So 

A 

K 

1 

2 

6 

2 

6 


H 

U 

2 

1 

6 

2 

6 


Li ’ 

Ln, Lm 

2 

2 

5 

2 

6 


F 

Mi 

2 

2 

6 

1 

6 

•Sh 

Na 

Mitt Mm 

2 

2 

6 

2 

5 


Cl 


21. X-RAY SPECTRA OF HIGHER ORDER 


In addition to the lines of the X - and L-series which agree so well 
with the energy level scheme developed in the preceding paragraphs, 
a considerable number of weak lines have been observed, which cannot be 
fitted into this scheme without seriously altering it. In general, they 
lie on the short wave-length side of the stronger lines of the X- and 
L-series. In the X-series these weak lines are resolved for elements of 
atomic numbers 12 to 29 and in the L-series for elements of atomic numbers 
lower than 51. Such additional lines were first discovered by Siegbahn 
and Stenstrom and were greatly extended in number and in precision 
of measurement by Dolejsck, Hjalmar, and Coster, 1 while Foote and 
Mohler 2 have recorded critical potentials in the soft X-ray region which 
may be related to some of these lines. 

The Ka group of lines consists of three doublets a 2 a h am, and a 6 a 6 , 
in the order of decreasing wave lengths, and a line di lying between the 
am and am doublets. This complete group is observed only in the 
elements Na, Mg, Al, and Si. The resolution of the a 3 <x4 and am 
doublets becomes more difficult with increasing atomic number, and, in 
this respect, they differ from the am doublet. The latter is due to 
combinations between the K and the Ln and Lm levels. The five lines 
a u a h a 4) a ft , and may be arranged in three pairs such that the fre- 
quency differences of the pairs is approximately constant; 

- ai S a 5 — as ( 35 ) 


Furthermore, the last of these differences for any one element is very 
closely the same as the first of these differences for the element immedi- 
ately following in the periodic system; 

(a e — a 4 )z = 0*3 oli)z+i* 

These relationships expressed by equations (35) and (36) are illustrated 


in Table 10. 

t Bee BimBAim, “ Rdntgenstraiden ” Springer, pp. 98, 
of the experimental data up to 1924, and Lindh, Physik. 28, 93 (1927) for more 

recent work. 

2 “Origin of Spectra,” p. 200Jf. 
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Table 10 1 



Na 

Mg 

A1 

Si 

CKj — fl£) 

0.52 

*0.64 

yrO.71 

^0.83 

CL 5 — CLz 

0.57 x 

A 

/ 0.67 / 

/ 0.76 > 

x 0.91 

CLQ — OLi 

A 

0.65*^ 

A 

0.76*^ 

0.83^ 

0.94 




1 Wbttekblad, Z.Physik , 42, 611 (1927). 


Similar regularities are found in the L- series . satellites though they 
are not so clear as the X-series relations, probably because of the more 
complicated structure of the L and M shells. 

Wentzel 1 proposed that these faint lines represent the spark X-ray 
spectra emitted by atoms which have more than one electron removed. 
The X-ray spectra emitted by singly, doubly, and trebly ionized atoms 
may be. ref erred to as the first, second, and third spectra, respectively. 
Two electrons may be removed from the same or different shells of the 
atom and the spectrum emitted by such multiply ionized atoms when 
electrons of outer shells fall to the inner shells will be of different character 
from that emitted by the singly ionized atom. A doubly ionized atom 
will have an energy diagram of the singlet and triplet type, and the trebly 
ionized atom or ion will have doublet and quartet multiplicities. These 
conclusions follow from the study of multiplicities of optical spectra to 
be described in Chap. X. 

A word of explanation is necessary, however, in this connection. 
Many of the X-ray spectra ascribed to atoms are really characteristic of 
ions having closed subshells of electrons, or compounds with closed 
subshells, in the sense that the incomplete valence shell of one atom couples 
with those of other atoms in such a way that there is no resultant angular 
momentum or magnetic moment. For such ions and compounds the 
system .of levels must be of the doublet type. But in many elements 
of transition groups, as for example the rare earths, the subshells are 
not all closed even for stable ions, as indicated by measurements of 
magnetic susceptibility. The X-ray levels of such an ion cannot be a 
doublet system; there must be closely spaced groups of levels in the 
neighborhood of each of the doublet levels. 

Aside from these facts on which there is general agreement, the 
subject of X-ray spark spectra is rather involved and controversial. 
A description of the various theories proposed in regard to the transitions 
which give rise to the Ka group would be quite lengthy, and we shall 
content ourselves with giving references to the more recent papers on 
the subject . 2 

1 Ann. Physik, 66, 487 (1921); ibid., 73, 647 (1924); Z. Physik, 31, 445 (1924). 

2 Backlin, Z. Physik, 27, 30 (1924); Drtjyvesteyn, ibid., 43, 707 (1927); Turner, 
Rhys. Rev., 26, 143 (1925); Eichtmyer, Phil. Mag., 6, 64 (1928), 
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22. THE EFFECTS OF CHEMICAL COMBINATION ON X-RAY SPECTRA 1 
Thus far, we have not considered changes in the spectra due to the 
state of chemical combination; they have been assumed to be charac- 
teristic of the individual atom and independent of its chemical com- 
bination with other atoms. This is found to be far from true when the fine 
structures of the absorption limits and lines and their exact wave lengths 
are determined. Though these effects have not been extensively investi- 
gated, it may be said that the absorption limits and emission lines of an 
element are different in position in nearly all of its chemical compounds 
and often there are differences in structure as well. The causes of these 



Fia. 28. — K-absorption limits of chlorine of different valences. (After Lindh.) 

changes are imperfectly understood and the experimental data are as 
yet too meager for systematic classification, 

Figure 28 gives the structure of the K-absorption limits of chlorine 
in its different valencies, according to Lindh, and illustrates two general 
features: the absorption limit is shifted toward higher frequency as the 
valence increases, and a distinct fine structure appears, the nature of 
which depends on the valence. In some cases, the fine structure con- 
sists of fairly sharp absorption lines. There are two distinct absorption 
limits for each valence, except in the case of HC1, though these two limits 
are not observed for all compounds having a particular type of valency. 
The average wave lengths of these limits, Ki and K 2 , observed in many 
compounds, and their variation with valence, are given in Table 11, 
together with the energy differences of these limits for free chlorine 
and for the element in combination. The change in wave length between 
the longest and shortest wave lengths is about 0.5 per cent, which is far 
from insignificant, though it corresponds only to an energy change of the 
1 For complete summaries, see the following papers and references there given: 
Lindh, Physik. Z n 28, 98 and 111 (1927) ; Stelling, Z.f . anorg.Chem., 131, 48 (1923); 
Z. f. Phys. Chem.j 117, 161, 175, 194 (1925); Chen. Ber., 60, 650 (1927); “Liber den 
Zusammenhang sswischen ehemischer ^Constitution and K-Rontgen Absorptionsspek- 
tren,” Lund, May (1927); Z. Physik , 50, 506 (1928). 
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Table 11 





AV (volts) relative to 



Wave length 

Cl 2 

X 2 — Ki 






(volts) 


Ki 

K 2 

Ki 

K* 


Cl 2 

4,393.8 

4,381.6 

0 

0 

7.8 

HG1 

4,385.3 


5.4 



Cl~ 

4,382.9 

4,360.0 

7.0 

13.8 

14.6 

Cl 6+ 

4,376.9 

4,357.4 

10.8 

15.5 

12.5 

ci 7+ ..:.. 

4,369.8 

4,347.8 

15.3 

21.6 

14.1 


order of magnitude of the binding energies of the compounds. There 
is some variation among the individual compounds containing the 
chlorine in any one valence type, though they group themselves rather 
closely about the values given in the table. 

A study of the K limits of chlorine and sulfur compounds, as well 
as others, shows that there must be specific effects of the metal ions 
with regard to both the wave lengths of the limits and their fine structures. 
Stelling 1 pointed out that the variation in the wave length of the limit 
depends on the crystal structure, the interionic distances, and the electron 
configuration of the metal ion, and Fajans 2 has found that the' experi- 
mental results agree fairly well with the assumption that the wave-length 
difference between the absorption limit of the free ion and of the ion in 
the crystal is proportional to the inverse fourth power of the interionic 
distance r if the metal ions have similar outside electron shells and the 
crystals have the same lattice) that is, 



where X*, is the wave length for the free ion and X that for the ion bound 
in a lattice, and k is a constant. The following table shows how well 
this formula agrees with the experimental data on three sulfides, if 
XcoOS — ) is taken as 5,009.3 X. U. 


Table 12 


Compound 

X 

r 

r 4 

8 

1 

II 

1 

8 

/< 

MeS 

5,005.3 

2.594 

45.3 

4.0 

180 

OaS 

5,006.6 

5,007.5 

2.843 

65.3 

2.7 

176 

BaS 

3.184 

103.0 

1.8 

185 







1 Loc. tit. 

2 Z. Physik, 50 , 531 (1928). 
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The change of refractive index of the ions due to binding in a crystal 
follows a similar law 1 and this indicates that the variations due to the 
metal ions depend on the deformation of the outside electron shells 
of the negative ions. The complete explanation of these phenomena 
has not been given. It will probably be necessary to consider, in addi- 
tion, the lattice energy with normal ions, with ions having a K electron 
missing, and with free electrons in the lattice, as has been done by 
Aoyama, Kimura, and Nishina , 2 and also to consider the deformation of 
t he ion by the neighboring atoms or ions. 

The dependence of emission spectra on the compound containing 
the element is even more prominent than that of the absorption edges, 
for here there appears to be a dependence on the metal of the target 
supporting the compound as well. Lines which appear when a compound 
is supported on a target of one metal will be absent, if the same compound 
is supported on another target, and the relative intensities of the lines 
may be changed. These spectra require much more research before 
any satisfactory classification and interpretation of the results can 
be made. 
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CHAPTER IX 

THE PERIODIC SYSTEM OF THE ELEMENTS 

1. THE ARRANGEMENT OF ELECTRONS IN ATOMS 

The periodic system of the elements consists of six completed periods 
and one incomplete period containing 2, 8, 8, 18, 18, 32, and 6 elements, 
respectively. Each increase in the length of period brings with it a 
number of elements with properties different from those of the preceding 
periods. The types of elements which first appear in the periods of 18 
are known as the transition elements, and the period of 32 also contains 
the fourteen rare earths. 

Figure 1 is the periodic table of Julius Thomsen 1 which agrees well 
with the structure of the electron configurations deduced by Bohr, 
which we shall now describe. In this table the rare gases, which were 
postulated by Thomsen before their discovery, the transition groups, 
and the rare earths have logical positions. Thomsen pointed out that 
the numbers of elements in the periods of the table, omitting the inert 
gases, are given by the expression 

1+2X3+2X5+ •••, 
which can be modified on including the inert gases to read 

2X1 + 2X3 + 2X54-2X7+ • • • ; (1) 

by breaking this series at different points, the numbers 2, 8, 18, 32, 
etc., mentioned above are secured. 

The approximate but unmistakable repetition of chemical and 
physical properties with these periods and the increasing length of 
the periods has been believed to be due to a regular building up of succes- 
sive electron shells with increasing numbers of electrons since the original 
proposals of Sir J. J. Thomson to account for them in this way. We 
are confronted with several questions: (1) How many electrons are 
there in each shell or subshell? (2) What limits the number of electrons 
in a given shell? (3) How are the periodic properties of the elements 
related to the exterior electron configurations? These questions can 
now be answered in a broad way, as a result of our knowledge of the 
optical and X-ray spectra of the elements. 

Bohr 2 first proposed a distribution of electrons into different shells 
and subshells which was based on an attempt to correlate spectral data 

i Z. anorg. Chem., 9, 190 and 283 (1895). 

a Ann. Physik, 71, 228 (1923); Z. Physik, 9, 1 (1922). 
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with the periodic system; this explained a wide range of phenomena. 
Bohr’s assignment of the numbers of electrons in the shells defined by 
the total quantum number, n, for the atoms of the different periods has 
not been modified, but his assignment of the numbers in the subshells 
defined by the azimuthal number, l, has been modified by Stoner 1 and 
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Fig. 1. — The Thomsen-Bohr periodic table {modified). 


Main-Smith . 2 Following this work Pauli proposed his equivalence 
principle, which limits the possible numbers of electrons in each shell 
or subshell. There are two factors which are effective in determining 
the electron configuration of the normal state of an atom; first, the 
electron configuration must be one permitted by the Pauli equivalence 
principle, and second, it must be that which makes the energy of the 
atom a minimum. These two factors will now be taken up in order. 


1 Phil. Mag., 48 , 719 ( 1924 ). 

2 J, Chem. Ind.j 43 , 323 ( 1924 ); 
( 1924 ); Phil , Jkfag ., 50 , 878 ( 1925 ), 


“ Chemistry and Atomic Structure,” Loudon 
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2. THE PAULI EQUIVALENCE PRINCIPLE AND THE ELECTRON SHELLS 

Pauli's principle requires that no two electrons of an atom shall have 
all of their five quantum numbers identical (Chap. VII, Sec. 19). These 
five quantum numbers may be taken as those required to fix the steady 
states of an atom in a strong magnetic field, since there is a one-to-one 
correspondence between these and the quantum numbers required to 
fix the steady states of the atom under any other conditions where the 
atomic system is not degenerate. These five quantum numbers and 
their possible values have been defined and illustrated in Chap. VII > 
but will be briefly reviewed here. They are, 

7i = 1, 2, 3, • • 00 1 

l = o, 1, • • • n — 1, a vector, 

$ = a vector, 

mi = — l, —I + 1? * * * t 0, ■ • • l — 1, l, 
m 8 = 

Such a set of quantum numbers is required for each electron of an atom 
to fix the steady states in a strong magnetic field. In a weak magnetic 
field another set of quantum numbers must be used but there will still 
be 5 Z such numbers. One of these will be the resultant angular momen- 
tum of all the electrons of the atom, in quantum units, and another 
the projection of this in the direction of the field. These two numbers 
are j and m , respectively. When the field vanishes, m loses its meaning, 
since the orientation in space becomes indeterminate. In the absence 
of the field many of the quantum numbers are no longer characteristic 
of the individual electrons, but of a group of electrons. However, 
the n, l , and s quantum numbers can still be assigned to individual 
electrons, and, therefore, the shells and subshells can be designated 
in terms of these numbers. Since s is always M it is unnecessary to 
use it in designating the shells. We now wish to find the maximum 
numbers of electrons having given values of n and Z, which an atom car 
possess without violating the Pauli principle. 

We consider first the smallest values of n and l and proceed to the 
larger values, considering, at present, only the numbers of electrons 
which may enter any shell and not the question of whether these numbers 
are actually present in the case of any given atom. Taking n = 1, 
can take only the value 0, and, therefore, mi only the value 0, whiL 
m s may take two values, therefore there may be two electron 

in an atom with n, l ~ 1,0, one for each of the two possible values of m * 
These two electrons complete the first shell. If n equals 2, l may b 
either 0, or 1; with l equal to 0, mi must be 0 and m s may be ±}£, ani 
thus two electrons may occupy the 2, 0 subshell j with l equal to 1, mi ma, 
be — 1, 0, 1 ; and, as before, m s may be ± Yi for each of these three values c 
m\ } so that six electrons may occupy the 2, 1 subshelh The eight electron 
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of the second completed shell have the quantum numbers given in Table 
1, if it is placed in a very strong magnetic field, and, as this field is 
allowed to vanish, they arrange themselves in two closed subshells 
of two and six electrons each. 


Table 1 


n 

l 

mi 

m a 

2 

0 

0 

-Vi 

2 

0 

0 


2 

1 

-1 

-34 

2 

1 

-1 

+34 

2 

1 

0 

-34 

2 

1 

0 

+34 

2 

1 

1 

—34 

2 

1 

1 

+34 


Similar reasoning can be applied to the other electron shells. It 
is immediately evident that mi takes 21+1 values and that m 8 always 
has 2s + 1 ( = 2) values, so that there will be 2(2 1 + 1) electrons in any 
subshell. Summing over the possible values of l, the number of electrons 
in the nth shell is 

l «n— 1 

X 2(2Z + 1) = 2 n\ (2) 

z=o 

Table 2 


X-ray symbol n, l 2(22 + 1) 2n 2 

K 1,0 2 2 

Li 2,0 2 

Ln,m 2,1 6 8 

Mi 3, 0 2 

Mu, in 3, 1 6 

Miv.v 3,2 10 18 

Ni 4,0 2 

Nu,ni 4, 1 6 

NiyjV • 4, 2 10 

iVvijVii 4, 3 14 32 

(h 5,0 2 

0 n ,m 5, 1 6 

OtvjV 5, 2 10 

Ovi,vu 5, 3 14- 

Ovum* 5,4 18 50 

Pr 6,0 2 


6, 5 




22 


72 
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This equation is equivalent to Thomsen’s rule given by the expression (1). 
It is interesting that the correct formula for the numbers of electrons in 
subshells was secured so many years before its theoretical interpretation. 
Table 2 gives the numbers of electrons in the completed shells and sub- 
shells to the sixth shell. The electron groups are not filled in the order 
in which they occur in this table. 

The P and 0 levels having high l values are hypothetical, as we shall 
soon see. The numbers 2, 8, 18, and 32 appear here as the maximum 
numbers of electrons in the shells, but the repetition of the 8 and 18 
periods found in the periodic system does not follow from the equivalence 
principle alone. 

It is convenient to introduce a symbol to represent the numbers 
of electrons in each shell and subshell of the atom. This can be done by 
n fii ng a whole number to represent n and the letters s, p, d, etc. to indicate 
values of l equal to 0, 1, 2, etc., respectively. Superscripts on these 
letters indicate the numbers of electrons of each kind in the atom. The 
symbol will be clear from the following example: An atom having the 
following configuration; 


n, l 

Number of electrons 


1,0 2, 0 2 , 1 
2 2 6 


3, 0 3 , 1 3 , 2 

2 6 4 = ' 


would be represented by the symbol, 

ls 2 2s 2 2p 6 3s 2 3p 6 3d 4 . 


3. BOHR’S THEORY OF THE PERIODIC SYSTEM 1 
Bohr attacked the problem of assigning quantum numbers to the 
individual electrons of the atom by considering the building up of the 

1 The principal arguments of this section are due to Bohr, but the assignment of 
electrons to the subshells was given essentially by Stoner and Main-Smith (JLoc. cit .). 
Bohr divided the electrons in each oompleted shell equally among the sub shells so 
that the assignment was the following: 

l 1, 0 2, 0 2, 1 3, 0 3, 1 3, 2 

Number of electrons. . . 2 4 4 6 6 6 

At the time there appeared to be no way of deciding whether this was correct or not. 
Stoner and Main-Smith assigned them as follows: 

n,l,j 1, 0, K 2, 0 ,Yt 2, 1, Yi 2, 1, % 3, 0, ^ 3, 1, ^ 3, 1, % 

Number of elec- 

trons 2 2 2 4 2 2 4 

3, 2, 3, 2, X .... - 

4 6 

The division of the subshells for l > 0 into two parts is not justified for the relativity 
doublet levels L u ,i„, M n ,m, M ly , v , etc. are due to two possible ways of orienting 
the vectors of the incomplete shell relative to each other. The quantum number j is 
not characteristic of the individual electron removed from these shells, but is a vector 
sum of the l and s vectors of all the remaining electrons and takes two possible values 
for a shell with one electron removed, if l > 0. See Chap VIII, Sec. 20, and. Stoneb, 
Proc. of Leeds Phil. Soo., 1, 226 (1928), particularly p. 229. 
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electron shells starting with a bare nucleus of charge +Ze and adding 
electrons successively to this nucleus. He postulated that each successive 
electron could be added in such a way that the n and l quantum numbers 
of the previously bound electrons would not be changed. This is called 
the “ construction principle’ 7 (Aufbauprinzip). Further, the normal 
state of the atom has that electron configuration which gives the atom 
as a whole the least possible internal energy of all possible configurations. 
It will not be true always that ions and atoms having the same total 
number of electrons, whatever their nuclear charges may be, will have 
the same number of electrons in each of the shells and subshells, and 
cases in which they do not are especially instructive; but in many cases, 



■f-k e z — l electrons of the singly charged ion of an element are bound 
in the same way as the electrons of the neutral atom immediately pre- 
ceding it in the periodic system. For this reason, and in order to proceed 
from simpler to more complex atoms, it is well to begin the discussion 

of the building process with hydrogen. 

In discussing the building up of the electron shells of elements with 
low atomic numbers, it is convenient to refer to the energy required 
to remove the most loosely bound electron. Unfortunately, this energy 
is unknown for many elements, but Fig. 2 is a plot of the known values 
against the atomic number for the elements of the periodic table. 
The most striking features of this curve are the very sharp decreases 
between each inert gas and the following alkali metal. The features 
of this curve will now be correlated with the electron configurations 

° f mdLa of the hydrogen atom and of the singly ionized helium 
atom, in their normal states, is known from their spectra to have the 
auantum numbers » = 1 and l = 0. The binding energies are equal 
in wave numbers to R B and 4 R Se , respectively. Though the spectra 
of only these two hydrogenic atoms have been observed, one electron 
bmmd to a bare nucleus of any atomic number would enter the 1, 0 steady 
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state, for this state has less energy than any other with higher quantum- 
numbers. The second electron of helium is also bound in a 1, 0 orbit, 
as we can see from the following evidence. 

An electron brought to the helium ion’ is attracted by the field of 
one unit of positive charge at large distances, and by a field of two 
positive units as a maximum at small distances. Therefore the energy 
liberated in binding the second electron in the 1, 0 shell should lie some- 
where between R and iR, while the energy of binding in a state with 
n = 2 would be of the order of magnitude of 2?/4. The actual energy 
of binding calculated from the ionizing potential of 24.5 volts is 1.8X-K? 
which shows that both electrons have the quantum numbers n, Z = 1, 0. 
The configuration of the atom is represented therefore by the symbol 
Is 2 . This is a possible configuration according to the preceding section 
and Table 2. Only the higher terms of the Lill spectrum are known, 
and these are similar to the higher terms of the Hel spectrum. 

The third element lithium has an ionizing potential of 5.37 volts, 
so that the third electron is bound with an energy of 0.40 R. If the 
third electron entered the 1, 0 shell, its binding energy should be greater 
than R and probably larger than the energy of binding of the second 
electron of helium; if bound in a state with n = 2, its energy should 
be approximately that of the hydrogen atom in its orbits with n — *2, 7 or 
about Y±R. The energies of the 2 states of lithium are very 
nearly equal to this (Chap. VII, Table 3). The larger energy of binding 
of the normal state, 1 2 $j^, is in agreement with its assignment to a 2, 0 
orbit, for due to its ellipticity such an orbit will pass very close to the 2 
inner electrons or perhaps within the region of their orbits and, thus, 
be in the field of three positive charges for a part of the time, i.e. 7 the 
orbit is a penetrating orbit (Chap. VII, Secs. 10 and 11). The lithium 
atom, therefore, has the configuration l$ 2 2s. The normal states of 
Be*, B 2+ , and C 84 * are known and these as well as the excited states 
show that the third electron is bound in the 2, 0 shell. The 1, 0 shell is 
evidently completed at helium and is filled with two electrons in all other 
atoms. 

The fourth electron of beryllium, boron, or carbon is also bound 
in the 2, 0 shell. The normal states of these 4 electron atoms are bSo 
states as they should be according to the theory of multiplets given in 
Chap. X. The energy of binding of this last electron increases above 
that of the lithium electron, for reasons similar to those which explain 
the increased binding energy of the second helium electron as compared 
with that of hydrogen. The normal beryllium atom and B + and C ++ 
as well have the configuration ls 2 2s 2 . The most loosely bound electron 
of boron requires considerably less energy for its removal than that of 
beryllium (Fig. 2). This indicates that it is bound in another type of 
orbit. The normal state of boron is a 2 P level showing that the last 
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electron is bound on a 2, 1 orbit. Thus, the 2, 0 subshell is completed 
with 2 electrons and the next one enters the 2, 1 subshell. 

The assignment of quantum numbers to the electrons of the rema ini ng 
elements in the second period can be made from the study of their optical 
spectra. These spectra are of the more complex type considered in 
Chap. X and, therefore, we shall not discuss these assignments here. 
The following configurations are in accord with the known spectroscopic 
data: C, l$ 2 2s 2 2p 2 ; N, ls 2 2s 2 2p 3 ; 0, ls 2 2$ 2 2p 4 ; F, l$ 2 2s 2 2p 5 ; and 



Fig. 3. --“•Optical Moseley diagram of the energy levels of the nineteenth electron. ( After 
Grotrian. See reference at the end of Chap. X.) 

The numbers preceding the symbols 2 <S, 2 P, etc. are the total quantum numbers. Thus, 
the 4 2 6* state of this figure is the 1 2 S state in our nomenclature. # 

Ne, ls 2 2s 2 2p 6 . The binding energy of the last electron increases from 
boron to neon except for a slight decrease at oxygen. 

The ionizing potential of neon is 21.47 volts and that of sodium 
only 5.13 volts. This large change in the energy of binding indicates 
that the last electron of sodium does not enter the 2, 1 subshell and there- 
fore it has a total quantum number, n = 3. The binding energy of this 
electron is considerably greater than that of an electron of the same total 
quantum number in hydrogen, indicating that its orbit penetrates 
the completed shells. The normal level is a state and so the eleventh 
electron must enter a 3, 0 orbit. The electron configurations of the 
remaining elements of this period are similar to those of the preceding 
period. Argon has the configuration 3s 2 3p 6 . 

Figure 3 illustrates certain regularities of optical spectra, which have 
been partly discussed in Chap. VII, Secs. 13 and 14, The doublet separa- 
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tions (not shown in the figure) follow the law for the relativity-spin doublets 
of X-ray spectra. In addition, the screening-doublet law of X-ray spectra 
holds very well for these optical levels of stripped atoms. Thus the curves 
for 2 8, 2 P, and 2 D states with total quantum number 4 are very nearly 
parallel to each other, showing that the screening constants for these 
levels differ by a constant amount. Such regularities have been used to 
extrapolate from the known levels of certain atoms to unknown ones of 
others. 1 

4. T HE LONG PERIODS 

The first 18 electrons are bound in the order of increasing n and l 
and the subshells have the numbers of electrons required by the theory 
of Sec. 2. The curve of ionizing potentials (Fig. 2) shows that there 
is a very marked decrease in binding energy with increasing n, as in the 
case of He and Li or Ne and Na. There is a smaller decrease with 
increasing l, as we see by comparing Be and B, and Mg and Al. In fact, 
it is quite generally true that an increase in n produces a greater decrease 
in the binding energy than an increase of l. At potassium we meet 
the first irregularity in this respect. The quantum theory permits 10 
electrons to occupy the 3, 2 subshell, but it is not filled in argon or potas- 
sium and from the spectrum of potassium we know that its last electron 
enters the 4, 0 subshell. The normal level is with the configuration 
3s 2 3p 8 4s, while the levels 2 D«,« with the configuration 3s Zp 6 3d 
have a higher energy. This is also true in ionized calcium and the second 
valence electron of calcium as well is in the 4, 0 subshell. But in doubly- 
ionized scandium, the normal level is a level, showing that the 

nineteenth electron in scandium enters the 3, 2 subshell. The change 
of the configuration 3s 2 3p 6 3d from an excited level of K and Ca+to the 
normal level of Sc 2+ and other ions following it can be clearly seen from 
the Moseley diagram of Fig. 3. The normal states of the elements 
from Sc21 to Ni28, inclusive, have electrons in both the 6, l ana 4, 
subgroups and the variable valence. and magnetic properties of these 
elements are due to these partially completed shells. ^ Copper “ tk© 
first element having enough electrons to fill completely the 3, 2 subshe , 
and- 1 valence electron in addition. Its normal state is a M ® f* e 
and its electron configuration is WZpWHs. The building up of the 
4, 0 and 4, 1 subshells from Cu29 to Kr36 is similar to that of the second 
and third periods. Krypton has the configuration 4s 4p . 

The electron configuration of copper differs from that of potassium 
only in having the third shell completed by the addition of 10 electrons 
to the 3, 2 subshell, and the different chemical properties of the two 
elements must be due to the different underlying shells. Since copper 

> See, for example, Millikan and Bowen, Pro, Nat. Acad^S ^ 
references given there, and Gibbs and White, Phys. Rev., 31, 309 (1928) and refer nces 
given there; Proc , Not* Acad. Sci 12, 598 (1926). 
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may be divalent, 1 electron of the 3, 2 subshell can be removed fairly 
easily, while in potassium, the electrons of the 3, 1 subshell are not thus 
easily removed. Moreover, the kernel of copper is undoubtedly much 
smaller than that of potassium. This can be seen to be in accord with 
theoretical expectations. The screening constants for the Mi, Afu.m, 
and Miv.v, that is, the 3, 0, 3, 1, and 3, 2 subshells, are 6.8, 8.5, and 13.0, 
respectively (Chap. VIII, Secs. 16 to 19 ), so that the effective nuclear 
charges for the 3, 0 and 3, 1 subshells of potassium are 12.2 and 10.5 
while those for the 3, 0, 3, 1, and 3, 2 subshells of copper are 22.2, 20.5, 
and 16.0, respectively. Under these higher fields, the third-shell electrons 
will lie closer to the nucleus in the case of copper. At least part of the 
difference in chemical properties of potassium and copper and also of 
calcium and zinc and other similarly related elements of the long periods 
is due to this difference in size of the respective kernels (Sec. 7 ). 

The fifth period is built up in the same way as the fourth period. 
The 4, 2 and 4, 3 subshells are both unfilled in Kr36, and in the second 
transition group of elements the 4, 2 subshell is completed with 10 
electrons at Ag47; the 4, 3 subshell is still unfilled. Rb37 has the con- 
figuration 4sHp {) 5s and its normal state is a 2 S state; but Y 2+ has the 
configuration 4s 2 4p 6 4d and the normal state is the state. Ag47 

has the configuration, 4s 2 4p 6 4d 10 5s, and Xe54 the configuration, 4s 2 - 
4p 6 4d 1(1 5s 2 5p 0 . 

In the sixth period, Cs55 and Ba56 are similar to K and Ca, and 
Rb and Sr in the structure of their valence shells. WithLa57 one valence 
electron enters the 5, 2 subshell and the other two the 6, 0 s.ubshell and 
throughout the rare earths the numbers of electrons in these two subshells 
remain the same. Beginning with Ce58 the additional electrons enter 
the 4, 3 subshell until La7 l is reached, when this subshell has its complete 
quota of 14 electrons. Hf72 has the configuration, 
4& i2 4p 6 4d 10 4/ l4 5s 2 5p 6 5d 2 6s 2 ; 

this is similar to that of Zr, namely, 

4,<? 2 4p fi 4d! 2 5s 2 . 

The marked similarity of these elements is undoubtedly due to this 
circumstance and the additional fact that the atomic volumes are very 
nearly the same. The effect of the additional charge of the Hf nucleus 
on the size of the kernel has just been compensated by the additional 
electron shells of higher total quantum number. From Hf72 to Au/y 
the 5, 2 subsheli is filled to 10 electrons, so that this group of elements 
' is similar again in chemical properties to the first and second transition 
groups. From Au79 to Rn86 the process of building the 6, 0 and b , l 
shells to two and six electrons, respectively, is completed. Rn has the 
configuration, 


5s 2 5p 6 5d l0 fis 2 6p 6 , 
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Table 3. — {Continued) 


Element ‘ 


Configuration 

of inner shells 4, 2 4, 3 5, 0 

4 d 4/ 5s 


Rb 37 

Sr 38 

Y 39 1 

Zr 40 2 

Cb 41 Krypton con- 4 

Mo 42 figuration 5 

43 (6) 

Ku 44 7 

Rh 45 8 

Pd 46 10__ 

Ag 47 | 

Cd 48 

In 49 

Sn 50 Palladium configu- 

Sb 51 ration 

Te 52 

I 53 

Xe 54 

Os 55 

Ba 56 

La 57 

Ce 58 

Pr 59 

Nd 60 

Xenon configura- 

~ a tion. The shells 

^ Is to id contain 

^ ^ 46 electrons. 


Sa 62..., 
Eu 63 . . , 
Gd 64 
Tb 65 . . 
Dy 66... 
Ho 67 .. 
Er 68... 
Tu 69 . . 
Yb 70.. 
Lu 71... 


0 P Normal 

— term 

5, 1 5, 2 6, 0 (theo- 

5p 5d 6s retical) 


The shells 5s 1 
to 5p con- 1 

tain 8 elec- 1 

trons 1 


2 £i/_ 

4.16 


5.67 

2 Dy> 

6.5 

z f 2 ~ 


6 Z>^ 



7.35 

( 6 D^) 


6 F t 

7.7 


7.7 

’So 

8.5 


7.54 

’So 

8.95 


5.76 

3 Po 

7.37 

4 S?« 

8.5 

S P 2 


2 Pn 

10 

’S„ 

12.078 

s Sy; 

3.88 

’So 

5.19 

2 D?{ 

4 

3 H 4 

4 
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Table 3. — ( Continued ) 


Element 


Hf 72. 
Ta 73. 
W 74. 
Re 75. 

Os 76. 

Ir 77. 


Configuration of 
inner shells 


Pt 78. 


0 


5,2 

5d 


Shells Is to 5p con- 
tain 68 electrons 


5, 3 
5/ 


Au 79. 
Hg 80. 
T1 81. 
Pb 82 . 
Bi 83. 
Po 84. 

85. 
Rn 86. 


Shells Is to 5d contain 
78 electrons 


87. 
Ra 88. 
Ac 89. 
Th 90. 

UX91 . 

Ur 92. 


Radon configuration. 
The shells Is to 5 d 
contain 7 8 electrons 


6,0 6,1 

6s I 6p 


6,2 

U 


7,0 

7s 


Normal 

term 

(theo- 

retical) 


The shells 
6s to 6p 
contain 8 
electrons 


3 P 2 

6 Z)o 

“D9 A 
'D 4 

'Fs 

'FoA 

3 Da 


Vi 


‘So 

*P 0 

3 p 2 

*p% 

‘So 


‘So 

“Hi 

3 F 2 

*Kin 

4 F% 

*L, 

'Do 


9.20 

10.39 

6.08 

7.39 

8.0 


■, V, i. the energy in volts required to remove one electron end leave the ion in its lowest energy state 
except in the cases noted. •. , ... „ 

2 McLennan and SHAvmi give 7.94 for the ionization potential of silicon. routea . 

0 In the ease of vanadium, cobalt, and nickel, values are given for ionisation by two drfierent ro , 

and d .- S s . - d-W. These two values are given in this order in the table. 

Yb, 7.06. 

to the rare earths, thus indicating that they do not enter the 5, 3 subshell 
At Ce58 the configuration 4/5s 2 5p 6 5d6. S 2 is more stable than the 
configuration 5s 2 5p 6 5d 2 6.s 2 , but even at U92 the configuration wit 
the valence electrons in the 6, 2 and 7, 0 subshells is more stable than 
that with one or more electrons in the 5, 3 subshell. Calculations m 
by Sugiura and Urey 1 indicate that electrons should first enter the 5, d 
i Kg l M e VMM. SM, Math.-fys. Medd, 7, No. 13, 3 (1926) in English. 
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subshell at the element 94. None of these arguments are conclusive, 
however; the configuration can be fixed only by more spectroscopic 
evidence. 

Table 3 gives the electron configurations of, all the elements so far 
as they are known at the present time. The detailed assignments 
of the electrons of the transition elements to the electron shells can 
be made only from their spectral terms, which are of the complex multi- 
plet type described in Chap. X. In Chap. X, Sec. 4 the assignment 
is carried through for the chromium atom. It is there proved that 
chromium has the configuration 3s 2 3d 5 , as given in the table. The 
configurations of other atoms have been determined in a similar way 
(see Chap. X, Sec. 17). 

6. X-RAY EVIDENCE FOR THE ASSIGNMENT OF ELECTRON 
CONFIGURATIONS 1 

The order in which the electrons enter the shells and subshells of atoms 
as the atomic number increases will affect the X-ray energy levels in 
two ways: (1) an X-ray energy level cannot appear until there is at 
least one electron in the subshell corresponding to that level, and this 
level cannot be of the regular doublet type until the subshell is completely 
filled, though the higher multiplicity may not be detectable experi- 
mentally; (2) the change in numerical values of the X-ray energy levels 
of completed subshells . with atomic number shows irregularities at the 
elements where the electrons begin to enter a given subshell and where 
that subshell is completed. 

In Table 4 are fisted the elements where an electron first enters 
each subshell and where that subshell is first complete. If, after the sub- 
shell is completed, it becomes incomplete again in some element of higher 
atomic number, the element where it is finally completed is also fisted. 
The last row of the table gives the element of lowest atomic number 
for which the level has been observed by the methods of crystal spectro- 
scopy. The X-ray term is first observed for atoms of higher atomic 
number than that at which the shell is first occupied. We cannot expect 
the second and fourth fines to agree, for the electron configurations of Table 
3 apply to gaseous atoms, while the X-ray terms are usually observed for 
the elements in chemical combination and in the solid state. In the 
case of metals, we do not know how many and which electrons are free, 
so that we do not know whether we are dealing with an atom or ion. 
In the case of salts, there is the question of lattice energy of the normal 
ion, the ion with an inner electron removed, and of the electron in the 
crystal, all of which must be considered. Deviations from the regular 
doublet type also produce complications, especially for soft energy levels 
1 Bohr and Coster, Z. Physik, 12 , 350 (1923). 
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Table 4 l 


Level 

K 

Li 

Lii,m 

Mi 

Mn, III 

Miv,V 

Ni 

#H, III 

#IV,V 

#VI,VII 

n, l 

1, 0 

2, 0 

2, 1 

3, 0 

3, 1 

3, 2 

4, 0 

4, 1 

4, 2 

4, 3 

Subshell en- 
tered at 

HI 

Li3 

B5 

Nall 

A113 

Sc21 

K19 

Ga31 

Y39 

Ce58 

Subshell com- 
pleted at — 

He2 

Be4 

NelO 

Mgl2 

A18 

Cu29 

/ Ca20 \ 
\ Zn30 J 

Kr36 

Pd46 

Lu71 

First observed 
at 

Nall 

Cr24 

Mgl2 

Fe26 

P15 

024 

Rb37 

Cu29(?) 

Zr40 

Dy66 










Level 

Oi 

On, in 

Oiv,v 

Pi 

Pllflll 

PlV,V 

Ql 

Qiijin 

n t l 

5, 0 
Rb37 
f Sr38 \ 
\ Cd48 J 
Sn50 

5, 1 
In49 

Xe54 

Sn50 

5, 2 
La57 

Au79 

Pt78 

6,0 

Cs55 

f Ba56 \ 
\ Hg80 J 
Th90 

6, 1 
T181 

Rn86 

Bi84 

6, 2 

Ac89(?) 

7, 0 

87 

Ra88 

7, 1 

Ac89(?) 

Subshell entered at 

Subshell completed at. . . 

First observed at 



1 See Thoraeus, Phil. Mag., 2, 1007 (1926) and references at the end of Chap. VIII. 


like those of the incomplete subshells. Only approximate values can be 
secured for these soft levels by the usual X-ray methods. Thus, the 
interpolation of levels between those determined by X-ray spectroscopy 
methods and those determined optically or by critical potential methods 
is not justified. Moreover, there are many experimental difficulties 
which sometimes prevent the observation of absorption limits or of the 
e mis sion lines necessary to calculate all the terms. In general, however, 
there is a marked parallelism between the appearance of an electron shell 
and the observed X-ray term. 

The K energy levels have been determined by the usual methods 
of X-ray spectroscopy only for Na 11 and elements of higher atomic 
number. The Moseley diagram of Chap. VIII, Fig. 25 rises uniformly 
with no evidence of sudden changes in slope and bends toward the (v/R) 
axis due to the change of mass with velocity and the spin of the electron. 

The ionizing potentials of neutral lithium and beryllium are the 
Li levels of these atoms, though the ions in the solid salts, theoretically, 
should not have such levels. From boron to neon the Ln,m shell is 
built in and the true X-ray L n ,m levels begin with neon. The observed 
ionizing potential of neon is 21.5 volts; but there are two sets of levels 
which approach different limits for large values of the quantum numbers. 
These two limits are separated by 782 cm. -1 and therefore the atom 
really has two ionization potentials separated by this amount. Grotrian 1 

1 Z. Physik, 8, 116 (1921). 
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suggested that these two limits are due to two steady states in which 
the neon ion is left by the removal of the electron, namely the Lu and 
Liu states. Granting this hypothesis, the doublet separation should 
be given by equation (30) Chap. VIII, and therefore, 


782 

R 


= %(Z - d)\ 


Solving this for the screening constant d, we secure d = 3.2, which 
is in fairly good agreement with the value 3.5 secured from the Lu, Lm 
doublets of elements of higher atomic number (Chap. VIII, Sec. 17). 

The Lu,m curves (not separated at first in Chap. VIII, Fig. 25) rise 
rapidly from neon. There is a decided decrease in slope beginning 
with Sc21 and an increase in slope beginning with Cu29, as can most 
easily be seen by applying a straight edge to the curve. Other such 
changes in slope occur, but they are not so sharp as these two. Up to 
Sc21 electrons enter outside shells of the atom, but at this element, 
they begin to enter the underlying 3, 2 shell and this process continues 
up to Cu29, after which they again enter the outside shells. 


To see, qualitatively, why the slope decreases, we must remember that the total 
screening constant s depends on the distribution of electrons outside the region of the 
orbit, as well as within this region, and, therefore, changes in the distribution of outside 
charge influence the energy. Consider the simple model of an atom with a number of 
electrons in an L shell surrounded by a spherical surface, having one unit of negative 
charge, to represent an electron in a higher shell. If an electron is taken from the L 
shell, it must be removed against the attractive force of a positive charge Z e ae until 
the charged sphere is passed, after which it must be removed against a field of (Z 0 u — 
1) positive charges. The work of removal will therefore be greater, the larger the 
radius of the negatively charged sphere. Thus, if the twenty-first electron of scan- 
dium entered an outside 4, 1 orbit instead of an inner 3, 2 orbit more energy would be 
required to remove an L electron. The electron actually enters a 3, 2 orbit and the 
energy of the Lu,m level should be lower than the value secured by extrapolating the 
Lir,nx curve from lower elements to scandium. This effect actually appears first at 
Ti or V probably because the X-ray levels have been determined for the ionized ele- 
ments in the solid state and not .for the gaseous atoms. The actual atom is not so 
simple as this model but the qualitative predictions of the model are followed. Also 
we can expect that the slope of the curve will increase when electrons begin again to 
enter outer shells. This happens at copper just as it should. 


The Mi and the Ma,m shells are built up from Nall to A18. The 
curves show a very marked break at Cu29, where the slope increases. 
The Miv,v shell is filled in from Sc21 to Cu29. The M curves show well 
defined breaks at Y39 and Ag47, due to the building in of the 4, 2 sub- 
shell, and at La57 and Ce58 due to the beginning of the 5, 2 and 4, 3 
subshells. The break at Au79 is not so pronounced because the com- 
pletion of the 4, 3 subshell at Lu71 and of the 5. 2 subshell at Au79 
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are so close together that the net effect is a gradual change in slope in 
this region. 

The Ni and iV H , m subshells, which are built up from K19 to Kr36, 
show very sharp breaks in their Moseley curves at Y39, Ag47, and 
La57 and Ce58 and a pronounced break at Lu71 or Hf72 and a less definite 
one at Au79. Sharp breaks occur in the IVrv.v curves at La57 and 
pronounced but gradual changes in slope between Lu71 and Au79. 
The JVvi, vn shell is filled in at the rare earths. Its curve cuts the Oi 
and On, in curves because these levels appear first at lower atomic 
numbers than the 2V v i,vn levels, but the energy of binding of the Nvi.vn 
electrons increases more rapidly with increasing atomic number. 

Summarizing these facts, we see that the X-ray energy levels do 
have periodic variations. New levels appear at different points in the 
periodic system and the points at which this occurs are related to the 
periodic properties of the elements; the square roots of the terms do not 
increase uniformly with increasing atomic number, but show decided 
breaks which are also related to the periods of the system. 


6. VALENCE AND THE PERIODIC SYSTEM 
The subject of the valence of the elements is very involved and 
has been the subject of innumerable researches. At the outset it is 
well to classify as clearly as possible the various types of valence. There 
are certain terms applied to the types of binding between the atomic 
constituents of a compound, which must be carefully defined. The 
binding between the atoms of a compound is said to be an atomic 
binding,” if the adiabatic separation of the atomic nuclei- to large dis- 
tances gives uncharged atoms as the final products; the binding is said 
to be “ionic,” if the end products of this separation are positively and 
negatively charged ions. As an example of the first type we may take 
H 2 As the distance between the nuclei increases, the molecule separates 
into two neutral atoms. This can be deduced from the vibration states 
of the molecule as deduced from its band spectrum (Chap. XII, bee. 
10) . As an example of an ionic type of binding, we may take NaCl, which 
in the gaseous state probably separates into two ions as the vibrational 
energy increases. Examples in the solid state are diamond and copper 
(atomic binding) and NaCl (ionic binding). The crystal structures 
of diamond and copper show that the atoms are equivalent and symmetri- 
cally arranged relative to each other and on evaporation they probably 
give a vapor of single atoms. The crystal structure of NaCl (Chap. 
VIII Sec. 6 ) shows that the sodium and chlorine ions are arranged m a 
lattice, where the sodium ion is placed symmetrically relative to the 
chlorine ions with no evidence of any pairing of sodium and chlorine 
ions. On evaporation, this type of crystal gives molecules such as 

NaCl. 
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1 

2 

3 

4 

3 

2 

1 

1 

2 

3 

4 

5 

6 

7 

Na 

Mg 

A1 

Si 

P 

s 

Cl 

Na ■ 

Cu 2 Mg 

Ag 3 Al 

Na 4 Sn 

Na s P 

Na s S 

NaCl 

Mg 

Mg 2 Si 

Mg 3 P 2 

MgS 

MgCU 

A1 

A1 4 C, 

AIN 

AI 2 S 3 

AlCU 

Si 

SisN4 

SiS 2 

SiCU 

P 

p 2 s 8 , 

PCls 

S 

Cl, 



0 

8 

Ne 

Na 

Mg 

A1 

Si 

p 

s 

l Gl 1 

A 


Valence toward 
hydrogen 

Mendeleeff group 

— 

0 

1 

2 

3 

4 

5 

6 

7 

8 

Mendeld- 
eff group 

0 

1 

2 

3 

4 

3 

2 

1 

0 

Valence 

toward 

hydrogen 


The atomic valence types in the solid state may be further differ- 
entiated as (1) metallic, (2) diamond type, (3) non-metallic, and (4) 
inert gas type. Copper is an example of (1). This type is found in 
the elements at the top of Thomsen’s table and also in compounds 
between these elements. Diamond, carborundum (SiC), aluminium 
nitride (AIN), and other compounds pf two elements near the carbon 
group, such that the sum of the valence electrons is 8, are examples of 
atomic binding of the diamond type. They crystallize in the cubic 
system; the hardest known substances and those which are least volatile 
occur in this group. 1 The non-metallic valence type occurs in H 2 , Cl*, 
and other compounds of elements toward the bottom of Thomsen’s 
table. These solids contain the molecule as a unit in the crystal lattice 
and evaporate in the form of molecules. They are in general low boiling 
and soft compounds. Finally, the inert gases in the solid state have 
atomic lattices. The salts with their ionic type of binding are formed 
by one element from the top and one from the bottom of the table. 
They conduct the electric current in both the fused and solid states by the 
transfer of ions. These characteristic binding types for substances 
in the solid state are very well summarized and illustrated by Table 
5 due to Grimm. 2 This gives the valences toward hydrogen of the 
elements of the third period. The maximum valences toward hydrogen 
and oxygen as we pass from element to element through the short periods 
are illustrated by the following tabulation, where the elements in question 

l'gee Grimm and Sommbrfeld, Z. Physik, 36, 49 (1926); Huggins, Phys. Rev., 27, 
286 (1926). 

1 “Handbuch d. Physik,” 24, 489. 
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are in combination with hydrogen and oxygen and not with more electro- 
positive and electronegative elements as in Table 5. 


Hydrogen valence 

1 

2 

3 

4 

3 

2 

1 



LiH 
| Na^O 

BeH 2 

MgO 

BH S 

AlsOa 

ch 4 

Si0 2 

nh 3 

P2O5 

oh 2 

S0 3 

i 

FH 

CI2O7 

Oxygen valence 

| 1 

2 

3 

4 

5 

6 

7 


These valences are mostly of the atomic type. The increasing valency 
toward oxygen also occurs in the b subgroups of the Mendeleeff table 
(Chap. I, Sec. 2), that is, in the half periods beginning with Cu, Ag, 
and Au. 

So far we have discussed only binary compounds, but obviously 
the same definitions will apply to those which contain more than two 
elements. In such compounds it may be possible to have both ionic 
and atomic bindings. Thus the solid salt ammonium sulfate undoubtedly 
consists of positive ammonium ions and negative sulfate ions, while 
the bindings between the nitrogen and hydrogen atoms and between the 
sulfur and oxygen atoms are probably of the atomic type. 

The terms, "polar and non-polar valences,” have also been used 
with the meaning that we have given to ionic and atomic bindings. 
We reserve the terms polar and non-polar to indicate whether the mole- 
cule has an electric moment or not. Thus in the absence of water, 
the HC1 molecule is polar in the sense that it has a permanent electric 
moment, but the binding between the hydrogen and chlorine atoms is 
probably atomic so that the separation of the two nuclei would result 
in a hydrogen atom and' a chlorine atom, and not in hydrogen and chlorine 
ions as has often been assumed. The hydrogen molecule is non-polar 
and has an atomic binding, while NaCl in the gaseous state is polar and 
has an ionic binding. It could hardly happen however, that a non-polar 
molecule should have an ionic binding. 1 

We are now in a position to discuss the relation of valence to the 
periodic table. Figure 4 gives a diagram of the kind first introduced 
by Kossel 2 and by Langmuir 3 showing the possible valences of the known 
elements. The valences toward hydrogen are shown as negative and 
those toward oxygen as positive. This arrangement is really quite 
arbitrary for the hydrogen valences are probably all atomic and therefore 
not due to a transfer of an electron from hydrogen to the element; 

1 See Chap. XII, See. 11 and the references there given on HC1, NaCl, and similar 
molecules. 

2 Ann. Physikj 49, 229 (1916). 

»/. A, C. 41, 868 (1919). 
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also many of the valences toward oxygen are certainly of the atomi( 
type and not of the ionic type. Often it is impossible to be c entail 
whether a binding is atomic or ionic. The positive and neg^tiv* 
valences in the figure may therefore be regarded simply as valencei 
toward more electropositive elements or more electronegative elements 
whether they are ionic or atomic. 

Lewis 1 and Langmuir 2 have emphasized the great tendency of element 
from the extreme top and bottom of the Thomsen table to form i° n 
having complete shells of eight outer electrons, and thus having the iner 
gas electron configurations. This is easily the most prominent fea>tur 
of Fig. 4. Almost equally prominent is the tendency to form ions xvitl 
completed shells of 18 electrons. There is also a tendency on the par 
of elements not belonging to the transition groups to have vaJLonce 
toward oxygen which differ by two units. However, this tendency i 
far less prominent than those mentioned above. Lewis pointed, on 
the extreme rarity of molecules with odd numbers of electrons, the s 
called “odd molecules.” This means that the number of electror 
entering into the chemical bonds will be even and those electrons < 
each atom not so directly concerned with the bond must also be even i 
number. In general, atoms of odd atomic number have odd stab 
valences and those of even atomic number even valences. Still lei 
prominent is the regularity that atoms having four valence electrons n< 
entering into chemical combination are less common than those havii 
two such valence electrons; thus, sulfur does not form compounds : 
which it is divalent nor phosphorus those in which it is monovalen 

These even numbers are due to the fact that the ultimate electrc 
shell consists of two electrons with all quantum numbers identical exce] 
that the electron spins are reversed in direction. 3 The electron pa 
proposed by Lewis as a model for the chemical bond is probably such 
pair of electrons. 

In the transition groups indicated by solid circles we find the cas 
of multiple valence. In general, these valences fill triangular are 
in Fig. 4 and suggest the possibility that the triangles may be filled 
solid in the future. Some of these valences are more stable than othe. 
at least in the sense that in the presence of oxidizing and reducing agen 
the “unstable” ions readily change to others with other valences. ( 
practice, chemists mean by a “stable” compound one that is not read: 
decomposed by water, oxidized by oxygen, or reduced by comm 
reducing agents, i.e., that the compound is easily isolated.) "Witl 

1 J. A. C. S., 38, 762 (1916). Also, “Valence and the Structure of Atoms £ 
Molecules.” Chemical Catalogue Co., New York (1923). 

2 Loo. dt. . _ 

8 London, Z. Physik , 46 , 455 (1927) and Pauling, Proc . Nat. Acad. 14 , 

(1928). 
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limits, the filling in of these triangles appears to be mostly a matter of 
skill in isolating the compounds. 


7, THE EFFECT OF SIZE AND CHARGE OF THE KERNEL ON CHEMICAL 

PROPERTIES 


A great many chemical properties are characteristic of ions and 
not of neutral atoms and therefore in considering the relation of chemical 
properties to the periodic system, we should construct a periodic table 
in which all known ions have a place. Figure 4 is in reality such a table 
and the addition of the strictly atomic valences as positive and negative 
ones can be justified because the properties of compounds in which 
they occur can be related to the size and charge of the kernel, and to the 
configurations of their electron shells. _ 

On the basis of the electronic structure of the kernel, ions may be 


classified in the following groups: 

1. The kernel has a rare gas configuration. This group may be 
further subdivided into ions with the closed shell of two electrons, z.e., 
ions of the elements in the first period of eight, and those with the close 
shell of eight electrons. 

2. The kernel has a closed shell of 18 electrons immediately beneath 
the valence shell. 

3. The kernel has incomplete shells and subshells. . 

The hydrogen ion H+ is unique in having no electrons in its kernel 
and its many remarkable properties can undoubtedly be explained 
as due to this structure, as, for example, its high catalytic activity. 
The marked differences between second period elements an simi ar one 
in higher periods are to be ascribed partly to the fact a 
electron shell of the kernel has two electrons, thoughperhapsmored^ 
to the small radius of the kernel. The evident differences of elements 
in the a and b subgroups of the Mendeleeff table are at least partly due 
to the electronic structures of the shells immediately beneath the valence 

dependence of chemical properties on the ionic radius been 
Amrffin<d 70 A bv Grimm 2 v. Hevesy, 3 and Pauling/ among others. Evi- 
dentty the relative sizes and charges of ions “J 
factors in determining the crystal structures of salte 
electrons from even a very el.ctropos.trve e “ 
expenditure of energy, which must be partly compensated by 
liberated in the formation of the negative ion and partly by tne crysw, 
lattice energy of the solid. The lattice energy of an mmc solid is great , 

i See for example, Bbonbted, Chem. Reviews, 8 231 (1928). 
a “Handbueh d. Physik” (see end of the chapter). 

*Z. anorg , allgem. Chem., 147, 217 fl927) 

4 j 4 (7, 8; 60, 1036 (1928); Proc. Roy. Soc 1H, 181 (192 ). 
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the more closely the ions approach each other. Also, the properties 
of ions in water solution are largely determined by charge and radius. 
The energy of hydration increases with decreasing radius and increasing 
charge of the ion and this energy partly compensates for the large energy 
of ionization in the case of aqueous solutions of salts. 

Cartledge 1 has observed that the physical properties of ions in the 
solid state and in solution can be correlated very well with the ratio 
of charge to radius, which he calls the u ionic potential.” In fact, many 
properties of both ionic and atomic compounds can be correlated with 



Fig. 5. — The ionic potentials. {After Cartledge.) 

the ionic potential of the kernel obtained by removing all the valence 
electrons. Thus, the ionic potentials of P rH * and Cl", and of Cl 7+ and 
0 2 ~ may be calculated by using the radii of these ions as obtained theo- 
retically by Pauling, 2 or as determined from the distances of nearest 
approach in crystals; from these ionic potentials certain properties of 
PClji and CI 2 O 7 can be correctly predicted. 

In order to work with numbers of convenient size, the ionic potential 
may be expressed as the ratio of the number of elementary units of 
charge on the kernel divided by its radius in Angstrom units; further, 
the square root of this quantity is more convenient for plotting against 
the number of electrons ^n the ion. This plot is given in Fig. 5 for ions 
whose radii have been estimated by the above methods. All those 
cations having < 2.2 are basic in water solutions, those having 

1 J. A. C. &, $0, 2855 and 2863 (1928). 

*Loc, cit. 
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> 3.2 are acidic and those whose values lie between 2.2 and 3.2 
are amphoteric. The fused chlorides of those elements for which $*■<■ 
2.2 conduct the electric current, while those for which > 2.2 do not, 
and it will be noted that this limit is exactly the same as that for the 
change from acidic to amphoteric properties of the positive elements. 
Probably both these breaks in properties are due to a change from the 
ionic to the atomic type of binding. Cartledge has been able to show 
that, in general, other properties such as heat of hydration, discharge 
potential in the fused state, and hardness, vary continuously with the 
ionic potential, even though the ions differ in kernel structure and in 
valence. The values of Zr 4 + and Hf 4 + are 2.24 and 2.25 and those 
of Cb 5+ and Ta E+ are 2.66 and 2.65, respectively. These facts, together 
with the similarities of the underlying kernels (complete shells of 18 
electrons), undoubtedly account for the marked similarity in chemical 
properties. 

The justification for classifying the oxygen valences in Fig. 3 as 
positive is now evident. If a Cl 7+ ion is introduced into water, its ionic 
potential is so large that it can remove 0 2 ~ from water leaving H+ ions 
in solution and therefore it forms a negative CIO r ion with atomic 
bindings between the Cl and 0 atoms, and is acidic. On the other hand, 
AP+ can only remove 0 2 ~ from water if a base is present to remove the 
H + ions formed, and it is therefore amphoteric. Finally Na+ has a low 
ionic potential and even in the presence of strong bases does not remove 
the 0 2 ~ from water. 


8. THE NUMBER OF THE CHEMICAL ELEMENTS 

It has often been suggested that elements with higher atomic numbers than 92 are 
so unstable that they did not long survive the genesis of the earth, but this is simply 
a speculation, and there is no adequate reason for believing uranium to be the heaviest 
element. However, there is fairly good evidence for a definite upper limit to the 

periodic system. . v .. 

There are several ways in which it is possible to obtain an approximate upper limit 
to the atomic number. One of these, discussed by Bohr, depends on a peculiarity of 
the relativistic energy, levels of the hydrogen atom. The inner electrons of a heavy 
atom are supposed to be on orbits which are approximately hydrogemc, so that equa- 
tion (34) of Chap. V holds true for them. If the atomic number becomes so large 
that the square root in the denominator of this formula becomes imaginary, t e or 1 • 
will no longer be stable. When n = 1 the value of Z for which this occurs is 137 

It is probably incorrect to treat the problem in thiB fashion. Modifications of the 
law of force should be taken into account at such small.distances. Kossel has made 
an attempt to take this into account in an approximate way. He assumes that the 
magnetic attraction of two electrons is proportional to r~\ while the electrostatic repul- 
sion is proportional to r" 2 . Thus, if the diameter of a K orbit becomes too small, an 
electron on such an orbit might fall into the nucleus, reducing the nuclear charge, 

1 Naturwis., 16 , 298 (1928), 
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Flint and Richardson 1 have approached the question from another standpoint. 
Certain considerations based on relativistic mechanics indicate that there is a mini- 
mum possible radius for a circular electron orbit. The limit obtained by their theory 
is Z = 98. 
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CHAPTER X 

GENERAL THEORY OF ATOMIC SPECTRA 

1. HISTORICAL INTRODUCTION 

Before we proceed to a systematic study of the laws of spectra, the 
reader must be acquainted with some of the puzzling marches and 
countermarches which have brought us to our present position of mastery 
in this subject. In particular, he must understand the changes in term 
notation which have clouded the subject in recent years before he can 
read and understand the great majority of papers on spectra. 

At the risk of some repetition we shall now review the salient points 
in the history of this subject in a connected manner. The analysis of the 
more complicated spectra began to make active progress in 1922, with 
the publication of Catalan’s paper on the manganese spectrum 1 and that 
of Miss Gieseler 2 on chromium. Up to that time, only singlet, doublet, 
and triplet spectra had been studied systematically, and terms of higher 
multiplicity could not be satisfactorily described by the simple notation 
in use. Two books on series spectra appeared, in 1922, by Fowler, 3 
and by Paschen and Gotze, 4 and even now both of them are essential 
to a thorough knowledge of the subject. They contain discussions 
of the laws of spectral series, as well as a table, due to Rydberg, which 
is very useful in the discovery of series. However, the main part of 
each book consists of tables of all lines which had been classified in series 
up to 1922, arranged according to elements. The so-called revised 
Paschen notation has been used in the past much more widely than that 
of Fowler, and indeed it is occasionally used today, although it is now 
practically superseded by the notation adopted in this book. These 
notg^ns. are as follows: 


.. .4 '..V — 

' • .v 

, C v ' . 

Singlets 

Doublets 

Triplets 

Fowler . . 

8 P 

D 

cr 

7T 2 

TT X 5' 

5 

s 

P3,2,i dg, 2,1 

Paschen 

8 P 

D 

$ 

P2 

Pi d 2 

di ! 

s 

p3,2,i da.2,1 

Modern. 

hSo l P 1 





2 D 5 A 

3 £i 

8 P 0,1,2 S D 1,2,: 


In the modern notation, we use the actual value of j as a subscript but it 
must be remembered that many authors use j + % the systems of 

yphih Trans. A, 223 , 127 (1922). 

2 Ann. Physik, 69 , 147 (1922). 

8 Fowler, A., “Report on Series in Line Spectra,” London. 

4 “Seriengesetze der Linienspektren,” Berlin. 
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even multiplicity to avoid fractional subscripts. The correlation between 
the Fowler and Paschen notations, on the one hand, and the modern 
notation, on the other, must be altered when we meet with inverted 
multiple terms . The inner quantum numbers of the levels belonging 
to an inverted multiple term increase as we pass down the energy diagram ; 
those of a normal term decrease. However, the subscripts of the Fowler 
and Paschen notations always increase as we pass down the energy 
diagram. 

As a result of studies of simple ring models, the belief arose that 
the S, Pj D, . . . states correspond to azimuthal numbers 1, 2, 3, ... of 
a single valence electron, so that the minimum total quantum number in 
a sequence should be equal to the azimuthal number for that sequence. 
Thus, in the Rydberg term R/(m + <p) 2 , it seemed reasonable to write 
m == 1, 2, • * • in the S sequence, m = 2, 3 • * • for the P terms, etc. 
Paschen adopted this plan, throwing all the burden of accounting for the 
deviation from the Balmer formula on the quantity <p . This was correct 
for many D and F sequences and it led to reasonably small <p values in a 
large number of P and S sequences, so that the actual values of the total 
quantum numbers remained long undiscovered. Fowler thought it 
best to choose the m values in such a way as to make the value of <p 
fairly small. Thus, in his Report we encounter such terms as ID and 
3 F. The trouble is that this principle is not followed with complete 
consistency throughout the Report 1 

Beginning in 1922, Bohr showed that the total quantum number of 
the valence electron in the S or P levels of an alkali atom is not closely 
related to the value of m which makes <p as small as possible, but varies 
from atom to atom (Chap. IX). After this discovery many authors 
used the actual quantum number of the valence electron for the value 
of m, in discussing one-electron spectra and those parts of the spectra of 
second-group elements which arise when one electron is unexcited. The 
trouble was that attempts were made to do the same for terms in which 
two or more electrons are excited. Then came Landes discovery 
many characteristics of multiplet spectra can be derived from a jpi^fsl 
consisting of a "Teuchtelektron” with azimuthal number 7c an^ 
number n, and kernel (atomrumpf) with impulse moment rh/ fe 
term symbol was introduced, but difficulties of printing it 

appear preferable to use n r Sj , n r Py, etc. (When it is impossible to ^pocify 
the quantum numbers of terms discovered empirically, it is quite psual tc 
assign them arbitrary symbols pending a correct classification.) 

The Land6 model was inadequate in many respects and was soor 
superseded. The first step in this direction came from Russell anc 

1 Foote and Mohleb give a clear treatment of this subject in “ Origin of Spectra/ 

p. 43. 
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[Chap. X 


Saunders’ 1 study of the primed terms of the alkaline earths. Their 
paper introduced the idea that the characteristics of the spectroscopic 
term are determined by the resultant quantum numbers of the atom as a 
whole, and not by the numbers of some privileged electron. This was 
followed by Pauli’s 2 assignment of four quantum numbers to each 
electron, and by the introduction of the spinning electron, as described in 
Chap. VII, Sec. 16 . These ideas were immediately applied to complicated 
spectra. In the hands of Goudsmit, 3 Heisenberg, 4 and especially of Hund 5 
they showed their capacity to predict the existence of spectral terms 
with almost complete success. 

The most recent treatise on spectral regularities is that of Hund. (5 
It is devoted mainly to the study of the laws of spectra, and gives only 
as much information on individual spectra as is necessary to the proper 
illustration of the laws. A summary of various systems of quantum 
numbers is presented in Table 1. 

2. MULTIPLET STRUCTURE 

In Chap. VII, Sec. 16 , we have described the quantum numbers 
belonging to each electron in the atom and have mentioned the most 
important ways in which the angular momentum vectors of the individual 
electrons may be coupled. In the early part of this chapter we shall deal 
almost exclusively with the so-called normal multiplets, which may be 
described on the assumptions that the l p are strongly coupled to form a 
quantized Z, that the s p are likewise coupled so as to form a quantized 
s, and that the inner quantum number is the resultant of Z and $. When 
cases of this kind have been studied there is little difficulty in tracing 
the corresponding relations for the other extreme type of coupling in 
which the l p and s p of each electron form a quantized resultant, let us say 
j p for the pth electron, and j is the vectorial sum of the j p . 

For the present, we shall pay no attention to Pauli’s principle, 
contenting ourselves with a simple enumeration of all the possibilities, 
regardless of whether they are allowed or not. In this connection, 
diagrams of the kind shown in Fig. 1 may be used to give us an idea of the 
arrangements of vectors which give rise to the various values of j when l 
and s are specified. We draw an arrow having a length proportional 
to Z, and place at its tip another arrow representing s on the same scale. 
The maximum value of j , namely, l + s, occurs when these arrows are 
parallel. In Fig. la, this value is 5, in Fig. 16, it is The arrangement 

1 Astrophys. J., 61, 38 (1925). 

2 Z. Phijsik, 31, 765 (1925). 

3 Z. Physik , 32, 794 (1925). 

4 Z. Physik , 32, 841 (1925). 

5 £. Physik , 33, 345 and 855; 34, 296 (1925). 

6 r ‘Limenspektren und periodisches System der Elemente,” Berlin (1927), 
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of l and s giving rise to the next smaller j value (4 or .% in the two cases, 
respectively) is obtained by laying off a circle with radius $ + l — 1 
around the point A as center. The intersection of this circle with one 
having radius s and center B is the end of the j vector of magnitude 
a + l — 1. Continuing the process, we obtain all possible configurations 



Fig. 1. — Quantized arrangements of l and s vectors. 


of l and s. By constructing a few diagrams of this kind, or by simply 
counting up the possibilities, the reader will easily verify the list of j 
values corresponding to each pair of values of l and s presented in Table 
2. The maximum multiplicity in an odd system of spectral terms is 
first encountered when we meet the value j = 0, and is equal to 2s + 1. 
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For example, a quintet S term has only one level, the P term,^ 
and the D term, 1 five. Similarly, we reach the maximum multiple 
an even term system when the azimuthal number has grown suffi< 
large to give us a term with j = f° r example, IP, ID, etc. 

To summarize, when the number of electrons outside of closed 
is even, the values of s are integers, and we have odd spectral sy 
but when they are odd in number, the values of s are half integral 
integers plus and we have even spectral systems (Sec. 6). 

A complete picture of an atomic configuration requires a sta 
of the value of n and l, as well as a description cf the orientat 
the l and s vectors, for each electron. Thus; we give n, Z, mi, 
for each electron in the presence of a magnetic field. But frequen 
value of n is immaterial. When so, we use a notation, due to 
Russell, writing the small letters s, p, . . . to indicate electrons foi 
l * 0, 1, • * • , and indicating the number of each kind by a supe 
e.g we write d 2 s to describe a system of three electrons of the typ< 
n 2 , 2 ; and n 3 , 0, respectively. If necessary, this notation may be n 
to include the total quantum numbers; thus, 3 d 2 5s. 

Now, we must determine the various Vs and s’ s which cs 
from a given number of electrons. If there are n electrons, the 
possible value for s is n/2, neglecting Pauli’s principle.- We 
expect to have also the values ^(n — 1), ”■ 2), etc. The 

multiplicity to be expected would be n + 1. In practice, Pauli s p 
prevents the occurrence of such prodigious values of the mul 
(93 in the case of uranium!). The existence of terms of such hig. 
plicity would require the s vectors of many electrons to coi] 
direction. To avoid violations of the equivalence principle we 
soon be obliged to utilize a great variety of values for mi. But 
is always less than l, this involves high l v values for the various e] 
Finally, n p is greater than l py so extremely high stages of excitatior 
terized by large quantum numbers would be involved. In a 
as the nuclear charge increases and more electrons are added, 
electron becomes more and more firmly bound. There is less pc 
that the means of excitation at our disposal will change its state, 
groups are formed, such as the rare gas shells, due to the ec|.v 
principle, and the system of multiplicities starts over again. 

3. THE AZIMUTHAL SELECTION PRINCIPLE AND THE DIST 
BETWEEN PRIMED AND UNPRIMED TERMS 

It is found that the selection rule for j in multiplets involvin 
or unprimed terms is Aj = ± 1 or 0. A rule governing the cl 

1 Strictly, we should call this a multiple term or set of terms. Howe 
become customary to call such a set of levels a term, as though it were a s 
In practice, this causes no difficulty. 
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l was proposed independently by Laporte 1 and Russell 2 on the basis of 
experimental regularities’. They observed that the terms of any atom 
may be divided into two great classes which they called primed and 
unprimed, such that the following rules hold true with relatively few 
exceptions: Primed terms combine with unprimed terms in such a way 
that Al = 0 or ± 2, and with other primed terms according to the restric- 
tion AZ « ±1 (or sometimes ±3). The latter rule is the same as the 
selection principle for combinations between unprimed terms. 

These rules are not quite correct and may be replaced by others 
derived by Heisenberg 3 on the basis of the correspondence principle. 
We have seen (Chap. VI, Sec. 6) that the motion of each electron in an 
atom contains the frequency vi with which the perihelion of its orbit 
precesses. Heisenberg showed that the frequencies vi ± 2v 2 also occur 
prominently, v% being the corresponding precession frequency of a second 
electron. By the correspondence principle, we may expect that transi- 
tions will occur in which the l P of one electron changes by ± 1, while that 
of a second changes by 0 or ±2. This rule is obeyed with few exceptions 
in all spectra, and makes po mention of primed or unprimed terms, 
so that the separation of the terms into these two divisions appears 
superfluous. However, this is not the case from a practical standpoint. 
Heisenberg’s rule operates in such a way that when a spectrum is being 
analyzed, it is very convenient to divide the terms into the two great 
classes, mentioned in the rule of Russell and Laporte, in the absence of 
information about the Ip values which characterize a given state. The 
rule itself furnishes no criterion for deciding which half of the term system 
is to be called primed. After the work is done, it is usually possible to 
state definitely the quantum numbers belonging to each term, and then 
we can determine which group is to be called u primed by applying a 
convention adopted by Russell, and very generally by others. This 
convention is based on a definite physical distinction and is as follows: 

Terms for which the sum of the absolute values of the l p is even , belong 


to the category, 


8 P' D F' . . . , 


while those for which the sum of the absolute values of the l v is odd, belong 


to the category, 


$' p D' F G' 


The reader may verify the fact that the primed terms of the alkaline 
earths are in agreement with this convention. 

More recently, a committee of American spectroscopists 4 has proposed 
the replacement of this notation by another in which all terms with even 
l t sums are left unprimed while those with odd l P sums are provided 

i Z. Physik, 28, 135 (1924). 

* Science, 51, 512 (1924). 

» Z. Physik, 82 , 841 (1925). 

*Phys, Rev., 88, 900 (1929). 
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with a superscript 0 , as 3 P°. The selection rules, where th 
clature is used, are: 

Odd — > odd, and even — > even: A l = 0, +2. 

Odd — * even, and even — > odd: A l = +1 (or ±3). 

To be consistent, the P, F, etc. terms of the alkalies and the 
terms of the alkaline earths should be written S, P°, D, F°, et 
not done in these simple cases unless it is necessary to disti 
two kinds of terms. 

4. A TYPICAL MULTIPLEX SPECTRUM— NEUTRAL CHRO] 

We shall now illustrate these abstract considerations b; 
them to the spectrum of chromium which displays most of the 
features of multiplet spectra. 

Chromium stands in the sixth place after argon in the pei 
and has atomic number 24. At this stage in the developir 
periodic system, the 3, 0 and 3, 1 shells are complete. In 
(Z = 19) and calcium (Z = 20) two 4, 0 electrons are added t< 
for they are more firmly bound in these orbits than they wou. 
orbits. However, when the nuclear charge is increased f 
the 3, 2 orbits become more strongly bound than the 4, 0 orb 
the most stable state of once ionized Cr has five valence elect: 
orbits and none at all on 4, 0 orbits. 

Most of the important terms of the CrII spectrum, gii 
strong lines, arise from the above electron configuration, am 
others, obtained from it by raising one and two electrons, resp 
4 0 orbits. These three configurations are. ref erred to as d 
d 3 s 2 . 

The spectrum arising from the excitation of one or mor( 
valence electrons contains quadruple and sextuple terms 
shows the terms to be expected in this spectrum on the basis 
theory, soon to be explained, and their observed positions, 
terms on the energy diagram is given the arbitrary value 90, 0( 


Table 3 


Electron. 

configuration 

Terms of 
CrII 

Observed terms 

d 6 

e S 

102,498.31 


4 G 

81,900 


6 D 

90,000.00-90,534.78 

d A s 1 

4 D 

82,472.76-82,968.43 


4 H' 

72,104.87-72,338.75 


4 F' 

71,277.20-71,413.74 

d^s^ 

4p 

71,632.23-72,544.53 



—2 
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on the basis of an. expert guess as to its probable value. It is recorded 
here to 7 significant figures because the wave numbers of the lines are . 
measured with great accuracy, and only their differences are involved 
in the analysis of the spectrum. 

The second column is derived by considering all the possible l and 
$ values which can be obtained by vectorial additions of the l p and s p 
of the individual electrons, and excluding those which violate Pauli’s 
principle. The third shows the highest and lowest levels of the multiple 
terms which result. 

Practically all the prominent terms of CrI are obtained by adding 
an electron in an s orbit (Z = 0) to the d 5 and d 4 s 1 configurations of Cr + , a 
surprising state of affairs when we consider the complexity of the spec- 
trum. Partial classifications of the CrI spectrum have been published 
by Catalan, 1 Kiess and Kiess 2 and Gieseler. 3 

New measurements and extensive studies of the spectrum have been 
made by I)r. C. C. Kiess, to whose kindness we owe the opportunity to 
use much of the data as well as the illustrations in this section. Further, 
the absorption spectrum of chromium vapor has been obtained by 
Gieseler and Grotrian. 4 

Between 26,232 A. and 1,994 A., about 1,950 chromium lines are listed 
in Vol. 7 of Kayser’s “Handbook.” This list is by no means complete, 
for many faint and doubtful lines were omitted. On the whole, the arc 
spectrum and the spark spectrum are quite similar, both as to the general 
distribution of the lines which occur and the intensities of those lines. 
It is safe to say that little progress could be made in separating the spectra 
CrI and CrII on the basis of the listed intensities, but much information 
can be obtained from two papers by King 6 on the vacuum furnace spec- 
trum of Cr. King measured the intensities of the stronger lines at 
temperatures of about 2000, 2300, and 2600°C. From 7,000 to 2,800 1. 
the lines were observed in emission, while the region from 2,780 to 2,360 A. 
was obtained in absorption. A supplementary list contains lines whic 
appear in a prolonged exposure at 1730°C., the lowest temperature at 
which photographs could conveniently be obtained. All the lines on 
the supplementary list (except possibly 5,022.04 A.) involve the three 
lowest multiple levels of the atom. Practically all the lines of the larger 
list have proved to be due to the neutral atom. The division of these 
lines into temperature classes has been of great value in classifying the 


i Phil Rrans. A, 223 , 127 (1922) Andes de la Soc. EspaHola defis. y. chvm., 21,84 
(1923). 

* Science, 68, 666 (1922). 

* Z. Physikj 22, 228 (1924). 

» Astr^hys. ufw 0915 ), and 60 , 282 (1924); or, ML Wilson Contribute , 04, 
(1916) and 282 (1926). 
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spectrum. Thus, all linos classified by Catalan which involve the three 
lowest terms belong in temperature classes I or II. 

Wit h the aid of these physical characteristics of the lines, the spectrum 
has been analyzed into triplets, quintets, and septets, of which the two 
latter systems are by far the most prominent. When a set of levels 
belonging to a multiple term combines with another such set of levels, 
the closely related lines which result are called a “multiplet.” Much 
of the complex appearance of such a spectrum is due to the overlapping 
of the multiplets which compose it. In Fig. 2, we show the region 
between 5,400 and 5,200 A. The lines of three important multiplets 
are marked in the figure, their wave lengths, wave numbers, intensities, 
and designations being as follows: 


x ! 

v | 

Intensity 

Classification 

5,204.51 

19,208.8 

m 

*Sr- B P i 

00.05 

203 . 1 

{)R 


08.42 

194.3 

1\)U 

Wy-'Pa 

5,247.55 

051.2 

40 

B ZV B Pi 

04,18 

18,991 .0 

50 

6 Di- 6 Pi 

05,73 

985.5 

25 

6 /V B P 2 

75 17 

951.5 

20 n 

7 JV 7 D« 

75 , 70 

949.4 

15 n 

7 P»~ 7 Da 

70 07 

948.3 

20 n 


w . cm 

874 . 4 

50 

8 Da- B Pi 

97,39 

872. 0 

20 n 


OK . 02 

869.7 

1 5n 

7 P 3 ~ 7 D 3 

OK, 20 

868.7 

60 

>£> 2 ~ b P 2 

OK. 45 

868.2 

Calculated 


5,300,71 

860.2 

25 

5 /V 6 P 3 

28,34 

762.4 

50n 

7 P 4 - 7 Z>5 

29,15 

759.5 

2 On 

7 p 4 - 7 p> 4 

29. SO 

757.2 

5 n 

7 p 4 - 7 p> 3 

45 SO 

701 . 1 

70 

6 D 3 - 8 P 2 

48.31 

692.3 

50 

B JV 6 Pa 

5, 409. SI 

j 479.8 

100 

6 P 4 ~ b P 3 


In the remaining tables and diagrams of this section, the wave 
numbers of the terms increase m we pass to higher energy, beginning at 
aero for the normal state of the atom. In spite of precedent, it is very 
convenient to proceed in this way when analyzing multiplet spectra. . It 
is usually very easy to discover the v dative position of the terms giving 
rise to strong combinations, but the difficulty of establishing series 
relationships prevents a determination of the distance of these terms 
from the normal energy state of the singly charged ion. (This remark 
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does not apply to our example, chromium, for series have been established 
in its spectrum.) Further, in atoms with several valence electrons 
there are several ionization potentials and there is little point in locating 
the zero of energy at a state of the ion which is obtained by removing 
any particular electron. 

With wave numbers increasing upward, the levels involved in the 
production of the above multiplets are as follows: 


7 D, 

42,261.3 

7 D, 

42,258.4 

7 d 2 

42,256.2 

7 d 2 

42,254.5 

7 D X 

42,253.3 

6 Pi 

26,801.8 

6 P 2 

26,796.1 

6 P 3 

26,787.3 

7 p 4 

23,498.9 

7 p 3 

23,386.4 

7 p 2 

23,305.0 

6 P>4 

8,307.5 

6 d 3 

8,095.2 

*d 2 

7,927.4 

6 Di 

7,810.7 

5 Po 

7,750.7 

% 

7,593.1 


The quintet P levels are the initial levels for the emission of 5,204- 
06-08, while 6 >S 2 is the final level. The remaining lines, arise in transitions 


j 



Fig. 3. — Energy diagram for three chromium multiplets. 

from the same 5 P level to the 5 D levels, and from an initial 7 D level 
to a final 7 P level. The combinations occurring are shown in Fig. 3. 
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The wave-number separations of the levels are indicated by their values, 
and the inner quantum numbers are seen at either side. The selection 
rule Aj = ±1 or 0 is obeyed; all missing combinations would violate 
this rule. To avoid the use of lists and the trouble of making energy 
diagrams, it is customary to illustrate a multiplet by a rectangular array 
like that in Table 4. At the left are written the names of the initial 
levels; at the top, those of the final levels. For each combination, v y 
and the intensity, in brackets, are written in the body of the table, below 


Table 4. — A B P 6 D Multiplet of Neutral Cr 





C Z> 2 

6 Di 

5 Do 

b jPi 



5,296.69 [50] 
18,874.4 (116.6) 

(5.7) 

5,264.18 [50] 
18,991.0 (60.2) 
(5.5) 

5,247.55 [40] 
19,051.2 

*P 2 


5,345.80 [70] 
18,701.1 (167.0) 
(8.8) 

5,298.29 [60] 
18,868.7 (116.8) 
(8.5) 

5,265.73 [25] 
18,985.3 



5,409.81 [100] 
18,479.8 (212.5) 

5,348.31 [50] 
18,092.3 (167.9) 

5,300.71 [25] 
18,860.2 




Table 5. — Relation of Prominent Cr and Cr + Terms 


Cr f 

Cr 

b 

Term 

Empirical 
term value 

lv 

Term 

Empirical 
term value 



0 

d 5 s 

7 £ 

0 




*S 

7; 593 




d & p 

7 p° 

23,305-23,499 




sp° 

26,802-26,787 


«D 

11,964-12,498 

sd A s 


7,750- 8,307 



sd*d 


20,517-20,519 






not found 





6 T> 

24,277-24,282 





ep 

21,841-21,857 




sd A p 

7 p° 

27,729-27,935 




7 D° 

27,825-27,300 





7p° 

24,971-25,771 





B p° 

29,421-29,825 





6 D° 

33,338-33,816 





5p° 

30,787-31,280 
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the final term and to the right of the initial term. The intervening 
numbers in parentheses are empirical values of Av for the various pairs 
of levels. 

In a case like this it is important to consider the various l values which 
arise by combining the l p of the valence electrons. Table 5 shows how 
low lying terms of neutral chromium arise by adding a 4, 0 electron to the 
d 5 configuration of Cr + , or by adding a A, 0 or 3, 2 electron to the d 4 s 
configuration. The terms listed are those which survive when Pauli’s 
rule has been applied. Higher lying terms are gotten if the sixth electron 
is on an orbit 4, 1. Still higher stages of excitation are possible, giving 
rise to weaker lines. 

0 

0,000 

7 p 20.000 
o 
c 

| 30,000 

40,000 


50,000 


In so far as it has been analyzed, the spectrum corresponds in every 
detail with the theory developed in this chapter. The empirical energy 
diagram is given in Fig. 4. To avoid detail, each multiple term is 
represented in the diagram by a circle drawn at the position of its center of 
gravity. For the lower levels, the character of the terms is known, and 
even and odd terms are distinguished by black circles and hollow circles 
with crosses, respectively. The combinations which occur are indicated 
by drawing solid lines between the circles representing the terms, and 
the electron configurations from which the terms arise are shown by the 
dotted lines, which run to the appropriate designations at the right of the 
diagram. At the bottom, the azimuthal character of each term is shown, 
and the division into primed and unprimed terms is indicated. 

It will be observed that, in a general way, the terms fall into three 
groups, which are often called “low,” “middle,” and “high,” respectively, 
though no sharp distinction is intended. The addition of an s electron 
to the configurations d h or sd A of the ion results in terms having even 
Zp-sums; for the l value of each $ or d electron is itself even. Further, 



Fig. 4.— Complete energy diagram of neutral chromium. 



Sbc. 5] SERIES IN THE CHROMIUM. I SPECTRUM 309 

the addition of a d electron to sd 4 gives “even” terms. These three 
configurations are responsible for the prominent low-lying terms. In 
‘accordance with Sec. 3, they are of the types S, P, Z>, F, etc. 

The middle group is composed of “odd” terms of the types S°, P°, 
D°, F°, etc., which have their origin in the configurations d 6 p and sd 4 p. 
Their position is accounted for by the fact that the binding energy of a 
4, 1 electron is considerably smaller than that of a 4, 0 or 3, 2 electron. 
Finally, the highest terms are obtained when one of the electrons is 
raised to an orbit of type 5, 0, or 4, 2. 

In general, the low terms do not combine among themselves, but 
combine freely with the middle group of terms. The reason is easily 
seen, when we remember that the low terms belong to the types S, P, 
D, etc. The selection principle forbids combinations of S with P, P with 
D, S with Z>°, etc. ; but low S terms may combine with P° terms, which 
occur in the middle group ; low P terms may combine with middle S° and 
D° terms; and so on. For similar reasons, the middle terms do not 
usually form combinations among themselves, but are free to serve as 
the final states for transition's from the high levels. Further, the high 
terms do not combine with the low terms. Exceptions to all these rules 
are encountered but the preceding statement gives a good idea of the 
general trend of affairs. 

6. SERIES IN THE CHROMIUM I SPECTRUM 

It is usually difficult to trace long series in the spectrum oi an atom 
with several valence electrons, and this circumstance prevents us from ' 
calculating accurate term values for such atoms. However, Russell 1 
made estimates for all elements in the first long period, based on a few 
related terms in each spectrum. 

Just as in the case of the alkaline earths, it is possible in these atoms 
to have series which converge to different limits. Suppose we assign 
the wave number zero to a state in which a given electron — call it A— 
has been removed, all other electrons remaining on their normal orbits. 
The removal of another electron B, not having the same ionization 
potential, while A remains in its normal orbit, will leave the atom in a 
state whose term value is not zero. That is, the term sequences in 
which electron B is on large orbits do not converge to zero, as a limit. 
Again, it may occur that electron B remains on an excited orbit while 
A occupies one of a sequence of large orbits, or is removed. The term 
values for such a sequence of states will converge to an excited state 
of the ion. More complicated situations can easily be imagined. In 
the case of most of the atoms of the iron group there are many metastable 
states. The number of ionization potentials is also large, each one 

i ^strophy8. J.j 66, 283 (1927), 
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corresponding to a different state of the ionized atom which can be 
reached by removing one electron. It is sufficient, however, to consider 
only those routes of ionization which involve the normal and the lowest * 
metastable states of the atom or ion. The following summary of the more 
important methods of ionization is modeled on a discussion by Russell 
(loc. cit.) If an atom with n electrons outside the argon shell is doubly 
ionized, we have an ion with the electron configuration d w ~ 2 . Let us 
consider only the lowest multiple term arising from this configuration. 
By adding a 4s electron we obtain a singly ionized atom in the con- 
figuration d n ~ 2 $. The lowest multiple terms coming from this arrange- 
ment are of the same name as the parent terms, but of multiplicities 
1 unit greater and less, due to the fact that the incoming s electron 
does not change the resultant l value of the atom but increases or 
decreases s by ^ unit. These terms are denoted by (a) and ( b ) in the 
second line of the following diagram : 

Doubly ionized atom: d n ~ 2 

I i 1 

(a) (b) 

Singly ionized atom: . d n ~ 2 s , , 

T r 1 

Neutral atom: d n ~ 2 s* (a) d^s ( b ) 

The addition of a second s electron gives rise to a single low multiple 
term, due to the configuration d n ~~ 2 s 2 of the neutral atom, for others are 
excluded by Pauli's principle. (Of course, other terms may be obtained 
by adding the second s electron to the atom while it is in one of the higher 
multiple terms of the arrangement d n ~ 2 s, but such cases need not be 
considered for our present purpose.) Similarly, the addition of a d 
electron to the doubly ionized atom gives the configuration d n ~~ l f for 
which the lowest term is usually of a different name, and is of multiplicity 
higher by 1 unit, unless n exceeds 6, in which case it is lower by 1 unit. 
Adding one 4s electron gives two terms of the same name as the lowest 
term of the d n ~ 1 arrangement. These are marked (a) and (6) in the 
third lines of the diagram. This shows that there are four principal 
routes of single ionization in these atoms. Four of these have been 
traced in the case of chromium. 

We are indebted to Dr. Kiess for the following account of these 
series: The four sets of terms which form these series are marked 
in Fig. 4 by a small + sign placed to the left of the dot representing the 
term. It is seen that in each set only two terms have been definitely 
recognized as being in sequence; therefore, we cannot hope to calculate 
the series limits with the same precision as is done in the case of the 
alkalies or the alkaline earths. 

The relative separations of these terms are obtained from the meas- 
ured wave lengths of lines resulting from the combination of these 
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series-forming terms with other terms. For example, the two 7 S terms 
combine with a common term 7 P 3 to give the lines at wave lengths 
4274.80 A. and 7400.27 A., respectively. The vacuum wave numbers 
of these lines are 23,386.4 and 13,509.3 and their sum 36,895.7 gives 
the separation of the two 7 S terms. In like manner, we find from the 
combinations of the two series-forming 6 S terms with the same 7 P a 
term that they are separated by 30,290.1 wave number units, and that 
the lower of the two lies 7,593 units above the low 7 S. For the two 5 Z ) 4 
terms, we find a separation of 40,517.0 units and a distance of 8,307 
units between the lower 6 D 4 term and the base term 7 S. 

The series of 7 S, & S and 7 P terms converge to the limit e S of the 
Cr ion, as is indicated in Table 5. The 5 Z) terms, however, converge 
to 6 Z> of the ion, the component S Z > 4 in particular, having as its limit 
«D % , and this lies 12,498 wave-number units above 6 £, as we find from 
an analysis of CrII. Our problem is, therefore, one of finding the 
distances separating each series term from the appropriate limit. And 
this is easily accomplished by solving for each series a pair of simultaneous 
equations obtained by substitution of the known data in Rydberg’s 
formula, as illustrated in Chap. IV and Appendix I of Fowler’s Report, 
or in our Chap.- VII, Sec. 7. Since the values of the series terms have been 
calculated and tabulated for all possible pairs of values of the parameters 
of the equation, we most readily effect our solution by simple interpolation 
from such a table (Table III of Fowler’s Report). 

With the value 36,896, the separation of the two 7 S terms, we inter- 
polate from the table the values 55,933 and 19,037 for the terms and a 
value 0.4003 for the constant <p, to be used in Rydberg’s formula for the 
calculation of the higher members of the 7 S series (Chap. VII, Sec. 7). 
We thus conclude that the basic term 7 S of neutral Cr lies 55,933 units 
below the basic term 6 <S of the ion. With the separation 30,290 of the 
6 i5 terms we again find from the table that they lie 47,586 and 17,296 
units, respectively, below 6 S, and that for the S S series <p = 0.5182. 
However, we have seen that the low 6 S and 7 S terms are separated by 
7,593 units. The sum of this and 47,586 gives 55,179 as an alternative 
value for the distance between 7 S and 6 >S. A third series converging 
to 6 S consists of two 7 P terms. From the separation, 18,778 of the two 
7 P, terms, we find, from the table, 32,369 and 13,591, respectively, for 
their distances below e /S, and a value 0.8408 for <p. Since the lower 
7 P i lies 23,499 units above 7 S, we get from this series a value of 55,867 

for 7 S. 

We again enter the table with the value 40,517 for the two D 4 terms 
and find that they lie 60,423 and 19,906 units, respectively, from their 
limit, ^D% of the ion, and that for the 6 Z> series, <p = 0.3473. To find 
their distances from the term 6 S we decrease these numbers by 12 498 
giving 47,925 and 7,408. But we have seen that the term 6 £> 4 lies 8,307 
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units above 7 S. We thus find 56,232 as a fourth value for 7 S. The 
disagreement between the four values is not large considering that only- 
two members are available in each series and we therefore adopt as the 
most probable value of 7 S the mean of the four, 55,803. In case more 
than two members of a series are known, a more rigorous solution is 
obtained by solving three simultaneous equations and using a formula, 
such as that of Ritz, which employs an additional parameter. In such 
a solution, it would then be desirable to use for the Rydberg number 
the value for the element in question and not that of hydrogen, although 
the error introduced by using the hydrogen value is not great. 

6. ALTERNATION LAW, DISPLACEMENT LAW, AND BRANCHING RULE 

Rydberg conjectured long ago that the spectra of neutral atoms 
alternate between doublet and triplet structure as the atomic number 
increases. This statement received many modifications, as the subject 
developed, which culminated in the generalization that even and odd 
multiplicities are found alternately as we pass through the periodic 
table, a regularity referred to as the “ alternation law.” 

Further, Kossel and Sommerfeld 1 promulgated the displacement 
law, namely — the spectrum of a singly charged ion resembles that of the 
neutral atom of the preceding element; the spectrum of a doubly charged 
ion resembles that of the element two places lower in the scale of atomic 
numbers , etc. In general, the spectra of systems having the same number 
of electrons but different nuclear charges are similar. By “similar,” 
we mean that, in general, they have the same multiplicities, and that the 
order and relative spacings of the terms are somewhat alike, but no hard 
and fast rule can be laid down; there are many exceptions to the statement 
about order and spacings. Much can be said as to the spectrum of a 
neutral atom from a knowledge of the spectrum of its singly charged ion, 
or of the preceding neutral atom. A knowledge of the ionic spectrum 
usually gives us a more reliable idea of the energy values of the neutral 
atom than a knowledge of that of the preceding neutral atom. 

A correct statement of both the alternation and the displacement 
laws, applying for any element in any stage of ionization is, 

Even {odd) spectral multiplicities occur when the number of electrons 
is odd {even). 

In practice, we need only count the number of electrons outside 
completed rare gas shells, for the total number of electrons will be 
odd or even according as the number of electrons in uncompleted shells 
is odd or even. Starting with an alkali, each l value of its valence 
electron has associated with it two j values, because the s vector Yi has 
two possible orientations with respect to 1 Now raise the nuclear 

1 V$rh, d . Phys. Ges., 21 , 240 (1919). 
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charge by 1? and add one more electron. The possible values of $ are 
0 and 1, and we obtain singlet and triplet terms. 

Consider an atom in a singlet state (s = 0) and add one more electron, 
the arrangement of the two others remaining the same. The resultant 
s value is }4 , and we obtain doublet terms again. Also, consider a 
triplet term of the two-electron system ($ = 1). Add one electron, again 
keeping the quantum numbers of the first two invariable. The $ vector 
of the new electron can be oriented parallel or opposed to the vector 
Si + 82 . The resultant s values are )4 and %, giving doublets and 
quartets, respectively. The question arises whether these doublet 
terms will be identical with those mentioned before. In general, they 
will not, for although the s vector is composed of contributions which 
we may write +%, +M, and in both cases, the accompanying 
values of the other quantum numbers are not the same for both arrange- 
ments. For example, the third-group metal thallium has prominent 
doublet terms arising from the following quantum numbers of the three 
valence electrons, 

n p l P ‘Mi p rri'sp 

o o o +n 

o o o - H 

n% h niiM + }/% . 

Other doublet terms could arise from the arrangement, 

Tip Ip TYiip TYl^p 

6 o o +}4 

6 1 ± 1 or 0 +H 

fh h rrin — V%. 

The general principle is clear. Adding one electron with azimuthal 
number l„ to an atom with quantum numbers l r , s n and j r we have the 
following l values: 

/r H~ let ir “b U "" b ' ’ * \h 

Each of these l values may be combined with the resultant s values, 
namely, .sy ± 14, to form all possible j vectors. For example, the reader 
will easily find" that the addition of an electron for which Z « 1 to the 
term of an ion similar to an alkali atom gives rise to S, P, and Z) 
terms of both singlet and triplet systems. 

Similarly, each term of a singly charged ion gives rise (at least theo- 
retically) to two groups of terms of neighboring multiplicity in the 
spectrum of the neutral atom. This is the so-called branching rule 
(German, Verzweigungsprinzip), first proposed by Land6 and Heisen- 
berg. 1 An exception occurs for singlet terms, which give rise only to 
doublets. This process will certainly show us all the terms which can 
arise, but it will often occur that some of these are excluded by Pauli s 

*£. Physik, 25, 279 (1924). 
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principle. More satisfactory methods of predicting terms are discussed 
in Sec. 10 . 

7. THE INTERVAL RULE 

It was early noted that the separations of the levels making up a 
triplet P term are approximately in the ratios 2:1. Writing AP 2 i = m 3 P i 
— m 3 P2 and APi 0 = m 3 Po — m 3 Pi, we have, AP21: AP10 = 2:1. For 
example, the separations of the 2 3 P terms of cadmium are 1,171.1 and 
541.9, which are in the ratio 2.16:1. Heisenberg generalized this 
regularity, pointing out that to a rough approximation we often have 

AD32 : AD 2 i = 3:2, 

AF43: AF32 = 4:3, etc. 

With the discovery of multiplet spectra, similar relations were quickly 
found by many workers, and LandS 1 proposed a more general interval 
rule, which bears his name and may be stated as follows: 

The wave-number difference between two terms belonging to the 
same multiple term and having inner numbers j and J — 1 is proportional 
to j. This leads to the ratios of term intervals written in the bottom 
lines of Table 2. By way of illustration, the levels of a 5 D term have 
inner numbers from 4 to 0, inclusive. Beginning with the pair having 
inner numbers 4 and 3, we should have wave-number intervals in the 
ratios 4: 3: 2: 1. As a matter of fact, the quintet D term of chromium 
listed in Sec. 4 shows the separations, 

212.3: 167.8: 116.7: 60.0 = 4: 3.16: 2.20: 1.13. 

This illustration is neither very bad nor very good. Sometimes 
a set of terms will obey the rule within 1 or 2 per cent; again, we meet 
with terms in which the individual levels are not in the order to be 
expected from their inner numbers. The theory underlying this rule is 
postponed to Sec. 13 , and will include the explanation of the so-called 
“inverted terms." In elements which lie near the end of a period, such 
as the iron group or the halogens, the normal situation is that the j 
values of a multiplet increase as we pass down the energy diagram. 
Thus, the lowest multiple level of neutral iron is a b D level with the 
following structure: 

j Term 

0 59,022 

1 59,112 

2 59,296 

3 59,584 

4 60,000 (assumed). 

Multiplets in which the j values decrease as we pass down the diagram 
are called “regular ” to distinguish them from the inverted type. We also 
encounter multiplets in which the j values first increase and then decrease, 
or vice versa. 

1 Z. Physik , 15, 189 (1923). 
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8. ZEEMAN PATTERNS IN WEAK FIELDS AND LANDfrS g FORMULA 
In Chap. VII, Sec. 6, we described the Zeeman effect of the principal 
and sharp series of doublet lines, and the energy levels which give rise 
to the patterns obtained in the presence of a field. The behavior of lines 
of a normal multiplet spectrum in the presence of the field is qualitatively 


(a) 



Eig. 5. — Typical Zeeman patterns. 

similar to that of doublet lines. Each energy level of the atom splits into 
several components, which we shall call magnetic levels, equally spaced 
and symmetrically disposed with respect to the position of the field-free 
level. The combinations of these levels, suitably controlled by a selection 
principle and a polarization rule, give rise to a line pattern which is 
symmetrical with respect to the position of the parent line. 

In Fig. 5, 1 we have illustrations of the Zeeman effect in chromium 
(Fig. 5a) at a field of about 32,000 gauss and in vanadium (Fig. 5b) 
1 This figure was kindly placed at our disposal by Dr. H. D. Babcock of the Ml 
Wilson Observatory. 
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at about 29,000 gauss. In Fig. 5a, the first and fourth strips show 
the chromium spectrum in the absence of a field. The third strip 
was taken through a polarizing prism so oriented that only light polarized 
with electric vector perpendicular to the field was transmitted. There- 
fore, this spectrum shows only the s-components of the Zeeman patterns. 
Similarly, the second strip shows only the ^-components. In Fig. 56, 
the upper strip shows the p-components; the center, the ^-components, 
and the comparison spectrum is below. 

Such patterns are most easily explained by discussing the energy levels 
which give rise to them. What we shall say about these levels applies 
only to the case of an ideal multiple! spectrum. In practice, many 
exceptions are encountered because the conditions for the validity of 
our theory are not fulfilled, but on the whole it works surprisingly well. 
Most of the exceptions occur in elements of high atomic number. For 
hydrogenic atoms and for lines belonging to singlet systems of other 
atoms, the weak-field Zeeman pattern is a normal triplet, arising from 
energy levels whose positions relative to the original level are given 
by the formula, 

A E = mLh. (1) 


L is the frequency of the Larmor precession (Appendix VIII) and is 
given by the formula 


L = eH , 
Airmc 


( 2 ) 


where e is measured in electrostatic units. Energy levels of other 
multiplicities in normal multiple! spectra give rise to magnetic levels 
expressed by the formula 

A E ~ mgLhj (3) 

so that the term shift is 

AT = —mgL. (4) 

As before, m is the magnetic quantum number, defined as the component 
of j along the field when seen from the rotating coordinate system 
described in connection with Larmor’s theorem; g is known as Landes 
splitting factor, and depends only on ?, s, and j for the spectral term 
under consideration. Land^ 1 discovered the correct formula for g 
empirically and gave a classical calculation which led to a similar formula. 
We know today that the new mechanics is required to derive the 
^-formula correctly, but it is of great interest to go as far as we can 
with the old mechanics. Consider an atom as represented by the 
aggregate of the vectors l PJ s p , j v belonging to its electrons, and let the 
coupling be that characteristic of a normal multiplet spectrum. Suppose 
that the coupling of the / and 5 vectors is so strong that it is not appre- 

1 Z . Physih, 15, 189 (1923). See also E. Back, and A. Land£i, “ Zeemaneffekt und 
Multiplettstruktur der Spektrallin.ien, ,, Springer, Berlin (1925). 
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ciably disturbed by the magnetic field. Then the vectors l and $ precess 
about their resultant j (Sec. 14), and j precesses about the direction of H. 
To obtain the energy of this configuration, we recollect that the potential 
energy of a magnetic doublet having the moment is in a field H is — jjH. 
cos (ju, H), or -r-ixxH } where fx I{ is the component of /a in the direction 
of the field. The change in energy of a perturbed system is equal to the 
perturbing potential averaged over a cycle ^ 
of the unperturbed motion (Chap. VI, Sec. T 

10) so that I 


AE = - His h , 

where the bar denotes a time average. To 
obtain the value of fi a , we consider Fig. 6. 
The magnetic moment due to the spin- 
ning electron with its angular momentum 

S“ 2 (*)(2Si} There,ore ’ tlle mag - 

netic moment associated with the vector 
s is 

-KsXss) <5) 



Fig. 6. — Angular momentum vec- 
tors of an atom in a weak field. 


The minus sign is introduced because the magnetic moment vector due 
to the rotation of a negative charge is antiparallel to the angular momen- 
tum vector for that rotation. Further, the moment associated with 1 is 


. -<s)(ss> <»> 

so that 

- /** = ( 4 ^ ?)/; )[Z cos (Iff) + 2s cos (sff)] (7) 

while 

f±E = LhWc^JiH) + 2s cos (sff)] (8) 


by equations (2) and (3). To calculate l cos (Zff) we split l into com- 
ponents parallel and perpendicular to j, having magnitudes l cos (jl) 
and Z sin (jl), and project these components on the direction of H. Since 
1 precesses uniformly around j, the average value of the projection of 
1 sin (Jl) is zero (aside from terms proportional to II, which are negligible), 
but the projection of l cos. (jZ) on H is constant. 

Finally, 

Z cos (III) = l cos (jl) cos 077). (9) 

Similarly, 

s cos (sff) — s cos 0's) cos (JH) . (10) 

From the geometry of the triangle formed by j, 1, and s. 


cos (jl) = 


j 2 + p 


2jl 


J cos Os) = - 


+ s 2 


l 2 


2js 


cos Off) 


m 

j' 


(11) 
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Using equations (9), (10), and (11) in equation (8), we obtain 

AE = mLh(l + )• (12) 

Comparison with equation (4) shows that 


9 = 1 + 


j 2 + s 2 -l 2 

2 j 2 


As a matter of experimental fact this formula yields correct results only 
in the region of large quantum numbers, a situation which we might 
expect from the correspondence principle. The formula found empir- 
ically and by wave mechanics is very similar, however. It is 


„ _ i , 3 (j + 1) + 8(8 + 1) - 1(1 + 1) 

9 ■ W+i) " 

_ 3 s(s + 1) - 1(1 + 1) 

■2 ^ “ 2 J(j + 1 ) ' 

__ 3 (s — l)(s + 1 + 1) 

2 ' 2j(j +. 1 ) 


(13) 


In Table 6, the g values for the Zeeman effects of normal multiple 
levels are collected. (As a matter of fact, some of the most important 
earmarks of normality are obedience to the g formula and to the interval 
rule.) The value of g becomes indeterminate when the second fraction 
in equation (13) does so; that is, when s = l and j = 0. In this case the 
energy levels should not be changed by the field, for m = 0 when j = 0. 
This conclusion is confirmed by experiment. By way of illustration, we 
may derive the g factor for the 8 terms of alkali spectra. For these 
terms l = 0, s = j = K, and substituting in equation (13) we have 

9 = 2. Therefore, the magnetic levels arising from a 2 S term will lie 
at the positions 


AT = -2 mL. 


Since m is the component of j along the field it can assume only two values, 
namely, ±J^, so that AT — ±Lf in agreement with Chap. VII, Sec. 6. 
This arrangement is identical with that to be expected in the absence of 
electron spin, as we see from the treatment of the Larmor precession in 
Appendix VIII, Sec. 3, but has its origin in a very different mechanism. 
The Zeeman pattern for any term may now be predicted, if we pay due 
attention to the selection principle for the magnetic quantum number. 
Empirically, and also as a result of the new mechanics, the magnetic 
quantum number can change by only + 1 or 0. When it changes by one 
unit, we have s-components in the transverse Zeeman pattern , and when it 
retains its value, we have p-components. A further restriction is that 
when j remains unchanged , the levels for which m = 0 cannot combine. 
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Table 6. — The Splitting Factor g 
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In using the g formula and the selection principle to predict a Zeeman 
pattern, the following arrangement of the work is advantageous. Write 
in a row all the values of m which will be used, as in Table 7. 


Table 7.—Calculation of Zeeman Pattern for 2 P.% — 2 D^ 


m ** 

i 

is 

i 

-K 

+K 


+M 

2 Dk : g *■ ?■£ 

-m 

-M 


% 

‘M 

2 ?54: M 

-m 

-M 






-‘Ms 

-‘Ms 

-‘M 5 

- 2 Ms 


m m) p 

Ms 

Ms 

-Ms 

-Ms 


m + 1 

2 Ms 

% 

‘Ms 

‘Ms 



Below each value of m put the displacement mg of the magnetic level 
of the initial spectral term which has that m value. (It is customary 
to express the displacements of the levels in terms of the separation 
between the a- and ^-components of the normal triplet as a unit. Note 
that this unit is not fixed, but is proportional to II.) Write similarly 
the displacements of the levels belonging to the final term, in the next 
line. The cross-lines indicate the combinations which obey the selection 
rules. Subtraction of any displacement in the lower line from a dis- 
placement in the upper line yields a component in the Zeeman pattern. 
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the Ip and s P vectors of each one take up quantized orientations with 
respect to the lines of force. This means that the s p vector of each 
electron is oriented either parallel or antiparallel to the field. It follows 
as in Sec. 8 that the change of energy in the presence of the field is 

A E = ~»hH = (mi + 2m.) (14) 

where mi is the sum of the magnetic quantum numbers mi p corresponding 
to the orbital motions of the individual electrons, and m 8 is the sum of 
the numbers m 3P corresponding to their spins. We may refer to mi -f 
2 m s as the strong-field magnetic quantum number. In a transition it 
usually changes only by ± 1 or 0, though exceptions have been noted. 
These changes correspond to the emission of perpendicular and of parallel 
components, respectively. This selection rule has the consequence that 
the strong-field pattern of all types of levels is a normal Zeeman triplet. 
The location of this triplet with respect to the original multiplct is 
described in Sec. 12. 

10. THE ENUMERATION OF NORMAL MULTIPLET TERMS 

We are now prepared for the problem of finding the terms which 
arise from a given configuration of electrons. This problem is attacked 
with the aid of Pauli's principle (Chap. VII, Sec. 19), namely, there 
are never two or more equivalent electrons in the atom , such that the values 
of all five of their quantum numbers coincide when a strong magnetic field 
is applied, and cases which can be derived from one another by interchanging 
the quantum numbers of two electrons give only a single term. 

Equivalent electrons are those which have the same total and azi- 
muthal numbers. We begin by considering the case of two such elec- 
trons, and shall place them first on s orbits. For each one mi = 0, and 
therefore the resultant mi is zero. In order to avoid having all five 
quantum numbers of both electrons the same, we must assume that m s i = 
+H, = —}4, and so the resultant m 8 = 0. The array of possible 

pairs of mi amd m 8 values reduces to only one pair, namely 0, 0, which 
yields a single undisplaced level, representing the Zeeman pattern of a x So 
term. On removing the field, the single magnetic energy level passes 
adiabatically into a field-free hSo term. This furnishes a complete expla- 
nation of the fact that the lowest singlet S term of an alkaline earth atom 
is not accompanied by a triplet S term. There cannot be more than two 
equivalent $ electrons, for the m s values of at least two of them would 
have to coincide. 

The method of enumerating possible terms is quite similar in other 
cases. For example, Table 8 gives all the possible valfies of mi and m » 
which can arise from two p electrons having the same total quantum 
number. 
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Table 8. — Quantum Numbers for Two Equivalent p Electrons 


mn 


m 9 x 

m„ 2 

mi 

m* 

Possible values of 
mi + 2 m s 

1 

1 

X 

-X 

2 

0 

2 

1 

0 

± X 

± )4 

1 

1 , 0 , 0 , -1 

3, 1, 1,-1 

1 

-1 

±H 

± X A 

0 

1. 0, 0, -1 

a> 

0 

1 

0 

0 

X 

-M 

0 

0 

0 

0 


±Vi 

± l 2 


■1, 0,0, -1 

i, -i, -i, -3 

-1 

-X 

X 

-M 

-2 

0 

-2 


The quantum numbers of the two electrons are distinguished by the 
subscripts 1 and 2, We have, 


If 


h ** l 2 - 1 . 

mn = mi2 — 1 , 


then ntii and m * 2 must have opposite signs, and therefore, 


But if, 


mi = 2 , m s = 0 . 


mn = 1 and mn = 0, 


then m«i and m » a can be either plus or minus, independently, so that 
there are four possible ways in which the resultant m s can be formed, 
giving the values 1,0, 0,-1, in the second row of the m 8 column. We 
do not obtain any new terms by considering the case mn = 0, mn — 1, 
for this is obtained from the previous one by simply interchanging 
the two electrons. Similar statements may be made for the combinations 
of mip values occurring in the third and fifth lines of the table. We 
must now consider the- magnetic terms arising from these two p electrons. 
Each rrii value may occur with any of the m, values which appear in the 
same line of the table; every such combination of nil and m s values gives 
rise to a physically distinct atomic configuration which must be counted 
as a separate term even though its energy may coincide with that of 
several other terms. The positions of the terms are given by the expres- 
sion (mi + 2m s )L, the values of mi + 2 m 6 being listed in the last column 
of the table. 

To find the field-free terms, we must determine what l and s values 
would give us the array of mi and m 8 values shown in the table. In 
the first place, the terms will all be even, since 2t p = 2. While there is a 
perfectly definite procedure for solving such problems, based on the 
dynamics of an atom with several magnetic parts, it is possible to answer 
the question also by the following method. The highest value of s 
must be the same as the highest value of m 9 . In the case under discussion 
this is 1; now the magnetic levels for which « 1 or -1 arise from 
field-free levels for which s « 1, since there is no tendency for the indi- 
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will then have all its quantum numbers the same as those of the first 
or the second, and so we cannot avoid breaking the rule. The conclusion 
is that the above combination of m values does not occur. 

The configuration of three p electrons gives the terms 2 D°, 2 P°, 4 S°. 
The same process can be carried through for four, five, and six p electrons. 
These configurations have the same terms as those with two, one, and zero 
V electrons, respectively, which is a special case of a reciprocity theorem 
stated in Sec. 16, 

Nothing new in principle is introduced when we consider several 
equivalent d or f electrons. The tabulations are more complicated and 
more field-free terms are obtained. Table 10 summarizes the terms 
which arise from any number of equivalent p electrons; Table 11 does 
the same for d electrons. The case of one s and any number of equivalent 
d electrons, which is quite important, is obtained from Table 11 on 
replacing each term by two terms of the same azimuthal number, but of 
multiplicities greater and less by one, respectively. For example, 2 D 
is replaced by 8 D and l D. 


Number of d 
electrons 
1 
2 

3 

4 

5 

6 

7 

8 
9 

10 


Table 10 


Number of p 
electrons 
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11. CORRELATION OF MAGNETIC AND FIELD -FREE ENERGY LEVELS 

In the case of two equivalent p electrons we showed how one can deter- 
mine the aggregate of field-free terms from a knowledge of the strong-field 
magnetic levels. However, our discussion did not always give us the 
correlation between the field-free levels and those observed in a strong 
field. Now, wo already possess complete knowledge of the connection 
between the field-free and the weak-field terms, so our problem reduces 
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to finding the correlation between the terms in weak and strong fields. 
Pauli 1 solved it by studying the motions of a simple atom model con- 
taining two magnetic parts, which he called the electron and the core. 
The principal results of his theory are valid in a sufficient number of 
cases to make them very valuable, and we shall state them here without 
proof and without qualifications. If we specify a certain weak-field 
level by giving the values of l, s, j, and m, the and m s values of the 
corresponding level in a strong field are as follows : 

For Regular Multiplets: 

If m ^ $ — l, then m s = j — l, mi = m — ( j — l). 

If m ^ s — l, then m s — m — (s — j), mi — s — j . (15) 

For Inverted Multiplets: 

If m ^ / — $, then m 8 = l — j , mi = (j — T) + m. 

If m ^ l — s, then m a = (s ~ j) + m, mi = j — s. (15a) 

For partially inverted multiplets, where the values of j first increase, 
and then decrease, no general rule can be given, although any definite 
numerical case could be treated by a direct study of the vector-precessions 
in Pauli's model. 


As an example we take 2 P% and 2 Py z , for which s = A and 1 = 1. The m 8 and 
mi values belonging to each weak-field level are tabulated below, together with 2 m 8 -f- 
mi , which determines the energy. Figure 8a shows the correlation diagrarnmatically. 


Term 

m 

m R 

m L 

2 m s -f- mi 
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y 2 
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2 





K 

l A 
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1 





y 

-1 

0 





1 

-K 

-1 

-2 





/ y 

1 ! 

fc^S bis 

1 

0 




V 

0 

-1 


The strong-field levels are measured from the center of gravity of the multiplet. The 
dotted connecting lines serve to show the correlation and do not indicate the rather 
complicated course taken by the energy levels as the field changes. 


Breit 2 has given a speedy and easy method for carrying out such 
correlations. Suppose we specify the multiplet to be studied, giving 
its l and s values. We then draw up an array, having 2s + 1 rows 
and 2 1 + 1 columns. In the spaces of this array we write all the possible 
m values of the multiplet, arranged in a way which will be obvious on 
inspecting the following example: 

i Physilc, 20 , 371 (1924). 

Phys. Rev., 28 , 334 (1926). 
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Each m value is written in the form m 8 + mi . It 
will be understood that the entries s + (l — 2) and 
(s — 2 ) + 1 symbolize different atomic configu- 
rations. The former means that m 8 = s, mi = l — 2; 
the latter, that m s = s — 2, mi = l. We now assert 
that beginning at the upper right , the m values blocked 
off by the division lines belong in succession to the 
various terms of the multiplet , beginning with the term 
of highest j, provided that the multiplet is regular; 
but) if it is inverted, the division lines must be drawn 
in the shape of the capital latter L . Then the left 
side and bottom edge of the array belong to the lowest 
term , which has the highest j, and so on. From these 
schemes we can read off at once the m s and mi 
values arising from a given term, and can find the 
positions of the strong-field levels with ease. For 
a normal 2 P “multiplet” the m array appears as 
follows: 

H + 1 l A H ~~ 1 

-m +i :r >n -M-i 

From this we construct an array showing the cor- 
responding values of 2 m, + mi, thus: 

2 10 

0 -1 1 - 2 . 

On comparison with the tabulation following the 
equations (15), we see that this gives the correct 
result. For an inverted 2 P multiplet (like that of 
helium), the numbers in the m array and the energy 
array are the same as before, but the correlation is 
as follows: 

Values of m : + 1 [ 

— )4 + 1 

Values of 2m„ + mi'- 2 
0 

This case is further illustrated by Fig. 85. 

There is another interesting way of carrying out 
these correlations, depending on the hypothesis that 
levels which have the same m do not cross when the 
field strength is increased. Shenstone 1 has recently 
shown that certain incorrect predictions of the 
series limits approached by an atom, when one 
electron is removed, can be traced back to the 


-Vi 


-1 


H-i 


l 


_o 

- 2 ' 


i Nature, 122 , 727 (1928). 
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inadequacy of this hypothesis. His paper should be consulted for a 
statement of the cases in which it is known to be correct. To illustrate 
the use of this hypothesis, we may consider all levels arising from a given 
regular multiplet, which have a certain value of mi. These levels will 
have different m s values. The highest m s yields the highest energy 
in this selected group of magnetic levels, and must be correlated with 
the highest level of the field-free multiplet — that for which j = j max . 
The next lower m 8 value is correlated with the level for which j = j max — 






£m s +m L m ^ 



Fig. 8a . — Correlation of strong- and weak- Fig. 86. — Correlation of strong- and weak- 
field levels for regular 2 P terms. field levels for inverted 2 P terms. 


1, and so on. These facts are most easily dealt with by drawing up a 
table similar to Table 12, which refers to doublet levels. 

Table 12. — Correlation op Strong-pield and Field-free Levels por Doublets 


mi. . 

m,. . 

-3 

-H Yi 

-2 

-H Y. 

-l 

-Y Y 

0 

-Y Y 

l 

-Y Y 

2 

-Y Y 

3 

-Y Y 

S... 




Y Y 




P... 



Y Y 

Y Y 

Y Y 



D ... 


% H 

Y Y 

Y Y 

Y Y 

Y Y 



To illustrate the construction of this table, let us take the second 
row, referring to the P levels, 2 Py and 2 P y. Consider the magnetic 
levels for which mi = 1, arising from both these terms. For one of these 
magnetic levels m„ will be +A, and for the other it will be — l /%. The 
first is higher on the energy diagram and is therefore assigned to 2 Py, 
the second, to 2 Py. To indicate this, the inner number A is written 
in the body of the table under mi = 1, m s = while the inner number 
Y% is written under = 1, m s = \ — l A. We follow through the same 
reasoning with the two magnetic levels for which m = 0, but when we 
come to the pair of levels for which mi = —1, the procedure must be 
changed. As before, we assign the higher level mi = —1, m s = A, 
to the term of higher energy, -Py, but the other level, — — 1, m„ = 
— A, cannot now be assigned to -Py, for if the field is decreased it 
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that he was led to a formula which can also be derived on the basis of 
the older quantum theory as Sommerfeld 1 has shown. The formula 
for the position of a level, referred to the doublet center of gravity is 


Av 

= m 

L 


v 1/ 2 mv 

A(l + }4) ~~ %\ l + X A 




(19) 


where the plus (minus) sign refers to the higher (lower) level. This 
formula is well established by experiment. Much remains to be done in 
generalizing it to other multiplicities and in testing such generalizations. 

The g’s and y’s obey two interesting laws known as the permanence 
rules for g and y sums, and associated with the names of Heisenberg, 
Pauli, and Land6. The g- sum rule may be expressed as follows: Having 
chosen a multi plet, we fix our attention on all magnetic levels with the 
same magnetic quantum number. For each of these components, 
there will be a different g, depending on the value of j for the corre- 
sponding field-free level. Summing these g values over all f s, the value 
is found to be independent of the field strength. This may be otherwise 
expressed by stating that the sum of the energy values which belong to 
definite values of l , s, and m is a linear function of the field strength . The 
permanence of g sums is a phenomenon extremely well verified by experi- 
ment. Its validity extends beyond the case of normal multiplet spectra, 
and it is interesting from another standpoint, for it gives an alternative 
means of calculating the g’s in weak fields from those in strong fields, or 
vice versa. For this application it is more' convenient to write the 
principle in the form 

^ mg = constant, with m, l, and s fixed. (20) 

7, 

For example, we may consider the triplet P terms. The strong-field 
values of Srn; may be obtained by methods given in Sec. 11, which do not 
involve a knowledge of the weak-field q’s. The values found for m — 2,1, 
and 0 are 3, 3, and 0, respectively. Applying equation (20) to each of 
these cases, and letting g,, g u and g 0 be the g’s for the S P 2 , 'Pi, and 3 P 0 states, 
respectively, in a weak field, we have, 

2gr 2 = 3, 0 2 + ffi = 3, 0(02 + 0i + 0o) = 0. 

We must remember that only 8 P 2 can give a term with m - 2, that both 
S P 2 and 8 Pi can give terms with m = 1 and that all three of the 3 P levels 
can give terms with m = 0. These equations lead to the values g-, = A 
0i = M, 0o indeterminate, in agreement with LandAs table. 

Similarly, the sum of the 7 values for levels having fixed l, s, and m, 
but variable j, is independent of the field strength: 

= constant, with m, l, and s fixed. 


1 Z. Physik, 8 , 257 ( 1922 ). 


( 21 ) 
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The value of 7 in a strong field is found to be 


m s mi 

7 - (sT Wd + VA 


( 22 ) 


Other interesting regularities are these: 

= 0, (23) 

m j 

%%mg = 0. (24) 

■m j 

As mentioned by Back and Lande , 1 these relations lead to the following 
conclusion: If we attribute the weight one to every magnetic level, 
then the position of the center of gravity of all magnetic levels arising 
from a multiplet is independent of the field. 


13. EXPLANATION OF THE INTERVAL RULE AND OF INVERTED TERMS 

The interval rule of Landd may be explained by ideas very similar 
to those used in deriving the g formula. Let us represent the atom by an 
aggregate of angular momentum vectors, k and Sj. Each electron, say 
the pth, will be considered as a magnet of moment sAe/4irmc. We 
suppose that the average field acting on this magnet to orient it is com- 
posed of two parts. First, there is a torque due to all the other s { vectors, 
which causes the s, vectors to form a quantized resultant s. Second, 
there is a torque on s { due to the revolution of the same electron on its 
orbit with quantum number U It is supposed to be insensitive to the 
fields produced by the revolution of other electrons, for reasons not 
fully understood. Under these circumstances, the potential energy of 
interaction of h and s t - is equal to (Chap. V, Secs. 16 and 17 ) 

Ei = hBcaHiSi cos , (25) 

Zi is the effective nuclear charge to which the electron is exposed when 
at a distance r from the nucleus and a is the radius of the first hydrogen 
orbit. To a first approximation, the vectors k have a precessional 
motion around their resultant l, the nature of which is explained in more 
detail in Sec. 14 , and the vectors s, precess around s; while l and s turn 
much more slowly around the resultant j. In general, the frequencies 
of these precessions will all be different and will be of an order of magni- 
tude quite distinct from that of the orbital frequency. If we write 
each term under the bar in equation (25) as a Fourier series, then on 
multiplying these series and averaging, all the terms will vanish, except 
the first one, which does not contain the time. This term is the product 
of the constant terms in these series, that is, the product of the average 
values of the individual series. This proves that the average in equation 

1 “Zeemaneffekt,” p. 74. 
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(25) is equal to the products of the averages of each of its factors. We 
write 2Ci for the average of Z;a 3 /r 3 . Further, 

Usi cos (ksi) = li cos (lil)si cos ( SiS ) cos (Is). (26) 

Proof. — k$i cos ( ksi ) is the scalar product (li • si). Since the precession of l and 
s around j is supposed to be slow compared with the precessions of the k and vectors, 
we may obtain a first approximation to this scalar product 
by calculating just as though l and s were fixed in space. 

Figure 9 illustrates the case of two electrons. We resolve k 
int a component k cos (kl) parallel to Z, and a component 
li sin (kl) perpendicular thereto: Si is resolved similarly. 

In the scalar product (h ■ s«), we write each vector as the 
sum of its two components. Multiplying out, we have the 
sum of four scalar products. Now, in taking the time 
average only the product ( U cos (kl) * cos ( )) yields a 
finite contribution to the result, namely, the expression on 
the right of equation (26). This is true because the 
frequencies of the k and s* are supposed incommensurable. 

The cosine of the angle between the vectors U sin (kl) 
and Si cos (s^) is as often positive as it is negative; and 
similar statements may be made concerning the products 
(k cos (kl) * Si sin (s^)) and (k sin (kl) * Sisin .(*;«))» so that 
their time averages are zero. 

Summing over all the electrons, and remember- 
ing that Si is always }i, we have the total magnetic 
energy of the atom: 

E = hRca 2 cos (ls)^Oik cos (Ul) cos (s*s). (27) 

V 

When the sum in this equation does not depend materially on the relative 
orientations of l and s, we may replace it by its approximately constant 
value, C. Then, replacing cos (Is) by its value in terms of the sides of the 
triangle j, l, s } we have, 

E = h.Rca 2 C J - (28) 



Fig. 9. — Quantized 
arrangements of U and m 
vectors. 


The new mechanics requires us to replace this formula by 


E = hRca 2 C 


= hRcaKJ 


(j + K ) 2 - G + H) * - (« + H ) 2 + H 

2(s + yi)(l + M) 

j( j + l)-s (s + 1 ^— l (H- 1) _ 

2 (s + + H) 


(29) 


The difference of energy of two terms having the same 1 and s, but/s 
which differ by unity, is, 


Ej — Ej-i = hRca‘ z C 


(i + KKs + wy 


(30) 
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The linear dependence of this energy difference on j gives us the interval 
rule (Sec. 7 ), and consideration of the assumptions on which equation 
(30) is derived gives us insight into the physical conditions which exist 
when this rule is approximately fulfilled. Many interesting conclusions 
may be drawn from equation (27), such as the following: 

If we have two outer electrons, one of which is on an s orbit, the sum 
in equation (27) reduces to a single term, let us say cj >2 cos (s 2 s), and 

E = hRca 2 cos (ls)Czl 2 cos (s 2 s). 

For a triplet, cos (s 2 s) takes the value +1, and therefore the interval 
between the outside levels of the triplet is 2hRca 2 C 2 ^ 2 , which is to say, 
the total spread of the triplet is the same as that of a doublet term 
of the same l, and having the same effective total quantum number. 
This is often found to be the case. Other regularities which are pre- 
dicted by equation (27) have been studied by Bechert and Catalan. 1 

We come now to the explanation of inverted terms. A multiplet 
will be reg ular or inverted, according as the summation in equation (27) 
is positive or negative. Now for excited states in which the constants 
Ci may be quite different for the various outer electrons, the possibilities 
are numerous and complicated. Let us limit our attention, therefore, 
to the case of equivalent electrons, for which U = X and all the Cj s are 
equal to a constant k, let us say. If all the s» vectors are parallel, cos 
(S(S) is positive in every term of the summation of equation (27), and it 
reduces to k\ 2 cos (If). But this sum must be positive, for there are 
more electrons with k in the direction of l than in the opposite direction. 
This means that there cannot he inverted terms having the highest possible 
value of s, that is, having a multiplicity greater by one than the number 
of equivalent electrons involved. Therefore, we must consider terms of 
lower multiplicity. Perhaps the simplest illustration is that of the 
lowest terms 3 P of the sixth group elements, 0, Se, and Te. We need 
only consider the four p electrons of the outer shell. In discussing these 
terms, Slater assumed (Sec. 14 ) that the s { vectors are all either parallel 
or antiparallel to their resultant, no reason being given save that this 
supposition leads to correct results. Since we are dealing with triplet 
ter ms , three of the Si vectors must be parallel to s, the fourth being 
antiparallel. Thus for three of the terms in the summation of equation 
'(27), cos (s^) is positive, and for the fourth it is negative. Slater was 
able to show that for a simple vector model of this kind the resultant 
l' of the k vectors which have their s,- vectors parallel to s, is conjugate 
to an angle variable, and must be a multiple of h/ 2x; and the same is 
true of l ", the resultant of the k vectors which have their Si vectors 
antiparallel to s. For the 3 P term under consideration, l" = 1, since 
there is only one electron for which s { is antiparallel to s, but V may be 

1 Z. Physih, 37 , 658 ( 1926 ). 
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2, 1, or 0, and the whole problem is to find which of these possibilities 
actually occurs. Slater answered this question by making a new assump- 
tion — that Faults exclusion principle applies separately to V and V', 
so that no state is allowed which would become a forbidden state by 
simply removing electrons from the atom. On this basis, the three 
electrons giving rise to V must form an allowed configuration for which 
$ = %. Looking at Table 10, we see that the only term of this kind is 4 £, 
so that V = 0. Thus, the sum in equation (27) reduces to a single term, 
— C4Z4 cos (hi), and cos (hi) is unity because h — l . Therefore, we 
have an inverted term. 

By applying the same method we can determine the nature of the 
lowest term in every case. So long as we are dealing with normal 
multiplet spectra, the result is as follows: Consider, first, an atom with 
an outer shell composed entirely of p electrons. If there are less than 
three of them, it is possiple to have terms for which the multiplicity is one 
greater than the number of electrons without violating Pauli’s principle 
(see Table 10). Since the energy of interaction of the Si vectors is 
ordinarily greater than that of the k vectors, these terms of highest 
multiplicity must be the lowest terms. As stated above, a term of the 
highest multiplicity must be regular. Now, if there are exactly three p 
electrons, we have a 4 £ term, and if there are more p electrons we have 
I' = 0. 1 From this it follows that all surviving terms of the summation 
of equation (27) are negative and we have inverted terms. Similar 
relations are encountered in the case of atoms which have only equivalent 
d electrons or equivalent / electrons. The general statement is this: 

In building an outer subshell of equivalent electrons we have regular 
terms in the first half of the subperiod } an S term at the middle , and inverted 
terms in the second half. 

To make this more concrete, we may say that regular terms are 
obtained from less than three p, five d } or seven / electrons, and so on. 

14. A DYNAMICAL MODEL FOR A COMPLEX ATOM 

In preceding sections we have made free use of a model in which 
the atom is replaced by a set of angular momentum vectors. Slater 2 
has made a thorough investigation of the motions in such a model on the 
basis of certain simplifying assumptions. Any one of the vectors is 
supposed to act on another with a torque which is proportional to the 
sine of the angle between them. To show that this assumption is a 
natural one, we may recall that under these circumstances the potential 

1 This follows because in the lowest term s must have as large a value as possible 
consistent with Pauli’s principle. The largest value of s is obtained when as many s« 
vectors as possible are in the direction of s; but when this is the case, on taking away 
the electrons with vectors antiparallel to s, we are left with a configuration giving 
rise to a term with V = 0, just as in the illustration dealing with sixth-group elements, 
-Rev, , 28,291 (1926), 
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energy of any pair of vectors will be proportional to the cosine of the 
angle between them, just as in the case of two magnets. It may be well 
at this point to consider the sign of the energy of such a pair of vectors. 
The fact that the alkali doublets are regular shows that the state of 
higher energy corresponds to the case in which l and s are parallel. Now, 
before the advent of the spinning electron, it was difficult to understand 
this as Breit 1 first clearly pointed out. His argument is as follows: 

The vector s is supposed to represent the angular momentum of the 
kernel and is, therefore, localized, at least approximately, at the center 
of the atom. At the center there is a magnetic field H, due to the orbital 
revolution of the valence electron. If the magnetic moment of the 
kernel is y, and if y makes an angle 6 with the direction of H, the magnetic 
energy is ~nH cos 6. But when 1 and s are parallel, H and y are parallel, 
so that the state of higher j should have the lower energy. This difficulty 
was abolished when it was found that s is located on the electron itself, as 
we may see by considering the calculations in Secs. 16 and 17 of Chap. V. 

The practical consequence for our discussion of Slater's work is that 
we must choose the proper signs for the torques between the vectors 
in his rather abstract model, guided by our knowledge that the alkali 
doublets are regular, and by other pertinent facts. In order to restrict 
the discussion to normal multiplet spectra, Slater begins by assuming 
that the coupling of the 1 vectors among themselves, or of the s vectors 
among themselves, is strong compared to that between the l’s and s s. 
In other words, the separation between multiplets is to be large compared 
with that between adjacent levels of a multiplet. It is assumed that the s 
vectors are all either parallel or antiparallel to their resultant. Further, 
the problem is simplified by the assumption that there is no torque 
between the 1 of one electron and the s of another. With these restric- 
tions, Slater obtains the motions of the vectors for a shell of equivalent 
electrons and for such a shell in combination with another non-equivalent 
electron. His method of attack is as follows: 

Suppose that p £ is one vector and p,- another. The torque exerted on p; by 
p,- is proportional to the sine of. the angle between, if the energy is proportional 
to the cosine. It is a vector, at right angles to p; and p,-. That is, it can be 
written as a constant times the vector product: Ai;[piP;]. Taking the torque 
as the vector product of the force and the lever arm, it is readily verified that a 
positive An means that p» is being pulled toward p,. The total torque on p, 
is then the sum of the torques from all other angular momentum vectors: 

S , j)Ai;[pip,']. 

The equation of motion for p,- now is simply that the time rate of change of 
the angular momentum, equals the torque acting: 

^ = rp<X A ”p>i- . 

dt j L j J 

1 Nature, Sept. 15, 1923. 
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The law of action and reaction states that the reaction of p,* on pi, A,Apfp*], is 
equal and opposite to the action of pi on p/, so that An — A si . 

The device used in solving the equations of motion of this type is 
very simple in principle. First, we neglect the interaction of the Vs 
and s’s and consider the system of 1 vectors independently. As stated 
several times before, the motion of the Vs consists in a uniform rigid 
rotation around their resultant. The proof is very simple for the case 
of a shell of equivalent electrons: The constant An will be the same for 
each pair of electrons and may be written as A. Then the equation 
for U is, 

f-MaJ, 

where the summation sign indicates a vectorial sum which extends over 
all the electrons except the zth. Now the vector product, A[ 14*], is zero, 
and so it may be added to the right side of this equation, which becomes 

j t = [Ml], (31) 

since 21/ = 1. It is well known 1 that when a vector is subject to a law 
of this kind, its motion is simply a uniform precession around the vector 
A1 with angular velocity Al, which we shall call w*. Similarly, in the case 
of the s vectors, the whole system rotates around s with angular velocity 
Bs — Now we introduce a small coupling torque of the form 
/x[liSj in the equation for 1*, and a similar term in the equation for s*. 
This causes a slow precession of both 1 and s around j. The detailed 
solution shows that small periodic terms of higher frequencies are also 
present in the motion; but still more important, it turns out that new 
quantities suitable for use as quantum integrals make their appearance. 
They are, 1', the vector sum of those Vs which have s/s parallel to s, and 
1", the vector sum of those Vs which have s/s antiparallel to s, so that 
1 = 1' + 1". To show that these vectors are suitable for quantization, 
we only need to prove that they are constant (except for quantities 
of the order of m 2 )j and this is easily carried through. The motion of the 
1; may be described as follows: Each b processes with angular velocity 
co/ about 1', or <* >/' about 1", as the case may be; further 1' and 1" precess 
about 1 with velocity^, where 1 is a vector differing from 1 only by a 
quantity containing the first power of /x; 1 has the interesting property 
of precessing uniformly around j, although 1 does not. The energy of 
the atom is finally shown to be 



1 For example, see Page, ‘ ‘Introduction to Theoretical Physics/ ’ D, Van Nostrand 
Company, New York (1928). 
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By taking the derivative of E with respect to j we obtain the angular 
velocity of the precession around j, and m, co/, etc., can be obtained simi- 
larly (Chap. IV, Sec. 13). 

The results are more complicated when one non-equivalent electron 
is added to the atom, and they will not be quoted here. Further study of 
Slater’s paper is recommended to anyone who wishes to appreciate the 
great value of the vector model in giving qualitative explanations of 
spectral phenomena. 

16. DETERMINATION OF THE SERIES LIMIT APPROACHED BY A 
MULTIPLET TERM 

Let us suppose that the total quantum number of one electron in an 
atom is adiabatically increased until it is very large. The state of the 
atom approaches that of a singly charged ion. In general, this ion will 
have a number of low-lying states, and we desire to know which one 
of these will be attained when the electron in question is completely 
removed. The answer depends on the nature of the multiplet level in 
which the atom was found when the process began. In some cases it is 
possible to examine this question experimentally by observing the 
behavior of individual terms of successive multiplets in a series. The 
simplest case would be that of the sharp or the diffuse series of an alkaline 
earth where the sequences head for the same wave number and the atom 
approaches the same ionic state regardless of the j* values of the terms 
through which it passes. The question involved here may be formulated 
as follows: 

Considering the case of two electrons solely to simplify the notation 
(a quite unimportant restriction), what is the correlation of the terms 
described by the quantum numbers 

Ii, h, Si, s 2 , s, l , and j (33) 

with the terms of the ion, described by the numbers 

$1; ii* 

This question can be answered by the following artifice, introduced 
for the sole purpose of allowing us to use the results of Sec. 12 and others 
like them. If we expose the neutral atom to a strong magnetic field, 
we can follow in detail the way in which each term described by the 
quantum numbers of expression (33) gives rise to magnetic levels character- 
ized by certain sets of values of 

lit $i, mn, m s \, h, $ 2 , w s2 . 

The atom will now occupy a state specified by a definite set of these 
quantum numbers; which one it occupies is of no significance. Now, 
with the field still applied, we take away the second electron, leaving 
an ion with the same values of h, s 1} mi h and Finally, the field 
is removed, and we have the ion in the state hsiji which is approached 
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by the atom as a series limit when n 2 is gradually increased. The physical 
principle involved here is very simple, but in practice the details of the 
correlation are complicated and we shall illustrate it by the simplest 
possible case, that of an atom with two electrons on p orbits. The prob- 
lem is attacked in reverse order. First we consult a table, showing the 
correlation of pairs of values of Z±, j\ with pairs of values of mi i, m s \. 
(Table 12 is an example.) We then begin the construction, of the scheme 
shown in Table 14, writing down the chosen l values, and the possible 
mn and m s x values. Now with each mu, we can have m 12 — +1, 0, 
or — 1, and for each of these possibilities there are two possible values 


Table 14. — Series Limits for Terms Arising from 2 p-Electrons 
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of m a 2 , namely +Y and — K- (It must be remembered that we are 
dealing with a case in which the electrons are not equivalent, and that 
Pauli’s rule does not apply.) We list all these cases, and form the result- 
ants, mi and m s . These are the strong-field values of mi and m s for the 
terms of the neutral atom arising from the ionic configuration h, j\. 

The first twelve lines of Table 14 give the mi and ra s values belonging 
to the magnetic levels of the neutral atom which arise from the ionic 
configuration h = 1, j i = Yi) and the remainder of the table contains 
those coming from the ionic term Zi = 1, ji = Y- The next problem is 
to pick out the field-free terms to which these magnetic levels belong. 
This is done in the following way: 

We know that the terms coming from two p electrons must be triplet 
and singlet S, P, and D. We construct Table 15 in precisely the same 
way in which Table 12 was obtained, to show the correlation of mi, m 3 
pairs with the field-free terms of the neutral atom. 



We see that the combination ra* = 2, m, = 1, belongs only to the S D S 
term. In Table 14 this combination stands only in the group of magnetic 
terms arising from the spark term j i = %. From inspection of Table 
15 we find that 3 D 8 also gives rise to the combinations 1, 1; 0, 1; —1, 1; 
— 2, 1; —2, 0; and -2,-1. We strike all of these out of the table and 
turn our attention to 3 £> 2 . Here we find that the highest magnetic level 
belonging to this term, namely that represented by the combination 
2, 0, is in the part of Table 14 belonging to the spark term ji = }4. 
Again we strike out all magnetic levels of 3 D 2 , and continue the process, 
first for the triplet and then for the singlet terms. At the end we see 
that four of the terms go to the limit ~Py, namely 3 D 2 , 3 D i, 3 Pi, and 3 P 0 ; 
the others approach the limit -P ■■>/,. 

The principle by which such questions are attacked is now clear. 
It will be seen that the limits approached by invented terms arising 
from two p electrons are different from those approached by regular terms 
of the same name. For a discussion of some of the difficulties which 
arise, in the case where the series electron is a p or d electron, we may 
refer to papers by Shenstone 1 and Hund. 2 

1 Nature, 121 , 619, and 122 , 727 (1928). 

s Z, Physik, 62 , 601 (1928). 
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16. RECIPROCITY THEOREMS 

Consider the energy levels of an atom in which one electron has been 
removed from a completed group, and (for simplicity) all other groups 
are closed. We have already considered such levels in our study of 
X-ray terms and it is our present purpose to generalize the remarks 
made in that section. 

For a closed group, = 0 and 2mi v = 0. If we remove an 

electron characterized by the numbers l\, m $ i, mn while the remaining 
electrons retain their numbers, the resultant m 8 and mi of the ionized 
group will be — and —mi i. To every set of quantum numbers ni, h, 
m 8 i, mn of an atom with only one electron in the ^-quantum group, there 
corresponds uniquely a set of numbers ni, h, —m s i, — mn characterizing 
an energy state of an atom in which that group lacks only the electron 
with numbers n i, Zi, m 8 1 , mn. The generalization to the case where the 
group has lost r electrons is obvious and constitutes Pauli’s reciprocity 
theorem. In the absence of a strong external field a somewhat similar 
statement may be made, as we see from the fact that when the field is 
removed adiabatically the statistical weights of the various states are 
unaltered. However, the situation can be better appreciated from the 
following statement: For a closed group 21 = 2s = 2j = 0. If an 
electron having numbers n h l 1} s h j v is removed the remainder is charac- 
terized by the numbers n } , -Si, -j\. Similarly, to every config- 
uration of r electrons of total quantum number n, characterized by the 
resultant numbers Z, s, and j, there corresponds a configuration of 2 n 2 — r 
electrons occupying all the places left vacant by the r electrons and having 
the quantum numbers —l, — s, and —j. 


17. THE NORMAL STATES OF THE TRANSITION ELEMENTS 

The spectral characteristics of the lowest lying terms of the elements 
of the first and second transition groups are known from studies, of 
the type described in the preceding sections and from these the number 
of electrons in each subshell can be determined. Figure 10a taken from 
Gibbs and White 1 is a plot of lower lying terms corresponding to the 
different numbers of electrons in the 4, 1 and 3, 2 types of orbits in the 
elements from K to Cu, inclusive. The terms as given are referred 
to the term with one 5 electron and n — 1 d electrons as zero, since the 
ionizing energies of these atoms are not known accurately, and therefore 
the more usual method of referring to the ion and electron as haying 
zero energy cannot be used. The curves are designated by the number 
of d, s, and p electrons which combine to give the terms. There are 
usually many terms for each of these configurations; the plot shows the 
lowest term of each configuration. 

1 Proc . Nat. Acad. Sci ., 14, 559 (1928). 
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The assignment of electrons to the subshells for the normal states 
is now evident. Ca, Sc, Ti, V, Mn, Fe, and Co have two valence electrons 
in the 4, 0 orbits and the remainder in 3, 2 orbits. Cr has one 4, 0 elec- 
tron and five 3, 2 electrons. The assignment in nickel is two 4, 0 and 
eight 3, 2 electrons, though the energy levels of this configuration and 
those of the configuration consisting of one 4, 0 electron and nine 3, 2 
electrons lie very close together. Figure 106 is a similar diagram for the 
second transition group and the electron configurations as given in Table 
3, Chap. IX follow from these curves. It is interesting to note the 



Fig. 10a.' — Plot of low terms of K to Cu, Pig. 10b. — -Plot of low terms of Rb to Ag, 
inclusive. (After Gibbs and W kite.) inclusive. (After Gibbs and White.) 


similarity of these two sets of curves though they show that the normal 
states of the Fe, Co, Ni and Ru, Rh, Pd triads have quite different 
electron configurations. 
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SPECIAL TOPICS IN SPECTROSCOPY 

1. THE STARK EFFECT OF NON -HYDRO GENIC ATOMS 

The Stark effect of non-hydrogenic atoms is qualitatively similar 
to that of hydrogenic atoms presented in Chap. V, Secs. 12 to 15. In 
weak electric fields the energy change of the atom is proportional to the 
square of the field strength, but in sufficiently high fields it becomes 
proportional to the first power of the field. This gradual transition 
from the second-order to the first-order effect occurs, in general, at much 
higher electric fields in the case of non-hydrogenic atoms than in the 
case of hydrogenic atoms. Further, it occurs at greater fields in the 
case of energy levels which differ by large amounts from the corresponding 
hydrogenic levels. In Chap. V, Sec. 14, we showed that the additional 
energy due to the external field is equal to the mean value of the perturba- 
tion term in the potential energy taken over the unperturbed orbit. 
This term is eFz, where z is the displacement of the electron from the 
nucleus in the direction of the field. The orbit of an electron moving 
in a central field of force, which deviates from the inverse square law, 
is not closed, but precesses in a plane. (In the hydrogenic atom, the 
precession is caused ^y the change of mass with velocity.) In the case 
of a precessing orbit, 2 . is as often positive as negative and the mean value 
of eFz is zero. Therefore, an energy term proportional to F is absent. 
The largest energy term must be secured by taking account of the small 
changes in the orbit and is proportional to F 2 . If the field is sufficiently 
large, it will displace the electron relative to the nucleus by an appreciable 
distance. If it is strong enough to suppress the precession, the energy 
term proportional to F becomes important and, in fact, much larger than 
that proportional to F 2 . The smaller the quantum defect is, the less 
is the deviation from the inverse square field and the more easily is the 
electron displaced in the direction of the field; therefore, only those 
levels having small quantum defects will be expected to have large first- 
order Stark effects in electric fields which can be produced by present 
experimental methods. 

The effect of an electric field on the spectra of non-hydrogenic atoms 
has been investigated by Stark 1 and his pupils, 2 by Nyquist, 3 Takarrine 

1 Ann. Physik , 43, 965 (1914); 66, 577 (1918), 

2 Leiber^, Ann, Physik, 66, 589 (1918). 
jfek, 10, 226 (1917), 
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and Kokubu, 1 Ishida, 2 and a number of other physicists. The most 
complete investigations of this kind are those of J. S. Foster 3 on the He I 

spectrum, and of Foster and his colleagues 
on neon and the secondary spectrum 
of hydrogen. The work on helium is of 
special interest because Foster has also 
given the theoretical explanation using 
matrix mechanics. Figure 1 is a repro- 
duction of one of Foster’s photographs 
showing the Stark effect components 
of the 2 IP - 4 1 P, 2 IP - 4 bD, and 2 IP - 
4 l F lines, for which he used a modi- 
fied Lo Surdo 4 tube as a source. The 
polarizations are marked at the side of 
the two figures. In the case of a maxi- 
mum field of 44.5 kilovolts per cen- 
timeter the corresponding maximum 
displacements of the 2 l P — 4 l D parallel 
components are 15.5 and 16.8 cm.” 1 , 
respectively, which gives the order of 
magnitude of the displacements secured. 

Table 1 classifies the various com- 
binations of field-free terms on the basis 
of the number of parallel (p) and per- 
pendicular ($) components observed in 
the field. It is always possible that 
the maximum number of components 
has not been observed, for their separa- 
tions may be too small to be resolved, 
only one parallel and two perpendicular 
components according to Foster’s experiments (Fig. 1), and therefore 


Table 1 


p/s 

% 

Vx 

% 

% 

Term combinations 

\ 8 - l S 
hS - *s 

'S - l P 
ip - IS 

1 p - 1 P 

3 p _ 3p 

3 P - 3 D(?) 

l P - W 

3 P - 3 D(?) 
IP - ip(?) 

3 p — 3 p 



1 Tak amine, Astrophys. J ., 60, 23 (1919); Takamine and Kokubu, Mem. Coll. 
Sci ., Kyoto, 3, 275 (1919). 

2 Nature , 122, 277 (1928). 

3 Proc . Roy. Soc. 114, 47 (1927); 117, 137 (1927); See also Fujioka, Inst, of Phys. 
and Chem. Res., 181, Tokio, (1929). 

4 See Foster’s original article for the experimental details, and Chap, Y Fig. 16, 



Fig. 1. — Stark effect of helium lines. 
(After J. S. Foster.) 

The X P — l F transition has 
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*h»es not tx'long in any column of Table 1. Theoretically, it belong 
m the -jj colujun and it in placed there for that rejinom Similarly, 
t he 7* A l) lutes have two parallel and two perpendicular observed 
eoni|H)hrnta though theoretically t hey belong to the '*■$ column, They 
have been phieed ill both eulmmiH and the uncertainty has been indicated 
by ijueHfitin marks, 

Figure 2 is l he theoretical energy-level diagram calculated by Fowler 
for the transitions from the levels of total (plant urn number 4 to thorn* 
of total tpianl urn mnnher 2, The arrows indicate the permitted tranw- 


M f h if m My drag § n 

jp-o F^iOOKVem ' 



ttiun*; (hi* jieqiendicular component* Aw «* f 1 lire indicated by broken 
line* uml parallel component*, Am — 0, by milid line*. At the right, 
we *lmw the energy diagram of the corre*ponding level* of hydrogen 
ealmdated from equation (70) of (‘hup. V; the broken connecting linen 
allow tito correlation* lad ween the level* of the t wo atom*. 1 The formula* 
for the energy level* of helium are not Himple mid the calculation can bo 
made only by the jierturbation method* of ipmntum mechanic*. The 
diagram *lmw* the number of parallel and perpendicular component*, 
to 1 m* expected and the agreement with the experimental data of Table 
1 i« complete except for the •/' — *1) and '/’ — 'F combination* an already 
mentioned. Moreover, the theoretical value* agree (plant itatively with 
the observed displacement*. 

Similar pattern* are to !*• exjwcted in tin' earn* of atom* of highet 
atomic numlHT. It i* to lie noted, however, that large effect* are Hocured 
(tidy when the orbit* do not penetrate the kernel. In line* belonging 
to a diffitKc wrie*, it often happen* that almost the entire displacement, 
of a Stark effect component i* due to the D term. Conversely, in a 

* St'f %, Fkgmk, 3 t HHJ (1920), 
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sharp series, for which the initial states correspond to penetrating S 
orbits, the final P term may contribute most of the displacement. This 
is well illustrated by the work of Foster and Rowles 1 on neon. As for 
non-penetrating orbits, they find that the displacements D of the diffuse 
terms of neon in theoretically low fields are well represented by D = a — 
bx, where a and b are constants and x is the wave-number difference 
between the field-free term and the corresponding hydrogen term. 

•In this element most of the patterns of the sharp, diffuse, and com- 
bination lines are identical with those observed by Foster in par helium. 
Foster and Rowles observed a phenomenon like the Paschen-Back 
effect for a number of neon lines. At sufficiently high fields the various 
levels of a multiple term fuse together, yielding an unsymmetrical Stark 
effect. Now, the electric field brings out new lines corresponding to 
violations of the azimuthal selection rule (Sec. 2) and the group of Stark 
patterns, belonging to a group of such lines, shows a symmetry like that 
encountered in the Paschen-Back effect. 

The quadratic Stark effect of the sodium D lines was studied in 
absorption by Ladenburg. 2 At a 'field strength of 160,000 volts per 
centimeter, the p-components for the two lines were displaced to the red 
about 0.025 A. The s-component of — 2 2 Py 2 is shifted a similar 
amount, but that of — 2 2 P% is displaced by a smaller amount. 
Grotrian 3 has found that the second and third members of the sodium 
principal series are displaced to the violet. Grotrian and Ramsauer 4 
studied the principal series of potassium, and found that their results 
agree well with a theory of Becker 5 as extended by Thomas. 6 

Ions, which are present under the more common experimental 
conditions used for exciting atoms, may cause a Stark effect of the lines 
emitted by atoms in their neighborhood. The ionic fields, in which 
the atom finds itself, are not homogeneous and vary with time. The 
net effect is to broaden the line emitted by the many atoms in different 
fields. This is certainly one cause for the diffuse character of certain 
lines. The sh'arp series lines, so called because of their narrowness, are 
emitted by transitions between two penetrating orbits, which are very 
slightly affected by electric fields; the diffuse series line, on the other 
hand, are broad because the initial non-penetrating D orbits are strongly 
affected by electric fields of neighboring ions. Holtzmark 7 has used such 

1 Proc. Roy . Soc., 123 , 80 (1929). The Stark effect in neon was studied also by 
Nyquist, Phys. Rev., 10 , 226 (1917). 

2 Physik, Z., 22 , 549 (1921); Z. Physik , 28 , 51 (1924). 

3 Z. Physik, 49 , 541 (1928). 

* Physik Z., 28 , 846 (1927). 

5 Z. Physik, 9 , 332 (1922). 

6 Z. Physik, 34, 586 (1925). 

7 Ann, Physik, 68, 577 (1919); Physik, Z., 26, 73 (1924), 
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considerations in calculating the observed widths of spectral lines and 
obtained good agreement with experimental values, while Hulburt 1 
has discussed the broadening of the Balmer lines from a similar point 
of view. 

In the derivation of the formula for the first-order Stark effect of 
hydrogenic atoms in Chap. V, Sec. 12, we found that the dynamical 
problem is separable in parabolic coordinates £, rj, and that the limits of 
libration are secured by setting cubic expressions in £ 2 and r/ 2 equal to 
zero, and solving these equations. Only two roots were considered, 
namely, those of importance when the field intensity F is small. The 
,, third root leads to significant solutions, when F is large, as in the cases 
considered in this section, and when the electron is on an orbit of high 
total quantum number. Robertson and Dewey 2 have considered the 
limitations of the derivation more closely and find that non-periodic 
orbits with negative energy can exist. Thus, no quantizable orbits 

exist whose energy is greater than an d then only, if < 

This means that with sufficiently large fields and angular 

momenta, continuous energy states with negative energy are possible. 
The same conclusions can be drawn in the case of non-hydrogenic atoms. 

It is well known that the continuous spectra usually found on the 
shorter wave-length side of the series limits extend in many cases well 
to the long wave-length side of these limits. This continuous spectrum is 
due to the recombination of electrons and ions. The minimum energy 
available for emission is the energy of recombination of an electron and ion 
at rest relative to each other to form an atom in a quantized state; this 
energy is that of the series limit. Oldenberg 3 suggested that this exten- 
sion of the continuous spectrum into the longer wave lengths might be 
due to a Stark effect displacement of the series limits. Robertson and 
Dewey show that the existence of continuous energy states with energy 
less than zero as required by their theory accounts for the overlapping 
of the continuous and discrete spectra, assuming that the Stark effect 
is due to neighboring ions present under the conditions of excitation. 
Mohler's recombination spectra, described in Chap. XIII, Sec. 6, and 
illustrated by Fig. 14J3, Chap. XIII, were taken under just such con- 
ditions and illustrate the effect very well. Sharp lines also appear along 
with the continuous spectrum, probably because many atoms radiate 
at considerable distances from ions and thus have sharply quantized 
energy states. 

1 Astrophys. J., 55, 399 (1922); and 59 , 177 (1924); Phys . Rev., 22 , 24 (1923). 

2 Phys. Rev,, 31 , 973 (1928). 

*Z. Physik, 41 , 1 (1927). 

♦ 
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2. EXCEPTIONS TO SELECTION PRINCIPLES 

In our study of the Stark effect (Sec. 1) we saw that the 
rule for the azimuthal number breaks down if a strong electri 
present. As pointed out above, atoms may be subjected t< 
fields of other atoms or ions under the usual conditions of o: 
and therefore derivations of selection rules for isolated atoi 
on the correspondence principle, which are qualitative at b®i 
means of the new mechanics, may not be applicable. 

As a general rule, violations of the azimuthal selection 
alone are quite frequent. Cases where A l and A j both take ai 
values are less often encountered but are still numerous, but ^ 
of the rule for A j alone are very rare and it is especially har< 
duce lines for which j is zero in both the initial and final orbits. 

Leaving the effect of external magnetic and electric fielc 
account, let us discuss the exceptions which occur in ordinary 
scopic practice. The production of forbidden lines is usua 
difficult, the greater the amount by which A l or A j deviates 
prescribed values. In the tables there are many instances 
such as P — P, S — D, and P — F. There are only a few i 
however, in which it was definitely proved that the applied ] 
or the fields of ions and electrons in the discharge are not re 
for or at any rate connected with the production of the lines 
Meggers, and Mohler 1 observed the potassium lines l 2 $i& ■ 
in the low voltage arc, in a space which was shielded from th 
potential of 7 volts. This observation was made at rather high 
but the line was also found by Mohler 1 with a current densi 
order of 10~ 4 amperes per cm. 2 Datta 3 obtained the first two 
of this series in absorption at a vapor pressure of 2}^ mm. 
pressure, lines due to the potassium atom were very sharp, 
does not indicate that breakdown of the selection rule is not cl 
fields of neighboring atoms. It is in accord with our knowled 
effect of weak fields on atoms to assume that even in this ca 
molecular fields are responsible. 

In many cases, violations of the selection rule for l are n 
accompanied by failure of the rule for j. Hansen, Takanr 
Werner 4 obtained mercury lines for which Al = 8 in the c 
discharge. For metals of Group 2, all lines ending on P orbits 
Al 4 involve a violation of the rule for j. Fukuda, Ku ji 
Uchida 5 excited Zn and Cd lines which violate both rules by t 
heavy currents in the vacuum arc at only 30 volts. 

1 Astrophys . J., 56, 145 (1922); Phil. Mag., 43, 659 (1922). 

2 Sd . Papers , Bureau of Standards, 20, 167 (1925). 

*Proc. Roy. Soc ., 101, 539 (1922). 

* Det Kgl. Danshe Videnskabernes Selskab. Math.-fys . Meddelelser , 6, 3 

6 £ci, Papers , Inst, Phys, Chem. Research, Tokyo, 4, 177 (1926), 
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Hannon, Takiunino, and Wornor obtained l',9 n — 2 3 /' s of Hg in a con- 
densed discharge, l»ut concluded that it cannot l>e produced by either a 
homogeneous electric nr magnetic field alone. Thin line wan obtained 
in Zn, ( ‘d, and Hg by Foote, Takamine, and t’hcnauH 1 ttaing a hot 
cathode arc having a low voltage gradient. Only in the case of C'd 
was it possible to excite l'.N’n — 2*/* B by thin method. Finally, 
Kukuda* obtained thin line in both (’d and Hg by the use of a heavy 
condensed discharge in a Geiswler IuIk- with a narrow capillary, but 
was unable to excite the line in Zn except by using a high-current 
vacuum arc. 

Wood and Gaviola* have shown that this line of mercury is esjx'cially 
intense relative to lines which are not forbidden when Hg vapor is excited 
with its 2,ftHfi.7 A. line in the presence of nit rogen or water vapor. Colli- 
sions of the second kind (Chap. XIV) let ween nitrogen or water molecules 
anti mercury atoms in the 2*/’i state are very effective in throwing the 
mercury atoms into the 2 */*« state, so that a high concentration of 
sue!) atoms is secured. In this case no ions or electrons are present 
and the electric fields must be due to neutral atoms, It. may be that 
transitions to the normal slate occur only during collisions with other 
atoms. The line observid is sharp, however, so that, if such is the ease, 
none of the energy of excitation apis-ar* as translational energy of the 
atoms ; the Htark effect of the energy states involved would 1st small, 
because the electron* are moving in {H-netrating orbits. 

These violations of the selection rules are only apparent violations, 
if the radiating atoms are in high electric fields, in such fields the 
asimuthal nutnls-r l is no longer a quantum number, for the quantum 
Mimltcrs of the field-free atom must Is- replaced by m, n u and n% of 
Chap. V, Hec. 12, ami analogous munis- r* in the case of atoms with more 
than one valence electron. The selection rule is now Am *» ± 1 , or 0. 
The j of the field-free atom must also Is- replaced by a number equal 
to the vector sum of m and *, and it is this number which must, change 
by ± l or 0, instead of j, While for convenience we have spoken as 
though the selection rules for l ami j break down in strong fields, this 
1* not an accurate statement of the situation. The quantum numbers 
of the atom have changed and the selection rules apply to the new num- 
bers. The question Is then whether or not. the new rules are obeyed. 
In some of the experiment* referred to nlmvn, high fields are present, 
ami in these cases the violations of the rules are probably not real; 
but, In others, it would seem that the electric fields must lie quite small 
and thus that, true failure* of the rules occur, 

l l*%». H*w,, 86. 188 (1028); im-s slso Takamink nod Fukcoa, l‘hy», Hm,, 28, 23 
(1028). 

• &s. Paper*, Inst. Phy*. Chsm. Research, Tokyo, 6, 171 (1026). 

» Woos, PWf. Mag., 4, 466 fl»37); Wood smi Gaviola. ibid., 8, 271 (1928). 
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Forbidden lines appear strongly in the spectra of certain nebulas, a 
discovery we owe to Bowen 1 and Fowler. 2 Prior to their work, many 
lines in nebular spectra were of unknown origin and were often ascribed 
to elements unknown on earth. It is certain that only light elements 
occur in an extremely tenuous galactic nebula. The Balmer series of 
hydrogen and the spectrum of helium are prominent features of many 
nebular spectra and lines belonging to the spark spectra of carbon, 
* oxygen, and nitrogen are also frequently found. Bowen has found 
that many of these unknown lines arise from transitions, between metas- 
table states of ionized oxygen and nitrogen and their lower, Jying enprgy 
levels. Two strong nebulae lines have the wave lengths 4,363,21 and 
7,325 A.; while the calculated wave lengths for the transitions 1 D^ — 1 Sq 
of 0 2+ and 2 D° - 2 P° of 0 2+ are 4,362.54 and 7,326.2, respectively; the 
agreement is within the limits of error of the calculated values. . The 
strong nebular lines at 5,006.84 and 4,958.91, .known, respectively, as 
the N i and N% lines, have a wave number separation of 193 cm.” 1 ,, which 
agrees with the separation of 3 Pi - 3 P 2 of 0 2+ , namely, 192 cm.” 1 . This 
quite certainly identifies these lines as due to the 3 P 2 — X D 2 and 3 Pi — }D% 
transitions of this ion. Similarly, the 6,583.6 and 6,548.1 A. nebular 
lines are emitted in the analogous transitions of N+. In all these trans- 
itions the Vs of the individual electrons remain unchanged, in violation 
of the selection principle stated in Chap. X, Sec. 3. The 1 P 2 — l S Q 
transition of 0 2+ is also a violation of the selection principle for j. On 
the other hand, the line due to the transition 3 P 0 — ID 2 of 0 2+ is not 
observed. Intercombination lines of this type are comparatively rare 
and weak 3 in the case of these light elements. 

These lines appear in nebulas having a density of about 10” 17 or 
10 -J .8 g rams p er cm. 3 For an atom of oxygen or nitrogen in a gas of 
this density and at the probable temperatures of nebulas (10 5 to 10 6 
degrees) the mean free path will be of the order of 10 3 kilometers and 
the mean free time 10 3 or more seconds. A metastable atom may radiate 
spontaneously in these long times and this accounts for the appearance 
of forbidden lines in nebulas. The presence of lines of unknown origin 
in the solar corona led to the assumption of a new element, coronium. 
This too will probably find its explanation in forbidden transitions of 
elements present in the corona. 

3. FINE STRUCTURES OF SPECTRAL LINES 

Shortly after Michelson constructed his interferometer, he discovered 
by its aid that some spectral lines have a complex structure. Since that 

1 Nature, 120, 473 ( 1927 ); Astrophys. J., 67, 1 ( 1928 ). 

2 Nature, 120 , 617 ( 1927 ). 

3 Croze ancFMiHTJL, Comptes Rendus , 186, 702 ( 1927 ); Fowler, Nature, 120, 617 
(1927). 
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time the structure of many lines has been investigated with spectroscopes 
of high resolving power, such as the Lummer-Gehrcke plate and the 
Fabry-Perot etalon. In some cases, the lines of a multiplet lie so close 
together that thejp are referred to as a single complex line. Such is the 
case with the line 5,876 JL of .helium, for example. However, we are 
concerned here with the structure of individual lines of a multiplet, 
which is not predicted by the theories of Chap. X, and which is often 
referred to %s hyper-finq structure to distinguish it from multiplet struc- 
•turev. To illustrate the .type of ^results which are obtained, let us consider 
.the fine structure of the 2,537 Hg line as measured by Wood 1 and later 
by Macnair. 2 Earlier investigators had reported a structure which 
differs considerably from that recorded here, due to self-reversal of the 
components and false lines, produced by the spectroscopes employed. 
It is now certain that the line consists of five components, as follows: 

* -r 25. 6, —10.3, 0.0, +11.6, and +22.1 milli-Jlpgstr oms. 
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It is customary to use the milli- 
Angstrom and one-thousandth of 
the reciprocal centimeter in dealing 
with fine structures. 

Much of the earlier data on fine 
structures is untrustworthy for ex- 
perimental reasons. They have 
been studied by Joos 3 and by Ruark 
and Chenault, 4 who showed that fine 
structures of the spectral terms are 
responsible for the fine structures 
of the lines. A fine quantum num- 
ber , /, was introduced to distinguish the various levels -of a complex 
spectral term, and showed that in some cases this quantum number obeys 
the selection rule A/ = ±1 or 0: Kimura 5 has. analyzed a number of 
terms of thallium, using the data of Back 6 and of Mohammad and 
Mathur. 7 He was able to explain the observed pattern on the basis 
of the above rule, together with the restriction that transitions between 
levels for which / = 0 are forbidden. A fine-structure energy diagram 
for the three cadmium lines at 5,085, 4,799, and 4,678 JL is shown in Fig. 3, 
taken from a paper by Macnair. 8 The phenomena of fine structures 
are extremely varied, and it is perhaps impossible to explain all of them 


sFig. 3.' — Energy diagram for fine structures 
of three cadmium lines. 


1 Phil. Mag 50, 761 (1925). , ^ 

2 Proc. Nat. Acad. Sci ., 13, 430 (1927). 

zphysik. Z., 26, 380 (1925). 

4 PM. Mag., 60, 937 (1925). . • 

6 Sci. Papers, Inst. Phys. and Chem. Research, Tokyo, 9, 51 (1928). 

6 Ann. Physik, 70, 333 (1923). 

7 PM. Mag., 6, 1111 (1928). 

* PM. Mag., 2,613 (1926). 
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by the use of a single principle. Nagaoka, Sugiura, and Mishima 1 
suggested that the various components of a spectral line are emitted by 
different isotopes. It seems, however, that this is generally not the case. 
Fine structures are found both in elements which consist of a mixture 
of isotopes and those which do not. To be sure, there are changes in 
atomic spectra due to variations in the mass of the nucleus. Aronberg 2 
showed that the wave lengths of 4,058 A. obtained from ordinary lead 
and from radio lead are different by 0.0044 A., and Merton 3 measured 
shifts of the same order of magnitude for 4,058 X and other lead lines. 

Pauli 4 suggested that the origin of the fine structures may be explained 
by assuming that the nucleus possesses angular momentum and magnetic 
moment. It may be well to point out that if the angular momentum 
is of the order of /i/2tt, the magnetic moment is much smaller than one 
Bohr magneton. The ratio of magnetic moment to angular momentum 
contains the mass in the denominator and, therefore, the magnetic 
moment of a nucleus of mass M will be of the order of m/M Bohr mag- 
netons, m being the mass of the electron. This assumption leads to 
frequency differences of the proper order of magnitude. If it is further 
assumed that the relative motion of the electronic and nuclear structures 
is a uniform precession around the vector representing the total impulse 
moment of the atom, a simple theory of the possible quantized states 
leads us to expect that complex levels will resemble tiny multiplet levels, 
which is sometimes true, but not always. Pauli states that these assump- 
tions as to the origin of satellites require that in an external magnetic 
field they should undergo a transformation. In weak fields they should 
have a new and perhaps complicated Zeeman pattern, which should 
change, in stronger fields, into the anomalous Zeeman pattern appropriate 
to the spectral line in question. There are data which are in good 
qualitative agreement with these predictions. In particular, the Zeeman 
patterns of certain complex mercury lines show a bqhavior like that 
predicted above. 5 Further evidence in favor of Pauli’s hypothesis 
has been obtained by Goudsmit and Back 6 in a study of the fine structures 
of bismuth lines. They conclude that the fine quantum number is to be 
interpreted as the resultant impulse moment of both the nucleus and the 

9 h 

electron shells, and find the value ^ ^ f° r moment of the bismuth 

nucleus. There is nothing impossible about this value, considering 
the high atomic number of bismuth. While Pauli's hypothesis seems 

1 Japanese J. Phys., 2, Nos. 6-10 (1923). 

2 Astrophys. J., 47, 96 (1918). 

*Proc. Roy. Soc., 96, 388 (1920). 

4 Naturwis,, 12, 741 (1927). 

6 Data of Nagaoka and Takamine, Phil Mag., 27, 333 (1914) and 29, 241 (1915); 
analyzed by Rtxark, Phil Mag,, 61, 977 (1925). 

« Z. Physik, 43, 321 (1927). 
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likely to be of very general application, it may not be amiss to point 
out some of the difficulties which confront it. Fine structures are quite 
capricious in their occurrence, and analogous elements do not have similar 
fine structures. Copper and silver, cadmium and mercury offer good 
illustrations. Further, we should anticipate that different isotopes 
of an element would have different nuclear moments, and therefore would 
have different fine structures. Data which bear on this point are few 
in number. Jenkins 1 compared the spectra of ordinary Hg and Cl 
with those of samples in which certain isotopes were enriched. In 
the case of mercury, the proportions of isotopes 198 and 204 in these 
samples differed by about 20 and 27 per cent from their normal values, 
respectively. No wave-length shifts greater than 3 * 10~ 4 * A. were 
observed in the lines 5,461, 4,358, 4,078 and 4,047 A.; and the relative 
intensities of the satellites were visually identical. In the case of chlorine 
the two specimens differed by 0.097 atomic-weight units, and distinct 
evidence of wave-length shifts was obtained. The chlorine lines exam- 
ined probably have no satellites. 

With few exceptions, elements which have abundant fine structures 
lie in those parts of the periodic table in which either the valence shell 
or the next underlying shell is well on its way to completion. It is 
worthy of note that nearly one-fifth of the lines of lanthanum have fine 
structures, which have been studied by Meggers and Burns. 2 

4. THE POLARIZATION OF RESONANCE RADIATION 

Wood and Ellett 3 observed that the resonance radiation of mercury 
and sodium is polarized, and that this polarization is related to the 
plane of polarization of the exciting light and is changed by a magnetic 
field. Figures 4 and 5 show the experimental results of Wood and 
Ellett, 4 except that the angle of 54° for zero polarization in Fig. 5 is 
that obtained by Hanle 6 and by Ellett in his later work, instead of 45° 
originally reported by the former authors. The incident light comes 
from the left in the direction of the Z-axis; its electric vector is shown 
by arrows. The direction of the magnetic field H is indicated by an 
arrow and the polarization of the light observed along the axes is shown 
by crossed double-headed arrows which are not drawn to scale, and by 
the percentage of polarization; This is defined as 

P = (i) 

1 p "T" I 8 

1 Nature , 117, 893 (1926); Phys. Rev., 29, 50 (1927). 

> J. O. S. A., 14, 449 (1927). 

3 Phys. Rev., 24, 243 (1924). 

4 Wood and Ellett, loc. cit.; Ellett, J. 0. S. A., 10, 427 (1925). 

4 Z. Physik, 30 , 93 (1924). 
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where I p and I 8 are the intensities of the components parallel and per- 
pendicular to the magnetic field respectively, or, in the absence of the 
field, of the two components referred to the axes as shown. This polar- 
ization changes in most cases with the field intensity and the recorded 
values are the maximum polarizations observed. In the case of the 
mercury 2,536.7 JL line the maximum is reached at a few gauss, and 
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Fig. 4. — Polarization of Resonance Radiation of Sodium. 
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Fig. 5 — Polarization of Resonance Radiation of Mercury. 


in the case of the sodium D lines at 60 gauss; higher fields do not change 
the polarization. The experimental errors are fairly large and within 
the limits of these errors the results of Wood and Ellett are in substantial 
agreement with other work by Hanle and by Ga viola and Pringsheim. 1 

The theory of this effect was developed by Breit, 2 Pringsheim, 3 
Joos, 4 * Gaviola and Pringsheim (loc. cit.) and Van Vleck, 6 following 

i Z. Physik, 24, 24 (1924). 

* Phil. Mag., 47, 832 (1924). 

8 Naturwis., 12, 247 (1924); Z. Physik, 23, 324 (1924). 

* Physik. Z., 2E, 130, 298, 400 (1924). 

s Pros. Nat. Acad. Sci., 11, 612 (1925). Van Vleck has applied more recent inten- 

sity rules for the Zeeman components of the two D-lines to the previous calculations 
and it is largely his numerical results that are quoted here. 
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somewhat the suggestions of Foote, Ruark, and Mohler 1 and Hanle. 2 
Since most of the observations have been made for the cases in which the 
magnetic field is zero or lies in the plane defined by the electric vector 
and the direction of the incident light, i.e., the XY plane (Fig. 4), we 
shall develop the theory for this case only. The other cases are handled 
quite simply by similar methods. 

Let the angle between the direction of the electric vector and that 
of the magnetic field be d. The magnetic field is assumed to be suf- 
ficiently intense to orient the atoms and to split the lines into parallel 
and perpendicular Zeeman components, but it must not be sufficiently 
intense to change the energy levels to such an extent that the outside 
Zeeman components fail to fall within the band of frequencies covered 
by the exciting line. The probability of absorption of linearly polarized 
light by a parallel Zeeman component is proportional to the square 
of the electric vector component parallel to 
the direction of the magnetic field, that is E 2 
cos 2 6, where E is the electric intensity of the 
light. The “ corresponding” circular oscil- 
lator which absorbs a perpendicular com- 
ponent can be resolved into two linear 
oscillators at right angles to each other as 
shown in Fig, 6. The one oscillator is per- 
pendicular to E and, therefore, the prob- 
ability for the absorption of the linear light by this component is zero; 
the probability of absorption by the other is proportional to E 2 sin 2 0. 

It is necessary to consider the relative probability of absorption 
by the corresponding linear and circular oscillators. The so-called 
principle of spectroscopic stability is a statement of the experimental 
fact that the percentage of polarization and the total intensity of the 
light emitted by a gas excited isotropically or absorbed by a gas do not 
change when a magnetic field is applied. With isotropic excitation 
the sums of the intensities of the parallel components and of the circular 
components viewed perpendicular to the field must be equal and the 
sum of the intensities of all components when viewed perpendicular 
to the field must be equal to the sum of the intensities of the circular 
components viewed parallel to the field. This requires that the intensity 
of the circular components viewed parallel to the field must be twice 
that of the same components viewed perpendicular to the field. Inte- 
gration of the intensities over alf directions in space shows that the total 
energy emitted by the circular components in all directions is twice 
the energy emitted by the parallel components in all directions so that 
the sum of all the probabilities of spontaneous transition for the circular 

1 J. 0, S. A., 7, 415 (1923). 

2 Naturwis., 11, 69() (1923). .. ^ .. 
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components must be twice the same sum for the parallel components. 
Obviously, the same relations must hold for the probabilities of absorption 
of unpolarized light. 1 

Let Ai and a* be the probabilities of spontaneous emission in all 
directions in transitions from the ith excited Zeeman level for the per- 
pendicular and parallel components, respectively. There is at most 
only one such perpendicular component and one such parallel component 
in the cases we are considering. Then, because of the requirements of 
spectroscopic stability just considered, the probabilities of absorption 
of unpolarized light from a direction perpendicular to the field, by the 
ith parallel and perpendicular components are ai and %Ai, respectively, 
and taking account of the factors cos 2 6 and sin 2 6 arising from the use 
of plane polarized light with angle 6 between the electric vector and the 
magnetic field, the probability of exciting the fth level is proportional to 

E 2 ai cos 2 6 + Y 2 E 2 Ai sin 2 6 . : (2). 

To see how the polarization of the emitted light may be obtained, 
we shall consider a representative case. The magnetic energy levels of 
the 1 2 S^ — 2 2 P^,% transitions of sodium are as given in Fig. 7. The 
relative probabilities of emission A or a, and the relative intensities I of 
the various Zeeman lines when viewed in a direction perpendicular to the 
magnetic field are indicated beneath the diagrams (Chap. XX). Sub- 
stituting the values of Ai and ai in expression (2), we get the probability 
of exciting an atom to the ith state. If the 2 P %/ states with m = ±% 
are excited, the atom can return to a lower level by one transition only, 
but in the case of all other excited levels there are two such transitions. 
To secure the resultant probability of the return to a lower level by one 
route, we divide the emission probability (either A { or a<) by Ai + a^, 
and multiply by the probability of excitation of the higher level. In 
the case of perpendicular components we must multiply by H to get 
the intensity as compared to the parallel components, for the reasons 

1 The requirements of the principle of spectroscopic stability are readily derived 
for the case of classical linear oscillators. Three linear oscillators of unit amplitude 
oriented parallel to the X-, F-, and Z-axes, respectively will emit unpolarized light with 
equal intensity in all directions. In the presence of a magnetic field parallel to the 
Z-axis, the motion of the three oscillators will be changed as follows: (1) the linear 
oscillator parallel to the field will be unchanged; (2) each of the other two oscillators 
will be split into right and left circularly polarized components of amplitude M* 
The total emission of the linear component is proportional to l 2 and the intensity of 
light emitted by this component perpendicular to the Z direction is also proportional 
to l 2 . Each circular oscillator may be resolved into two linear oscillators with ampli- 
tude K, and 'the emission of each of these is proportional to (M) 2 > making the total 
intensity due to all circular components proportional to 2. Similarly, the intensity 
of each circular component viewed perpendicular to the field is proportional to 

and the intensity of each circular component viewed parallel to the field is proportional 
to 1, Thus the requirements of spectroscopic stability are met. 
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This is the polarisation nt nil azimuths in the plane perpendicular to 
the direction of //, The angle for aero polarization is secured by setting 
this expression equal to aero. This gives 

cos 1 0 » 1 |§, 9 54,7®. 

The polarisations calculated from this formula for the eases for which 
it applies are given in Fig. 4, The calculation for the ease when // is 
perpendicular to K and to the direction of illumination is made by exactly 
similar methods, with the results given in the figure. In this ease the 
parallel components are not absorbed, The calculation for the ease of 
mm field has been made by tiring an assumption due to Breit, namely, 
by calculating the average effect of magnetic fields oriented at random. 
The value for the ease of utipnlarimd light is obtained by combining 
the results for two beams linearly polarised at right angles to each other. 

The agreement between calculated and olwerved values is quite 
close, but not exact, and seems to Ih* outside the experimental limits 
of error, All known sources of error cause depolarization, Such is 
the effect, for example, of foreign gas, and of divergence of the exciting 
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and the excited beams. In fact, the observed values are all too small, 
except that determined in zero magnetic field. 

The 2,536.7 A. resonance radiation of mercury is almost completely 
polarized in the absence of a magnetic field and it may safely be assumed 
that the deviation from complete polarization is due to unavoidable 
experimental difficulties. The polarization does not change when a field 
is applied parallel to the electric vector of the exciting light; this is in 
marked contrast to the behavior of sodium. This line is split by a 
magnetic field into two perpendicular components and one parallel 
component. The levels are given in Fig. 8. If the field is in the direction 
of the electric vector only the parallel component is excited, the atoms 
are raised only to the upper magnetic level m — 0, and only the parallel 

component should be emitted; that is, the 
7 ”7 light emitted should be completely polarized 

£ 3 p 0 g parallel to the field, in good agreement with the 

i observed value of 90 per cent. If the field is 

parallel to the direction of the exciting beam, 
or perpendicular to both this direction and the 
electric vector, only the perpendicular com- 

, ' s ° i — * 1 j— o o ponents should be excited and emitted and 

r / 2 / the light should be unpolarized when viewed 

Fig. 8.- — Magnetic levels for along the field. This is in agreement with 
X2537 Of Mercury. experiment. Further it should be completely 

polarized perpendicular to the field when viewed perpendicular to the 
field, but the observed percentage of polarization is only 60 per cent. 
The semi-classical method of calculating the polarization in the absence 
of the field used in the case of sodium resonance does not agree with 
the observed value of 90 per cent. Heisenberg 1 suggested that the polar- 
ization should not change when a magnetic field is applied parallel to 
the electric vector of the exciting light. This appears to be correct 
in the case of the mercury 2,536.7 A., line, but not for the H-lines of 
sodium. The depolarization angle for mercury should be 54.7°, as in 
the case of the sodium Z)-lines, while Hanle obtained 54°. 

A weak magnetic field perpendicular to the electric vector and the 
direction of the illuminating beam’ might be expected at first sight to 
destroy the polarization of the (unresolved) light observed along the 
field, for with this arrangement we are dealing with the longitudinal 
Zeeman effect. However, this is not the case. The polarization meas- 
ured relative to' two sixes parallel to the electric vector and the direction 
of the incident beamy respectively, decreases with increasing field. The 
explanation is as follows. The number of atoms of mercury in the 2 s Pi 
state which radiate during the time t to < + dt after excitation is 
dN - *-ANdt as ~-ANoe- M dt, 

1 Z Physik, 31, 617 (1825)C 
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and during the time t a linear oscillator attached to such an atom will 
be rotated by the field through an angle 

< p = 2TrgLt , 

where g is Landes splitting factor and L the frequency of the Larmor 
precession. 

The intensities of the components along the two axes parallel and 
perpendicular to the electric vector of the incident light contributed 
by atoms radiating in the time dt are, 

dl y = hvANtf~ At cos 2 (2tt gLf)dt, dl x = hvAN 0 e~ At sin 2 (2 wgLt)dL 
The percentage of polarization is 



The integrals are extended from t = 0 to t = °° since at any instant 
we are observing the effect of all atoms previously excited. However, 
the plane of maximum polarization is displaced about the axis of the 
magnetic field in the direction of the Larmor precession. The angle $ 
between the plane of maximum polarization in the presence of the field 
and that in its absence varies with the field according to the equation 

tan 2$ = (6a) 


and the percentage of polarization measured relative to axes parallel 
and perpendicular to the direction of maximum polarization is, 


P 2 = 


1 + 


/ 4 TgL 


( 66 ) 


where Po is the per cent polarization with zero field. 1 These formulas 
show that $ = 45° and P = 0 at H = °° . 

Equations (6a) and (66) can be derived in the following way. Eet the 
angle <p( = 2-gLt) be the angle between the direction of polarization in 
the absence of the field and the direction of polarization of the light 
emitted by atoms emitting in the time t to t + dt and let $ be the angle 
defining the direction of maximum polarization (as yet unknown). 
Then the components parallel and perpendicular to the direction of $ are, 


In = f hvANoe~ At cos 2 ($ — <p)dt, Ij. = \ hvAN 0 e A 

Jtsa o 

Then, 


sin 2 ($ —<p)dt. 


P = an - mioo . 

i II + 1± 


(a cos 2$ + 2 sin 2$) 100 (66') 

a 2 + 4 

1 For the relations given here see Elpridgk, Phys. Rev., 24, 234 (1924); Breit, 
J t 0, 8, A., 10, 439 and 11, 465 (1925); and v. Keussler, Phys. Zeit., 27, 313 (1926). 
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where a = A/2i rgL: By taking dP/d$ and setting this equal to zero, 
we secure a value for <3? which makes P a maximum and this gives (6a). 
Substitution of (6a) into (66') gives (66) with the factor P 0 — 100. In 
order to secure (66) for any value of P q it is necessary to consider 
the contribution to I u and h by other oscillators at right angles to the one 
considered, which must be present if P 0 is not 100. 

5. THE RAMAN EFFECT 

It has been known for many years that light is scattered without 
change of wave length by small particles suspended in a gas or liquid; 
this phenomenon is the so-called “ Tyndall effect.” The fraction of the 
incident light which is scattered decreases rapidly with decreasing radius 
of the particle; the fraction is small in the case of molecules, but is still 
observable and constitutes a “molecular” Tyndall effect. The scattered 
light is highly polarized perpendicular to the direction of the primary 
beam and is coherent. Its intensity varies as the inverse fourth power 
of the wave length, so that shorter wave lengths are scattered with much 
greater intensity than long wave lengths. Rayleigh first recognized 
that molecular scattering is the cause of diffuse daylight and that the 
greater scattering in the shorter wave lengths causes the blue color of the 
sky. Kramers, 1 in connection with his quantum theory of dispersion, 
predicted that the displaced frequencies, ± v*, should appear in the 
scattered light in addition to the incident frequency, v 0 ; here v { represents 
one of the characteristic frequencies absorbed or emitted by the molecule. 
Smekal 2 extended the argument of Compton and Epstein (Chap. Ill, 
Sec. 16) in regard to collisions between atoms or molecules and light 
quanta to include possible changes in the internal quantized energy. 
He suggested that the incident quantum might give up part of its energy 
to increase the internal energy, the remainder being scattered as a 
quantum of lower energy and therefore of lower frequency, or that energy 
might be added to the incident quantum and the scattered quantum 
might have a correspondingly greater energy and higher frequency. 

Raman 3 observed that such displaced frequencies . do appear in 
scattered light. He found that this effect is shown by many liquids, 
by the gases C0 2 and N 2 0 under high pressure, and by transparent 
solids. The effect in the case of solids was discovered independently by 
Landsberg and Mandelstamm. 4 This displaced radiation resembles 
the undisplaced radiation in several important respects. Its intensity 
follows the intensity of the undisplaced radiation rather closely in its 

1 Nature, 113, 673 (1924); also Kramers and Heisenberg, Nature, 114, 310 
(1924). 

2 Naturwis., 11, 873 (1923). 

3 Indian Journal of Physics , 2, 1 (1928). Discovered Feb. 28, 1928. 

4 Naturwis., 28, 557 (1928),. , k 
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dependence on the wave length of the incident light. Some of the 
displaced lines are more highly polarized than the Tyndall scattering, 
but others are only slightly polarized. 

Raman and Krishnan 1 and other investigators have studied the 
spectrum of the scattered light. The principal experimental difficulties 
are due to the very low intensity of the displaced light. The spectra 
contain the undisplaced lines' of the incident light, new lines displaced 
mostly to the long wave-length side and also weaker lines displaced to 
shorter wave lengths. These lines are often referred to as the “ Stokes 
and anti-Stokes lines,” in analogy to similar lines in fluorescent spectra. 
Figure 9 is a reproduction of a photograph by Raman showing the 
spectrum of the light of the mercury arc scattered by carbon tetrachloride. 
The pattern is particularly clear in the neighborhood of the 4,358 JL line. 


Hg arc 


Hg arc 
scattered 
byCCl t 

Fia. 9. — Raman spectrum of CCU. ( After Raman.) 

(There is a weaker line of the mercury arc at 4,347 A. whose Raman lines 
are so much fainter than those due to the 4,358 A. line that they are not 
observed.) There are four lines on either side of this line, those on 
the long wave-length side being decidedly more intense than those on the 
short wave-length side. The latter decrease in intensity as we go farther 
from the 4,358 A. line and in fact the fourth line is barely visible on the 
original. The displaced lines are usually quite sharp. Wood 2 has 
found that some of the displaced lines of benzene are only twice as 
broad as the exciting line. In other cases, the displaced lines are very 
broad. Figure 10 (also after Raman) shows such an effect in the case 
of water. 

Each line of the exciting spectrum is accompanied in the scattered 
spectrum by its own group of Raman lines and if the exciting spectrum 
contains many lines, the scattered spectrum is so complex that it is 
difficult to correlate the Raman lines with the correct exciting line. 

1 Indian Journal of Physics, 2, 399 (1028). 

* Private communication. 
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Wood 1 has devised a method of excitation in which only the 3,888 A. 
line of helium is effective. A tube containing the scattering liquid is 
surrounded by a tube of nickel-oxide glass and then by a coiled helium 
discharge tube. The glass transmits only the 3,888 A. line and a few 
very weak lines in its neighborhood and the Raman lines observed are 
due to 3,888 alone. Figure 11 is a reproduction of the spectrum of 


Hg arc 


Hg arc 
scattered 
byH 2 0 

Fig. 10/ — Raman spectrum of water. (After Raman.) 



benzene secured in this way, using a high dispersion spectrograph and 
quite narrow slits. It will be noted that the spectrum is very simple 
and that the fainter displaced lines are very narrow. 

The phenomenological explanation of the Raman effect is that 
given by Smekal. The lines displaced toward longer wave lengths are 
due to quanta which have made inelastic collisions of the first kind with 
the molecules, while those displaced to the shorter wave lengths have 
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Fig. 11. — Raman spectrum of benzene excited by He 3888. (After Wood.) 


made collisions of the second kind with excited molecules, so that their 
energy has been added to that of the incident quantum; and, finally, the 
undisplaced line is due to quanta which have made elastic collisions. 
The Raman effect presents another good example of similarity between 
the behavior of light quanta and electrons (Chap. XXI). At ordinary 
temperatures only a small fraction of the molecules will possess energy 
associated with any degree of freedom for which the energy steps are 
1 Private communication. 
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more than a few times the mean thermal energy; thus, the anti-Stokes 
lines are less intense than the corresponding Stokes lines. For Stokes 
lines of about the same intensity, the intensity of the corresponding 
anti-Stokes lines decreases as the frequency difference between these 
lines and the exciting line increases. This is in agreement with observa- 
tion, as shown by Fig. 9. 1 

A comparison of the wave lengths of infra-red bands, calculated from 
the Raman displacements and observed in the infra-red, brings out some 
very striking facts. With few exceptions, the displaced Raman lines 
correspond to observed infra-red bands, but there seems to be little or no 
correlation between the relative intensities of the displaced lines and 
the intensities of the corresponding infra-red absorption bands. Thus 
benzene has a very strong absorption band at 9.75m, toluene one at 
6.86^, and chlorbenzene at 6.77 m, while Pringsheim finds no evidence 
for any scattered lines displaced by the corresponding frequencies. 
Moreover, the most intense Raman lines of these substances are displaced 
by frequencies corresponding to the 10.3, 10.2, and 10.0m infra-red 
bands, respectively, and these are not the strongest infra-red bands of 
these substances. Pringsheim has further observed that cases in which 
the vibrational energy changes by 2v i} Zv iy . . . , are very rare. 

Langer 2 and Rasetti 3 have given the following explanation of such 
peculiarities. Let v be the frequency of the incident light, and let via 
be the frequency corresponding to a transition of the scattering molecule 
from state h to state l. Further, let A kn and Ai n be the amplitudes 
corresponding to the intensities of the lines emitted in jumps from k to n, 
and from l to n, respectively. Then it is a consequence of wave mechanics 
that the intensity of the Raman lines v ± v h i is proportional to a sum 
of terms of the type 

AknAln [ k— ' + — ]Ow ± ") 2 - 

Thus, the Raman lines v ± v k i will appear only when we can find at 
least one level n such that both A lm and Au are different from zero; 
that is, when there is at least one level with which both k and l can 
combine. 

These considerations show that we may have a Raman shift corre- 
sponding to an infra-red transition forbidden by the selection rules, so 
that we have the possibility of getting energy levels of molecules which 
cannot be detected in other ways. Langer has analyzed his data on 
the Raman effect in CC1 4 from this point of view and finds excellent 
agreement. 

1 See also Pringsheim, Z. Physik, 50, 741 (1928). 

a Nature, 123 , 345 (1929). 

•Pro o. Nat, Acad. Sci. 15, 234 (1929). 
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Rasetti 1 has secured the displaced mercury lines scattered by CO 
and C0 2 at atmospheric pressure. CO gives a line displaced by the 
frequency of its infra-red band, while CO 2 does not. Instead, the 
observed Raman line of CO 2 is displaced by the difference infrequency 
of two infra-red bands. McLennan and McLeod have secured Raman 
lines from liquid oxygen, nitrogen, and hydrogen. The observed changes 
in frequency correspond to changes in the vibration quantum number 
from 0 to 1 and from 0 to 2 in the case of oxygen and nitrogen, and from 

0 to 1 in the case of hydrogen. In addition, changes in frequency corre- 
sponding to changes in the rotational quantum number from 0 to 2 and 

1 to 3 are observed in the case of hydrogen. None of the corresponding 
infra-red bands have been observed and in fact these transitions are 
violations of the selection rules for band spectra. 

Ramdas 2 has found that the Raman effect is less intense in gaseous 
CO 2 than in liquid C0 2 at the same density, that is, near the critical 
temperature, and he succeeded in getting the effect in ether vapor. 
Wood 3 has observed a displaced line corresponding to the 3.46 n band 
of HC1, by illuminating this gas at one atmosphere pressure by an intense 
mercury arc. The Raman line is very sharp, and is displaced slightly 
less toward the red from the exciting line than would be expected for a 
line at the middle of this band. It appears that the Q branch of this 
band is excited; this is the group of lines for which the vibrational quan- 
tum number changes from 0 to 1 and the rotational quantum number 
does not change. Using formulas which will be developed in Chap. XII, 
the frequencies of these lines can be calculated; the line corresponding 
to a transition from the rotational state present in largest numbers at 
ordinary temperatures should have a wave number about 3.5 cm. 1 
less than that of the middle of the band, which agrees with Wood’s 
observation. As we shall see in Chap. XII, this Q branch is not observed 
in the infra-red. 

It is important to consider whether the displaced radiation is coherent 
or incoherent. Brickwedde and Peters 4 have shown that it is incoherent 
in the case of scattering from quartz by studying the variation of intensity 
of the displaced lines 'as a function of the temperature. Undisplaced 
radiation scattered by crystals at low temperatures is very weak, because 
it is destroyed (except in the direction of the original beam) by inter- 
ference between wave trains from .the regularly arranged atoms of the 
crystal; its intensity increases with the absolute temperature because 
of the increased irregularity in the crystal. 

1 Nature, 123, 205 (1928). 

2 Indian Journal of Physics, 3, 131 (1928). 

3 Private communication. 

4 Private* communication of work done in the cryogenic laboratory of the Bureau 
of Standards, 
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’ an incoherent scattering, in which there is no phase relationship 
>n the light scattered by different particles, local variations in 
1 of the crystal would have no effect upon the intensity of the 
ed light. Thus we have an experimental test for determining 
3r the modified scattering is coherent or incoherent. Figure 
spectrogram obtained by Brickwedde and Peters, showing Raman 
f quartz excited by 2,537 of mercury, which is greatly overexposed, 
lines, marked S21,u and A21ju, are shifted by a frequency corre- 
ng to an absorption band at 21.5 The figure shows the large 
*e in the intensity of the anti-Stokes line in going from 55 to 525°C. 
tokes line, however, decreases slightly in intensity with rising 


55° C. 


300 °C. 


5ZS°C. 


Fig. 12, — Raman spectra of quartz. ( After Brickwedde and Petc.ru.) 

ratures. The intensities of the mercury lines increase with rising 
ratures because they come from the Tyndall scattering. Comparing 
tensities of the Stokes line S21 and the mercury line 2,564, it will 
m that at 55°C, S21 is more, intense than the mercury line 2,564; 
)°d they are of about equal intensity, and at 525°C., the mercury 
,564 is more intense than 521. The temperature variation of the 
n scattering in crystalline media is, therefore, different from that 
Tyndall scattering which increases as the absolute temperature, 
ssults obtained are in qualitative agreement with the explanation 
tie intensities of these Raman lines vary as the density of population 
initial states which give rise to them, the density of population 
ig with temperature in accordance with the Boltzmann distribution 
If the Raman scattering were coherent, the intensity of the Stokes 
21 should increase with temperature and it should be more intense 
J,564 at 525°C. 

lere is the further question of a possible time lag in the K scattering 
as, though it seems doubtful if there' is any lag of the order of that 
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observed in fluorescence (10~ 8 — 10“ 9 seconds). 1 It seems more likely 
that the cause of the incoherence lies in the random phases of the scatter- 
ing molecules, 2 i.e., at the same time that the energy changes there is a 
random change of phase. 


6. DISPLACED X RADIATION 


Davis and Mitchell 3 discovered that scattered X radiation may be 
displaced toward longer wave lengths in a way similar to the Raman 
effect for ordinary light; this was made independently of Raman's 
discovery and almost simultaneously with it. They studied the Mo 
Ka x, <22 radiation, scattered from metallic beryllium and aluminium, 
and from graphite, with the double X-ray spectrometer developed by 
Davis and Purks. 4 In addition to the undisplaced Ka x and Xa 2 lines, 
the latter being very weak, they found lines which were displaced toward 
longer wave lengths by amounts to be expected, if part of the energy 
of the incident quantum of Ka x was used to ionize the X shell of the atom 
and the remainder scattered as a quantum of less energy. The displaced 
lines are very narrow so that the electron removed from the atom must 
receive only a small kinetic energy, or always the same kinetic energy. 
The agreement between the values for X-energy levels secured from 
the change in frequency of the scattered light and from other measure- 
ments is especially good. 

If no kinetic energy is given to the electron, the shift in wave length 
will be 


AX 


X 2 

(X* - X)’ 


( 7 ) 


where X is the wave length of Mo Ka x and \ K is the wave length of the 
X-absorption limit of the scattering element. In the case of carbon and 
aluminium the observed displacements in wave length and those calculated 
from equation (7) are : 

C Al 

AX(calculated) 0.0117 A. 0.069 A. 

AX(observed) 0.0113 ± 0.00015 A. 0.069 ± 0.002 A. 


The agreement is so good that there can be little doubt that the inter- 
pretation is correct. They have also observed lines displaced by smaller 
distances and the energy lost by the quantum is of the order of magnitude 
of the L-absorption limits of these atoms, though we cannot make an 

1 Ruark, Nature , 122, 312 (1928); Gaviola, Z. Physik, 42, 862 (1927). 

2 Pringsheim, Naturwis ., 16, 44 (1928). 

*Phys. Rev. 31, 119 (1928); 32, 331 (1928). The discovery was made on Mar. 9, 
1928, The authors are indebted to Mr. Mitchell for the privilege of seeing another 
manuscript before going to press. 

<Proc. Nat Acad . Sci. } 13, 419 (1927); 14, 172 (1928). 
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exact comparison because the L-absorption limits for the solids under 
consideration are not known with sufficient precision. 

In the case of beryllium, a line is observed displaced toward shorter 
wave lengths by an amount to be expected if the energy of the quantum 
is increased by 16 volts. The ionizing potential of gaseous beryllium is 
about 8 volts. Considering our uncertain knowledge of the binding 
of outer electrons in metallic beryllium, it may be that the 16 volts 
is the energy liberated when an electron falls into the outer shell of 
beryllium. This would be the X-ray effect analogous to the anti-Stokes 
Raman effect. Due to the small number of ionized atoms which should 
Hp. nresent. this emanation cannot be accepted with confidence. 

REFERENCES 
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CHAPTER XII 


MOLECULAR SPECTRA 

Molecular spectra are rivaled in complexity and number of lineb. 
Dnly by the most complex atomic spectra. Under low dispersion they 
appear as continuous bands, and for this reason they are often called 
“ band spectra.” Usually a band has a sharp intense edge or head on one 
side, and gradually decreases in intensity toward the other side. Under 
higher dispersion a band can usually.be resolved into groups of mono- 
chromatic lines, well ordered according to fairly simple laws. Near the 
intense head of the band these lines are close together and in some 
instances, they overlap completely, forming a continuum. As they recede 
from the band head, the lines become more widely separated and also 
weaker. The names, band and line spectra used to distinguish molecular 
and atomic spectra are therefore not distinctive, since both types are 
in reality composed of monochromatic lines having approximately 
the same width. Figure la and 16 show the emission bands of the 
NO and CN molecules under low and high dispersion, which may be 
compared with the atomic spectra of Figs. 1 and 13, Chap. VII. 

In point of experimental methods and theoretical significance, 
molecular spectra fall into three groups according as they lie in the far 
infra-red (20 — 150*t, let us say), in the near infra-red, or in the visible 
or ultra-violet regions. The first two groups are simple in structure and 
theory, and their study leads naturally to an understanding of the more 
complex and extensive visible spectra. Therefore, we take them up 
in the order in which they are named. Anticipating the experimental 
evidence, these three types of bands are correlated respectively with (1) 
changes in the rotational energy; (2) simultaneous changes of the rota- 
tional and vibrational energy; and (3) simultaneous changes in the 
rotational, vibrational, and electronic energy of the molecule. Most 
of the data and theoretical considerations available at present deal with 
diatomic molecules, which therefore take up the major part of the dis- 
cussion in this chapter. 

Under heading A, dealing with infra-red rotation and rotation- 
vibration spectra, all the molecules discussed are of the HC1 type, and 
have closed electron shells like those of the inert gases. The simple 
theories developed for them must be modified when we consider molecules 
whose electron shells have a resultant electronic angular momentum, 
under heading B. Further modifications in the theory of rotational 

368 









370 


MOLECULAR SPECTRA [Chap. X 


bands are necessary in the case of polyatomic molecules, discuss* 
under heading C. 



A. Infra-bed Spectra 
1. ROTATION SPECTRA 

The far infra-red spectra are known only in absorption, and o: 
for the molecules HC1, HBr, HI, HF, H 2 0, and NH 3 have they b< 
studied in any detail. The H 2 0 lines have been only imperfectly resoh 
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and the classification is uncertain. 1 Recently, Badger 2 has observed six 
absorption lines of NH 3 which follow a simple formula. We cannot 
obtain much information about the structure of such a complex molecule 
from this spectrum because it must be incomplete (Sec. 24 ). The 
absorption spectra of the hydrogen halides have been investigated by 
Czerny 3 who finds a number of lines in the region from 40 to 130ju. 
For each molecule these lines are nearly equally spaced in the frequency 
scale and can be represented by the formulas 

HF; v = 41.086M - 0.Q11879M 3 , M = 2, 4, 5, 

HC1; v = 20.841 likf - 0.001814M 3 , M = 4, 6, 7, 8, 9, 10, 11, 

HBr; v = 16.7092ikT - 0.001457M 3 , M - 5, 6, 7, 10, 11, 12, 13, 14, 
Bl]P = 12.840.M - 0.000820M 3 , M = 6, 7, 8, 9. (1) 

Lines of greater wave length are to be expected ^ith wave numbers given 
by substituting M values beginning with 1 in these formulas, but the 
region in which they would lie has not been investigated by spectro- 
scopic methods. The wave number for M = 1 for HC1 would be 20.84 
and the corresponding wave length would be 480/z or about 0.5 mm. 
Radiations having approximately this wave length have been produced 
electrically by Nichols and Tear, 4 who analyzed them with an inte- 
ferometer arrangement, but such methods have not yet been applied 
to the study of absorption spectra. A plot of wave numbers observed by 
Czerny for H Cl is shown in Fig. 4. 

Long before this work was done, much evidence had accumulated 
indicating that there should be infra-red spectra due entirely to changes 
in the rotational energy of molecules. The most conclusive evidence 
that Czerny's bands arise in this way comes from the detailed study 
of the near infra-red bands, to be described in Sec. 3. Th§ quantum 
theory of the rotating molecule, which will now be given, together with 
the Bohr frequency condition, gives an exact explanation of the structure 
of the far infra-red spectra. 

2. THE THEORY OF THE ROTATING DIATOMIC MOLECULE 

The energy of a rotating rigid diatomic molecule may be considered 
entirely kinetic as a first approximation. Using plane polar coordinates, 
the energy is 

E . T - (2) 

1 Sleator and Phhlps, Astrophys. ./., 62, 28 (1925). 

2 Nature, 121 , 942 (1928). 

3 Z. Physik, 34 , 227 (1925); 44 , 235 (1927); 46 , 476 (1927). 

1 Phys. Rev., 21, 587 (1923). 
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where r is the distance between the nuclei and //- the reduced mass. 
Applying the quantum condition 

p<pd(p = 2tt p<p = jh, j ~ 0, 1, • • * (3) 


r 


we have, if I is the moment of inertia, 


r . = fh* = f h l. 

1 8ir 2 jur^ 8ir 2 I 


( 4 ) 


This formula is modified by quantum mechanics (Chap. XV, Sec. 9) 
to the form 

j(j + m 


E, 


+ a constant independent of j, 


( 5 ) 


m 


8w 2 I 

3 = 0 , 1 , • • • . 

If we use the so-called “half-integral” values j = 
equation (4) instead of j = 0, 1, • • • , we obtain a sequence of energy 
levels identical with those obtained from j O' + l)/i 2 /8x 2 I, except for a con- 
stant term \ A «t ' This follows from the fact that (a -f- — o,(a -f- 

4 8 TT l l 

1) _|_ Since the differences of the energy levels determine the spectral 
frequencies, both formulas give identical spectra. As a matter of fact, 
we must use equation (4) with half quantum numbers or equation (5) 
with whole quantum numbers to explain formula (1), for either supposi- 
tion tells us that the wave number emitted in the transition from j + 1 

t0J1S . . Em ~ Ei _ (j + l)h 

' 4x 2 /c ‘ 


he 


The use of equation (4) with j equal to an integer would give j + M in 
place of j + 1 in this formula, which would then disagree with the fact 
that the empirical ordinal number M is an integer. We shall adopt 
the formula (5) in all that follows. 

The model assumed above is inadequate, for the molecule cannot 
be truly rigid and the centrifugal force due to rotation changes the 
distance between the nuclei slightly. To take this into account, we 
write the energy in the form 


E = 


Vv 


2 nr 2 ■ 


+ V. 


<&) 


As a first approximation we assume that 

7 ( 7) 

where ro is the equilibrium distance between the nuclei when the molecule 
is not rotating and k is a constant, so that the law of force is harmonic. 
The centrifugal and centripetal forces must be equal when the new 
equilibrium is attained and so, 

fir<p 2 = k(r — r 0 ). 
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The angular momentum will again be constant, and, therefore, 

p„ 2 = fj.kr 3 (r — r 0 ). (8) 

Let r — r a = A. An approximate value of A/ro may be obtained from 
equation (8) on replacing r 3 by ?- 0 3 . It is, 


The energy is approximately 

+ V = 


A 
r o 


ykr o 4 


( 9 ) 


E = &- 
2 M r 2 


?V 

2^o 


>(l — ~ ) + ~kr 0 *l 


2A ) + hrA-)' 

r Q J 2 \r o/ 

and to a sufficient approximation for our purpose we may substitute the 
above value of A/ro, obtaining 


E 


= f i _ V<p 2 \ 
2m^o 2 \ jLt/sr 0 4 / 


Using the quantum condition equation (3) 

■E = B 0 hcj 2 (l — u 2 j 2 ) } 

nJ 2 1 7U h 


where 


and B 0 = 


( 10 ) 

( 11 ) 


47r 2 / 0 2 fc ™ u 87 r 2 Z 0 c 

The new mechanics modifies this formula to 

E = B a hc[j(j + 1) - u*f(j + 1)*], j = 0, 1, • • • , (12) 

and this is the expression we shall use. This procedure is nearly equiv- 
alent to the use of half-integral j’s in equation (10). 

The selection rule for j may be derived by the correspondence prin- 
ciple. The molecule rotates with uniform angular velocity in a plane 
which may be taken as the xy plane. If it has an electric moment P in 
the direction of the line of nuclei, the x~ and y-components will be 

P x — P- cos 2 irut, P v = P sin 2ro}t, (13) 

where w is the frequency of revolution and is equal to dE/djh and 2irut 
is the angle between the z-axis and the line of nuclei. Since only the 
fundamental frequency occurs in these expansions, the quantum number 
will decrease by 1 in emission and increase by 1 in absorption. This is 
the selection rule for rotation bands. Molecules which do not have a 
permanent electric moment such as 0 2 , JV 2 , H h etc. Will not absorb in 
the infra-red, for in this case, P = 0 and the rate of emission is zero. 
(Chap. VI, Sec. 4 ). 

Using the Bohr. frequency condition, equation (12), and the above 
selection rule, the wave numbers which will be absorbed by a rotating 
hydrogen halide molecule are, 

+ + ' 

3= 0, 1, ■ • • , (14) 


5 = E Ji + !) 

he 
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This is of the same form as equation (1), if M - j + 1- Equating the 
constants of this equation to those of equation (1) it is possible to secure 
values for the constants J 0 and u, and thus the distance between the 
nuclei. The results of such calculations are given m Table 1. In 
particular, from equations (9) and (11) 

A 


To 


= j 2 u 2 , 


(15) 


and from the values of u given in the table it is evident that the assump- 
tion that A/r 0 is small in equation (9) is justified. 

The transitions involved in the absorption of these far infra-red 
lines are shown by the arrows at the left in Tig. 5. The permitted 
transitions are 0 - 1, 1 - 2, 2 3, etc., and neglecting the effect of the 

small term in the energy proportional to f(j + l) 2 , the wave numbers o 
the light absorbed are 2 B 0 , 4 Bo, 6 Bo, etc., respectively. These are plotted 
in Fig 4 for the case of HC1, taking into account the cubic term of 
equation (1) or equation (14); the lines plotted in this way become 
closer together as we go to higher frequencies. 


3. NEAR INFRA-RED ROTATION-VIBRATION SPECTRA 


Lord Rayleigh 1 showed that a rotating vibrating diatomic molecule 
having an electric moment should emit and absorb light of frequencies 
u ± co r with approximately equal intensities; «, and w r are the frequencies 
of vibration and rotation, respectively. Bjerrum 2 pointed out that as a 
result of the Maxwcll-Boltzmann distribution law there should be a 
most probable value for co„ + and for co* - <o,. Thus the number of 
molecules dN having frequencies of rotation between co r and co r + du r is 


JAT a r (~^W\ 
dN = A r exp ( — ^ — J 


4oir 2 I i 
TT“' dUr - 


The intensity of absorption for u, + or o>„ — », should be proportional 
to dN/dur and this will be zero for co r = 0 and ov = 00 , and a maximum 

f or Ur — i/WV 4 . absorption band will have a minimum inten- 

^ 1 /kT\M 

sity at co„ and two maxima on either side at a distance J in 


frequency scale. 3 Figure 2 shows a band at 4.7/i discovered by Miss von 
Bahr, 4 who found that the separation of the two maxima increases approx- 


iPM. Mag., (5) 34, 410 (1892). 

2 “Nernst Festschrift,” Halle (1912). 

2 Kemble, in the Bull, of the National Research Council entitled _ Molecular 
Spectra in Gases”; see references, end of chapter. Henceforth this publication will 

be referred to as “Molecular Spectra.” 

4 Verb. deut. Physik. Get., 16, 710, 731 (1913). See also Spence and Halley, 7, 0. 
S. A. and R. S. I., 7, 169 (1923). 
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imately as the square root of the absolute temperature. This doublet 
character has now been established for many of the near infra-red bands. 

Under higher dispersion, the rotation vibration bands of a number 
of molecules have been resolved into fairly narrow lines; of these the 
hydrogen halide bands have been most carefully studied, and will be 
considered in detail, since they illustrate very well the general structure 



Posi+i on of the Prism 

Fig. 2. — The vibration-rotation band of CO. ( After von Bahr.) 

of the bands of diatomic molecules in the infra-red, as well as in the 
visible and ultra-violet. Imes 1 has studied the fundamental bands of 
HF, HC1, and HBr and the first harmonic of HC1. Colby, Meyer, and 
Bronk 2 have extended the HC1 fundamental band at 3 A\i to twenty 
lines on either side of the mid-point of the band. In Fig. 3, we reproduce 
their absorption curve for this band and, in Fig. 4, we show a plot of the 



Fig. 3. — The 3.4 fx absorption band of HOI. ( After Colby , Meyer, and Bronk, Reprinted 
by permission of the University of Chicago Press.) 

frequencies of the lines together with a plot of Czerny’s rotation spectrum 
placed so that the zero frequency coincides with the “missing line” 
of the 3.4^ band (shown broken in this figure and indicated by the weak 
absorption at the mid-point in Fig. 3). The band consists of approxi- 
mately equally spaced lines which become closer together toward the 

1 Astrophys . J., 60, ,251 (1919). 

2 Astrophys. J 67, 7 (1923). See also Czerny, Z . Physik , 46, 476 (1927). 
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high frequency side; at the mid-point the interim! v is wn low f pmbobly 
zero) and flu* intensity increase* to a maximum on either Hide ami Hum 
decrease* slowly to zero, Thom* two brunches, us they art* culled. am 
of ttonrly equal intensity, the low frequency branch being slight i> woalo-r 
than t ho other, Tlu* high frequency branch in known ns the #> ti branch/* 
ant! the low frequency branch m the '*/* branch." Tin* wave unrulier* 
of these two branches cun \m represented hy the formula* 

V - 2,8X0.20 4 20 .5,179, W - 0.3(MS,U* - O.IHIlHl l.l/\ (111) 

where At '« I, 2, 3, * * * for the H branch nml 1 , -2* ** 3, * * * 

for the l* brunch. Thin formula contain* the first, second, and third 
power* tif the ordinal number ,1/ nml, in order to account for tin structure, 
if is necessary to consider the model of tin* diatomic molecule in greater 
detail. 
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4. KRATZKR'S THEORY OF THE VIBRATING ROTATING DIATOMIC 

MOLECULE 


Knitter 1 bun calculated the energy Kin ten for a diatomic molecule 
inking account of both the rotation and the vibration of tin* nuclei, 
assuming that the molecule is not rigid, and that the force acting I between 
the nuclei is harmonic to it first approximation. t'slng plane §m!nr 
coordinates., the energy of a diatomic molecule I* 

K *» i ♦jgf 1 + t t 1 , f 17) 

where* r in the intermiclcar distance, y* fbe angular «M»r«littiit4% and 
li the reduced mas*. Our first concern in to determine it mutable form 
for W Kralzer assumed that the hydrogen halide* have an ionic binding, 
be,, the molecule passes to two ion* when flu* distance t*et wet n t ft# tvo> 
imelei becomes large, and he therefore assumed tlmf t !*# finer 1« ! we* a 
the two nuelei consists of an at tractive force proportional to I r\ a 
repulsive force proportional to 1. r 1 , and of smaller terms pr»*j«u tmtud 
to higher negative | saver* of r. All investigator* who huie oreiulv 
studied the question of whether the binding of these molecule^ §- stoma’ 
or ionic have, concluded that it t* atomic, and that the \ xpntssmn *4 the 
1 %. Wttjuk* % 2H9 t JIM).. 
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force iii4 ?i n inverse power series should Ivegin with higher negative powers 
of r tlmn I r*. Kemble 1 used no expansion in powers of the displacement 
of the nuclei from the equilibrium position. The two {potential energy 
curves are identical over the* range' used by Kmtssrr. 9 It in convenient 
to use kraUer's expression for the potential energy whieh will hold 
true for small oscillations regardless of whether the binding is atomie 
or ionir in character. 

His potential energy function may in* written. 


I ® f . * 




(18) 


when* (\ A% fa, and r» an* cons tan in and r» in the equilibrium distance 
between the mielei, Betting r * r, h we have* 

r„ - f* - J. 09) 

whieh is the energy of dissociation if wo take V equal to ssern for r « oo, 
If the distance r « r« in to lie an equilibrium position, (dV/dr) f 
must ecptal aero and this in easily found to lie t rue. The frequency of 
vibration for an infinitesimal amplitude w r » is given by 

l/dn'\ A* k 


(SiTufu 


dr $ 


).... 
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ami, thus, *• ** (2»w„)’/n. The kinetic energy is 

T - '. iM (r* 4 rV’)i (21) 

unci sub*! it utilise tif »V * /», mui « 177»V ~ /», tin* Hnmiltnniuii function 
ts'cmucs 


// 


2fi T 2 M r* 


| mm , 


The qunntum cuiulitions nre 

pit 

1 |jrfy> • 2 r/) 

Jo 


j>>, 


(22) 


(23) 


nmi 


f^' rfr " fl 2 ^’ " ° + 2#l(2,rWu)V "j r - ( r "* + 

*' */ I, 4 ' * 


1 

2r* 


+ f (r, r '') ,+ 'fr„'"J + 


c/r. (24) 


The terms in ^ and ^ are hiiihI! eoinpared to the remain- 
der of the bracket ; therefore, the integrand may la* expanded In terms of 
them' small quantities and Hie integration carried out term by term. 


* J a s. a 1 12, t mtm 

’ Kemble did not com pare his |g»u»nMjil energy curve witl* that of Kratwr hut 
Prof. II T Birgit hn* mforyiird m that he \m» done so, with the shove mmlt. 
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(See Appendix II for an illustration of this procedure.) Finally, 
solving for E, and neglecting an additive constant, we have 

E - nho3 0 (l — xn) + j 2 ( ^ ryjr ^(l — «*,?*) — fnah, (25) 

where 

X = U(% + + Y^Ci, + 1 ^ 4 c 3 2 ), 

a = (1 + 2c 3 + • • • ), (26) 

and 

= h 
U 4:TT 2 I o «0 


The energy of the diatomic molecule has been calculated by Fues, 
using wave mechanics and employing the potential energy given in 
equation (18) (Chap. XIX, Sec. 4). The formula obtained is identical 
with Kratzer’s except that half integral quantum numbers must be used 
throughout. However, if we wish to use integral quantum numbers, 
Fues’ formula can be secured by replacing n and j of equation (25) by n -f- 
\/ 2 and j + H> respectively. The equation for the energy then becomes 


E 


~ (“ + !)('“■ _ f ) 


xh(x>o 

k 2 u% 2 

Sir 2 J 0 16ir 2 / 


(” + s)’ 

- + 1) “ 


} l 2 

8 tt 2 J 


■u 2 f(j + l) 2 


- ahnj(j + 1) + 32^ (l - (27) 


where n = 0, 1 , 2, • • • and j — 0, 1 , 2, • • • 
further simplified by writing 



hu, and 


JL. 

8tt 2 Iq 


u 2 h 2 

TO^To 


This equation can bo 


ah h 2 

2 8x 2 J’ 


(28) 


so that co is an “effective” frequency of vibration for zero amplitude 
(n = 0), and I is an “effective” moment of inertia for zero rotation 
(j = 0) ; finally, the constant term of equation (27) may be neglected 
for most purposes since it drops out in taking the difference of two 
energies, which determines the frequency of the radiation. Then since 
a and u are small, equation (27) becomes 

-j - — xhco 



( W + J) +8 + 


h 2 

+ + (29) 

It is convenient to substitute the simpler symbol B for h/^Ic, Then 
equation (29) becomes 


E = (n + %)hu — xhco{n + H) 2 + hcBj(j + 1) — u^hcBj'Hj + l) 2 

- ahnj(j + 1). (30) 
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Wo wh« from (20) and tho definition of B that 

2 Be 2/i 

II *» *» „ * 

Fur most purjtoses equations (29) ami (SO) will to satisfactory, though 
there may to occasions wheat it will 1 *e necessary to use equation (27) 
nr even mure complicated formulas containing higher powers of (n + }$) 
nmi ](] f 1), The ehange from equation (27) to equation (29) means a 
ehunge in the electronic energy by the amount of the lust constant 
term of equation (27), 

The fulfil energy ft, in 

ft, * ft, \ ft * 

where ft, i* the energy of the eleeironie motions nmi ft iw given hy equation (27). 
We nee that the energy for n ** 0 ami j - 0 in 

*■<" - - 1,1 - *■ • X*- - 7) • *iw.(' _ “’)■ 

From the utmly of electronic bandit fi r., bund# the emwidcm of which is ftcoomp&iiisd 
hy n ehange in the eleetronie eon figuration of the molecule), it m jMutmble to mnniro 
the difference between ft, tn *» 0, j — 01 for two eleeironie states of the molecule. 
It in, 

ft,*{n * (1, j *» 0) ** «** 0* j *» 0) ** /lT* # — AY 1 | ,^A(wo # — 

Um* i*")h\ h* / 1 1 \ A* /«'» u f( *\ 

4 ; h 32r»V/ /«' 7 S28t*\/«/ /^v* 

Pruned quant it leu refer to the higher eleeironie level ami are in general different from 
the eorre*|Hm<hng ilmihleqirimeil quant it tea, which refer to the lower electronic! level, 
If the innleriile i« eotii|«*#n*«t of atoms having iaolofa**, the values of AY and B»'* for 
the imitoptr molecules formed from them will differ only by very small auuninta of the 
onler eqieclrd fur the imitoja* effect in a tonne #jwn*tra (Her, 7)* The ronatnuta <*#*/* 
m\ m\ it 4 ', etc, dejtend on the masses of the nuclei, equation (2Hhimd differ appreciably 
for different uniinptc molecules, so that it is jmssible to decide whether the eons tout 
terms of equation 127) are present or not, Multlken showed in this way that tho 
term A***/? must prment and it is included in equation (29) for this reason, The 
presence of the other constant terms has not been proved experimentally, probably 
iasmuse the constant* themselves am small, an that the alterations of frequency nmttlt* 
ing from their differences cannot be detected, For the sake of brevity these unproved 
terms have been omitted from equation (211). 

8. SELECTION PBIIfCIPLES FOE ROTATION -VIBRATION BAUDS 

The selection rules trrny Ik* fieri veil by extending the reasoning of 
See, 2, The elect rie moment increases and decreases as the nuclei 
vibrate, Tlie Fourier expansion for the vibrational motion of tha nuclei, 
when the form holding them to their position of equilibrium is Marly 
harmonic will be mummed to to of the form 

r ** r u + r x acts 2 wmj + r 3 cos 2tr2a»*f + * * * , 
when* u ¥ is equal to ftK/dnh. Though t he electric moment of the molecule 
may not to exactly proportional to this displacement* we may assume that 
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the same frequencies will appear in the Fourier expansion of this moment 
and, therefore, we write 

j P — jP o “h Pi cos C 2i'mc v t -f- P 2 cos 2ir2o) v t (31) 

The substitution of this expression for P in equation (13) gives equations 
for the x- and ^/-components of P as functions of the time and of a> v and 
a>„ The result is, 

p 

P x = P 0 COS 27 T03 r t + ~[cos 2tt(oo v + < 0 ,)t+ COS 2t(o) v — C 0 r )j{] 

p 

+ “[cos 2tt(2cO v + 03 r )t + COS 2tt(2u v — Q3 r )t] + * * * J 

p 

Py = P 0 sin 27 Tco^ + “[sin 2 tt(co 1j + w r )t — sin 2t(co v — co r )t] 

P 

+ “[sin 2tt(2u v + co r )t — sin 27 r( 2 to v — w r )t] + • • * (32) 

A 

The frequencies appearing in these expressions are co r , co v ± co r , 2co„ ± co r , 
etc., and according to classical theory these frequencies will occur in the 
light emitted. By the correspondence principle, the following changes 
in the quantum numbers will occur with the emission of light; 

An = 0, A j = 1, 

An = 1, A j = ±1, 

An = 2, A j = ±1, 

(33) 

and the same changes with opposite signs will occur in the absorption 
process. 

6. APPLICATION OF KRATZER’S THEORY TO THE HYDROGEN 

HALIDES 

If we calculate the frequencies emitted, using equation (30), and 
the first selection rule of equation (33), we secure equation (14) previously 
derived for the rotation bands. From the other selection rules of equa- 
tion (33) we secure the wave numbers of the rotation- vibration bands; 
j + 1, j) = (n' - n")fr - zS>[(n' + }{) 2 - (n" + }i) 2 ] 

+ (zb - “(»' + »")) U + 1) - f («' - n")(j+ l)» _ 4 u'B(j + 1)*, 

3 = 0, 1, 2, • • • , for A j = +1, (34a) 

and 

v(n', n";j - 1, j) = in' - n")5> - xSi[(n ! + MY - (n" + M) 2 ] 

- (2S - ?(»' + n"yjj -|(»' - n")f + 4u >Bf, 

j = 1, 2, ■■■ , for A j = — 1. (346) 

In these formulas j is the quantum number of the lower energy state. 
These relations are of the same form as the empirical equation (16) for 
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the H C i hand, if we uw* the equation (Mn) with M *° j + 1 for the 

H brunch, »m«l the equation (Mb) with M * —j for the P branch. The 
H branch cntiaintH of line* emitted when j deewitHOH by unity, and the P 
branch of line* for which j incre&twH by unity; therefore, the It branch 
extend* toward higher frequentne*. The value* of n* and n ff for the 
absorption hand* of IK1 can be 1 determined an follow*: The application 
of the Maxwell-Hull xmitnn distribuf ion law allows that all but a small 
fraction of the molecule* will he in the zero vibrational level at ordinary 
tettqieriilure*; thus the fraction of the 
molecule* in the second vibrational state 
will Ih* 


J 

s - 


-Vi 

S o 


” 1 '{ Vr ) 


i 

/ 

0 


ft 


where AE is t ho difference in energy 
lietween th(> levels with vibrational 
quantum number 1 and 0, The fre- 
quency of the missing lino of tho 3.4ftg 
hand is iilsiut 2,8Sflr, so t hut for n tem- 
perature of 3<X» a K,AEkT S 14 and thus 
expf - AE kT) is a small quantity of tho 
ardor of 10 \ Transitions in which tin* 
wave lengths 3 Ilia and 1.70 m arc 
nlmorls'd must originate from the lowest 
level anti terminate on the first and 
second vibration levels as shown in the 
diagram, Fig. ft. This assignment is 
made l*ecatt*e there is no hand lietween 
the one at 3,40 m and the fetation bunds. 

The numerical values of the con- 
stants of equation (34) are obtained by 



f Oil 
m oas 


1M Jl! 


J// 0/*»J 

f n 



Km, f». Thi* vlbrntlmml mid rot»« 
lidtiul tmvruy * if 1IC t. Thu 

mlnlitiiml JwvpU im* filottad or* Um 
limcii tin* wmlti of tin* vibration*! 


comparison with equation (16u)’ 

(«' - a")* - /*!<»* + bj) 8 - <»" + 1 •J)’l - 2,880.20 

2 /< ~ '*(«' 4 a") - 20.5379 

”(/»' - a") - 0.30318 
c 

in m - 0.(KH814. (3ft) 


The equations can lie solved for the values of /?, «, and a* as soon as tho 
values of n’ and n" have linen decided upon, but w and xu cannot lie 
calculated from one inind. Using a ' ** 1, a" *» 0, we find the values, 


2 If - 20.8411, " 


0,30318, « * 0,592 ■ 10 *. 


(36) 
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The value of B calculated here and that found from the rotation bands 
equation (14) are identical, but this is because the empirical equations 
(1) and (16a) were calculated by Czerny so as to make them agree. 
There is some slight systematic error in the experimental data of either 
the rotation band or the rotation-vibration band. Because of the 
experimental difficulties such an error is easily possible. 

The wave number of the missing line of the band is secured by 
setting (j + 1) in equation (34a) or j in equation (346) equal to zero. 
This gives 

v(n' y n") = (n' - n")o> - xa>[(n' + H) 2 - (n" + }i) 2 ] (37) 

and, for the case of the absorption bands for which n " = 0, this reduces 
to 

v(n r , 0) = n'cb — x&n'(n' + 1). 

For n f = 1, 2, 3, • • • we obtain the wave numbers 

«(1 - 2z), 2co(l - 3a;), 3«(1 - 4a;). 1 
The theory predicts, therefore, that the centers of the rotation-vibration 
bands should be nearly, but not exactly, multiples of a constant w. 
The missing lines for the 3.46 and 1.7 6 m bands of HC1 have the wave 
numbers 2,886.07 and 5,667.0. From these it is possible to calculate 
03 and xo3j for 

03 — 2xo3 = 2,886.07 and 2L — = 5,667.0. 

By solving these equations simultaneously for co and x&, they give 

cb = 2,991.3, xL = 52.6. 

The energy levels represented in Fig. 5 have been calculated by 
substituting the values of the constants obtained above in equation 
(30). The vibration levels are nearly equally spaced, while the spacing 
of the rotational levels increases with increasing j . The latter are 
shown on a, scale ten times as great as that for the vibration levels. 
The wave number of the light absorbed, during a transition indicated 
by an arrow, is plotted immediately below it. The missing lines are 
shown at the middle of the bands and the corresponding forbidden 
transitions immediately above them. At the left, we see the transitions 
for the rotation bands which form an R branch without a P branch. 
The effect of the small terms in the energy proportional to x, a , and u*. 
is to depress each of the energy levels below the value given by the larger 
terms alone; the small terms also bring the lines of the R branch closer 
together, and cause those of the P branch to draw farther apart, as j 
increases. 

1 These differ from the formulas given by Kratzer, which are widely quoted. 
Kratzer gave v(l, 0) = w(l — x ), ^(2, 0) - 2&>(1 — 2x), etc. The difference is due 
to the changes^made necessary by the use of (n + H)* instead of n, i.e., the use of 
half-integral instead of integral numbers. Only the data of Imes (Sec. 3) were 
available when Kratzer developed his theory. 
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Though no absorption should be observed at ordinary temperatures 
for bands which have n" greater than zero, we may expect such absorption 
at higher temperatures. At 600° K, about one molecule in a thousand will 
be in the first vibrational state. Five weak lines of a band involving 
this level were observed by Colby, Meyer, and Bronk 1 at this tem- 
perature. They fit well into the formula (346) for £(2, 1; j — 1, j ) 
obtained by using the constants we have just derived in equation (36), 
provided we make j equal to the integers 9 to 13, inclusive. 

Table 1 gives the values of the fundamental constants of the hydrogen 
halides as derived from their infra-red spectra. The moment of inertia 
is given by the relation, I = h/&ir 2 Bc = 27.66 • 10“ 40 /# and the 
equilibrium distance between the nuclei is then secured from the relation 
I — pr 2 , where p is the reduced mass, u may be found from spectroscopic 
data, as in equation (36), and may also be obtained from the relation, 
u = 2B/co. & for HI has been calculated from this relation together with 
the observed value of u. 

Table l l 


Molecule 

I • 10 40 

u (ob- 
served) 

u (cal- 
culated) 

r • 10 s 

O) 

, 

XOi 

HF 

1.348 

0.0120 

0.00659 

0.0102 

l 

0.929 

4,037 

2,991.3 

2,647 

—2,270 

50 

HCl 

2.658 

0.00697 

1.282 

52.6 

HBr 

3.316 

0 .00660 

0.00631 

1 .421 

44 

HI 

4.3146 

0.00565 

1.6170 






1 The values for I, u (observed), and r for HF, HC1, and HBr and o> for HC1 listed in this table are 
calculated from the data of Czerny, Z . PhysiIc K 45, 476 (1927). The remaining values are taken from 
Birge, “International Critical Tables,” Yol. 5, corrected as he directs for the normalization of quan- 
tum numbers used here. 


Schafer and Thomas 2 have observed the higher harmonics of HF ? 
HG1, and HBr. The wave numbers of the missing lines of the hydrogen 
halide bands from all sources are listed in the following table : 



«(1 - 2x) 

2&(1 — 3;c) 

3w(l — 4cx) 

HF 

3,962.6 

7,880 


HCl 

2,886.2 * 

2,559.1 

2,270 (calculated) 

5,667 

8,400 

HBr 

HI.,.. 







7. THE EFFECT OF ISOTOPY ON THE VIBRATIONAL AND ROTATIONAL 
ENERGY OF DIATOMIC MOLECULES 
The change in the energy of a diatomic molecule produced by altera- 
tions in the masses of its nuclei can be seen at once from equation (25) 
or (27). These equations contain the nuclear masses implicitly, through 

1 Astrophys. J., 68, 303 (1923); loc. cit. 

2 Z. Physik, 12, 330 (1923). 
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the presence of the reduced mass m, and? therefore, the emission and 
absorption frequencies of molecules containing different isotopic 
nuclei will not be identical. Now x, it, and a are- small quantities and 
the percentage of change in them due to differences in the nuclear mass 
is also small, so the terms in which they occur may be neglected in making 
comparisons of the frequencies due to isotopic molecules. Then equation 
(29) becomes 



where m = and = ^o- While m is different for 

^ Mi + M 2 \i7T 2 lM ) 

chemically identical molecules which contain different isotopes of the same 
element, r 0 and k are the same for all such molecules, for the equilibrium 
distance and the force binding the atoms together depend only on the 
electric forces between the nuclei and the electrons, and may be considered 
the same for all atoms having the same atomic number. 

It is convenient to discuss the rotational and vibrational isotope 
effects separately. Let us consider the simplest case, in which the 
molecule consists of one pure element and one with two isotopes — for 
example hydrogen chloride, which consists of the molecules HCP 5 
and HC1 37 . Let the reduced masses for the two molecules be pi and p 2 
with p 2 > mi and let p = (pi/p 2 )^. The rotational energies of the two 
molecules will be 


Eir — 


h 2 


&7r 2 jXiTo 2 


j(j + 1), E 2r = 


h 2 


8x 2 M2ro 2 


j(j + 1) = 


h 2 


8x 2 mi'^o 


-J(j+ Dp 2 . (39) 


The wave number emitted in a change from j' to j n is 
hr = BSj'ti' + D ~ + 1) 

for the first type of molecule. For the second, it is r 2r where 

V2r = P 2 v\rj 

so that 

Vlr — V% r = A V r = (1 “ p 2 )?lr • 

Similarly, the vibrational energies will be, 

- (» + - ( n + - 


(” + i) h { 


k Y 
4x 2 Mi/ 


Pf 


so that 


V2v 


“ * \4x 2 j 


4t 2 M2/ 




\ 4x 2 M2 


pv 1V, 


(40) 

(41) 


(42) 

(43) 


and 


viv — V2v — Av v — (1 — p)hv- 


(44) 
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From equation (41) it can Ih> seen that the wave-length differences due 
to isotopy in rotation spertra ant beyond the limit of detection with 
apparatus of the kind used up to the present. Kquation (44) predicts 
that it shotthi Is 1 possible to detect it in rotation-vibration spectra, and 
in fact it has lieen observed in the 1,70 m band of HC1, On the long 
wave-length sitle of each prominent peak of the absorption curve of 
Fig. tl liises found a smaller peak or hump in the curve. Independently, 
Loomis 1 and KraUer 1 pointed out that this small break could iw explained 
as due to tin* molecule 1KT”. The weaker |x*ak should be due to the 
isoto|N* present in smaller amount (/.«*,, the heavier one in this caw, 
since the atomic weight of ehlorine is 35.4(1) and shmtld have a larger 
wave length than the main peak, Aeeording to equation (44), AiL/iL «■ 

1 ™ p m 0.0007715 and AX » «■ —13.5 A. The experimental 

value Is H 1 I A. 



Fin tl Tl»** I bum! nf ISC *1. (A/frr im***, Hpftrinini hy jh rmtmwn <uf th* Vnimr*iLy 

a / < h mtyu 


Meyer and livin' have also re«»lved the lines of the fundamental HCi 
band at 3.40 m into close doublets anti find that the separation and relative 
intensities are those expected front the theory and the atomic weight of 
chlorine. 

Muliiken 4 first applied the development given here to electronic 
bands, in the case of the molecule HO, Homo very striking results 
came from this study: these bands were definitely shown to be due 
to HO, and not to BN as was previously supjMtsed; it was found that 
the vibration quantum number must be half integral as in equation (27) 
and not integral as in equation (25), ami that in the lowest vibrational 
state the energy is hu/2, The calculated value of 1/p for B'°Oand H"()ls 
1.0292, while for B ,0 N and B"N it is 1.027(1; the value determined from 
the spectra is 1,0291 ± 0.0003, in definite agreement with the former. 
The question of half-integral quantum nutnl»ers will be discussed later. 

* Natum, toe, 179 (1920); A»lr» f ,hy» J„ 63, 248 (1920). 

•Z Phytik, 8, 400 (1920); 4 , 470 (1921). 

* Phy*. Rtp. 84, 44, (1929). 

* Phy», Rm, 88, 269 (1926). 
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B. Electronic Bands 

8. DEFINITIONS OF ELECTRONIC, VIBRATIONAL, AND ROTATIONAL 

ENERGIES 

In order to explain visible and ultra-violet bands, we are led to the 
assumption that they are due to changes in the electronic quantum 
numbers of the molecule. The structure of the individual electronic 
bands is similar to that of the infra-red rotation-vibration bands, and the 
frequency differences between the many bands of a related group (or 
so-called “band system”) are of the same order of magnitude as the 
infra-red vibration frequencies. Thus, even the gross structure of such 
syst ems indicates that at least three quantum numbers must change 
simultaneously in the emission of one line, namely, the electronic quantum 
number (or in many cases several electronic quantum numbers), the 
vibration quantum number, and the rotation quantum number. We 
have tacitly assumed that the energy of vibration and rotation can be 
fixed by the quantum numbers n and j, introduced above, and that this 
energy is independent of the electronic energy of the molecule. Strictly, 
it is impossible to speak. of electronic, rotational, or vibrational energy, 
for the total energy of the molecule is a function of all its quantum 
n um bers and it is impossible to localize energy in the various degrees of 
freedom. Thus the energy of rotation and vibration of the molecule 
is a function of n and j, and of certain constants, such as the moment 
of inertia and the characteristic frequency of vibration for small ampli- 
tudes. These constants are functions of the electronic quantum numbers 
and it would be just as correct to refer to this energy as electronic. 
For convenience, however, it is arbitrarily separated into electronic, vibra- 
tional, and rotational energy, and so we must carefully define these terms. 

We represent the total energy of the molecule as 

E = E(e, n, j), (45) 

where e represents all the electronic quantum numbers, n, the vibrational 
numbers, and j, the rotational numbers. (There are several n’s and j’s 
in the case of polyatomic molecules.) The electronic energy is defined 
as the value of E{e, n, j) when j is zero and n is —V%, thus, 

E t = E(e, -y 2 , 0). • (46) 

The vibrational energy is then defined as 

E n = E(e, n, 0) - E e (47) 

and the rotational energy as 

Ej = E{e, n, j ) — E e — E n . (48) 

According to these definitions, the energy of rotation of the diatomic 
molecule as given in equation (29) is 

Ej = + 1) - + !) 2 - + i)> 


(491 
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nd the vibrational energy is 

£'» = (« + }i)ko> — xhoo(n -1- l AY. (50) 

’he term ahnj(j -f 1) is treated as part of the rotational energy although 
; contains the vibration quantum number n. 

Kratzer’s formula was derived by assuming that I, pi, to, x, and u 
,re constants for all vibrational and rotational states as long as the 
nolecule is in its normal electronic state; but, obviously, these assump- 
ions should be equally valid for any electronic steady state and we may 
ixpect that his formula will hold for the rotational and vibrational energy 
n both the initial and final states involved in the emission of electronic 
lands. Only one modification need be considered, namely, the changes 
recessary if the electron system has a resultant angular momentum when 
■he nuciei are not rotating; this alters the rotational energy states of 
■he molecule by changing the form of E t and also by limiting the possible 
values of j as will be shown later. , . 


9. BAND SYSTEMS AND VIBRATION TRANSITIONS) 

It is easy to recognize from experimental evidence that certain 
arge groups of bands are very closely related to each, other. Thus, 
■ither the entire group or a large part of it appears under given expqn- 
nental conditions or none of it appears, and the relative intensities 
>f different bands are approximately the same for different methods o 
ixcitation, or vary in a regular way. Deslandres made the first attempts 
lt classification of such band groups, which are now usually called 
'systems.” A. system is the aggregate of bands emitted m transitions 
laving common initial, and final electronic states, including under this 
term all the electronic states corresponding to a multiplet in atomic 
spectra. Each system will consist of many bands, such as those discussed 
umler infra-red spectra, whose positions are determined by the changes in 
vibrational quantum number, and each band will consist of many sharp 
lines, whose spacings are determined primarily bye i ang ere f 0I e 

+i ’l ntnm number. The electronic energy differences and therefore 

their contributions to the frequencies are usually much larger than those 
of the vibrational energy changes and these, in turn, are much large 
than the changes in rotational energy. The general position of the 
system is therefore determined by the electron transition. - The sys- 
tematization of the electronic levels is not thoroughly understood at 
attention is directed toward finding the quantum 
numbers of the electronic levels, which are similar in some respects to the 
rr,— and inner return number,. This is = PbsW 
W studying the rotational structure of the individual bands. The 
eleuSSds and transitions will bo discussed, aeret.ro, after wo haro 
treated the detailed structure of the bands. , . 
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We begin with the gross structure of the band systems as determined 
by the vibrational quantum changes. The individual bands, in most 
cases, have not been resolved into their individual lines and thus the 
position of the origin of the band, i.e ., the missing line of the vibration- 
rotation bands, is unknown. For most systems only the frequencies 
of the band heacts are known, and these have been used to secure the 
vibration levels of the initial and final electronic levels. Deslandres 



Fig*. 7. — Progressions and a sequence. 
I is a first progression, II a second pro- 
gression, and III a sequence. 


first showed that it is possible to 
arrange the band heads in progressions, 
such that in a given progression the 
heads are approximately equally 
spaced in the frequency scale, and such 
that the frequency differences between 
the bands of one progression will be 
almost exactly equal to the differences 
of other progressions. Further, he 
showed that the wave numbers in a 
progression may be represented rather 
closely by the formula, 

v = a + bn + cn 2 , (51) 

where n may take integral values.either 
positive or negative, and a , b, and c are 
constants. Such progressions in any 
band system can be selected in two 
ways; in one, the frequency interval 
between bands increases toward the 
violet, and in the other, toward the 
red. Deslandres designated these as 
first and second progressions, respec- 
tively. The quantum theory of band 
systems leads to a clear understand- 
ing of these empirical relationships. 

For brevity, we shall neglect the 
rotational energy at first and shall 


say that an electronic band system is emitted in transitions between 
‘electronic levels, each consisting of a series of vibration levels of the same 
kind as those necessary to account for the infra-red bands of HC1, etc. 
(see Fig. 5). The simplified energy diagram we shall employ consists 
of two groups of vibration levels with different spacings, which may or 
may not overlap. Figure 7 shows such an energy diagram, with arrows 
indicating the transitions. A group of transitions from one of the 
vibration levels of the higher electronic level B to the different vibration 
levels of the lower electronic level A is called an “n" progression”; and 
a group of transitions from different vibration levels of B to one vibration 
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level nf A b ctdled an ** n progression.” Such progressions arc shown 
under I ami 11 of Fig. 7, Since there are many progressions of each 
kind, we may sjwcify each n" progression by the number of its common 
imluil level, nml each n progression by the number of its common final 
level. It is immediately evident that the differences in frequency 
of the transitions of any n** progression, multiplied by h } will be the 
energy-difference* of the vibrational levels belonging to A , and similarly 
such differences in any n* progression, multiplied by h, will be the energy- 
differences of if, It is further evident that the differences for the various 
n** progressions must l»o equal, and those for the n f progressions must 
la* equal. In nil cases where the hand origins have beam exactly located 
and have linen used in place of the band heads, this is found to be true 
within the limits of experimental error. The transitions for which 
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n" n* i« ii eonxtaut are called “xequeneex." The xequence «' - n" - 1 
in illuKt rHtml in t he energy diagram of Fig. 7. The appearance of «uch 
mm|uimhh<h m obxervod in the spectrum can bo neon from Fig. 1 for tho 
ca*e of tho H N‘> band*. 

'|<h<< problem of t he xpectroaoopixt tx to arranges the bandx in progrex- 
xionx and to nxxigii the propel valuex to initial and final quantum mimberx 
for each band. The relation* of progrexxlonx and xequeneex are illux- 
tratetl by Fig. H, whieh xhowx the band head* of the 11 band xyxtem of 
H n O arranged oeeordlng to progrexxionx. 1 The n" progrexxionx are 
arranged in horizontal mwx, the diagonal broken line xhowx an «' progrex- 
Mon for a" « 5, and t he diagonal xolld line xhowx t he nequenoe, + 1 . The 
mimlx'rltig of the tranwUionx ix fixed by the jxwition of the 0 -*<> tranxltion, 
which oeeupiex a unique poxltlon in the xchome, and by the equal differ- 
ence.. of the progrexxionx, Thexe tranxitionx having been claxxified, the 
energy dmgrniu can lx- conxt meted by taking the frequency of the 0 -• 0 
trunxilmn ax the differenee in the electron level* of the molecule, thediffer- 
enwx of tin- progrexxionx ax the interval* between vibration levolx of 

1 MiM im.s /'Ag*. Hw % $0* (!92ft). 
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A , the lower electron level, and those of the n f progressions as the 
intervals of B, 

The vibrational energy levels belonging to a given electronic level, 
as defined in the preceding paragraph, will obey a formula of the type of 
equation (50), approximately. Writing this formula with different 
constants for the initial and final states, we have 

E' = EJ ■+ (n' + J^)W - x'hu'in' + A) 2 , 


E n = Ee " + (n" + A)hu" - x"ha)''(n" + A) 2 : ( 62 ) 

and the wave number of the light emitted in a typical transition will be 



w ] aere = (E/ — E")/hc . If n" is held constant, equation (53) gives 
the formula for an n' progression and, if n' is held constant, the formula 
for an n ,f progression. These formulas are: 

v - A f + B'ri - CV 2 , (54) 


where 


and 


A’ = p, + - [(»" + W" - + H ) 1 ] > 

B 7 = «'(1 - *0, C ' = 

p = A" — J3"ra" + C"n" 2 , 


(55) 


where 

~ $ e — A&" + ~ x% r {n + M) 2 L 

J5" * fi"(l - s'O.C" = *"co", 

respectively, and are of the form of equation (51). The n' progressions 
extend toward the violet and the bands become closer together in the 
wave-number scale as »' increases, so that if «' becomes sufficiently large, 
B'n' - CV 2 would reach a maximum and then decrease. I he n 
progressions extend toward the red with decreasing distance between 
bands as n" increases, and -B"»"*+Cf"»"* would reach a minimum 
value and then increase. The »' progression is therefore similar to the 
Deslandres’ “second progression,” and the n progression to his first 
nme-ression ’ n The maximum and minimum values for these progressions 
are approached in only a few cases; the extension of the progression 
beyond these values has never been observed and is theoretically impossi- 
ble because the molecule dissociates if it has more energy than the amount 
corresponding to either of them, as will appear later. The formula (51) 

i For a detailed discussion of the relations between these progressions see BmGE, 
“Molecular Spectra,” p. 73. 
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would hardly be expected to be valid for large values of the vibration 
quantum number, since it was derived on the assumption of small vibra- 
tions, though it does hold quite accurately over a large range for many 
electronic steady states. By using a graduated scale the reader can see 
that the bands of the B ll O progressions shown in Fig. 8 do become closer 
together in the way described. 

How closely the parabolic equations (54) and (55) are followed can 
be seen from Table 2, where the wave numbers of the B n O bands are 
listed. The first differences are given in parentheses between the wave 
numbers of the bands. At the right and bottom the averages of these 
first differences are listed, together with the differences of these averages, 
i.e., the second differences. According to equation (54) the first and 
second differences for the n' progressions are 

Ai(n' + A) = v{n r + 1) - P(n<) = B r - C\2n ' + 1), 

A a (n') = Ai(n' + A) ~ ~ H) = -2C' 

and for the n" progressions, from equation (55), we have 

A !(*" + A) = *(»" + 1) - v(n") = -J5" + C"(2n" + 1), 

A a (n") = Ai(n" + A) - Ai(n" - A) = 2C". 

Thus, if equations (54) and (55), and therefore equation (51), are correct, 
the second differences should be constant and equal to —2 C' and 2 C" , 
respectively. The values in Table 2 show that they are very nearly 
constant as the formula requires, even for fairly large values of n' and 
n". This is also true for a majority of known electronic levels, but there 
are a few very definite exceptions. In these cases the differences between 
the band frequencies or, what is the same thing, the differences between 
the vibrational energy levels, decrease more rapidly than the parabolic 
law (equation (51)) requires. This behavior seems to be associated 
with an instability of the molecule. 

10, HEATS OE DISSOCIATION QF DIATOMIC MOLECULES DETERMINED 
FROM THEIR VIBRATIONAL LEVELS 

Kratzer’s theory of the diatomic molecule . (Sec. 4 ) is limited in 
application to small displacements from the equilibrium position. Such 
a theory cannot be used to discuss displacements which are so large that 
the molecule approaches the dissociated state, and, therefore, it is 
necessary to reconsider the problem, with special attention to large 
values of the rotational and vibrational quantum numbers and the 
transition of the molecule into two isolated atoms. 

This problem has been considered by Born and Franck 1 using classical 
mechanics, which furnishes an especially good approximation in this 
region of large quantum numbers. If two atoms, A and are brought 
Physik , 31, 411 (1925). 



8r,t\ 101 UK ATS nF DISSOCIATION OF DIATOMIC MOLECULES 


393 


to a definite distance from each other and thought of as stationary, the 
energy of t ht* system will contain terms due to the action of the field 
of each atom on the electron motions of the other, an effect which will 
resemble the ordinary Stark effect to a marked degree, since the atomic 
fields are largely electrical in origin, 'fins energy of the system will be a 
function of the distance between the atom centers, say V'(r). This 
may In* considered as the potential energy for the displacement, of the 
atoms relative to each other. Tin* general behavior of this function 
can t*e seen from general considerations. At r s = <», l is equal to the 
total energy of t he t wo isolated atoms, which may be set equal to Kero since 



u note h tint oriorgy curve# for two n tom*: On the #t«nw attract nt Inw dlBtatwen 
a, ,4 rc|»cl ni m%m\\ dUUni*’*; <fc) the iilom# w|*4 each other nt ull 

W( . arp intorealed only in the change* of energy in the process of molecule 
formation or of diaaodation. In general, two atoms at. a fairly large 
distance apart will attract each other, though it in alw> powtiblo that 
they may ropnl each other at all dial anew*. 1 At Htnall diatanccw the forcea 
will alwaya Ih< repuMve, If the force at. large diatancoa in one of at t rac- 
tion, there muxt l» a dintance r„ at which t here in neither attraction nor 
repu'laion, and thia in t he equilibrium distance of the t wo atom*; and ainco 
the radial force between them i« - dV/»r, we wee that V miiHt. always 
deereoee as r increuae*. over the region of repulnive force, «o that it. muHt. 
have a minimum at r„. Un the other hand, if t he force in repulnive at all 

' U M *m« liketv that nil atom* attract each other nt leiwt "light ty nt. large dwtanew* 
due to van dcr Wfuil# force*. 
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distances, the curve V(r) falls continuously as r increases. These two 
cases are illustrated by the curves a and b of Fig. 9. In the second case, 
a molecule cannot be formed, while in the first, a molecule may exist 
having an energy of dissociation equal to the difference of the values of 
F at r — oo and r - r 0 . 

In polar coordinates, the Hamiltonian function for the motion of 2 
atoms relative to each other, either in collision or as a permanent molecule 


is, 

h -£+& +v - (56) 
The quantized energy levels for the undissociated molecule can be secured 
in the usual way, if V is known as a function of r. Kratzer s calculations 
in Sec. 4 accomplish this for the special case of small oscillations in 
the neighborhood of r = tq } and for low rotational energies. Also, the 
problem of two ions revolving in large orbits with respect to each other is 
almost exactly the same as that of the hydrogen atom, the largest term 
in the energy being 


E = — / 27r X ^2 + a constant > 
(n + j) 2 h 2 


(57) 


where e is the charge on one ion, n the reduced mass, and n and j the radial 
and angular quantum numbers, respectively; thus the energy becomes 
zero only when n j is infinite. The general case cannot be handled in 
any simple way, but Kratzer 1 has shown that the following statement 
holds true for the vibrational states without rotation: if V is an inverse 
power series, and the largest term is the inverse first or second power 
in the region of large values of r the energy reaches the dissociation 
value only when n becomes infinite (see equation (57)) ; but if the most 
prominent term for large t is the inverse third, or a higher power, the 
energy becomes sufficient for dissociation at a finite value of n, let us 
say n 0 . The way the vibration energy levels may be expected to run 
as a function of n is shown by Fig. 9, for the atomic type of binding. 
The horizontal lines represent the energies of the vibrational states 
for the values of n given at the right. The curved line represents V , and 
the points of intersection of V and the horizontal lines give the values 
of r when E = V, or when the kinetic energy is zero, so that the inter- 
sections of these lines with the curve V are the limits of oscillation. 
In Fig. 9 the horizontal lines become closer together as n increases, 
but at n 0 , which is finite, they are separated by finite differences of energy. 
Without knowing the detailed law of force between the atoms it is possible 
to secure the energy of dissociation from empirical band spectrum data. 
Thus, consider the problem of the molecule solved and the energy 

1 Z. Physik, 26, 40 (1924). 
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expressed as a 
numbers, 


function of the rotational and 
E = E{n, j) . 


vibrational quantum 
(58) 


The molecule will be considered as dissociated if the two atoms are at 
rest relative to each other or are moving with respect to each other at 
infinity. These conditions will be met when the frequency of vibration 
of the non-rotating molecule is zero, for then the period is infinite, 
corresponding to a fall of the atoms from rest at infinity, a collision 
and a return to an infinite distance. Thus, the condition for dissociation 


is 


1 dE 
h dn 


= co v (n) — 0, 


(59) 


and knowing E as a function of n from the empirical band formula it is 
possible to solve equation (59) for n, substitute in equation (58) and thus 
secure the energy of dissociation. In some cases a plot of «„(n) against n 
is more useful; the energy of dissociation is then taken to be 

h f a >(n)dn = D, (60) 

which is the area under the curve from n — 0 out to the abscissa of 
the maximum n 0 . 

Essentially, this method was used by Hulthdn 1 for the normal state 
of the HgH molecule. Franck 2 and Dymond 3 also used it in securing 
the energy of dissociation of. the It molecule from the absorption spectrum. 
The absorption bands of h, the energy diagram of the molecule and the 
transitions giving these bands are shown in Fig. 10. All the bands 
of the figure are produced in transitions from the lowest vibration level 
of the normal electronic state to the vibration levels of the first excited 
electronic state; they are the n' progression with n" = 0. The bands 
approach a limit at the broken line where bv] dn’ becomes equal to zero. 
Beyond this the spectrum is continuous. This limit corresponds to an 
energy of 2.47 volts which is evidently too high for the dissociation energy 
of the iodine molecule into two normal iodine atoms in the 2 P % state. 
Franck explained this by assuming that one iodine atom is left in the 
metastable 2 P M state having an energy of excitation of 0.94 volt. 4 This 
gives 1.53 volts for the energy of dissociation into normal atoms which 
is in fair agreement with the thermochemical value of 1.6 volts. 

This excited iodine atom cannot be detected by the emission of 
characteristic lines since the transition ~Py -+ 2 Py, does not occur, in 
accordance with the selection rules. Turner 6 found that atomic iodine 

1 Z. Physilc, 32, 32 (1925). 

2 Trans. Faraday Society, 21, Part 3 (1925). 

2 Z. Physilc, 34, 553 (1925). 

* Turner, Phys. Rev., 27, 397 (1926). 

2 Phys. Rev., 31, 983 (1928). 
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lines whose lower energy state is 'F> , are absorbed by strongly illuminated 
iodine vapor, but found no evidence of absorption by atoms in the P;> 
state under Ihese conditions. The excited iodine atom, m tta. latter 
state must quickly revert to the V„ state by 

kind (Chap XIV). Urey, Dawsey, and Rice 1 have found that the 
absorption of ^Tthogen^pmoxide^vapor^m^entirely^continuous^so^tlmt^in 

k. has sufficient energy to dissociate the molecule 



Se ° This method of determining dissociation energies was also applied by 
Birge and Sponer* to a number of compounds of oxygen, nitrogen and 
carbon in different states of excitation. One of the most striking ea ur 
of this work is the fact that «(») is almost a linear function of n, even 
for large values of n, for nearly all molecules with atomic binding, and 
espeSy is this true for their normal states. This is exactly the require- 


1 Fnt thfdata Itu^Ann. Physik, 71 , 108 (1023). 
s Phys. Rev., 28 , 259 (1926). 
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men! of Kmtaer’s equal ion (50) for the energy. Although his theory 
was derived only for stunt! oscillations* if proves to be a very good approxi- 
mation over a considerable range for this class of molecules. 

The Of and < >•., f molecules in their normal and excited states furnish 
very neat examples of this method of determining dissociation energies. 
The known electronic vibration levels of these mole- 
cules are illustrated in Fig, 11, taken from Birge and 
Sponer. 4 Since only a few of the vibration levels of 
the A eleetronie state are known* any calculations 
} Mined on it will 1 m* inaccurate, and therefore we omit 
all discussion of this state, The vibration levels of 
the normal Of molecule (A* state) can he represented 
over the known exjw*rimental range by the equation 

P * 1,505,37#* — 11.37a 1 , (01) 

Applying the condition of equation (50) for determin- 
ing n<n the value of n for which tlK dn 0, we have*, 

/)u 

— m 1 ,5*15,37 ~ 22,74/0) « 0; // 0 « 08,81. (02) 
dn 

Hubs! it ut tag this tit equation (01), the wave* number 
corresponding to the dissociation energy is 
P *» 53.H50 cm, h 

which is equivalent to 0,05 volts or 1 53,280 calories 
j«*r gram nmleeule. As we* see from Fig. 11 the* 
assumption of the* linearity of <)i> (hi over the* entire 
range to dissociation represents a very great extra- D 
potation and the calculation based on this assumption 
may 1 m* expected to he in error by a rather large* 
amount, The dissociat ion em*rgy may also he* secured 
by using the vibration levels of the H electronic state*. 

These levels do not follow a parabolic equation such 
m equation (111), so that dP/cto is not linear. By 
plotting the? value’s of OP tin against n it is found that 
the* known vibration levels extend to value’s of n very 
dose to the limiting value n u for dissociation, The «f O mumI 

value of the dissociation energy is secured by taking {Afar lUw* and 

the integral of equal ion (fiO) graphically. The value for* t \w aw^UiI™ 

so secured is 0.90 ± 0.01 volts, The difference het ween th«»iw by 

the A and H levels, with n *« 0 m each cast*, is known ^ turn), 
to bo 11.00 volt m, from th*. ultra-violet bamln of 
oxygen, The nutn of the energy of excitation to the B level with 
n » 0 and the dimwiciiition energy of the <> s molecule in the B state 

1 Uk, rit. For refer,’!),;,'* to ibr nrigiliid litemfure on the hntiil* from witicli the 
energy level* ure derive, I, u* well 11 * the mimerieitl value* quoted in the following 
iwragriqih*, the reader xhouhl refer to thi* article. 
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is thus 5.09 + 0.90 » 7,0 5 volts. This is in fairly good agroi'ment. 
wit h the value 0.05 volts secured by extrapolating from ilx- vibration 
levels of the normal molecule, and indicates that the pi. idnei* ,,f 
dissociation by the two ways must he very nearly nlentienl m . nrrgy 
content.. The normal state of the O-atom is a V* level with the c parti, 
t ions 0.01 and 0.02 volts 1 ami the next level ( ’/> or hs'j lies n few volts 
higher on the energy diagram. It is evident, therefore, that the normal 
and excited oxygen molecules both separate into atoms winch ddtVr at 
most by only 0.01 to 0.03 volt of energy, and tin* disagreement between 
tho two values secured for l) must !«• due to the error in extrapolating 
from the vibration levels of the normal electronic level and the isUter 
value for the energy of dissociation is that secured by using the data on 
the excited state of the molecule. It is uncertain whether 7,05 volts 
is the energy of dissociation of the molecule into two normal atoms 
or into atoms either or both of which are excited If both are excited, 
this energy of excitation is at most 0.00 volt <2 0.03 volt), so that the 
energy of dissociation into two normal atoms nmv Is. as low as 7.05 — 
0.00 - 0.99 volts, Birgc and Bponcr give 7.02 t 0,05 volts as the best 
value, 

The vibrational levels of the < V molecule are given accurately over 
the experimental range, by the {taralmlic formulas, 

f(.Y') - 1 ,859,80m - 10.53m 9 , (03) 

and 

Km - 886.23m - 13.7m*. «H) 

The corresponding values of n a are 50.20 and 32 31, and the dissociation 
energies, calculated as above, 0.40 and 1 .70 volts, rcw|xwtively. Adding 
the excitation energy of the IV level, 4.73 volts, to J 70 volts, we get 0,49 
volts, which agrees closely with the value 0 10 volts secured from the 
normal A" level. Again, it appears that an excited molecule may 
dissociate into normal atoms or atoms with only small amounts of 
energy.* These results may lie in error by several tenths of a volt 
lx*oause of the large extrapolation used (Fig. 11). 

Note added in proof : liirge 1 has recently revised the value 0 05 volts for 
the energy of dissociation of O, calculated from the vibration levels of the 
lowest electronic state and concludes that the energy of dissociation into 
two normal atoms is certainly less than 7 volts and gives h volt* m the 
most likely value. Thus 7.02 volts is the energy required t«. dissociate 
the molecule into one normal and one excited atom. 

Attempts have lx<en made to determine the energy of di:< «nciation 
of diatomic molecule* by applying similar methods to the rotational 

1 Horrixi.n, Aatmiihyn. J., 68, 114 (1024), 

3 This conclusion i» not in accord with theory nnd tnsv tie wrong >V„ \j . , ; ,, s s , 

Vhw fix., 32, 210 (JW2K). 

•> I'hyx. Km., 34, 10H8 (1080). 
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states.' However, the coupling of vibrational and rotational energy 
and other complication* an* involved in any complete discussion of the 
problem, and it will be bout to omit further discussion in the present 
uncertain state of the subject, 

11. INTENSITIES IN BAND SYSTEMS 
Birge* has pointed out that for many bund systems the bands of 
each progression have two maxima of intensity with a minimum between 
them; there am thus two especially favored transitions from each higher 
or lower vibration energy level, in other eases there is only out' maxi- 
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Ft«, 12. InUmnitfoa «f the AlO liiimlu* ( Aftrr 

mum which may lx* regarded as a superposition of two maxima lying 
very close together; and In yet other cases only one maximum is observed, 
which, from the general distribution of intensity, seems to lx? due to the 
two maxima being very widely separated so that only one of them falls 
in tho olxservable region. The intensity distributions for AlO, 8iN, and 
It are typical illustrations of these intensity relations. 

Figure 12 is a square army of tho bands of AK) with intensities 
given in place of the wave numbers, Otherwise, the arrangement is 
the name as that of Table 2 for the B ,r () bands. The rows are the n" 
progression* and tho columns the n' progressions. The n" progression 
with n' » 0 and the n' progression with n" • i) have only one maximum, 
In intensity, namely the (0, 0) band, but all other progressions have two 
maxima. The aero sequence is very nearly at the minimum intensity, 
with two maxima on each side. Many other band systems show similar 
distributions, but are not usually so symmetrical as the AlO bands. 

• Boss and Fhanck, 1m. cti.; Luou>rr, Z. Phyiik, W, 528 (1926). 

• Bines, PA*. Em., W» 240 (1925). 
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Tin* band* of f ho HiN nyntem (ih 24,2:14.2) have one region of tuiwntmiu 
intensify in the neighborhood of f In* arm seipienre, while flu* bump 

CP 15,508.29) have tin iimnum! chnl nlmi it*n ( Fig Si hi other 

molecule*, hu oh m f lit* hydrogen imlidris *how onU continuum' * me - tofi 
ntiil abaorpt ion, The abHorption *peetrum of 1H1 in run! ouime tilth 
no evidence uf a hand Htructure. Thorn an* region* of Mmvuuum absorp 
fion, however, which lit* lit 2,150 I.M50 A.* ! .TTtli I 050 { , IJM’% 

1,290 A. and in l in* region fimu F270A 
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Fait Ui TIm* inUmMvn nf tl»r* It Fiu, 14, Illiiniriilln* fit*’ I r-fiitf4 t otnl«ai 
blillili, {Atto$jtnl /turn Hiryi,) ft mmff 

Thu explanation of theac intensity dwfriliitlicm* wm fiwt given by 
Franck, 1 who applied hi* theory primarily to tmmitmm imttatng the 
diwoeiaf ion of the molecule, ( 'onciott* extended Franck V kleit#* to 
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their velocities relative to each other. In the excited state, the nuclei 
find themselves acted on by different forces and so oscillate with fre— 
quency and amplitude different from those characteristic of the lower* 
energy state, i.e., they are brought to a state with a different vibrational 
quantum number. The change in the vibrational quantum number is 
determined by the relative shapes of the two potential energy curves 
for the displacement of the nuclei relative to each other in the initial 
and final electronic levels. The curves V f and V" of Tig. 14 represent: 
two such potential energy curves. The energies E e n and EJ are the* 
electronic energies for the two steady states having zero vibrational 
energy. The solid horizontal line represents one vibrational energy 
level for the lower electronic state. The curves V' and F" approach two 
horizontal lines at large values of r, which represent the energies of tho 
system when dissociated in two independent ways — firstly, into two normal 
atoms and, secondly, into a normal and an excited atom. We consider* 
the absorption of light by a molecule in the vibration state indicated 
by n". The nuclei oscillate with respect to each other in such a way 
that r oscillates between the limits a and b. At any point r it has kinetio 
energy equal to the difference between the ordinates of the line ab and 
the curve V". Now, when the nuclear separation corresponds to tho 
point c, a quantum of light is absorbed, which for the instant does not: 
change the kinetic energy of the nuclei, nor the . value of r, and so tho 
system will be carried to a point d on the energy diagram, where dl is 
equal to of , i.e., the kinetic energy remains the same as in the lower state* 
The molecule will then bo in a state (not a quantized energy level) 
having energy equal to the ordinate of d. In this way the curve gdh 
can be traced, giving the locus of the energies of the molecule after the 
absorption of light by a molecule in the % n state. Since the nuclei 
remain in the neighborhood of a and b for comparatively longer times 
than at points between these, the transitions to the region of g and h will 
be more probable than to other points on the curve gdh. Another maxi- 
mum in the probability curve for the transitions may be present near 
the point d, for though the molecule spends less time in the neighborhood 
of c than near a and b, yet for a considerable distance on either side of 
it will be transferred to the same quantum states near d, because of tlie 
flatness of the curve gdh at this point. Thus the theory predicts that: 
there will be two very probable transitions, or in certain cases three, 
if there is a maximum in the curve gdh. In general, the transitions 
arrived at by using classical mechanics are not quantized states, and, 
therefore, we must content ourselves with assuming that the actu.nl 
changes of the vibration quantum number lie in the neighborhood of the 
unquantized ones required by the above discussion. 

Th$ theory as developed does not take into account the distribution 
of molecules in the various excited electronic and vibrational states* 
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which depends on the mode of excitation of the gas and therefore will 
vary with the experimental conditions, such as pressure, velocity of the 
exciting electrons, etc. 1 For this reason the comparison of the theory 
with bands observed in discharge tubes can only be qualitative. 

The general types of intensity distribution in band systems can be 
accounted for by the different possible shapes of the potential energy 
curves V ' and 7". If these curves were of exactly the same shape and the 
values of r</ and r 0 " were the same, the vibration number would not 
change. This condition is approached in the case of the SiN band 

system, as can be seen from the 
values of the moments of inertia and 
frequencies of vibration in the two 
states : 

co' = 1,016.3, co" = 1,145.0, /' = 

38.0 • 10“ 40 , Z" = 37.4 * 10- 40 . 

In the case of the AlO band system, 
the curves do not differ greatly in 
shape, but the equilibrium distances 
between the nuclei are different in the 
two states, thus accounting for the 
two maxima of intensity in the pro- 
gressions. The constants for these 
bands are: 

& = 864.4, co" = 970, T = 

46.02 • 10~ 40 , I" = 43.38 • 10~ 40 . 

The constants for the iodine band 
system are in agreement with its 
unusual intensity distribution : 

= 127.5, o>" = 213.67, I' = 951.6 • 10~ 40 , Z" = 742.6 • 10” 40 . 

In this case, both the shape of the 7' and 7" curves and the values of 
tV and To” are very different for the two states. 

The relations of the potential energy curves for Cl 2 are certainly 
of the type shown in Fig. 15. In this case, discontinuous absorption 
bands involving the normal state of the molecule are unknown, 2 though 
absorption bands for transitions from the first vibration state have been 
observed. How this may occur is indicated by the arrows m, n, and o. 
The transitions from the normal state will transfer the molecule to the 
continuous energy levels in the neighborhood of the arrow n, while 
transitions from the first or higher vibration levels may go to the quantized 
higher vibration levels, as shown by the arrow o, or to the continuous 

iHerzbekg, Z. Physik, 49 , 761 (1928). 

s.Ktjhn, Z . Physik , 5, 130 (1921); 39 , 77 (1926). 



!Fig. 15. — Approximate potential energy 
curves of the CI2 type. 
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region, as indicated by the arrow m. This is certainly a possible mecha- 
nism for the photochemical decomposition of some molecules. The 
reverse process in which two atoms combine to form a molecule with the 
emission of light should also be possible. The recombination spectra 
of the halogens have been observed by Kondratjew and Leipunsky 1 
and by Urey and Bates.' 2 * * * * Not every collision between two suitable atoms 
should result in the formation of a molecule with the emission of light. 
The probability per sec of such a transition taking place will be about 10 7 
at the most, but the duration of a collision is only about 10~ u seconds, so 
that only one collision in 10,000 should result in recombination. 

The shape of the V' curve for the excited state of the HC1 type of 
molecule (such as the halogen hydrides and alkali halides) is unknown, 
since no vibration levels of these molecules in excited states have ever 
been detected. It may be that it is similar to that of Fig. 15, but with 
its minimum displaced to a larger value of r relative to r 0 for the lower 
electronic level. But since only continuous absorption spectra are 
known for these molecules,® it may be that the V' curve for these molecules 
has no minimum and therefore approaches the horizontal line from the 
high energy side. In this case both absorption and emission spectra 
will be continuous, with no possibility of a band spectrum, which agrees 
with the known experimental facts. 

12. THE APPROXIMATE ROTATIONAL STRUCTURE OF AN ELECTRONIC 

BAND 

The structure and gross appearance of an electronic band differ 
considerably from those of the infra-red bands such as those of HC1. 
The differences are due principally to two effects : (1) the distance between 
the nuclei of the molecule may be quite different in the initial and final 
states, because of the different electron structure of the two states; and 
(2) the molecule in either or both states may have a resultant angular 
momentum due to orbital motion of the electron or the electron spins. 
The first of these influences the gross structure and appearance of all 
electronic bands and will be discussed in this paragraph, while the latter 
affectB the formulas for the energy levels, the possible values of the 
rotational quantum number, and the selection rules. 

Consider a molecule which has moments of inertia I' and I" in the 
states of larger and smaller energy, respectively. If higher terms in j 
are neglected, and effects due to electronic angular momenta are not 

i Z. Physik, 50, 300 (1028). 

*Phys. Rev., 33, 270 (1929); Dec. (1920). 

8 See Franck and Kuhn, Z. Physik, 43, 164 (1027); 44, 607 (1927); Franck, 

Kuhn, and IIollefkon, ibid., 43, 155 (1027); Hoonebs and Franck, ibid., 44, 26 

(1927); Dymond, ibid., 34, 553 (1925); Gibson and Ramsferoer, Phys. Rev., 30, 598 

(1927). 
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included, then from equation (5), the rotational energies for the two 
steady states will be, 

e; = + 1) = B'chfW + !)• 

and 

E r " = g^vr/'O'" + 1) = + 1). (65) 

Accordingly, the wave numbers of the lines emitted will be 

5 = (ALzA'J- = ?,+ ?„ + B'j'ij' + 1) - + 1), (66) 

he 

where v e and v n are the contributions to the wave number due to the 
changes in electronic and vibrational energy. In many electronic bands 
j m ay change by 0 as well as by +1. The wave numbers corresponding 
to the three possible values of A j are as follows: 


R(j) = te + t n + (B' - B")(j + D 2 + (B' + B")(j + 1); 

Aj = — 1; j = 0, 1, 2 • • • , (67) 

Q(j) = + in + (S' - B")f + (B' - B")j ; 

Aj = 0;i = 0, 1,2 • • •, (68) 

P(j) = v e +i>n+ ( B ' - B")j v - - (B r + B")j, 

Aj = +l;i = 1, 2, 3, • • • , (69) 


where now in ecich case j is th& Quantum/ numbev of the final votationctl 
state, i.e., j This convention is used throughout this chapter. The 
possible values of j in equations (67), (68), and (69) are limited by the 
condition that neither j' nor j" can become less than 0. The sets of 
lines described by these formulas are called the B, Q, and P branches, 
respectively. It is convenient to rewrite them in the forms 


where 


R(j) = A + 2 B(j + 1) + C (j + l) 2 , 
Q(j) = A + Cj + C j\ 

P(j) = A — 2 Bj + Cf, ■ 

A = v c + Vn, 2 B = B' + B", C = B' — B". 


(70) 

(71) 

(72) 


If B r and B" were equal, so that C would be zero, the formulas for 
the R and P branches would not have the quadratic term and Q(J) 
would reduce to v e v n , so that the Q-branch would consist of a single 
line. Figure 16 shows the wave numbers for the three branches plotted 
against the values of j for this simple case. Such a plot is known as a 
“Fortrat diagram.” The continuous straight lines joining the points 
serve only to guide the eye in following the diagram. The R branch, 
is similar to the rotation bands in arrangement and in numbers of initial 
and final states, but the P branch has no counterpart in the rotation 
spectrum, since energy cannot be emitted by an increase in the rotational. 
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(quantum number alone, A P brunch is possible only when either -fche 
vibrational. or the vibrational and electronic numbers also change. 

Figure 17 is the Fort rat diagram for the l\ It, and Q branches when 
C is negative, /.<*., /' > V\ The relations are similar to those of -the 
preceding case, except that the speetml lines are no longer equally spaced 
and there is a genuine Q brunch. 

The curves for the P and It branches, shown in the figure and given 
by equations (70) and (72), intersect at j - ~ * £, and those for the JP 
and Q branches at j « 0; there is no P branch line for which;/ « () ? since 
this would mean that j would be minus l in the initial state. The H 
and Q branches intersect at j — I . The curve for the Q branch is a 
parabola whose hIojhi is aero at j — * *i* 1 The P branch linos draw 



Pm, Hi Pnrtrnt tH)i«rnm Flu, IT, Fnrtrat itmanuu 
iti i*»m- / ’ - / ' ili eim * /' > I 

further apart as j increases; the It branch lines draw closer together 
until 2 B{j + I) + C{j + l) 3 becomes a maximum and then draw apart 
again. After the maximum is passed, the wave manlier decreases with 
increasing j. This doubling back of the It branch causes an increased 
density of lines near the maximum and accounts for the existence of the 
band head on the high-frequency side. Formerly, the lines were num- 
berad from this point instead of From the band origin at v *■ A as we do 
at present, If C is positive, t his doubling back will occur in the P branch 
when —2 H'j + ('j % is a minimum and the head will Ho on the low fre- 
quency side. Bands having the head on the mold side are said to be 
degraded to the red, and those having the head on the red side to he degraded 
to the motet Visible and ultra-violet blinds may be degraded either way 
for changes in the electron configurations and vibration numbers may 
be such that V is either positive or negative, V is always negative for 

the Infra-red bands, since if equals a"), as can be seen from 

% The HfmjMMif these curve* m mmiilier! if the* molecule possesses electronics angular 
momentum, its we ciui #i*e from Fig. 23, for example*, 
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equations (34a) and (346), and n' must always be larger than n" . How- 
ever, C is small for these bands and the doubling back of the B branch 
would occur only at large values of j. For this reason none of the 
infra-red bands so far studied have observable heads. 

13. THE RIGID GYROSCOPIC DIATOMIC MOLECULE; KRAMERS-PAULI 

MODEL 

The problem of determining the rotational energy states of a diatomic 
molecule which has a resultant electronic angular momentum even for 
zero rotation of the nuclei has been considered by Kramers and Pauli, 1 
Kratzer 2 and Kemble 3 using the old mechanics, and recently by Hill 
and Yan Vleck, 4 using wave mechanics. By means of the formulas they 
have developed it appears possible to account for the structure of all 
known rotational energy levels. 



la) (b) Ic) Id) le) 

Fig. 18 . — Vector combinations of the gyroscopic diatomic molecule — Kramer s-Pauli 

model. 

Kramers and Pauli assumed that a diatomic molecule may have 
a resultant electronic angular momentum vector, rigidly oriented with 
respect to the line of nuclei at an arbitrary angle, which is supposed 
to be the same for all rotational states. The components of this angular 
momentum parallel and perpendicular to this line are represented by 

cr'h/2'Tr and eh/2w, respectively. It is assumed that the electronic angular 

2 

momentum s, which is equal to (V + e 2 ) 1/2 in quantum units, and the 
total angular momentum of the molecule j, are quantized. In the 
rotation of this molecule, the vector s lies in a plane determined by 
the line of nuclei and the direction of j. 

The vector diagram for such a molecule is shown in Fig. 18c. Since 
j is the resultant of </, e, and we have 

j 2 = <r' 2 + O' -f e) 2 . 

Therefore, 

m' = 0* 2 — <r' 2 )^ — c, 

1 Z. Physih , 13, 351 (1923). 

2 Ann. Physih , 71, 72 (1923)., 

3 “Molecular Spectra,” p. 318; Phys. Rev., 30, 387 (1927), 

*Phys, Rev., 32, 250 (1928). 
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and so the angular momentum of the nuclear rotation, mh /2r, is not 
ordinarily an integer. The energy may still be written in the same 
form as for the non-gyroscopic molecule, namely 


E = 


m'^h? 

8^To 



[(i 2 _ _ 



(73) 


In the special cases <r'= 0 and e = 0, this becomes 


E 


8t 2 / 0 


(J — e) 2 and E 


W 

8 T*J, 


(i 2 -o'), 


(74) 


respectively. To secure the formulas required by the quantum mechan- 
ics it is only necessary to replace j 2 by j(J + 1) and ( j — e) 2 by (j — e) 
(j - € + 1) in equations (74). Figure 18, at>c, shows the arrangement 
of the vectors for these two special cases and the general case, respectively. 
The arrangements of vectors shown in Fig. l&de were excluded by 
Kramers and Pauli, since they are dynamically unstable, in the sense 
that a slight displacement of the vectors would cause a rearrangement 
into one of the first three types. They were included by Kratzer, 
however, because they are necessary to account for the number of observed 
energy levels. "We secure the additional formulas for the energy in 
cases d and e by using the ambiguous sign before e in equations (73) and 
(74), and shall always consider « as a positive quantity. 

Kratzer introduced an additional term in the energy proportional 
to the first power of m' . Its theoretical justification has been given by 
Hund 1 and Hulthdn. 2 For simplicity consider the arrangements shown 
in Fig. 18a and d, and let the electronic angular momentum e be due to 
the spin of a single electron, so that t = s= and the magnetic 
moment is one Bohr magneton. Further, assume that the nuclei have 
the same charge and mass. The rotation of the nuclei with to' units of 
angular momentum will produce a magnetic field at the center of mass 

eaual to h m', where Ze is the effective charge of either nucleus, 
1 jj,cr z 4r 

r the distance between them, and /x the reduced mass. The mutual 
magnetic energy, due to the coupling of an electron with magnetic 
moment eh/4irTOoC with the magnetic field will be, 



This neglects the magnetic field due to the rotation of the electrons 
along with the nuclei; this field is opposite to that due to the rotation 
of the nuclei. Therefore, the expression for Em should be replaced 
by a summation which includes the term due to the nuclei and others 

* Z. Physik, 42, 93 (1927). 

2 Z. Physik, 46, 331 (1927). 
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due to the magnetic fields produced by the rotation of the individ- 
ual electrons. This summation will not be zero in general because of 
the different values of r for the nuclei and electrons and will be equal 
to a constant multiplied by m! . The additional term in the energy may 
be positive or negative for either orientation of m' and s, and examples 
of both cases are known. Using the ambiguous sign before e in equation 
(73), and adding a term proportional to m', and choosing the ambiguous 
sign before the last term so that the constant 8 is usually positive, we have 

E = s ^[ ( i 2 - + *? ± 25[(^ - <r' 2 ) +e], (75) 

The last term, linear in [Q 2 — o-' 2 ) 1 ^ + e], is necessary to account for 
the number of energy levels observed in many molecules; and the theo- 
retical value of 8, which can be secured by comparison with E M , above, 
is of the right order of magnitude. The case of the hydrides is partic- 
ularly simple for in this case>we can consider the rotation of the positive 
hydrogen nucleus about the heavier atom. The separation of the levels 
for parallel and antiparallel m! and s is of the order of magnitude expected. 

However, the formula (75) does not yield the energy levels of mole- 
cules satisfactorily. Some molecules have rotational energy levels which 
follow approximately but not exactly, the requirements of the theory, 
as for example the OH molecule. 1 The reasons for this failure are that 
classical mechanics cannot be expected to give the correct formula, and 
that the electronic angular momentum vector is not rigidly bound to any 
orientation in the molecule, but changes its orientation with changing 
rotation of the molecule. Before taking up these modifications of the 
theory (Sec. 15), it is well to consider the origin and nature of the elec- 
tronic angular momentum, which first became possible with the intro- 
duction of the spinning electron. 

14. SIMILARITIES OF THE ELECTRONIC LEVELS OF ATOMS AND 

MOLECULES 

Mulliken 2 showed that the first excited level of BO and other mole- 
cules with 9 outer electrons is a doublet level, with a separation of the 
order of magnitude to be expected, if the cause of the multiplicity is 
the same as that of the alkali metal doublets; and Hulthdn* showed that 
the doublet separations of the ZnH, CdH, and HgH molecules were of 
the same order as those of the Zn, Cd, and Hg atoms. Mecke* inde- 

With teS‘ MOleCUlai SpeCtra ’” f ° r a d6tailed com P ar ison of the OH bands 

(1924^' ^ 25 ’ 259 (1925); 26 ’ 56 ' (1925) ' 866 also Z. Phynk, 28, 261 

3 Nature, 116, 642 (1926). 

* Naturwiss., 13, 698, 755 (1925). 
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pendently pointed out certain analogies between the alkali metals and BO, 
C0 + , CN, and N 2 + . He also noted a similar analogy between these 
metals and the alkaline earth halides. Birge 1 summed up the evidence 
previously presented and pointed out that quite generally, definite 
analogies could be drawn between molecules and “ corresponding” 
atoms; that molecular electronic levels are found to follow a Ritz formula 
and are arranged in multiplets just as in the case of atoms. Examples 
of the first of these points of similarity are the electronic levels of the 
hydrogen and helium molecules, 2 which follow a Ritz formula. The 
A level of N 2 is a triplet with spacings approximately 20 and 42, while 
those of the 2 8 P level of Mg are 41 and 20. 3 Also, in the case of a doublet 
level of CO + the separation is 126, as compared with the separation 
91.5 for the 2 2 P level of Mg + . Subsequent work has amply justified 
Birge’s conclusions. 

* 

15. VECTOR MODEL OF THE DIATOMIC MOLECULE WITH AN 
ELASTICALLY BOUND GYROSCOPE 

■ ) 

Hund 4 first applied the methods of describing atomic multiplets by 
the use of the l and s vectors, as given in Chap. VII, to diatomic molecules. 
In the theory of the Stark effect (Chap. V, Sec. 12), we find that the 
quantum numbers m, n 2 , and m, (where ni + n 2 + m equals the total 
quantum number, n) must be used to fix the steady states of a hydrogen 
atom, which in the absence of the electrostatic field has the quantum 
numbers n and k. According to this theory, m may take all integral 
values from — 7c to +k , except zero. Wave mechanics (Chap. XVI, 
Sec. 7 ) similarly requires the use of three quantum numbers in the, pres- 
ence of the field, but the allowed values of m are all integral values 
including zero from — l to +1. The quantum numbers k of the older 
theory and l of the new theory lose their original significance because there 
is no constant angular momentum vector which precesses uniformly 
about the direction of the electric field. 

Two atoms in close proximity will influence each other in a way 
similar to that in which an electric field acts on an isolated atom, for 
each atom finds itself in the strong inhomogeneous electric field of the 
other. (The magnetic field in the neighborhood of an atom having a 
magnetic moment will be negligible compared to its electric fields, in 
its effect on the energy states of neighboring atoms.) The effect .of 
the field of one atom on the other is to cause a torque on the electron 

1 Nature , 117,300 (1926). 

2 Fowler, Proc. Roy. Soc., 91 , 208 (1915); Curtis and Long, ibid., 108 , 51 J 3 

(1925); Birge, Proc. Nat. Acad. Sci., 14 , 12 (1928). ^ 

3 The close agreement between these figures is probably not significant. > ". fir 

« z. Physik , 36 , 657 (1926); 40, 742 (1927); 42, 93 (1927). V "• •kuu; 
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system and nucleus of the latter about a line perpendicular to the line 
joining them. This causes a precession of the electron system of the 
second atom about the line of nuclei; the second atom causes a similar 
precession of the first. This means that one of the angle variables of the 
system is the frequency of precession multiplied by the time. The 
angular momentum about the line of nuclei is constant and must be 
quantized. Let this quantum number be X. Just as in the case of the 
Stark effect in a strong electric field, where the component of angular 
momentum parallel to the field may take all integral values from - 1 to 
+Z, so here X takes the values — Z, — Z + 1, • • • l — 1, l , where Z is a 
hypothetical quantum number which would be the azimuthal number if 
the two atomic fields were replaced by a central field. The total number 
of X values for given l is thus (21 + 1). There is no indication from the 
Stark effect that the electron spin vector is caused to precess with an 
appreciable angular velocity in the presence of an electric field, and there- 
fore no such precession of s about the line of nuclei is to be expected, and 
the orientation of s in the non-rotating molecule will depend only on its 
coupling with X. If this is zero, it should be free to orient itself in any 
direction whatsoever. However, when the molecule is rotating, there 
will be a coupling between the s and X vectors on the one hand and the • 
magnetic field due to the rotation of the nuclei on the other hand, as 
described above (Sec. 13) ; but since the X vector is strongly oriented by 
large electric fields the coupling between it and this weak magnetic field 
can be neglected. Also, even neglecting this weak magnetic field, there 
is a coupling between the X and $ vectors and the j vector, arising from 
the kinetic reactions in a rotating gyroscope, which tend to orient the X 
and $ vectors parallel or antiparallel to j, as will be shown presently; 
but in most cases these effects tending to orient X in the direction of j 
are much smaller than the effects due to the electrical fields of the 
atoms. The orientation of X is therefore practically unaffected by 
the rotation of the molecule as a whole. This is not true with respect 
to the orientation of s; the strength of coupling between X and $ may be 
weaker or stronger than the strength of coupling between the s and j 
vectors, or approximately equal to it. For this reason Hund distinguishes 
the cases: 

Case a . — The coupling between X and $ is very much stronger than 
that between j and s, so that the orientation of s depends principally 
on X and only slightly on j. The quantum numbers for this case are 
j, s, X and <r; <r is the projection of $ along the line of nuclei and (in case a) 
it takes all values from — $ to +$. We shall denote the vector sum of X 
and <r by t. The meaning of these vectors can be seen from Fig. 19. 

Case b. — The coupling between the X and s is very much weaker than 
that between j and s. ’In this case we have the following quantum 
numbers: X as before; k, which is the resultant of X and the rotational 
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number m ', (not quantized) as shown in Fig. 19; and ^ which is the vector 
sum of k and s. The s in this case takes quantized orientations with 
respect to k and is only slightly influenced by X. 

There is also the intermediate case where the strengths of coupling 
are nearly the same. Then for low values of j, the rotational states will 
follow those required for case a , and for large values of j , those required 
for case b; between these two extremes there will be a transition from 
case a to case b. Since the coupling between s and j is always fairly 
weak, this transition case will not occur unless the coupling between 
X and s is weak. It will be necessary therefore to correlate the arrange- 
ments of vectors for case a with those for case b. The circles 
of Fig. 19 indicate the precessions of the vectors. In case a , m' and i 
precess about j with the same frequency while in case 6, m' and X precess 




Fig. 19. — Vector combinations and processions of the gyroscopic diatomic molecule. 

Hund’s cases (a) and (6). 


about k with the same frequency, ml is determined by j and t or by k and 
X in these two cases, respectively, and, therefore, is not quantized. 
It must be understood that we are dealing with a model in which l and s 
are not directly coupled to form a quantized resultant, as they are in the 
normal multiplet levels of atoms. The $ vector does not couple with 
Z, which is not a quantum number, but only with X which has the direc- 
tion of the line of nuclei in case a, or with k in case b. 

The total number of quantized states will be the same for case a* 
and case 6. In case a, the total number of values of <x for a given value 
of s is 2s + 1. Combining this with the total number of X values, we 
have (2 s + 1)(2Z + 1) possible steady states. For case 6, there will 
be 21 + 1 possible values of X, as for case a, and 2s + 1 possible orien- 
tations of $ with respect to k and thus a total of (2s + 1)(2Z + 1) com- 
binations for each j value, in this case as well. Some of these levels 
will have identical energies if the molecule is not rotating, Changing.the 
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sign of both a and X in case a, or X in case b should result in no change 
of energy if the molecule is of this kind. Simple considerations shovtf 
that as a consequence the number of levels observed should be (2 s +. 1) 
(l + 1). On the other hand, if the molecule has rotational energy, 
this degeneracy Is removed and two steady states with a small energy 
difference occur if X ^ 0 (Chap. XIX, Sec. 9). This results in the 
appearance of the full number of levels expected, namely (2s + 1) 
(2 1 + 1). They are arranged in close pairs, except that the level for 
which X = 0 is single. It was known that the interpretation of experi- 
mental facts required this doubling of the levels before the cause was 
understood, and the phenomenon was called "<r-type doubling” or, 
better, using the symbols of this chapter, X-type doubling. It is always 
present if X is not zero. The explanation was first given by Hund, 1 
and has been discussed also by Hulthen 2 and Kronig. 3 States for which 
X is different will usually be widely separated because of the large " Stark 
effect” (see Chap. Y, Sec. 12 and Chap. XVI, Sec. 7). 

The resultant X which we have used may be regarded as the vector 
sum of Xi, X 2 , X 3 , . . . Xr . . . , characteristic of the individual electrons. 
Each of the electrons is influenced by the large inhomogeneous electric 
field of the two nuclei so very strongly that the coupling between the 
Vs of the individual electrons is broken down and each behaves to a first 
approximation as though the others were not present and thus, 

X = Xl + X 2 + \z • • * Xr + • • * . 

These two cases, a and b, occur most frequently and are the only 
ones discussed in detail in this book, but other ways of combining the 
Z and 5 vectors may occur. It may occur that the coupling energy of 
the l vectors among themselves is greater than the energy of the "Stark 
effect” due to the two nuclei. In this case, the Z’s will form a quantized 
resultant l and the s’s another resultant $. These two vectors will form 
a j which will be entirely similar to the atomic j and this will precess 
about the line of nuclei. Its projection on this line will be i, which will 
then combine with the m' to form the resultant j of the molecule. This 
is Hund’s case c. 

Again it may happen that the molecule consists of a kernel having only 
closed shells of electrons and the two nuclei, and one or more "valence” 
electrons moving at relatively large distances from the kernel. In this 
case, there will be, first, a rotation of the kernel with a resultant angular 
momentum and, second, a resultant angular momentum of the outer 
electron system made up by a vector sum of the Vs and s’s of the electrons. 

1 Z. Physik , 42, 93 (1927). 

2 Z. Physik , 46 , 369 (1927). 

« Z, Physik , 46 , 814 (1928); 60 , 347 (1928). See also Van Vleck, Phys. Rev,, 33 , 
46.7 (1929). 
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Finally, there will be a coupling between these vectors. Several cases 
may be considered here depending on the way the vectors are coupled. 
Weizel has shown that this uncoupling of the X from the line of nuclei 
occurs in the case of certain He 2 levels. 1 

16. ENERGY OF THE ELASTIC GYROSCOPIC MOLECULE; CORRELATION OF 

CASES a AND b 

Having considered the origin of the resultant electronic angular 
momentum we wish to secure the formula for the rotational energy and 


Normal Doublets Inverted Doublets 

L - A- s l-A+S l-I-s c=Ms 



j~k~s j-lc-s J*Jc+s 

Fio. 20. — Tho correlation of cases (a) and (/;) when # — 

to decide how the states of case a are to be correlated with those of case 6. 
In other words, if a molecule belongs to case a and has certain values 
of the quantum numbers j, X, <r, and i for small values of j ? and if it 
becomes a molecule of case b for large j, what will be the values of the 
quantum numbers j, X, s and k y which correspond to the values of the 
1 ZlPhysik , 64,321 (1929), 

I 
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quantum numbers for case a? This correlation is given graphically 
in Fig. 20 for normal and inverted doublets (where $ = K, so that 
<r = ±}i). In the normal doublets the higher energy level for no 
rotation of the nuclei is that for which t = |\| + \cr\, and the lower, 
that for which i = |\| — |cr|, while the reverse holds for the inverted 
doublets. Thus, for example, if \ = 1 and cr = ±}£, i = or } %, the 
molecular states are similar to 2 P^ } y 2 atomic states, and the rule for 
normal and inverted doublets is the same. For normal doublets, those 
states of case a which have X and cr parallel go into states of case b having 
k and $ antiparallel; and those states of case a having X and <r antiparallel 
go into states of case b having k and $ parallel. For inverted doublets, 
parallel X and <r go over into parallel k and s; and antiparallel X and <r 
into antiparallel k and s. One apparent exception to the rule for normal 
doublets will be discussed later. 

The essential features of the argument both for the energy levels 
and the correlation of the two sets of quantum numbers for the two cases 
can be understood from the mechanical model considered by Kemble. 1 
We shall consider only the special case where s = and therefore 
== ± X A for small values of j, which is the case of a doublet system of 
electronic levels. The two possible arrangements of vectors for the 
case intermediate between cases a and b are given in Fig. 20, with the 6' 
slightly displaced from the position parallel or antiparallel to X in the 
way expected for normal and inverted doublets. The resultant electronic 
angular momentum does not lie along the line of nuclei, but it does lie 
in the plane determined by j and the line of nuclei so that as stated above 
there is no component of electronic angular momentum perpendicular to 
this plane. The coordinates 0 and <p fixing the position of X, s, and j rela- 
tive to each other are shown in the figure. It is assumed as a first approxi- 
mation at least that the energy of coupling between X and s is proportional 
to these numbers and to the angle between them; let this energy be 

V(6) = Ah\s cos 6, (76) 

where A is positive for normal doublets, and negative for inverted 
doublets. The torque tending to increase d will be 


-dV 

do 


= Ah\s sin 6. 


(76 a) 


This must be equal to the torque due to the precession of the gyroscope 
about j in a state of steady motion; this is known from the theory of 
the gyroscope to be equal to the angular velocity of precession multiplied 
by the component of angular momentum perpendicular to j , and is 
therefore, 

cash sin ( j , a) 


1 Phys> Rev,, 30, 387 (1927). 
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where co is the frequency of precession of the nuclei about j. 
this to the right member of equation (76a), we have 

.AX sin 6 = sin ( 6 + p), 

since the angle (j, s) — 6 + <p as can be seen from the figure. 

These results may be better understood by the following geometrical argument. 
The torque due to the coupling between s and X is in a direction to increase the angle 9 
for the two vector arrangements of Fig. 20 when A is positive, i.e ., for normal doublets. 
This torque if not balanced by an opposing one would cause a rotation of s in the 
direction of increasing 9. In time dt : it would contribute an additional angular 
momentum, upward from the plane of the page in (20a) and downward in (20/3), 
equal to the torque times dt. This additional angular momentum is perpendicular to 
s. In the absence of any coupling with X, s would keep its orientation in space 
unchanged. Therefore, s is changed in direction relative to the line of nuclei, by the 
rotation of the molecule as a whole, at a rate equal to the projection of s on the 
plane perpendicular to j multiplied by the angular velocity of precession, 2™. This 
will be downward from the plane of the page in (20a) and upward in (20/3), so that 
these changes due to the rotation of the molecule are always opposite in direction to 
the angular momenta contributed by the coupling torque. When these two are equal 
no precession of the s vector about the line of nuclei will occur, and it will be held in 
kinetic equilibrium at the angle 9. This is the meaning of equation (77). The angle 9 
decreases with increasing j in (20a) and increases with increasing; in *(20/8). Finally, 
s becomes parallel or antiparallel to fc, thus proving the correlation of states given for 
normal doublets. The correlation for inverted doublets is similar; here A is negative 
so that the direction of the coupling torque is opposite to that for normal doublets 
and a similar argument applied to the inverted doublets will give the correlation of 
the cases a and b as before. 


Equating 

(77) 


The kinetic energy of rotation of the nuclei is 

T = ^2M r o 2 (27rw) 2 sin 2 (p = ™) 2 sin 2 <p , : (78) 

where r 0 is the distance between the nuclei, ji the reduced mass, and I 
the moment of inertia of the molecule. The angular momentum of 
rotation about a line perpendicular to the line of nuclei and in the plane 
of j and this line is 

/ar 0 2 (27ro;) sin <p = 7(2™) sin <p 
and this must be equal to 

. . . _ . aN h 

(j sin <p + s sm Qy^-y 


so that 


h(j si n ip + £ sin 8) 
47t 2 / sin (p 


(79) 


Further, from the geometry of the figure, we have 

j cos ip = X + s cos 0. (80) 

To secure the energy as a function of j, X and s, we must eliminate <p, co, 
and 6 from equation (78) by means of equations (77), (79), and (80). 
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Huh cannot bo done except for the limiting nines of ver\ sum!! ami 
very large values of j. The formulas agree fairly well with the expert 
mental data for the state of OH secured from ih«* wntei 

band at 2,811 A., but again we shall make use of the more .■won nml 
simpler formula of Hill anti Van Vleck 1 secured from matrix meelntme 
using the matrix analogue of Kemble’s model. This formula p* 


K « [(j -f- <a>* - X 9 T HHU + 'a) 3 f «(« I » <sn 

vvlu>re a * A/Hr and H » A/8tr*/e as used before in this chapter 't his 
formula holds throughout the region of transition from cn»c « to ease h 
for both normal (A positive) and inverted (.1 negative) doublets ami 
agrees very well with experimental data to is* presented m the following 
paragraphs, 


17. NOTATION FOR ELECTRONIC LEVELS AND RANDS' 

The notation used to describe molecular levels is an outgrowth of the 
methods of designating atomic levels, hut is more complicated Ih-i-huhi- 
of the greater number of quantum numbers. Undoubtedly, it will he 

1 PhijH. Rev., 32, 250 (1028). 

' Many symbols havo boon used for the quantum numbers of molecule* and ji 
appears that there ma.v be still further change*. Ik-low w<- go «• mime .if them- muiem* 
and that used in this book. We list under ■■ Washington " .. set adopted In „„ um.tli 
dal group of speetroscopistH at the April meeting of the American I'hvsteal Hocr-ty 
I’rof. It. 8. Mulliknn tells us that he is using a sot somewhat different fit.m thi» which 
we list, under “Mullikon (revised)." The symbols used in the. book are ,„„ih chosen 
because we had used small letters instead of capital* in preparing the lw*,k and felt 
that the labor of changing all our symbols was too great a. justify our doing Also, 
we rather prefer small letters because of the greater ease ,,f writing tlu-m We believe 
the set used is sufficiently similar to tho others to make comparison with other work* 
com i mm t i vely mmy . 


Quantum Number# for Cmti a. 

Tins book 

Wignor and Witmm*. ,,,,,, 

Ilmwl 

M«llibn, . . ........ 

Washington, 

Mullikon (rwkodb. ,,,,,,,, 
Quantum Number# far Catte b. 

Thin book 

Wignor and Witmar. 

Hum! 

Mulliknn 

Washington t , 
Mullikon (rovixHuij 


Hf 

#kr(#tr) 

Hh) 

X(X,) 


% 

MX,) 

X(Xr) 


In addition to these, Dennison and Kronig have used n for K and Homme, M-t 
(Krgansmngsbmid) has used r for X. The use of (ireek symbol* was first mt„,t. 1 . „l 
by Wigtier and W.tmer. Heferonoro to tho papers of tho authors e,.,-d 
throughout Urn text. 
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in the future, as the subject grows. The detailed symbols 
d by Mulliken, 1 Hund 2 and Wigner and Witmer 3 for electronic 
molecules will be developed as different types of bands are 
and the necessity for them becomes evident. The symbols 
stc., will be used to indicate levels for which X = 0, 1, 2, etc., 
dy. Bands are indicated by giving the symbols for both the 
I the final electronic states. We now proceed to give illustra- 
r arious types of electronic bands. The selection rules will be 
mpirically from the experimental data. 

18. BANDS OF THE TYPE 

afra-red rotation* vibration bands of HC1, discussed in detail 
, are examples of this type of band. The rotational energy 
the initial and final states is approximately proportional to 
j = 0, 1, • • • . The levels are single, which indicates that 
no electronic angular momentum, so that X and <r are zero, 
id It branches are known, so that the selection rule is A j — ± 1. 
onic bands of this type are known, of which the CuH bands 
L are a good example. A least square computation 4 of the best 
equations for the two branches yields the results, 

23,311.080 + 14.6072M - 1.078341T 2 - 0.001155Af 3 + 

0.0000364M 4 , 

(82) 

23,310.976 - 14.4439M - 1.09105M 2 + 0.003657 M* + 

0.0000138M 4 , 

= 1, 2, • • • . The difference between the constant terms in 
► equations is probably not significant, but the differences in the 
istants are certainly real. These bands can be accounted for 
Lately by assuming terms (P - E/hc ) given by the equations 

? - Y + Y + F'(j'), F'(j') a + 1), 

r - Y' + Y' + F" O'") s + 1), (83) 

# 

■ d" — 0, 1, • • • and the selection rule, A j = ± 1. The energy 
;ram required for the band is entirely similar to that of the HC1 
'ig. 5). The arrows showing the transitions for the P and R 
are numbered in accordance with the usual convention by 
e j value of the lower energy state. The first R line is f2(0.) and 
P line P( 1); their wave numbers are given by equation (82) 
= 1. Equation (82) can be rewritten, using j instead of the 
. running number M by substituting M = j + 1 in R(M) 

Rev., 30, 785 (1927). 
yaik, 51, 759 (1928). 
yaik, 51, 859 (1928). 
a and Shba, “Molecular Spectra,” p, 87. 
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and M = / in P(M) in the right hand members so that R(M) and 
P(M) equal R(j) and P(/) of equations (70) and (72) respectively. 
The so-called “ double differences of the rotational terms/ 7 defined 
as F(/ + 1) — F(j — 1) and represented by the symbol 2A F } can be 
secured by taking differences between the wave numbers of suitably 
chosen lines of the P and R branches. From the figure, it is easily 
seen that these differences are given by the following combinations : 

2A F'(j) = F'(j + 1)-F'(j - 1) = R(M) - P(M) = R(j) - P(j) (84) 
- 13.632 + 26.8911 / + 0.009463/ 2 - 0.004666/ 3 + 0.Q000226/ 4 , 

2AF''(j)=F'\j+l)-F'\j-l)=R(M-l)-P(M+l)=R(j~l)~P(j+l) 
= 15.635 + 31.2222 / + 0.001656/ 2 - 0.004867/ 3 + 0.0000226/ 4 . 

From these equations we can determine the functions F'(j) and F"(j). 
Except for an unknown additive constant independent of /, they are, 

F'(j) = 6.8144/ + 6.7239/ 2 + 1.5753 • 10- 3 / 3 - 5.832 • 10” 4 / 4 

+ 2.26 • lO” 6 / 6 , 

F"(j) = 7.8172/ + 7.8068 / 2 + 2.685 • 10~ 4 / 3 - 6.084 • 10" 4 / 4 

+ 2.26 • 10- 6 / 6 . (85) 

The first two terms on the right of these equations could be replaced by 
6.7239/0* + 1) + 0.0905/, 

and 

7.8068/0 + 1) + 0.0104/, (86) 

respectively, and thus these equations are approximately, but not 
exactly, in the form to be expected for a rotating non-gyroscopic diatomic 
molecule. Kemble 1 has suggested that this deviation is due to an 
orientation of the electron spin vectors relative to / in such a way that 
they do not exactly add up to a resultant zero. This would occur 
because of the kinetic torque due to the rotation and would give a small 
component of electronic angular momentum parallel to/. The additional 
term in the energy proportional to / arises for the reasons given in Sec. 13. 
This deviation is quite frequent in this type of level, but the approximate 
agreement and the singlet character of the levels lead to the conclusion 
that neither of the electronic states has any resultant electronic angular 
momentum. The transition is therefore classified as — 1 D. 

The CuH molecule has an even number of electrons and 2 of these, 
one from the copper atom and 1 from the hydrogen atom may form a 
“valence 77 group similar to that of the alkaline earths. Thus we may 
expect the levels to be single and triple, as in these atoms. The known 
singlet bands are in accord with this expectation; / takes integral values 
for this level of odd multiplicity, just as the atomic / does in the case of 
odd atomic multiple ts. 

1 “Molecular Spectra/ 5 pp, 345-346, 
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19. THE 4,241 A. BAND OF AlH; A ’II — » *2 TRANSITION 1 
This band consists of a P, a Q, and an R branch, and, therefore, the 
first and most obvious assumption to make is that it is emitted in transi- 
tions between two sets of single rotational levels, following the selection 
rule A j = ±1 or 0. This is not true, for on following through the assump- 
tion, we find that a doubling of the levels must be assumed. A doubling 
of levels is to be expected in accordance with the preceding theoretical 
discussion for a singlet II state, for here X = 1 and a = 0; two states of 
slightly different energy will be present for each value of j, due to the 
two possible orientations of X, which can be explained only by means of 
the new mechanics (Chap. XIX, Sec. 9). To see how this doubling is 
detected in practice, we return to the original erroneous assumption for 
the present. That is, we assume that the wave numbers of the three 
observed branches are given by the following differences, omitting for 
simplicity the contribution to the wave numbers by the change in elec- 


tronic and vibrational energy, 

P(j) = F'(j - 1) - F"(j) 
Q(j) = F'(j) ~ F"(j) 

R(j ) = F'(j + 1) - F"(j). 


(87) 


Then the first differences designated by A F(j + H) and defined as 
p(j -f i) — F(j) are for the two electronic levels, 

A F'(j + }4) = F'(j + 1) - F'(j) = R(j) ~ Q(j) = Q(j + 1) - P(j + 1)> 
A F"(j + H) = F"(j + 1) - F"(j) = Q(j 0 - PU + 1) = m 

If our assignment of transitions is correct, the two expressions for A F' 
and similarly the two for A F" should agree. That they do not agree 
exactly is evident from Table 3. The amount, of the discrepancy is 
known as “the combination defect,” and its existence proves that the 


Table 3 


j 

F'(j + 1) - F'(j) 

* 

F"(j + D 

. F" (j) 

R(j) - Q(j) 

5' - 

Q O' + 1) - PU + 1) 

Q(j ) — P(j + !) 

5" . 

Rij ) - Qti + 1) 

0 

1 

2 

3 

4 

9 

10 

14 

19 

24.1 

36.2 

48.3 

60.3 
107.1 
118.7 
173.5 

220.3 

0.2 

0.3 

0.5 

0.9 

0.9 

1.8 

3.5 

5.5 

23.9 

35.9 

47.8 

59.4 

106.2 

116.9 

170.0 

214.8 

25.1 

37.6 

50.2 

62.3 
112.2 
123.9 
171.2 

227.6 

0.2 

0.3 

0.5 

0.9' 

0.9 

1.8 

3.8 

5.6 

12.8 

25.3 

37.9 

50.7 

63.2 

113. 1 
125.7 
174.0 
. 233,2 


" Ehiksson and HwbIn, Z- Physih, 34, 775 (1925), 
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assignment. of levels is not quite correct. Then* are tut observed into for 
Q( 0) or / > (, 1 ), showing that j for the initial slate ettmtol take a value less 
than 1. 

The combination defect can be sat isfaet ortlv accounted for by 
assuming that the higher energy levels are close doublets. Figure 21 
illustrates the iirst few rotational levels for the two elect route states. 
According to Mulliken, 1 the lower '2! levels are designated ns ,1 levels 

and the higher double levels as .1 and li 
P Q ft J h'vels, in such a way that a ft level com- 
bines with an A level, when Aj i I, and 
an A level with an ,1 level when Aj » 0. 
Further eases of this will lie met and the 
more general statement of the selection 
rule is that 

H —* A or A * U, when Aj <* t i, 

and 

A A or H — * H, when Aj «* It,* (XU) 
The levels and transitions of Fig. 21 have 
been drawn so ns to be hi agreement with 
this rule and the experimental data of the 

band. 

The three branches are due to the fol- 
lowing combinations: 

f\dj) - /VO “ I) - /Y'O), 

QaaU) - Fa V) - F/'tjh 

F»*U) - /VO + 1) - /’/'Ob (00) 

where the meaning of the sulwcrlpts 
Fl "‘ %l?TMuZ»*\ U,t th, ‘ of tho F ' 11,1,1 F " **vident, and those 

of the /*, Q, and It indicate the eharactcr 
of tho initial and final levels involved. Those symlsds will be used in 
the following discussion to indicate levels and transitions, when this 
so-called “ X-type doubling” occurs: The differences of the second eoimnn 
of 'fable 3 are really /Y0 + 0 - F/(j), and of the fourth column 
Fa'U + 1) - F n '(j), so that they should not la* identical. In the fifth 
and seventh columns are the differences 

, (Fa" { j + 1) - F a "U)) + (F A '(j) - F/(j)) 

and 

(Fa'U + I) ~ /Y'O)) + (Fh'U + 1) ” F/(j I I)), 

respectively, which again should not tie identical. The differences 4' and A" 
should be equal to each other in agreement with observation, and . qua! to 

(Fn'U + 1) - /’/O' + 0) + (Fh'U) ~ F A '(j)), (01) 

1 I’hi/A. Rrv., 30, 7X5 115127). 

’ hi this type of level j mu! k are identical. 
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From these differences, F B '(j) ~ Fa (j) can be secured as a function 
of j. It appears that it cannot be a linear function of the rotational 
quantum number and that the B levels lie higher than the A levels as 
shown in Fig. 21. 

By using only the P and R branches, expressions could be secured 
for Fn'(j) and fY'(j) as functions of j, by exactly the same methods 
which were used in discussing the CuH bands above. The differences 
F a '(j + 1) — /'V (j — 1) are found to follow a fairly smooth formula 
of the type 4 B(j + A)> which shows that F B '(j) = B'j(j + 1). Because 
the lines Q(0) and P(l) are missing, the level for j = 0 must be absent. 
The lower levels follow a formula of the form F A "(j ) = B"j(j + 1) with 
j — 0, 1, • • • , very closely. Thus, the energy diagram meets all the 
requirements necessary to account for this band. 

The initial state is evidently a Tl state with X = 1 and a = 0. The 
final level is evidently a *2 level of the same type as those of the HC1 
bands or the CuH band; X = 0 and one would expect that its rotation 
levels might behave as either A or B levels and would combine with 
both these types of levels, which is not the case. The selection rule 
for this band is that given in equation (89). It is to be noted that j 
takes integral values for this system of odd multiplicity, as it should. 

20. THE B BAND OF CaH; A a 2-*- 2 Z TRANSITION 

The CaH molecule has an odd number of electrons so that the spin 
number s must be half integral. If two of the three valence electrons form 
a closed shell, only one electron is involved in the emission process and we 
may expect a doublet system of levels similar in some ways to those 
of the alkalies. In order to avoid confusion, certain points developed 
in the preceding theory of the gyroscopic molecule may be repeated 
here. For a 2 level, X is zero and therefore the s vector, which is A 
in this molecule, will not tend to orient along the line of nuclei at all since 
electrostatic fields do not influence its orientation. Therefore, it is 
free to orient itself parallel or antiparallel to k. However, since X is 
zero, 1c is the angular momentum of rotation of the nuclei, and j will 
be equal to (k + A) or (k - A), for the two orientations of s with 
respect to k. The energy of rotation will therefore be proportional to 
k(k + 1) for both these orientations, with only a slight difference due 
to the two orientations of s in the weak magnetic fields produced by the 
rotation of the nuclei. This effect was discussed in connection with 
equation (74), and the theoretical formula for this case, neglecting the 
small magnetic energy, is secured from equation (81) by setting X = 0 
and a = 0/ Thus, the terms should follow the formula, 

F = B[(j + AY ± O' + A)] ± 28k 
= Bk(k + 1) ± 25k (92) 
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where 

j = k + or j = k - %. 

(Compare equations (74), (75), and (81).) The ambiguous sign is chosen 
so that the energy is maximum when k and s have the same direction. 
Those terms which have the same k will evidently form close doublet 
levels whose separation becomes zero for k = 0. 

The known bands of CaH have been measured by Hulth&n 1 and 
Mulliken 2 and are called the A, B } and C bands. The B bands are two in 
number and are probably the zero sequence with vibration numbers 
O' 0 and 1 — > 1. These bands and also the C bands are to be classed 
as a 2 2 — > 2 2 transition. The A bands are a 2 n — ► 2 2 transition. This 
type will be considered later. The B bands consist of two R and two P 
branches, and perhaps two short Q branches. All of them can be satis- 
factorily accounted for by assuming two energy levels for each value 
of j , both for the initial and final electronic states. The observed lines 
are given by the combinations, 

Pn(j) = P. + FSU - D -FV'V), 

Rn(j) = h + F i (j + 1) - fy'GO, 

P 22 U) - ** + F 2 '(j - 1) - F*"(j), 

R 22 U) = v e + F 2 '(j ; + 1) - F*" (3). (93) 

The subscripts 1 and 2 of the F ’ s distinguish the two sets of terms for 
which 5 is parallel and antiparallel to k , respectively; and the subscripts 
of the P’s and P’s indicate the orientation of the s for both the initial 
and the final states involved in the emission of the line. The double 
subscript is unnecessary here since Pn(j), Rn(j), etc. are not observed 
in these bands, but the full symbol will be used, because it will be required 
in more complex band types. The subscripts A and B are unnecessary 


Table 4 1 


k 

Pn 

3 

Ru 

P 22 

3 

R‘22 

0 


X 

15,761.91 




1 

15,745.12 

X 

15,770.73 


Vz 

15,773.07 

2 

36.53 

% 

79.91 

15,737.87 

A 

83.20 

3 

28.13 

% 

89.51 

30.86 

Yz 

93.75 

4 

20.70 

% 

99.54 

24.11 

Vz 

804.53 

5 

13.48 

l V 

809.93 

17.78 

'X 

15.73 


1 Hulth^n gives lines which would, be designated Pvi(y&) and 2 s( — y&) in the present numeration, 
with wave numbers 15,745,12 and 15,763.17 respectively; but Mullikbn, Phys. Rev., 30 , 145 (1927), 
gives reasons for believing that these should be classified as Qn(H) and QnQ>i) lines and they are there- 
fore omitted from the table. See disQfiseiQS below, 

1 Phys. Rev., 29 , 97 (1927), 

a Phys. Rev., 25 , 509 (1925). 
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because X = 0, and all the levels are A levels. Both systems of subscripts 
will be needed when both X and s are not zero. 

The wave numbers of the observed lines are given in Table 4 for 
small values of the rotational quantum numbers. The j ’ s and ft’s 
given are those for the final state in each case. 

Using this assignment of the lines to the branches and the inter- 
pretation of the branches expressed by equations (93) we can secure 
the double differences of terms as before. 

2AFi(j) = Fi(j + 1) - Fi'(j - 1) = BiiG) - Pn O') ^ 

2AFY'(j) = Fi"(i + 1) - Fi”(j - 1) = RnU - 1) - p nG + !)> 
and there are similar equations for 2AF 2 '(j) and 2A F 2 "{j). These 
differences are given in Table 5. 


Table 5 


h 

j 

2AfY 

d ' 

2A?Y 

J 

j 

2Af\" 

d" 

2A Ft" 

j 

1 

o 

% 

¥> 

25.6l| 

43.38 

-1.95 

45.33 

H 

% 

% 

25.37 

42.30 

0.09 

42.21 

3 A 

At 

3 

7 Z 

61.08 

-1.81 

62.89 

A 

14 

59.21 

0.12 

59.09 

% 

4 

7 A 

M 

78.84 

-1.61 

80.47 

n A 

% 

76.03 

0.06 

75.97 

Vi 

5 

7 2 

96.46 

-1.50 

97.95 

% 


92.83 

0.05 

92.77 

% 


For the higher energy state the differences for the F, terms are larger than 
those for the Fx terms, showing that the F, set is more widely spaced 
than the Fx set. Thus the F, term lies higher in the energy diagram 
than the Fx term having the same value of ft. The opposite is _ true for 
the lower energy state, and this is the more usual order of these two 

of terms for 2 2) electronic levels. . . 

The Assignment of these branches to the transitions mdicated m 
equation (93), where Fx(j) and F 2 (j) are the rotational terms for parallel 
and antiparallel /c and s, respectively, cannot be proved unique r 
study of this band alone. Thus we might interchange the two P branches, 
or the two R branches in Table 4, for the two doubtful lines at 15,745 12 
and 15 763 17 (see footnote of Table 4) are known, which may make the 
0?1 Ls “Lticl, and in this way values entirely dfflerent rom 
“ ™ . Tflhlp 5 wou id be secured. Moreover, there is no proof for the 

3 . p.-q- W wh are emitted in transitions from other energy levels to t e 
fi ^ Wls of the B band. The double differences for the lower energy 
^ to -me as those secured from this hand and to selector rules 
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separations of (lie doublet levels an* exaggerated in comparison with 
(iif rent of (bo diagram. In addition to the transition* accounting for the 
observed lines listed in Table l, there are two transit ions indicated bv 
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with the posit ions expected for t hew* lines, front 
fig. 22, it is Keen that f(Vd*u) will lit* close to 
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higher members of these branches will la* close to 
the / 11 and /fit brandies. For this reason, 
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so that we have here an “inverted doublet.” From equation (95) we 
see that 

4 Bk + 2B = AFx(j) + A 

and thus B can be calculated. The values of the constants required to 
give the best agreement with the empirical data are given by Hulthen and 
are: 

B’ = 4.400, 8' = -0.250, r 0 ' = 1-96 X 10- 8 cm. 

B" = 4.225, 5" = 0.011, r a " = 2.01 X 10- 8 cm. 

v 0 = 15,753.84. 

The selection rules for the band are: 

A j = A k — ±1, intense lines: 

Aj = 0, Afc = ±1, weak or forbidden lines; 

Ak = 0 does not occur. (97) . 

The CN bands of Fig. 1 are due to a transition of this type, but the 
separation of the doublet levels for parallel and antiparallel k and s is 
so small that the two lines with the same k cannot be separated: The 
unusual intensities of the lines for k! - 4, 7, 13, and 15 are due to some 
unknown cause associated with their excitation by the action of active 
nitrogen on organic compounds. 


21. THE OH BANDS; A 2 2 — > HI TRANSITION 

In bands of the 2 2 -> -II type, the 2 I1 levels for small values of j, i.e., 
for Hund’s case a, will have X = 1, <r = ±}i, and also will show the X-type 
doubling, depending on the two possible orientations of X with respect 
to the two atoms. Four rotational states will therefore be expected or 
each value of j. The doublet may be called normal or inverted, according 
as HI m or HI54 is the higher energy level. For the region of large values of 
j, we have the quantum numbers j, k, and X; j will be equal to k + A 
or k - H, just as for the 2 2 levels. 

We select for a detailed example the so-called ‘ water bands ; the 
higher energy level is a 2 2 level similar in every way to the levels of the 
CaH B band, while the lower level, which is believed to be the ground 
level is an inverted HI level. For small j we are dealing with a case a 
molecule, and for larger j, the behavior approaches that of a case 5 
molecule. The formula for its energy levels will be given by equation 
(81) with X = 1, if the X-type of doubling and also the small effect of the 
magnetic field of the rotating nuclei are neglected ; thus, 

Fi (j) = B[(j + ViY - 1 ± + VzY + d(a - 4)}K], (81«) 

where i = 1 or 2, depending on whether the positive or negative sign is 
used- i.e., on whether k and s are antiparallel or parallel for large j, or X 
and <r are antiparallel or parallel for small j, respectively. 
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The water bands 1 consist of five bands with the following vibration 
numbers for the initial and final states: (0, 0), {(), 1), (1, ft), (2, til, and 
(2, 1). Thirteen branches have l>een observed, though the data rei|tiired 
for our purpose here an* not complete for any one band : those for the 
(0, 0) band at 2,064 and the (l, 0) band at 2, HI I A, an* moHt mwl t v mm , 
plcytm In many the nt runtura of tlmm* thirtmi hrnnHir* nml iho 
firnt; lino of each one have been determined from several IiiimIh. The 
reasoning by which the energy levels have been rmiHtritriwi in tdmilnr 
to that used above for the (/all B band, but in more involved Itenuixe 



of the more complex structure of them* I muds; it will not, Is* given Imre 
because of the impossibility of briefly suuininriiditg t he iut rieate details, 
Figure 22 is the Fort rat diagram for the (1, 0) baud. The more intense 
branches known as the main branches are nltove the line for /, - o 
the weaker ones known as satellite brandies are below this line, The 
branches are indicated by Mulliken’s symlmls wiiieh have been dracrilied 
in preceding paragraphs. The reader will see the meaning of these 
symbols more readily by studying Fig. 24, which is the typical energy 
diagram for these bands, It is drawn to scale for the ( | , 0) f onut 
at 2, HI I A., except that we have exaggerated the doubling for the 
Fi and 1<\ levels in the higher electronic state, and tin- A-type .louts. 

1 We owe the experimental (Inin on those tmmts to C.hkhr ami Itui r/. t>... Vbymk 

;®’ J, ,k /%*„ 6, 20 (l»24); W atson, i ,u ,» . «o, 1 }*, 

(ISU4); and Jack, Ptw„ R„ ,SV. 118, 873 ft 027 1 ttml 118, 8(7 <IM2K ft.eir 
lh<*orctie,iil mtorprctiit inn to Disks. /W. Am, I, Sri. 28, 171 DW.V; 

Biuuk, ‘ Malwubip Hpw.tm in Unm% M ; Kkihujc, /%h, %% ml rjuitft' Mti.it 

kbn, 1‘hys. /tea., 32, 3KH (1B28); atul Him. amt Van Vi.kck, Phy», /,*. »• , 82, .f.'si / kijk., 
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ling indicated by the A and B levels for the lower electronic state. 
The arrows indicate the first lines of observed branches except that 
pp P n has not been observed. Although it is expected according to the 
selection rules, it should be weak and hidden by other lines. The j , 
k , \, and <x quantum numbers are given for the levels, though k has no real 
meaning for the 2 n levels with small j, nor has a for the 2 n levels with 
large j. 

Kemble has shown that the formula secured by classical mechanics 
gives approximate agreement with the empirical energy levels for the 
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Tiq. 24.' — Energy diagram of the OH molecule. (After Mulliken.) 

zero vibrational state, and Hill and Van Vleck have shown that equation 
(81a) can be made to agree with these levels over the entire range by 
using B = 18.58 and «(« - 4) = 21.79 or « = -3.078, and adding a 
small term -0.00177 k\ to make an approximate correction tor the 
change of moment of inertia with rotation. A slight disagreement for 
the higher values of j is probably due to neglect of the X-type doubling, 
which is not included in the theory, and of the energy contributed by the 
ooupling between s and the magnetic field of the rotating nuclei. 
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j may change by 0 nr fc 1, and k by 0, I I, or I 2, hut the *hmd»nneou* 
change* of these two number* cannot differ by more Hum unity; the 
strong branches are f hone for which Aj » t», j, I and AJ « Ah'. In 
addition, A -+ /#, if M - ± i, and A A, if Ik - 0 or 12. The 
Quui and Q’uvi brnnohe* are exception* to thin last ride, though other* 
may actually occur in these bands anti not have been observed. 
The more general form of Huh selection rule, applicable to band* where 
A-type doubling occur* in both state*, is that A -* H or H — » A, if M «« 
i 1, and A —* A, or B -* B, if Ak «* 0 or ±2. The value* of t for the 
lower *t at e and for small value* of j can always lie secured from the 
correlation between the state* defined Hv j and if and t hose defined by j 
and <t; (hi* correlation for the inverted doublet type is, 

j «■ k + «: c ■» X -f <r, 

and 

j ■> If — K l m X — (f. 

Tlte same selection rules hold for the normal doublet type except that 
in this coho the correlation' between Hie j ami k and the) and a state* is 

j m k + «: t « X - a, 

j m k — ■ h: t m X -f* a. 

The /UNO bands 3 iliiwtrated in Fig. I ar<* due to a transition i*<fw«r» 
two "II state* in which the a and X are *tro»gly coupled (ease «). In 
(his ease the *election ririe* are: 

Aj « «, ;i i, At * AX * l) 

1 The correlation holds exactly, but the energy of the lowest F, *!#m* {for which 
j k | « when j is large), ii|.proael.es a value Tor targe dmd.let w|mr»U«t,s which 
places it, more naturally in the F, ant of rotational levels. Her Mmi.i.ik* a, Fhm. Mi- 
32, 388 (1928), particularly Fig. J, p. 391. 

a Jknkinh, Barton, and Mulmkkn, Phyn. Hm., 30, lf>o (1937). 
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and the usual selection rule for the A and B states. Since the coupling 
between the <r and X is strong, two bands, in which i = x /i and i = %, 
respectively, are widely separated and thus have the appearance of 
separate bands instead of the complex structure of the OH bands. The 
values of j given in the figure are for the final electronic state. 

22. SYMMETRIC AND ANTISYMMETRIC TERMS AND ALTERNATING 

INTENSITIES 1 


A review of the examples of electronic bands presented in the pre- 
ceding paragraphs shows one especially interesting fact, which has 
not been emphasized. In all the bands studied it is possible to arrange 
the rotational levels into two sets, such that transitions in which light 
is emitted always occur between a level of one set, and one of the other. 
This may be seen from discussions of Hund, 2 Hulthen, 3 Kronig, 4 and 


Wigner. 5 

Hund first showed that two sets of steady states are to be expected 
on theoretical grounds for molecules consisting of two like atoms; these two 
sets are referred to as symmetric and antisymmetric states. Hulthen 
pointed out that two sets of levels should be expected for all diatomic 
molecules on the basis of experimental data. Kronig, and also Wigner 
and Witmer, showed that wave mechanics requires two sets for diatomic 
molecules consisting of unlike atoms, and that the selection rule stated 
at the beginning of this paragraph should hold; they may be called the 
"plus (X) and minus ( | ) sets,” respectively. It then became theoreti- 
cally clear that diatomic molecules with like nuclei should have symmetric 
and antisymmetric types of levels and that each of these types may be 
divided into plus and minus sets. Symmetric and antisymmetric 
terms never combine and plus terms combine only with minus terms, 

or the reverse. (Chap. XIX, Sec. 9.) . , 

The permitted transitions of the quantum numbers defining the 
rotational steady states for the types of bands described above can be 
shown very clearly by plotting the energies of the rotational steady 
states horizontally. The two plots for the two electronic states involved 
are placed one above the other. This has been done m Fig. 25, for all 
the types of bands discussed here, except in the case of the 2 ntype, 
where the 2 2 .states are placed between the 2 U Vi and the IK, states for 
convenience. The levels are represented by the symbols X and | for 
the plus and minus terms, respectively, and the transitions permitted 
by the above selection rules are indicated by diagonal lines. 

, i See Chaip. XIX for a further discussion of this subject. 

2 Z. Physik., 46, 349 (1928). 

Z Z. Physik., 46,814 (1928). 

5 2 P physikl 4s| 624 (1927); Neumann and Wigner, ibid., 61, 844 (1928) ; Winner 
and Witmer, ibid., 61, 859 (1928). 
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There is no irregularity in the energy values as we go from one set of 
terms to the other, and there is no variation in the intensity of the lines 
emitted. In fact, there is no known experimental method of differentiat- 
ing between them. It should be noted from the figure that this classifi- 
cation of levels robs the A and B assigned to the X-type doublets of any 
physical meaning, but these letters are still convenient for classifying 
the experimental data. 

In the case of molecules having like nuclei theory requires that the 
plus and minus states may also be symmetric or antisymmetric as 
well. These are well illustrated by the helium bands investigated 



by Curtis and Long. 1 Figure 26 illustrates these two types of levels 
for the TI — ► transition. The branches observed are similar to those 
of the A1H bands (Sec. 19 ) except that all the transitions involving 
the symmetric levels are missing, so that only half the lines we should 
expect to find are present. The resulting spectrum is represented in 
Fig. 27 where the broken lines indicate the missing lines. Except for 
these missing lines the structure of the bands and the formulas for 
the energy levels are exactly similar to those described in the preceding 
paragraphs. Here we have a case where one set of levels is differentiated 
from the other by being altogether absent. Mecke was the first to 
explain this structure of the helium bands by assuming that alternate 
levels are missing. 

The spectrum of the hydrogen molecule investigated by Werner 2 
and especially by Hori 3 in the far ultra-violet is similar in some respects 

1 Curtis, W. E., Proc. Roy. Soc., 101 , 38 (1922); 103 , 315 (1923); Curtis and 
Long, ibid., 108 , 513 (1925). 

* Proc. Roy. Soc., 113 , 107 (1926). 

*Z. Physik, 44 , 834 (1927). 
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to the helium bands. Again we expect singlet and triplet electronic 
levels since it is an even molecule, whose normal state will be 1 2). Two 
ultra-violet band systems are known, which are assigned to *2) — > *2 
and 'U transitions. Figure 28 is the energy diagram for the Werner 
bands with broken lines and solid lines to indicate the symmetric and 
antisymmetric levels, respectively. The doublets of the l IL level are 
due to X-type doubling. The permitted transitions are exactly of the 

type of the A1H band (Sec. 19 



V — 

Fig. 27. 


Fig. 26. — Energy level diagram for the UI 
bands of He 2 . 

Fig. 27.— -The observed lines of the He 2 1 


and Fig. 21), and only symmetric 
levels combine with symmetric 
levels, and antisymmetric levels 
with antisymmetric levels. 
There is one very marked dif- 
ference between the A1H bands 
and these H 2 bands, namely, 
that in these bands the spectral 
lines emitted in transitions be- 
tween symmetric levels are much 



1 2 Fig. 28. — Tho transitions of the 

Werner bands of H 2 . 


weaker than those due to transitions between antisymmetric levels. It 
will be noted that this is similar to the behavior of the helium bands. 
In fact, the latter represent a special case of intensity alternation in which 
the weaker lines are entirely absent. 1 

1 See Chap. XIX, Sec. 10. We really do not know whether it is the symmetric 
or the antisymmetric level? which are absent in the case of He*. 


% 
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There is no irregularity in the energies of the levels, but only a 
difference in the intensities of the lines emitted. This might be due 
either' to a difference in the number of symmetric and antisymmetric mole- 
cules, or to a difference in the probabilities of the transitions. The former 
postulate is in good agreement with other experimental facts, which will 
now be presented. 

The a priori probability of a state of the rotating molecule is given by 
the number of nondegenerate states into which it splits, when placed in a 
suitable external field. This is equal to the number of different orienta- 
tions of the j vector in this field, namely, 2 j + 1. The probabilities for 
the states with j = 0, 2, 4, • • • are therefore proportional to 1, 5, 
9, ■ - * and those for the states with j = 1, 3, 5, • * * are proportional 
to 3, 7, 11, • • • , but the relative probabilities of these two sets of states 
are not one-to-one for otherwise the intensities of the band lines would 
not alternate as they do. Light is thrown on this question by studies of 
specific heats. The heat capacity of a diatomic gas due to its rotational 
energy is given by the formula 


where 


C 

R 



InQj 


<r 


h 2 

8t r*IkT’ 


Q = 'LPj exp 


h 2 

&r*IkT 


j(j + l) > 


(98) 

(99) 


and Pj is the a priori probability of the j th state. Hund 1 considered 
the heat capacity of hydrogen, using this formula and adjusting two con- 
stants to fit the experimental data; the first of these is the moment of 
inertia of the hydrogen molecule, unknown at the time but now known 
from the work of Hori, and the second is the relative probability of the 
symmetric and antisymmetric rotational states. By equation (99), 


Q = 0[1 + 5e- 6<r + 9e _20<r +•••] + 3e" 2 " + 7e~ 12 * + • * * (100) 


where /? is the ratio of probabilities of the symmetric and antisymmetric 
states. By taking @ equal to 2 and the moment of inertia I equal to 
1.54 • 10~ 41 g.cm. 2 he secured fairly good agreement with the experimental 
heat-capacity curve. The value of the moment of inertia is 4.66 * 10~ 41 
g.cm. 2 and no value of ft can be chosen so that the heat-capacity curve is 
even approximated by equation (98) using the above formula for Q ; 
therefore, some modification of the theory is necessary. 2 

The theory used by Hund assumes that symmetric or antisymmetric 
molecules may be readily changed to the other type in collisions. Denni- 
son 3 made the interesting assumption that this is not true, but that the 

1 Z. Physik, 42,93 (1927). 

2 See Birge and Jeppersen, Nature , March 22, 1930. 

8 Proc. Roy. Soc ., 115, 483 (1927). 
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time interval during which a given molecule retains its type is long 
compared to the time required to determine the heat capacity. If this 
is true, we have to deni with the heat capacity of a mixture of two gases, 
whose heat capacities are separately given by the formulas, 

a'fjtiQ., Q, “ l f f>e + Ur a '* \ ■ ■ ■ , 
da 4 

Q " " * *' lv + • • ■ • (H)I) 


V. 

R 

C„ 

R 


The measured heat capacity for a gram molecule is that of a mixture 
of p parts of the first gas, to one of the second, namely, 


V p<\ + (', 
U “ (1 + P)R 


( 102 ) 


Using these formulas with p 1 ;t , the experimental curve is checked very 
vMI and the moment of inertia required is 4 .til • H) 14 in excellent 
agreement with Hod's value. Hand's original theory requires that, at 
low tempera! tires all the molecules should lie in the symmetric quantum 
state with j - 0. According to Dennison's theory, only one molecule 
is in this lowest state for every three in the antisymmetric state with 
j m, I, Kven collisions with other molecules and with the walls of the 
containing vessel only slowly change symmetric to antisymmetric 
molecules, or the reverse. 

Further proof of the inability of one set of rotational levels to change 
to the other set in collisions is given by the work of Wood and Isiomis 1 
on the fluorescent spectrum of 1» vajxir. When iodine vapor 1 h illu- 
minated with monochromatic light only those, states will be excited, 
whoso energy of excitation above one of the low-lying energy levels 
present in the gas at ordinary temtwrature* coincides with the frequency 
of the exciting line within the limits of the Doppler broadening. Thp 
transitions from these excited levels to the low-lying levels must conform 
to the selection rule that A j - ±1 (the hand taa'S-* '21 type), while 
many changes in the vibration quantum number are permitted, An n" 
progression of bands will be emitted with only two lines in each band, 
one for Aj« 1 and the other for Aj - ~ 1. The addition of helium to 
the iodine gas causes many more lines of these hands to appear, due 
undoubtedly to molecules losing or gaining rotat ional energy in collisions 
with helium atoms, giving rise to other excited states and thus to other 
transitions for which Aj ** i: l . These additional excited rotational 
states are symmetric states only. By way of illustration, the green 
mercury lino excites the molecule to the state n 1 ** 2ft, f m 34. In 
the absence of helium, n changes by large amounts but j by only ± 1 , 
and thus tho final rotational states have j" * 33 or 35. In the presence 


1 PhU. Mag. 6, 231 (1028). 



434 


MOLECULAR SPECTRA 


[Chap. 


of helium at a pressure of 0.5 mm. of mercury, fairly strong bands 
found fpr which n' = 25 and 27 and weaker bands with n' = 24 and 
in addition to the strong bands with n' = 26 so that n' has been char 
by + 1 or + 2 in collisions. Much larger changes in they' occur, but 1 
are found only for even values of j' so that collisions carry the mole 
from the state, j' = 34, to other even (symmetric) states only. It 
been assumed that the even numbered rotational states of the exc 
electronic level are symmetric. If this is also assumed for the nor 
electronic state and if the transition is ‘2 -*• 1 2, it would be necesi 
to have transitions between symmetric and antisymmetric te: 
contrary to the rule stated above. Wigner and Witmer 1 showed • 
the sy mm etric states of 2 electronic levels may be either odd or t 
numbered. In the case of iodine we do not know which states 
symmetric, and which antisymmetric. Loomis and Wood arbitrs 
assigned them in the way adopted here. 

Though the rate at which the symmetric form of hydrogen cha: 
to the antisymmetric form or vice versa may be very small, it shout 
finite, and if hydrogen gas is kept at a very low temperature for a s 
ciently long time, it should change to the symmetric form. The 
varieties of hydrogen should have different boiling and melting po 
heat capacities, etc. Giauque and Johnston 2 have found that the t: 
point pressure for hydrogen which was kept at liquid air temperat 
for 197 days was lower than that of hydrogen prepared and kept at r 
temperature. The two pressures observed were 5.34 and 5.38 ± 
cm., respectively. This demonstration that two forms of hydr< 
exist with different physical properties furnishes convincing proof oJ 
existence of symmetric and antisymmetric diatomic molecules. 

Bonhoeffer and Harteck 3 have succeeded in producing large cha 
in the properties of hydrogen by cooling it to liquid air or liquid hydr 
temperatures in the presence of charcoal. While the equilibrium : 
of symmetric (para) to antisymmetric (ortho) hydrogen at ordi: 
temperatures is 1 : 3 at liquid air temperatures this becomes~l : 1 ai 
liquid hydrogen temperatures hydrogen in equilibrium should co 
of nearly 100 per cent symmetric molecules. Using charcoal as a cata 
they prepared mixtures of symmetric and antisymmetric hydr 
varying in composition from 25 per cent to nearly 100 per cent oi 
symmetric form. Some properties of the two forms and of ordi 
hydrogen (the 1:3 mixture) are given in the following table, 
properties of the antisymmetric form have been secured by extrapoh 
from properties of the mixtures. 

1 Loc. tit. 

2 J. A. C. S., 50, 3221 (1928). 

3 Z. physik. Chemie, 4B, 113 (1929); Naturwis. 1, 182 (1929). 
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Ordinary 

Symmetric Antisymmetric Hydrogen 

Triple point 13.83° A 13.99° A ' 13.95 A 

Vapor pressure at 20,39° A. . . 787 ± 1 mm. 751 mm. 760 mm. 

The heat of vaporization of the symmetric hydrogen is 0.65 per cent 
less than that of the antisymmetric form. Independently Eucken 1 
secured an enrichment of the symmetric hydrogen by cooling hydrogen 
at high pressures to liquid air temperatures and has shown that the heat 
capacity of different samples so treated differ widely from that of ordinary . 
hydrogen in accordance with Dennison’s theory. 

Hund suggested that the presence of both the symmetric and anti- 
symmetric levels is to be associated with a spin of the nuclei similar to 
the spin of the electron. The relative probability of 1 to 3 for symmetric 
and antisymmetric states is due to the proton having an angular momentum 
of % in quantum units. The relative probabilities of two states, one 
of which has the two spins in the same direction and the other of which 
has the two spins in opposite directions, are 3 to 1; for, if the two spins 
have the same direction, the resultant spin of 1 may orient in an external 
magnetic field in three directions; but if they have opposite directions, 
the orientation of the resultant vector zero is indeterminate, and this con- 
dition is assigned the probability one. For the symmetric states, the 
nuclear spins are antiparallel with a resultant of 0 and for the anti- 
symmetric states they are parallel with a resultant of 1. In the case of 
the helium molecule, we assume that the helium nucleus has no spin 
and thus there is no orientation of the nuclei relative to each other. 
Such a case is to be associated with the entire absence of one set of 
states (Chap. XIX, Sec. 10). In the case of iodine alternating line 
intensities have not been observed; for some reason the probabilities 
of the symmetric and antisymmetric states are very nearly equal m 
this case, due perhaps to a large nuclear spin. 

The alternation of line intensities is very characteristic of molecules 
having like nuclei. The phenomenon is known in the bands of C 2 , N 2 , 
N 2 + , 0 2 , CI35 - Cl 3 6 and F 2 , in addition to H 2 and He 2 , but does not 

occur in the I 2 and Na 2 bands. 


C. Polyatomic Molecules 

23. THE INFRA-RED SPECTRA OF POLYATOMIC MOLECULES 
Studies haVe been made on the infra-red rotation-vibration spectra 
of a number of polyatomic molecules, 2 but none have been investigated 
with sufficient dispersion to separate the individual lines except 
methane* and ammonia, phosphine and arsine/ The latter appear 


1 Naturms. 1, 182 (1929). 

2 See Hettner, Z . P.hysih , 1, 345 (1920). 

3 Cooley, Astrophys. J., 42, 73 (1925). „ noQ N 

* Robertson and Fox. Proc. Rov. Soc., 120, 128-211 (1928). 
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to be somewhat irregular, which may be due either to the presence of 
unresolved double lines or to difficulties of classification. The spectra 
of such molecules are necessarily more complex than those of diatomic 
molecules, because of the larger number of degrees of freedom. If we 
neglect electronic and nuclear spins, there will be 3 n degrees for an 
n-atomic molecule. In general, three may be assigned to the translation 
of the molecule, three to its rotation as a whole, and the remaining Sn — 6 
to its vibrations. Therefore, three rotational and 3 n — 6 vibrational 
■ numbers are required to fix the states of the molecule. Thus, for a mole- 
cule of five unlike atoms, three rotational and nine vibrational quantum 
numbers will be required, and the number of energy levels and transitions 
will be so great that the task of separating the spectral lines in the 
infra-red becomes almost hopeless. If several atoms are of the same kind 



Fig. 29. — The 3.31 m methane band. (After Cooley. Reprinted by permission of the 
University of Chicago Press.) 

so that the molecule has a high symmetry, the molecule may be highly 
degenerate, so that a much smaller number of quantum numbers will be 
required. In the case of methane, if we assume the tetrahedral model, 
only four incommensurable vibrational frequencies should be present, 
instead of the nine expected for an unsymmetrical non-degenerate 
molecule. 

It is for this reason that detailed work on infra-red rotation-vibration bands has 
been limited, chiefly to symmetrical molecules. Those with small moments of inertia 
are best for this work, for the moments of inertia appear in the denominator- in the 
equations for the energy, equations (115) and (116), and thus a smaller moment of 
inertia means a greater separation of the lines of a band. At present, with most infra- 
red spectrographs, it is impossible to separate lines that are much closer together 
than those of the halogen hydrides, and for this reason the well-known infra-red bands 
are practically limited to hydrides and other compounds containing hydrogen. 

Cooley 1 observed eight absorption bands of methane and Ellis 2 has 
extended their number to fifteen. The frequencies of the maxima can 
all be accounted for by the formula 

T lVi + 7*2^2 + T3P3 + T4P4 = v } 

where the r’s are integral numbers and m . . . v A are four fundamental 
frequencies/ Two bands, in the neighborhood of 3.31 /z and 7.7 /x, 

1 Loc. cit. 

2 Proc. Nat. Acad., 13 , 202 (1927). 
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respectively, were partially resolved into lines by Cooley and his absorp- 
tion curve for the X3.3lj« band is reproduced in Fig. 29. This curve as 
well as the one for X7.7ju, has a structure similar in some respects to the 
HC1 absorption curves of Colby, Meyer, and Bronk (Fig. 3) and of 
lines (Fig. 6). There is one marked difference; in the central region of the 
IIC '1 band the absorption is weak, showing a missing line distinctly, 
while methane shows strong u asymmetrical absorption in this same 
region. This appears to bo due to an unresolved () branch. The wave 
numbers of the P and H branches of these two bands are 

0 - 1,320.4 + 5.409. If - 0.0377 M\ (104) 

and 

V « 3,019.3 + 9.771 M - 0.0351 M*, (105) 

for the bands at 7.7 and 3.3 lg, respectively, where M equals 1, 2, . . . 
for the It branches and —2, —3, • * • for the P branches. (The lines for 
M »> — 1 an* probably present , but are masked by tin* intense Q branches.) 

The peaks in tin* absorption curve for tin* 7.7g band art* very regular and 
symmetrical, but those of (lit* 3.3 lg band are somewhat irregular and 
may not. 1 m* completely resolved. 

U. THE QUANTUM THEORY OF THE HEAVY SYMMETRIC TOP TYPE OF 

MOLECULE 

In order to relate the constants of these empirical equations to the 
constants of the molecule, it is necessary to consider the rotational 
energy of the polyatomic molecule. In our study of the rotational 
levels of diatomic molecules we proceeded as though all the mass of the ■ 
atoms were located in a mathematical line joining the nuclei; so that 
the model has two equal principal moments of inertia about two lines 
perpendicular to each other and to the line of nuclei, and zero moment of 
inertia almut the line of nuclei itself. But when a molecule consists of 
several atoms, the nuclei usually do not lie in a straight, line and thus it is 
necessary to treat the molecule as a rigid or semirigid body with three 
principal moments of inertia, usually all different. If the molecule 
possesses an axis of symmetry, t wo of the moments will ho equal, and for 
a few molecules, such as the tetrahedral model of methane, all three 
principal moments may he equal. We consider here the theory of a rigid 
molecule having two equal moments of inertia, and the third unequal to 
them*, hut not equal to zero. 

This problem was first solved by Itoieho' and was further considered 
by Epstein.* Later, a gyroscope, such as a spinning electron, was added 
to the model.* Further it has been considered on the basis of the new 

» Chunk. Z„ 19,304 (101 K). 

*Phmk,Z„ 80, 280 (1010). 

* Kkamkks, %, I'hi/ruK, IS, 343; and Khamsms and Paiii.i, [ f hymk 1 13, 3111 (1928); 
Witmkh, Proc. Nat- Acini. 6V*., 12, 802 (1027). 
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mechanics by several authors (Chap. XIX, Sec. 6). Here we shall give 
a solution in terms of the old mechanics. For convenience, we first 
obtain the rotational energy states, then the vibrational levels of the 
non-rotating molecule, and finally the selection rules. 

Let A, A, and C be the moments of inertia about the principal 
axes %' , y', and z' fixed in the molecule, and let the components of angular 
velocity about these axes be p, q, and r. The kinetic energy is given by 
2 T = Ap 2 + Aq 2 + Cr 2 


(P 2 + Q 2 ) R 2 
a + a 


(106) 


where P = Ap, Q = Aq, and R = Cr. P, Q, and R are the components 
of angular momentum about x', y r , and z', respectively. Instead of these 
coordinates we shall use the Eulerian angles shown in Fig. 30 and defined 
as follows: 0 is the angle between the fixed z-axis and the axis z'; <p, the 



Fig. 30. — The coordinates of the symmetric top. 


angle between the #'-axis and the nodal line; and \//, the angle between 
the nodal line and an arbitrary line fixed in the nodal plane, which is taken 
as the fixed a>axis. Then 


p = $ cos (p + ^ sin 9 sin <p, q = — i? sin <p + sin 6 cos <p 

and 

T = (f \jy COS 6. 

Substituting these in equation (106) 

2 T = A(d 2 + ^ sin H) + C(ip 2 + 2 ^ cos S + cos 2 0), 
and the momenta conjugate to 0, and <p are 
dT A . 

pe = ^ = A d , 

am 

Pt = — = C cos 0(ii/ cos 0 + <p) + A^ sin 2 0, 
d\j/ 

p v = ~= C(v + t cos 6). 


(107) 

(108) 


(109) 
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On eliminating 0, and <p by means of equations (107), using the defini- 
tions of P, Q, and R , equations (109) become, 
p 6 = P cos <p — Q sin <p, p$ = R cos 0 + P sin 0 sin <p + 

Q sin 0 qos (p, p 9 = R . (110) 
Expressing the kinetic energy in terms of the momenta, equation (109), 
we have the Hamiltonian, 


2 


(gg cos 9 - Pj,) 2 = 

I ,4 _ • 9 A 


sin 2 5 


2B. 


(Ill) 



Fig. 31. — The relation between 
j and X with j = 4. 


(113) 

are therefore, 


Since <p and \p do not appear in this equation, 

Pv and p>p are constants. By choosing the 
2 :-axis fixed in space as the invariable axis, 
i.e., the direction of the resultant angular 
momentum, 

J = (P 2 + Q 2 + R 2 Y A , (112) 
pe will be zero. In this case, 

R — J cos 0, P = / sin 0 sin <p, Q = 

J sin 0 cos <p, 

and substituting these in equation (110), we 
secure 

Pt ^ J, P<p = J cos 0; 

6 must be constant and the quantum conditions 

j) pedS = 0; J 2 *p+d\(/ = 2ttJ = jh ; J* Q P<pd<p = 27tJ cos 0 = XA, 

and thus 

cos 0 = ^- (114) 

J 

By substituting these values of / and cos 0 in equation (113) and then 
these expressions for -pa, p^, and in equation (111), the energy as a 
function of the quantum numbers j and X is 

E - + (e - i ) x ’) s - 0 - '■ 2 > ■ ■ ; 

X = 0, 1, • • • j. 

Wave and matrix mechanics 1 give a formula which can be obtained by 
simply replacing j 2 by j(j + 1) in equation (115), except for additive 
constants (Chap. XIX, Sec. 4). Thus the correct energy formula is 

V V 7 7 X = 0, 1, 2, • ■ • j. (116) 

Figure 31 illustrates the possible X values when j = 4; the broken ellipses 
show the precession of X about j. 

Since p* and p v are constant and p 0 is zero, it follows from equations 
(109) that \p and <p are constant and d is zero. This means that the 
i Dennison, Phys. Rev., 28, 318 (1926) ; Kronig and Rabi, Phys, Rev., 29, 262 (1927). 


(115) 
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motion of the symmetric top is one of uniform rotation about the z r - axis 
with frequency a?*, = dE/hd \ , together with a uniform precession of z' 
about z witji frequency ca# = dE/hdj, and thus 

\ 1/ = 2i roo^t + 8$, ip — 2ira3 <p t + 8<p, 6 = 5$. (117) 

If an electric moment P oscillating with frequency cc v has a component 
along z' equal to P/ cos 2wo> v t, and a component perpendicular to z' } 
say along x', equal to P x r cos 2 the components in the directions 
x , y , and z are 

Px = Pz cos 27 T0) v t sin 0 sin + P x f cos 27 rco„if(cos <p cos \[/ — 

cos 6 sin <p sin \p), 

P y = — jPa' cos 2wo) v t sin 0 cos \p + P x f cos 27ra>^(cos <p sin ^ + 

cos 9 sin cos i/0, 

P z = fV cos 27rco^ cos 6 + P x ' cos 27 roo v t sin 6 sin <p. (118) 

Substituting ^ and <p from equation (117), and using trigonometric 
formulas of the type 2 sin A sin B = cos (A + B) — cos (-4. — B ), we 
find that P x and P y contain sine and cosine terms having the frequencies 

0) v + Oty, — City, C0 V + + C0^, OJ v — City + OOcp. 

The first two arise from the coefficients of P z > and the last four from 
the coefficients of P z \ P z contains 

U V , + COffiy 

of which the first arises from the coefficient of P/ and the last two 
from that of P x \ If the oscillation is parallel to the figure axis so that 
P x f — 0, only the frequencies and co v + are present, and the possible 
changes of the quantum numbers are, 

A j = 0, ±1; AX = 0. (119) 

On the other hand, if the oscillation is perpendicular to this axis, the 
active frequencies are u v ± ± and ± co y , so that 

Aj = 0, ±1; AX = ±1. (120) 

25. APPLICATION OF THE THEORY TO THE METHANE BANDS 

The selection rules of equation (119) predict a type of spectrum 
similar to that of the diatomic molecule, except that a Q branch should 
be present. The methane band at 3.3/x has very sharp and symmetrical 
absorption peaks and strong absorption slightly to the long wave length 
side of the center. This simple structure seems to indicate that it 
arises from transitions following these selection rules. The selec- 
tion rules of equation (120) would give a more complicated type of 
band; in place of each line of the simple band required by the rule of 
equation (119) there would be a complete band with P and R branches 
corresponding to AX = +1, with the possible values of X limited by the 
condition X g j. The structure of the 7.7/x band does not seem to be as 
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complicated as this, but the peaks are not so sharp and symmetrical. 
The appearance would lead one to suspect that they are composed of 
unresolved lines and it may be that the selection rule, equation (120), 
applies to this band. The empirical formulas, equations (104) and (105), 
show that the spacing of one band is nearly double that of the other so 
that the moment of inertia in the first case should be about half that 
in the second. It is difficult to explain this structure on the assumption 
of a tetrahedral model for methane, where any differences in the principal 
moments of inertia must be due to the vibration of the nuclei, and for 
this reason must be small. Most probably the correct explanation 
of the unequal spacings is not contained in the theory of Sec. 24 . It is 
possible that the double spacing of the 7.7 ju band may be similar to 
that encountered in the case of symmetrical diatomic molecules such as 
He 2 (Sec. 22 ). 

Guillemin. 1 and others 2 have proposed that methane has a pyramidal structure 
with the four hydrogens at the four corners of the base and the carbon at the apex. 

If it is assumed that the selection rule for the 3.3/i band is 

A j = ±1, 0, AX = 0 

and for the 7.7g band is 

A j ~ 0, AX = ±1, 

then from equation (115) and the empirical equations (104) and (105) we see that 

w - 9 - 77 cm “ 1 ’ and ixdj - i) - 541 cm - _1 - 

From these relations the values of A and C and the dimensions of the molecule may be 
calculated, with tjie result that the distance between the carbon atom and one hydro- 
gen atom is 1.15 X 10~ a cm. and that between two hydrogen atoms, 1.05 X 10 -8 cm. 
The model, however, is not convincing because of the strong evidence for the sym- 
metrical tetrahedral model. 8 

26. THE VIBRATIONAL STATES OF METHANE 

Dennison 4 calculated the vibration frequencies for small amplitudes 
of the methane molecule assuming, (1) that in the equilibrium positions, 
the hydrogen nuclei are at the corners of a tetrahedron and the carbon 
nucleus at its center, (2) that the forces are functions of the distances 
between the nuclei alone. This assumption may be questioned because 
the double bond in the unsaturated hydrocarbons can sustain a torque 
about the line joining the two nuclei; this cannot be explained as due to a 
force along the line of nuclei. 

8 Ann. Physik, 81 , 173 (1926). 

8 See Henri, V., Chern. Rev., 4, 189 (1927) for a review of the arguments for the 
pyramidal model. 

8 See Glockler, G., J. A. C. S., 48, 2021 (1926), for a review of properties indi- 
cating a highly symmetrical structure similar to that of the inert gases. 

* Astrophys. J., 62, 84 (1925). Our solution does not follow that of Dennison, 
exactly. 
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The potential energy V is a function of the four distances from the 
hydrogen nuclei to the central carbon atom r 2, 7*3, r 4, and of the six 
distances between the hydrogen nuclei q h q 2j . . . qu, 

V = Vi(qi, • * • q 9 ) + 7 a (ri, • - - r 4 ). (121) 

Ten coordinates are used to describe a system having only nine degrees 
of freedom and, therefore, there must be a relation between Wand V 2 , 
which permits the elimination of one of these coordinates. Expanding 
in the neighborhood of the equilibrium position and neglecting terms 


above the second degree, we have 1 



2 (^) 2 ^ < 122 ) 

It is necessary to express V as a function of nine independent coordinates 
and also to select normal coordinates, such that the kinetic energy is a 
sum of terms proportional to the squares of the velocities and the potential 
energy a sum of terms proportional to the squares of the coordinates. 
One such coordinate is the radius of a sphere passing through the four 
hydrogen nuclei. For displacements of all the hydrogen nuclei toward 
or away from the carbon nucleus which remains stationary at the center 
of mass of the four hydrogen nuclei, 


and therefore 



or 8q = — yzbr 
V 6 


V = 7 0 + 




+ 41 


(®).j 


Sr + 


d 2 Vi 

dq* 


+ 21 


d 2 F ; 

dr 2 


)y- 


r but the coefficient of the term in 8r must vanish for otherwise the position 
will not be one of equilibrium; therefore, 

dr dq 


L° . 

2 )o 


To simplify our symbols, let 

k = ( d AL\ a = (W) 0 and B _ 1 VWu 

V dr2 jo (d 2 Vz/dr*) u ’ ana P ro (dW 2 /dr 2 ) 

Then the expression for the potential energy is 

V = V 0 + kUI - + %SrJ) + y 2 a%Sq> + Y^SrA (123) 

L\ i i / i i 


1 Crossed terms of the form 


d*V 
Bqi dq. 


$q% % 


are not included in this expression because it is assumed that the .force between two 
particles is not changed by the restive positions of the other particles. 
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The energy for the mode of vibration in which all the hydrogens move 
simultaneously toward the carbon atom is 

E = F 0 + + (8a + 2)K8r\ 

and the frequency is 

Ui = L(w^ a + 1) ); (124) 

The resultant electric moment is zero since the molecule is always 
symmetrical, and, therefore, the correspondence principle leads us to 
expect that light of frequency a>i will not be emitted. 

Another mode of vibration can be described by means of a normal 
coordinate tp, the angular displacement between two perpendicular 
planes formed by taking the hydrogen nuclei in pairs and passing planes 
through each of these pairs and the carbon nucleus. These pairs may be 
chosen in three ways, and the displacements represent torsional displace- 
ments about the three axes, though only two of these are independent 



Fiq. 32. — The methane molecule and coordinates of the hydrogen nuclei. 

since the torsional vibration about the third axis may always be resolved 
into two components, one about each of the other axes. The potential 
energy for such a vibration can be obtained by expressing dr and dq in 
terms of <p and q and substituting in equation (123). It is 

5 k (“ - 

where qo is the equilibrium value of q. Then, 

2?-~(4 + |K^a - |) S oV, 


and the frequency is 



(125) 


This mode accounts for two degrees of freedom. It is not active, for 
the molecule is always symmetrical with respect to the central atom. 

There is one mode of vibration in which all four hydrogen atoms move 
simultaneously in the direction of one axis, say the z-axis, while at the 
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same time the two with positive ^-coordinates (see Fig. 32) move toward 
this axis and the two with negative ^-coordinates move away from it. 
There is another mode of vibration, in which all four hydrogen atoms 
move as before in the direction of increasing z, but the two with positive 
^-coordinates move outward from the axis and those with negative 
^-coordinates move toward it. The same modes of vibration may also 
occur independently along the y- or 2 -axes and therefore they account 
for six degrees of freedom. 

The displacement of the hydrogen atoms in the positive x direction 
is accompanied by a displacement of the carbon atom, 4tM H /M c as great, 
in the direction of decreasing x. This will be expected to cause the 
appearance of an isotope effect in these two frequencies in the case of 
methane-like molecules whose central atom is not a pure element. Also, 
the unsymmetrical character of these vibrations gives rise to an oscillating 
electric moment, so that the molecule may be expected to absorb or emit 
light of these frequencies. 

Let the arithmetic sum of the displacements of the carbon atom 
and the hydrogen atoms along * be p, and the displacement of the hydro- 
gen atoms perpendicular to * be g, where g is positive if away from *, 
and negative if toward it. By calculating the values of Sr and Sq in terms 
of p and g, and substituting in equation (123), the potential energy is 
found to be 

F = V 0 + ap 2 .+ 2bpg ~f- eg 2 , 

where 


“ - * 3 2 (i + 4fl, b- kA_ 2 


■y -r P), 


and the kinetic energy is 


\ 3 


where 


T = 2 pp 2 + 2 M B g 2 , 

= M hM c 
^ Me - |- Mu 


We form the Lagrangian function L and secure the equations of motion in 
the usual way. These are 


p+ t p + i g = 0 


9 + 


so that 


P + 0 <7 — 0, 


2 MS 1 2 M? 

p = A cos 27rcoi t and g = Af cos 2iro)t } 

where / is a quantity now to be determined. 

Substituting in equation (126) and solving for f, we find' 


( 126 ) 
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these are the two values of the cotangent of the angle between the direc- 
tion of vibration and the cc-axis for the two modes of vibration. The fre- 
quencies of vibration are found to be 


U>3,4 


1(K\* 

h J 


Mh . , 

a r c ± 



+ 4 b 






(127) 


Substituting ikfff/M, (which equals % for the methane molecule) and the 
values of a, b, c in terms of a, (3, and K, this formula becomes 


<03,4 



which is equivalent to the formula derived by Dennison. 

To summarize, the normal coordinates are : Sr ; two <p s measuring 
the torsional displacement about any two axes; three coordinates each 
of which is measured along a line at an angle to one of the x-, y-, or z-axes, 
whose cotangent is / using the positive sign; and three coordinates 
measured along lines making an angle with the axes whose cotangent is/ 
using the negative sign. 

The three principal moments of inertia of the molecule will still be 
equal if. the molecule is vibrating with the frequency of equation (124). 
In the case of the torsional modes of vibration with the frequency of 
equation (125) , the mean moment of inertia about the axis about which the 
oscillation takes place will differ slightly from the other two and, similarly, 
the mean moment of inertia about the axis along which the oscillations 
with frequencies given by equation (127) take place will differ slightly 
from the other two, but these variations cannot be large enough to explain 
the very large difference in the spacing of the lines in the two methane 

bands. , . , xr 

Dennison has found it possible to select the constants a, p, and K. 
in such a way that approximate agreement between the observed and 
calculated frequencies is secured. Table 7 gives the calculated and 
observed fundamental wave numbers. 


Table 7 



Observed 

wavenumber 

l 

Calculated 

wavenumber 

Percentage, 

error 


'4,217 

3,920 

-7.1 


1,520 

1,532 

+0.8 

2 

3,014 

3,190 

+5.9 


1,304 

1,304 

0.0 
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The frequencies 3,014* and 1,304 are taken as those of the two frequencies 
of equation (127) since these bands are much more intense than any of 
the others and therefore may be expected to correspond to the vibrations 
with the largest electric moments obtained in our discussion of Dennison’s 
model. The agreement is not very close. This may be due principally 
to the failure of the assumption that the forces depend only on the 
distance between the atoms. 2 

27. ELECTRONIC BANDS OF POLYATOMIC MOLECULES 

The detailed analysis of the electronic bands of polyatomic molecules 
has only been begun and progress is slow because of their much greater 
complexity. In general, the ultraviolet bands of formaldehyde which 
have been described by Henri and Schou 3 have a structure similar 
to those of diatomic molecules, with modifications due to the greater 
number of vibrational degrees of freedom and to the existence of three 
different moments of inertia. The phenomenon of predisaociation , as 
it has been named by Henri, is found in these band spectra. This is a 
common feature of these bands, which occurs rather seldom in the spectra 
of diatomic molecules, though it is found in the spectrum of $ 2 . An 
excellent example of this is given by the naphthalene bands investigated 
by Henri and de Laszld. 4 

These absorption bands may be divided into three parts: the first 
extends from 3,200 to 2,820 A. and consists of narrow bands with a 
rotational fine structure; the second, from 2,820 to 2,500 1 ., consists of 
narrow continuous bands with no rotational fine structure; and the third 
is a continuous spectrum extending further toward the violet. These 
three parts of the spectrum are due respectively to transitions from the 
low-lying vibrational and rotational states of the normal molecule (1) 
to a higher electronic state in which both the vibrational and rotational 
motions are quantized, (2) to a higher state in which vibrational but 
not rotational motions are quantized, and (3) to a higher state in which 
neither vibrational nor rotational motions are quantized, so that to all 

1 The wave number 3,014 is that which is observed in all organic compounds in which 
we have the C-H linkage. (See Ellis, Phys . Rev., 23, 48 (1924); Mabton, Z. Phys. 
Chem., 117, 97 (1925), and also Chap. XI, Sec. 5.) Andrews ( Chem . Rev., 5, 533 
(1928)) has shown that the observed heat capacities of a large number of organic 
compounds containing hydrogen linked to carbon are consistent with this value of a 
characteristic frequency. 

2 Recently, Dickinson, Dillon and Rasetti (Phys. Rev. 34, 582 (1929)) have studied 
the Raman effect of methane and give reasons for believing that 4217 cm.- 1 is not a 
fundamental, but is the sum of 1304 cm." 1 and a fundamental of ~2913 cm.” 1 . It is 
interesting to note that, this agrees very closely with the fundamental generally 
postulated for 'the C — H bond. 

3 Z. Physih, 49, 774 (1928). 

4 Proc. Roy. Soc ., 105, 662 (1924). 
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intents and purposes the molecule is dissociated. The first and third 
of these conditions have been described in connection with the band 
spectra of diatomic molecules. Henri proposed that the second spectrum 
is due to the absorption of light in a transition to a molecular state, 
where the molecule is unstable and dissociates soon after absorption. 
Kronig 1 showed that the rotational states of a molecule will not be 
quantized if the molecule has an appreciable probability of dissociating 
in a time of the order of magnitude of one rotation, but that the vibrational 
motion will be quantized if the dissociation does not occur within a 
time sufficient for ma'ny vibrations. Since the vibration frequencies are 
much larger than the rotational frequencies this condition is fulfilled. 
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CHAPTER XIII 


CRITICAL POTENTIALS OF ATOMS AND MOLECULES 

The simpler facts in regard to critical potentials have been presented 
in Chap III, and the present chapter will be devoted principally to 
recent developments and important results in this interesting field. The 
existence of a National Research Council Bulletin entitled “ Critical 
Potentials/' by Compton and Mohler, and the book by Franck and 
Jordan, called “Anregung von Quantenspriingen durch Stosse,” make 
it quite unnecessary to give a detailed systematic account of the earlier 
developments. 

In Chap. Ill, we pointed out the distinction between collisions of the 
first and second kinds. If, in a collision, between an atom (or molecule) 
and an electron, the internal energy of the atom is raised at the expense of 
the relative translational energy of the collision-partners, we are dealing 
with a collision of the first kind, while if the converse is true, we have a 
collision of the second kind. We must also consider encounters between 
excited and unexcited atoms, in which the possibilities are more compli- 
cated. Here the collision is of the second kind if the more highly excited 
atom loses internal energy, whatever the distribution of that energy 
between translational and internal degrees of freedom may be. If both 
atoms are excited, this nomenclature is scarcely worth applying, because 
it does not give an adequate idea of the process. Collisions of the first 
kind and a few miscellaneous topics form the subject matter of this 
chapter, while those of the second kind are treated in the following one. 

1. ELECTRON SOURCES FOR STUDIES OF CRITICAL POTENTIALS AND 

RELATED PHENOMENA 

The first requisite in nearly all experiments on the collisions of 
electrons with atoms and molecules is a copious source of electrons, 
usually of low velocity and having a reasonably narrow range of velocity 
distribution. Only photoelectric and thermionic sources enter into 
practical consideration. The use of the former presents many experi- 
mental difficulties, for it is necessary to employ noble metals because of the 
difficulties in removing gases from the more common metals; but the 
photoelectric ejection of electrons from noble metals requires the use of 
ultra-violet light since their photoelectric threshold values lie in the 
ultra-violet and in some cases beyond the limits of transmission by glass, 
so that it is necessary to construct at least a part of the apparatus of 
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fused quartz. It is usually more convenient to use the electron emission 
from an incandescent metal strip or filament, and much larger currents 
can be drawn from such a filament than from a photoelectric source. 
Under certain conditions, the electrons leaving a hot cathode have 
velocities distributed according to the Maxwell distribution law. The 
experiments of del Rosario 1 show that Maxwellian distribution is secured 
in a high vacuum but not in the presence of a gas or vapor. In correcting 
for initial velocities of the electrons, the usual procedure is to determine 
their velocity distribution experimentally. This may be done by varying 
a retarding potential applied between the hot cathode and a collecting 
electrode. The electron current which reaches this anode is plotted 
against the retarding potential. The number of electrons having 
energies lying between Ve and (V + dV)e is proportional to the slope 
of this curve at the point with abscissa V. Often, the voltage corre- 
sponding to the highest ordinate of the slope curve is applied to the 
measured voltage as a correction, provided the velocity distribution 
curve is fairly narrow. There is no theoretical justification for this, but, 
it is usually satisfactory, since great accuracy is not ordinarily sought in 
critical potential measurements. Another method is to evacuate the 
apparatus and introduce a gas or vapor of known ionization potential. 
Often mercury vapor from the diffusion pumps can be used. If the 
known ionization potential is I, and the value obtained is./', then the 
quantity / — /' is added to all measured voltages. This method suffers 
from the objection that the velocity distribution is not the same 
in the presence of the calibrating gas as in the presence of the gas 
which is to be studied. In using either method of correction, the con- 
tact potential between cathode and anode is automatically eliminated 
by subtraction. 

It is instructive to consider the electron current which flows from a 
hot cathode to a metal plate in a thoroughly evacuated bulb. Figure l 2 
shows the dependence of this current on the potential V applied between 
the two electrodes. For low values of the potential the current i is quite 
accurately proportional to the % power of the potential corrected for 
the initial velocity of the electrons as they leave the hot cathode. As the 
potential is further increased, the current increases more slowly than the 
% power of the potential and finally approaches a constant value called 
the “saturation current.” The law that i is proportional to ( V — F 0 ) % 
for low values of V was derived theoretically by Child 3 and has been 
especially studied by Langmuir . 4 It can be derived theoretically, and 
holds true whatever the geometry of the apparatus may be. At low 

1 Phys. Rev ., 27,811 (1926). 

2 C. G. Found, Phys. Rev. 16, 41 (1920). 

3 Phys. Rev., 32, 492 (1911). 

* Phys. Rev., 2, 450 (1913). 



450 CRITICAL POTENTIALS OF ATOMS AND MOLECULES [Chap. XIII 

values of the potential the current from the cathode is limited by negative 
space charge which accumulates in its neighborhood until the potential 
gradient at its surface is zero. This condition holds because the 
current flow due to the impressed potential does not remove the electrons 
from the neighborhood of the cathode as fast as they evaporate from the 
hot metal. At higher potentials this is no longer the case, and the 
gradient near the cathode becomes greater and aids the initial emission, 
although space-charge effects still play a role. Finally, the gradient 
becomes large enough to remove the electrons as fast as they leave the 



Fig. 1 .* — The variation of thermionic current with potential. The crosses represent the 
observations in vacuum and the circles observations with mercury vapor present. ( After 
Found.) 

metal, and the limiting value of the current is determined by the capacity 
of the hot filament to emit electrons. The saturation current varies with 
the temperature according to the empirical formulas, 

I — afer, (1) 

or 

- b ' 

I = 'a'T^ekf. (2) 

Usually, either of these laws can be made to fit the observed points within 
the experimental error by proper choice of the constants, a , 6, a', and 
V - The second expression can be reasonably well justified by a simple 
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theory. 

equation 


According to Fowler 1 the current should be given by the 


I = 2 A (1 — r) T 2 exp 



( 3 ) 


where 



4ir 2 k 2 me 
h 3 ■ ’ 


r is the reflection coefficient for electrons which fall on the metal, and 
Fo is very nearly equal to the thermionic work function, i.e., the average 
work required to move an electron from a position of rest inside the metal 
to a position of rest outside. 2 When the current is in amperes per 
square centimeter, the value of a in (1) may be taken as about 60 for 
tungsten, platinum, and molybdenum in a very pure .state. The total 
current from a given material increases with the temperature, and in 
comparing different metals, the lower V 0 is, the greater the current at a 
given temperature. Vo varies from 1.34 volts for cesium to 5.2 + 0.3 
volts for platinum, and increases roughly as the electropositive character- 
istics of the metal decrease. 

The choice of a suitable material for a hot cathode is governed by 
several factors— the magnitude of the currents required, the possibility 
of dissociation or catalytic recombination at the filament in studying 
molecular gases, the effect of the gas on the filament itself tungsten 
should not be used in oxygen), length of time the filament must retain its 
original properties, etc. The most usual materials are platinum, coated 
with thin layers of alkaline earth oxides, tungsten, thoriated tungsten, and 
molybdenum. In the more exact determination of critical potentials, 
it is important to use electrons which have a narrow velocity distribution. 
This problem has been partially solved by several methods. Foote and 
Mohler 3 showed that nickel and platinum surfaces coated with cesium 
emit electrons copiously at red heat. Kingdon and Langmuir 4 and 
Williamson 5 then showed that tungsten and platinum surfaces adsorb a 
monomolecular layer of such metals as the alkalies or thorium, and that 
such metal surfaces emit electrons in accordance with formula (3), the 
work function being that of the adsorbed metal. 

The retention of an alkali atom on a metal surface is due to the 
loss of one of its electrons. This will occur if the thermionic work func- 
tion of the underlying metal is sufficient to remove an electron. Thus, 
cesium has an ionization potential of 3.87 volts while the thermionic 


1 Proc. Roy. Soc., 117 , 549 (1928). . . 

2 Warner (Proc. Nat. Acad. Sci., 13 , 56 (1927)) has shown that the thermionic 
work function of tungsten is very nearly equal to the photoelectric threshold value, 

11 Phil. Mag., 40 , 80 (1920). 

‘ Phya. Rev. 21 , 380 (1923). 

s Rhys. Rev. 24, 127 (1924), 
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work function of tungsten is 4.7 volts, and, therefore, cesium ions will be 
held tightly on a tungsten surface. Since the work function of tungsten 
is 4.7 volts, and that of cesium 1.34 volts, the temperature of a cesiated 
filament need be only about 1.34/4.7 of the temperature of a bare tungsten 
filament in order to secure approximately the same current per square 
centimeter. This low-temperature source yields electrons with a narrow 
velocity distribution. A mixture of alkaline earth oxides has a similar 
effect on the work function and is very often used to increase the elec- 
tron emission from platinum filaments. 

In addition to the natural energy-distribution of thermionic electrons, 
we must consider the distribution due to the potential drop along the 
filament, which may amount to several volts. Hertz and Kloppers 1 
have used an equipotential source made by fusing a small nickel body 
to the middle of a tungsten filament. Due to its high electrical con- 
ductivity, the potential drop across it is very small. When covered with 
alkaline earth oxides the nickel body emits electrons much more copiously 
than the filament. A third wire attached to the nickel is used to apply 
accelerating potential. This method is a variation of the old scheme of 
covering a small spot on a platinum strip with a mixture of oxides. 

Lawrence 2 used the method of magnetic resolution (Chap. II, Sec. 
10) to select electrons of a given velocity from an inhomogeneous beam. 
In this way he secured a beam of electrons with velocities having a sharp 
upper limit, and determined the ionization potential of mercury with 
high precision. His value is 10.40 ± 0.04 volts, while the spectroscopic 
value is 10.392. 


2. METHODS FOR DETERMINING CRITICAL POTENTIALS 


rh 


-> 


Fig. 2. — Modified Lenard method. 


The electrode arrangements which have been used in critical potential 
work are very numerous and we must refer to the treatises of Franck 

and Jordan and of Compton and 
Mohler for detailed discussion. Here 
we shall content ourselves with a brief 
statement of the principles underlying 
the more usual methods, and with 
descriptions of a few arrangements 
which possess special interest. 

I. Lenard’s Method and Its Modifications.— This method has been 
described in Chap. Ill, Sec. 10 . In the simple arrangement of Fig. 4 
(Chap. Ill) collisions between electrons and atoms occur throughout 
the space between the filament and first gauze. The energy of the 
electron depends on the potential through which it has fallen and thus 
varies from zero tp the full accelerating potential, depending on the point 

1 Z. Physih, 31 , 463 (1925). 

2 Phys . Rev., 28 , 947 (1926). 
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at which the collision occurs. It is possible to remedy this defect by 
the use of an additional gauze H, mounted close to the filament as shown 
in Fig. 2. The accelerating potential is applied between the filament 
and this gauze so that the electrons enter the space HG at full potential 
and here collide with atoms in a nearly field-free space. It is usually 
advantageous to maintain a potential of a few tenths of a volt between 
H and G. A negative space charge due to the electrons applies a retarding 
field to the electrons entering this space. A small accelerating potential 
between H and G reduces this space charge and removes positive ions 
and slow electrons so that secondary effects such as inelastic collisions 
between ions and fast electrons are decreased. This arrangement was 
used by Franck and Einsporn 1 and many subsequent workers in this 
field. 2 

II. The Method of Franck and Hertz and Its Modifications. — This 
is also described in Chap. Ill, Sec. 10, and can be improved by adding a 
gauze in the neighborhood of the filament, just as described in the case 



Fig. 3. — Critical potentials of mercury. ( After Einsporn .) 

of the Lenard method. In Fig. 6 of Chap. Ill, we gave a curve obtained 
with the three-electrode arrangement in mercury vapor at such a pressure 
that each bombarding electron makes many collisions in traversing the 
apparatus. At the pressures used all but a small fraction of the electrons 
will collide with a mercury atom before acquiring much more than 4.9 
volts energy. If the pressure is decreased this will no longer be true. 
Figure 3 shows a curve secured by Einsporn 3 under such conditions, 
using mercury. The peaks on this curve occur at spacings which agree 
very well with the hypothesis that they are combinations of two poten- 
tials, 4.9 volts and 6.7 volts. It is possible to interpret some of these 
critical potentials, however, as due to combinations of other resonance 
potentials of the mercury atom. 

Table 2 shows the agreement between the observed peaks and the 
calculated values, using the combinations shown in the second column. 

1 Z. Physik, 2, 18 (1920). 

2 See Foote and Mohler, “Origin of Spectra,” p. 137. Chem. Cat. Co., New 

York (1922). ■ 

3J7. Physik, 5, 208 (1921). 
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In the first column, a correction of 1.1 volts has been added to the experi- 
mental values because of the mean energy with which the electrons leave 
the cathode. 

Table. 1 


Observed voltage 
(corrected for initial 
velocities) 

Combination of 
a = 4.9 volts and 
b = 6.7 volts 

Difference between 
calculated and ob- 
served values 

4.9 

a 

= 4.9 

0 


b 

= 6.7 


9.8 

2 a 

= 9.8 

0 

11,2 

a + b 

= 11.6 

-0.4 

13.5 

2b 

= 13.4 

+0.1 

14.7 

3 a 

= 14.7 

0 

16.0 

2cl + b 

= 16.5 

-0.5 

17.6 

d + 2b 

= 18.3 

-0.7 

19.3 

4 d 

= 19.6 

+0.3 

20.2 

3 b 

= 20.1 

+0.1 

21.2 

■ 3 a + b 

= 21.4 

-0.2 


III. The Methods of Davis and Goucher and of Compton. — The 

experimental methods described above do not distinguish between 
ionization and resonance potentials, since both are associated with loss of 



y 3 


Galvanometer 

^3Hih' 6W 


Fig. 4. — The Davis and Goucher apparatus. 


energy. Davis and Goucher 1 carried out experiments which distin- 
guished between these two effects, by using an apparatus shown dia- 
grammatically in Fig. 4. Two gauzes were used between the filament 
F and the plate P with fields V u V%, and V 3 accelerating and decelerating 
the electrons as shown by the arrows. Vi is increased by small steps 
and the current flowing between G 2 and P is measured by a galvanometer 
for each value of Vi. When atoms are caused to radiate by inelastic 
impacts of the electrons in the neighborhood of Gi, the light emitted 
falls on P, and photoelectrons are ejected which are returned to P by the 
field V 3 , contributing nothing to the current through the galvanometer. 
Any light falling on the side of G 2 nearest to P by reflection, or otherwise, 
will cause electrons to be emitted from (? 2 , which will fall to P and register 
on the galvanometer. If now the potential Vi is increased until ions are 
produced near G h these will be accelerated toward G 2 , and passing through 
1 Phys. Rev., 10, 101 (1917). 
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the gauze, will reach P if V 3 is less than V * An ion current from (? 2 to P 
will deflect the galvanometer in the sense opposed to that in which it is 
caused to move by the electron current. If the supply of ions is suffi- 
ciently great, the original deflection caused by the light emitted at 
resonance collisions will be reversed. In the lower curve of Fig. 5, the 
galvanometer current I obtained under such conditions is plotted against 
the potential V i. If the direction of V 3 is now reversed the photo- 
electrons from P pass to G 2 . A negative current flowing from P to (? 2 is 
equivalent to a positive current flowing from G 2 to P. The inelastic 
collisions producing light will therefore register a current in the same 
direction as those producing ions. The upper curve of Fig. 5 shows 
the plot of the galvanometer current I against 
V for this arrangement of the fields. This 
experiment was carried out with mercury vapor. 

The shape of the curves shows clearly that the 
two critical potentials at 4.9 and 6.7 volts are 
associated with the production of light following 
inelastic collisions in which the atom is raised to 
an excited state. The break at 10.4 volts is 
associated with the formation of positive ions. 

Compton 1 has devised a modification of the 
Lenard method which makes it possible to dis- 
tinguish between radiation and ionization poten- 
tials. The arrangement of potentials is un- 
changed, but the receiving electrode is a hollow 
box, one side of which is covered with metal 
gauze. The gauze side or the solid side can be 
turned toward the other electrodes by a magnetic 
device. On rotating the box, the positive ion 
current to the electrometer will not change, for 



6 T a 9 io 

V o l + s 

Fig. 5. — The resonance 
and ionization potentials of 
Hg. ( After Davis and 
finn r.her.) 


the gauze is just as efficient in collecting 

ions as a solid plate; but the photoelectric current from the box 
will be smaller when the gauze side is turned toward the other electrodes, 
because a large part of the radiation passes through the meshes and 
strikes the inside of the box, from which few photoelectrons escape. 
Suppose we plot the ratio R of the currents obtained with solid and 
gauze sides toward the other electrodes, against the accelerating voltage. 
If we were dealing entirely with positive ion current this ratio would be 
unity; if with photoelectric current, it would be larger than unity. At a 
radiation potential we expect an increase of R, and at an ionization 


potential we expect a decrease. 

IV. Hertz’ Space Charge Method. — This is adapted to the detection 
of ionization potentials. 2 Electrons are accelerated through a gauze 
. i Phil Mag. 40 , 553 (1920). 2 z - Ehysik, 18 , 307 (1923). 
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into a metal cylinder, where collisions take place. In this cylinder there 
is a very small filament which is run so hot that the current from it is 
limited by space charge. A small potential is applied between the 
filament and the cylinder, for reasons already explained. The galvanom- 
eter is connected to one leg of this filament and measures the emission 
current from it. This remains constant as long as the accelerating 
voltage is less than the first ionization potential of the gas, but increases 
greatly as soon as that voltage is passed, because the negative space 
charge is neutralized. The filament is so small that radiation cannot 
cause an appreciable photoelectric current from it. 

V. Another Method Due to Hertz. — This method is especially adapted 
for the accurate determination of critical potentials, and minimizes 
effects due to inelastic impacts occurring at lower voltages. The experi- 
mental arrangement used by Hertz 1 is shown in Fig. 6. Electrons of 
known velocity and having a narrow velocity distribution were shot into a 

field-free space containing a helium- 
neon mixture, where they collided 
with the atoms and diffused through 
the gauze sides to the electrode P. 
Two current measurements were 
made, one with no field between the 
cage and the electrode P, and the 
other with retarding field of 0.2 volts 
between them. The difference between these two currents is a measure 
of the number of electrons which have made inelastic collisions and have 
lost nearly all their energy, so that they cannot move against the small 
retarding field of 0.2 volts. Hertz took the critical potentials of helium 
as known from spectroscopic data and determined the potentials of neon 
relative to these. By way of illustration, Hertz found resonance poten- 
tials at 16.65 and 18.45 volts. The first of these corresponds to two 
resonance lines at 744 and 736 JL, which were discovered spectroscopi- 
cally by Hertz. 2 The calculated excitation potentials of these lines 
are 16.58 and 16.77 volts. 

In practice, it is often convenient to use a combination of several 
methods. Thus, we might measure the first resonance potential of 
a metallic vapor by the Franck-Hertz method, locate the ionization 
potential by noting the sudden increase in total current which occurs 
when ionization begins, and study the spectrum of the discharge to 
determine what lines are emitted just above the resonance voltage. 
Often it is possible to gain additional information by observing the 
dependence of line intensities and of breaks in the curve on the current. 
For example, when the voltage slightly exceeds the first ionization 

1 Loc . cit. 

2 Naturwis ,, 13, 489 (1925); Z. Physik , 32, 933 (1925). 
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Fig. 6. — The Hertz arrangement. 
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potential, it is possible for linos of the spark spectrum to appear, due to 
ionization by one elect ron and excitation of the ion by another. The 
intensity of strong lines of the spark spectrum produced in this way 
should therefore be proportional to the square of the current density. 
Thus we see the value of using low currents when it is desired to get 
rid of effects due to successive impacts. 

VI. Special Devices Used with Molecular Gases and Vapors.- - 
Special methods must be used for studying the critical potentials of the 
atoms of elements which arc in the molecular form at ordinary tempera- 
tures and pressures. In ('hap. V, See. 3, we have described the work of 
Olmstead and Compton on the critical potentials of the hydrogen atom, 
in which they used a tungsten vacuum furnace to dissociate the gas. 
Smyth ami Compton 1 have used a discharge tube raised to a high tem- 
perature in their studies of the critical potentials of the iodine atom. 

VII. Kurth’s Method for Studying Soft X-ray Potentials of Solids. — 
In this method radiation is produced at a target, bombarded with electrons 
of controlled energy. This radiation falls on a detecting plate producing 
a photoelectric current. 

An essential feature of Kurth’s 5 apparatus consists in an elaborate 
set of shields, which serve to suppress secondary effects due to ions 
produced in the residual gas. Studies similar to those carried out by 
Kurth have been made by Rollefsen,' 1 Compton and Thomas 3 4 and others. 
Their experiments show that many radiating potentials can he observed 
in such solid bodies as iron, nickel, copper, and carbon. For the most 
part, it has been found im|«)ssihle to arrange these in any systematic 
order and it seems very probable that, future investigations of these 
soft X-rays will 1 m> made principally by using gratings ruled on glass. 

3. CONTROLLED EXCITATION OF SPECTRA 

As indicated in Chap III, Hec 12 it is often advantageous to supple- 
ment our studies of critical potentials by investigations of the light 
emitted when a gas or vapor is bombarded by low-voltage electrons. 

A tube suitable for experiments of this kind is shown in Fig. 7, 
taken from a pajjer by Roark* on the step-by-step excitation of the 
magnesium spectrum. The hot filament is closely surrounded by a spiral, 
which in turn is surrounded by a concentric cylinder at a relatively great 
distance, This is often maintained at the same potential as the outer 
cylinder, but usually a small accelerating voltage say a few tenths of 
a volt may lx* applied between them with advantage. Ihe main 

' Phyn, Ren., 18, SOI 110201. 

’/Vi}/*. Rev., 18, 4<U ( 1021), 

»/»%*. Rev., 83, 38 (1024), 

•/%«, ««>., 38, (MU (1112(1). 

»J. O. S. A., n, im (1925). 
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accelerating potential is applied between the filament and the spiral. 
If the spectrum of a metal is to be studied, a piece is placed inside the 
cylinder, and the central part of the tube is heated. The pressure is so 
chosen that relatively few electrons collide with atoms in the space 
between filament and spiral, while a much greater number undergo colli- 
sions in the force-free space between the spiral and the cylinder. In this 
way, nearly all the electrons reach this space with the energy corre- 
sponding to the full potential between filament and spiral. The light 
from the force-free space is focused on the slit of a spectroscope through 
the fused quartz window, which is placed a considerable distance away 
from the discharge, to avoid the deposition of a metal film. The cylinder 
is nearly closed, to keep the metal where it is wanted. The small tube 
at the right keeps the direct light of the filament from reaching the 



Fig. 7.' — Apparatus for the controlled excitation of spectra. {After Ruark.) 

spectroscope. It also serves to isolate the light coming from regions 
close to the anode cylinder, where the potential must be nearly that 
of the anode. 

Usually, the current is held constant by varying the temperature 
of the filament; further, it should be chosen very low, let us say 1 to 3 
milliamperes, for the purpose of minimizing effects due to successive 
excitation of an atom by two or more electrons. Even if these conditions 
are satisfied, the spectra obtained at different voltages will not be com- 
parable in intensity, for several reasons. First, the percentage of the 
collisions which are inelastic is a function of the electronic velocity. 
Second, an electron having 10 volts energy, for example, can undergo two 
inelastic collisions in a gas having a resonance potential of 5 volts, while 
an 8-volt electron could excite only one atom. Third, the electronic mean 
free path and, therefore, the total number of collisions, depends on the 
velocity. Other factors could be enumerated. For these reasons, 
the time of exposure is reduced, at constant current, to keep the product 
of voltage and exposure time constant. With these precautions, spectra 
are obtained at a number of different voltages. Figure 8 shows magne- 
sium spectra obtained by Foote, Meggers, and Mohler, 1 at voltages 
from 3.2 to 30. At the first resonance potential, an electron should be 
carried from the normal level l l S 0 to the levels 2 3 P 0 ,i, 2 . In magnesium, 

1 Phil. Mag., 42 , 1002 ( 1921 ); 43 , 639 ( 1922 ). 
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these P levels lie clow* together and the corresponding resonance potentials 
cannot be separated electrically. While electrons are carried to all 
three levels, they cannot return from 2 3 P S and 2*P U with emission of 
radiation. These states are metastable, and atoms cannot leave them 
except by colliding with the walls, with other atoms, or with electrons. 
As to 2*Pt, it is higher than 2 a Pi, but spontaneous transitions between 
these levels will not occur tecause of the selection principle for the azi- 
muthal quantum number. The result is that only the line l'»S' u — 2 a Pi 
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fid, K,~ i>«v«)c>|»iumt «( Ms Hpwtrtim. ( After Finite, Megger*, niul Mahler.) 

at 4,571 A. should be emitted when the bombarding electrons have 
voltages slightly higher than the first resonance potential. The minimum 
voltage required for the excitation of the 4,571 A. line, should be 2.70 
volts, by the relation Ve - hv. It is recorded at 3.2 volts (Fig. 8) 
and no other line is found, even when the plato is very much over- 
exposed. The larger value of the observed voltage is due to the fact that 
the intensity of the light excited at exactly 2.70 volts would be so small 
that it would be difficult to photograph. The next line to appear should 
be l 1 . Ho - 2 l P t at 2,853 A., which requires 4.33 volts for its excitation, 
and it appears when the energy is increased to 0.5 volts. 
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Other lines due to the neutral atom appear progressively as the 
voltage increases. When the ionization potential of 7.61 volts is exceeded, 
the whole arc spectrum is emitted, as in the 10-volt exposure of Fig. 8. 
The energy required to ionize the Mg + ion corresponds to 14.97 volts and 
when this is accomplished, the complete Mg II spectrum should be 
emitted. This spectrum is observed in a low voltage arc run at high 
currents, at potentials slightly in excess of 15 volts, and is due principally 
to doubly charged ions produced by the successive impact of two electrons. 
Now, collisions of singly charged positive ions with the bombarding 
electrons are proportional in number to the square of the current, and 
so all spectrum lines produced in this way will decrease in intensity 
relative to lines produced by single impacts, if the current is made lower. 
At low currents, therefore, we should expect that the Mg II spectrum 


2 3 P-mX ^ r 2 3 P-2 3 p' 

VY 



( -?l Z S-2 Z P of Mg + 

JZ Volte 

Fig. 9. — The spectrum of Mg + excited by single electron impacts. ( After Ruarh.) 

would be quite faint until we pass the voltage 22.58 (= 7.61 + 14.97) at 
which two valence electrons may be removed in a single impact. Ruark 1 
showed that such is the case, using current densities of the order of 0.1 
to 0.2 milliamperes per cm. 2 As a typical result, we may consider the 
excitation of the first principal pair of ionized magnesium, 1 2 5^ — 
2 2 Pm>H 2,802.7 and 2,795.5 JL If a singly charged ion is present, 
these lines could be excited by 4.4-volt electrons, but 7.61 volts are 
required to produce such ions, and therefore these lines should appear 
first at the first ionization potential when the current is relatively high; 
but, if the current is relatively low, these lines should appear at 12.01 
volts, due to a type of impact in which one electron is removed and the 
second is raised to one of the 2 2 P levels. The existence of such impacts 
is proved by the 12- and 13-volt exposures in Fig. 9. While there is no 
trace of these lines in question at 12 volts, they are strongly developed at 13. 

The simultaneous excitation of two electrons may also be studied 
by the same method. If it is possible to raise both valence electrons 
of magnesium to 3, 1 orbits by a single impact, leaving the atom in one of 
the 2 3 P' states, we may expect that the lines 2 3 P — 2 z P f will be emitted 
l Loc. tit. 
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as a result. The voltage required for this excitation is 7.14, corre- 
sponding to the wave number 1 z Sq — 2 3 P'. Our expectation is verified, 
for at low currents the 2 8 P — 2 IP' lines are absent at 7.5 volts, but present 
at 7.9. The difference between the theoretical excitation voltage and that 
observed is attributable to the fact that the initial velocity correction 
has not been applied. Recently, the hot cathode arc has been used by 
K. T. Compton, Boyce and Russell 1 in studies of the extreme ultra- 
violet spectra of neon and argon. In this region, classification is often 
made difficult by the decreased accuracy of wave-number measurements, 
and any method of separating successive stages of excitation is very 
useful. 

Very close checks of theoretical potentials have been obtained by 
Hertz 2 in work on helium, neon, and mercury, by the use of low currents — 
never greater than 0.1 milliampere. Neon lines which are definitely 
absent at 19.2 volts are quite strong at 19.6. Later, Hertz and Scharp 
de Visser 3 made photometric measurements of line intensities as a function 
of voltage. The curves obtained cut the axis of zero voltage at consider- 
able angles in some cases, and yield quite 


definite values of the critical voltages for the 
appearance of these lines. 

4. THE DETERMINATION OF IONIZATION 
POTENTIALS WITH THE MAGNETIC 
SPECTROGRAPH 

A very powerful method for studying the 
potentials at which various types of ions are 
first produced has been developed by Smyth 4 
and Hogncss and Lunn, 6 by combining a hot 
cathode tube with a magnetic spectrograph 
like that of Dempster (Fig. 10, Chap. II). The 
arrangement of electrodes used by Hogness 


<0 



\ ^ y 


Fig. 10. — Magnetic spectro- 
graph arrangement. ( After 
Hogness and Lunn.) 


and Lunn is illustrated in Fig. 10. The 

source of electrons is the filament E. The potential Vi is fixed through- 


out the experiments and Fa is varied. The electrons collide with the 
molecules in the space F producing ions if Fi + Vs is sufficiently large, 
these are drawn through the gauze I by a small potential F s . F„ is a 
large variable potential which accelerates the ions through the gauze 
J.&nd slit B, where they enter the magnetic field. Their paths are bent 
into a circle and the ions arrive at the slit M and the electrometer 


i Proc . Nat. Acad. Sci., 14, 280 (1928); J. Frank. Inst., 205, 497 (1928); Phys. 
Rev., 82, 179 (1928). 

* Z. Physik, 22, 18 (1924). 

* Z. Physik, 31, 470 (1925). 

‘ Proc. Roy. Soc., 102, 283 (1922), and later papers. 

« Proc . Nat. Acad. Sci., 10, 398 (1924); Phys. Rev., 26, 786 (1925). 
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electrode. In order to bring ions of different ratios of charge to mass to 
the slit M, it is necessary to vary either V A or the magnetic field strength. 
In practice it is convenient to vary F 4 in order to detect the different 
ions produced. By varying the potential V 2 , the energy of the exciting 
electrons can be varied. Thus, it is possible to observe the exciting 
potential at which any ion is produced and also the relative numbers of 
ions of different kinds produced by electrons of any particular energy. 

Figures 11a and 116 are plots of electrometer currents against the 
potential V 4 , when the apparatus is filled with N 2 , and electrons enter 
the space F with energies of 23 and 84 volts, respectively. iV 2 + ions 



with an accelerating potential of 84 volts. ( After Hogness and Lunn .) 

are present in both cases but N + ions only in the latter. The relative 
abundance of the ions can be estimated by the heights of the peaks of 
these curves. It is found that N 2 + ions appear first at 17 volts, and in 
greater nufnbers at 23 volts; N + ions appear above 23 volts, but in small 
numbers relative to the N 2 + ions. Increasing the pressure of nitrogen or 
the addition of helium gas increases the relative number of N 4- ions; 
further, the ratio of N + to N 2 + ions approaches zero as the nitrogen 
pressure approaches zero. The conclusions that can be drawn are: two 
types of N 2 + ions are produced, one at 17 volts and another at 23 volts; 
the second of these is unstable and at collision with other molecules or 
helium atoms dissociates into an atom and an atomic ion. 

Similar studies have been made with H 2 , 1 I 2 , 2 HC1, 3 NO, 4 0 2 , 5 CH 4 6 and 
* 1 Smyth, Phys. Rev., 25 , 452 (1925); Hogness and Lunn, Phys. Rev., 26 , 44 ( 1925 ); 

Kallmann and Bredig, Z. Physik, 34 , 736 (1925). 

2 Hogness and Harkness, Phys. Rev., 32, 784 (1928). 

3 Barton, Phys. Rev. 30, 614 (1927). 

4 Hogness and Ltjnn, Phys. Rev., 30, 26 (1927). 

5 Hogness and Lunn, Phys. Rev., 27 , 732 (1926). 

6 Hogness and Kvalnes, Phys. Rev. 32 , 942 (1928). * 
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H 2 O . 1 A summary of the principal conclusions of these studies is given 
in Table 2. The method promises to give further valuable information 
on the processes of ionization in molecular gases. 


Table 2 


Molecule 


Primary process 

Excitation 

potential 

volts 

Secondary and tertiary 
processes 

Negative ions 
observed 

Ha — > H 2 + + e 

16 

H2 + 4* H 2 — > Hs + 4~ H 
■ Ha + — ► H + + H 

None 

N 2 -»Na + (17) 

17 

[ H + 4- Ha-+H # +* 


Na Na + (23) + e 

23 

N a +(23) N + 4- N 

Na" 

NO -» NO+ -t- e 

9 


NO" N", O ' 

NO 0+ + N +' a 
NO 0 + N + + a 

21 

22 



Oa — * Os* + e 

13 


0 2 - 0- 

. o 2 ~> 0+ + 0 + e 
HaO -> HaO+ + a 

20 

13 

9.3 

9.3 

<3 

13 

f HaO + -> 0H+ 4- Hf 

None 

' I 2 -> Ia + + e 

l H 2 0+ + HaO -* H 3 0+ 4- OHf 
r i + - 4- is -+ ia + 4- 1 

I. la", Is” 

Ia-t 1+ + I + t 

I 2 + 4- la -> h + 4- I 


^ la + I” + X 

I- 4- la I 2 - 4- I 


r HC1 -> HC1+ + a 
l HC1 -> H + Clf 

[ I 2 - 4- Is-+ Ii- '4- 1* 

Cl 4- e -+ C1-* 

ci- 

CH 4 —> CH4 + (14.5) 
+ e 

CH i -> CHi+ + H 
4- e 

or 

CHi — >CH 4 + (15.5) 

, + e 

14.5 

15.5 

15.5 

CHi + — ■» CH3 + 4- H 4- a 



Ha. 


Na.. 

NO. 


Os... 

HaO. 


HC1. 


CH 4 . 


* Processes are tertiary, 
t Thermal dissociation at the filament. 


Somewhat similar methods have been used to separate the spectra 
of ions from those of neutral molecules. 

If an electric field is applied transversely to a beam of canal rays 
passing through a high vacuum, ions in the beam can .be deflected 
sufficiently to separate them from the neutral particles. In this 
way Wien a and Kerschbaum 3 obtained a physical separation of the arc and 
spark spectra of 0 and N and showed that the second positive bands of N 2 
are emitted by the neutral molecule while the negative bands are due to 
N 2 +. Wien has also studied the spectra of canal ray beams deflected by 
magnetic fields. Brasefield 4 has used this method to separate the 
spectrum of H 2 + from that of the neutral molecule. In this way he has 

1 Barton and Bartlett, Phys. Rev., 31, 822 (1928). 

2 Ann. Physik, 69, 325 (1922); ibid., 81, 994 (1926). 

8 Ann. Physik 79, 465 (1926). 

4 Proc. Nat. Acad * Sci, 14, 686 (1928)* 



464 CRITICAL POTENTIALS OF ATOMS AND MOLECULES [Chap. XIII 

succeeded in finding bands which are characteristic of the ion and has 
found that they follow a Rydberg series with the changes in the quantum 
numbers 8 — » 4, 9 — » 4, 10 — * 4, and the Rydberg constant character- 
istic of singly ionized atoms, namely, AR H - The method is difficult to 
use because of the low intensity of sources secured in this way, but 
promises to be a powerful method for separating arc and spark spectra. 
Maxwell has made studies, of the' mercury spectrum with electric deflec- 
tion, using a tube with a hot cathode, which enables him to obtain 
much brighter spectra. 1 He finds that the intensity of the arc lines is 
independent of the electric field, which indicates that recombination of 
electrons and positive ions contributes very little to these lines. 

5. CORPUSCULAR SPECTRA 

The first investigation in which a magnetic spectrograph, in the usual 
sense of the word, was used to bend the paths of charged particles, was 
that of Danycz 2 who employed this instrument to determine the velocity 
distribution of /3-rays from radioactive substances. Robinson and 
Rawlinson 3 used this method to determine the velocities of secondary 

cathode rays produced by X-rays 
and, Rutherford, 4 in collaboration 
with these two authors, employed 
it to investigate the velocities of sec- 
ondary /3-rays produced by -y-rays. 
De Broglie 6 and Ellis 6 have brought 
this method to a high state of per- 
fection. A typical arrangement 

Fxg. 12. Corpuscular spectrograph. of a p paratus fe shown in Pig. 12. 

Electrons are ejected from the point C in all directions by X-rays or 
gamma rays; a magnetic field bends the path of each electron into a 
circle and those that pass through the slit finally fall on a photographic 
plate PP. The arrangement of slits is such that all electrons of the same 
velocity are focused on the same point of PP, those of lower velocity 
falling nearer to the slit S. The result is a spectrum which is often 
referred to as a magnetic spectrum. 

The energy of the electrons leaving C is determined by the frequency 
of the rays falling on the target, the photoelectric threshold value, 
the energy necessary to remove the electron from one of the shells of an 

i-Phys. Rev., 32, 715 and 721 (1928). 

2 Compt. Rend., 153, 1066 (1911); Le Radium, 9, 1 (1912). 

3 Phil. Mag., 28, 277 (1914). 

*Phil. Mag., 28, 281 (1914). 

6 J. de Pkys . et Le Rad., 2, 265 (1921). 

«froc, Roy. Soc 99, 261 (1921); 101, 1 (1922). 
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atom and, finally, the low of energy of the electron as it passes through 
the substance before it escapes. The photoelectric equation for those 
electrons which lose no energy by this last method is 

Ve » hv — Vae — hu f } (4) 

where v is the frequency of the incident radiation, Ve the energy of the 
ejected electron, the photoelectric threshold value and hv r the energy 
necessary to remove the electron from an atom. The latter energy may 
or may not be zero, depending upon whether the electron was free or was 
IkhiihI in one of the electron shells. The effect of any loss of energy 
of the electron in passing through the metal will be to decrease Ve. 
lining X-rays of known frequency and determining Ve from the strength 
of the magnetic field and the radius of curvature of the electron path, 
it is a simple matter to deduce the various values of hv' from the 
discontinuities of the blackening on the plate. This method has been 
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Ftu. Ui. Corpuscular uportrum of lint). (Aftrr Curtin*.) 


used to determine the K and L energy levels, soft X-ray energy levels, 
and, when applied to l«>ta rays ejected by gamma rays, the energy levels 
within (he nucleus itself. When studying gamma rays the radioactive 
material is deposited on a wire which occupies the position of the 
point C. The electrons, ejected by the gamma rays during the radio- 
active disintegration process, come from the electron shells of the dis- 
integrating atom itself. It is found that the process of disintegration 
of radium B and also radium I) is first the loss of a jtf ray from the nucleus, 
leaving a nucleus of tho atomic number 83 which is an isotope of bismuth; 
then a nuclear rearrangement of this newly formed nucleus takes place 
with the emission of a gamma ray, and, finally, this gamma ray in passing 
through the electronic shells of the atom may eject an electron from one 
of these shells. The result will be a corpuscular spectrum of electrons 
having the energy hv of the gamma-ray quantum, or this energy dimin- 
ished by that required to remove an electron from one of the X-ray 
levels of tho bismuth atom. It- is found that the electrons have velocities 
corresponding to these energies rather than those to be expected if the 
electron were ejected from one of the shells of an atom of atomic number 
82, which is an isotope of lead. Studies of this kind have been made 
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on Ra, RaB, RaC, and RaD. 1 Figure 13 is a reproduction of a cor- 
puscular spectrum of RaD taken by Curtiss. 

Jones and Whiddington 2 have applied this method of corpuscular 
spectra to electrons which have made elastic and inelastic collisions with 
molecules. Electrons accelerated by 25 to 150 volts are shot through a 
Faraday cage containing hydrogen at a pressure of about 10~ 2 mm. of 
mercury where they collide with hydrogen molecules. Some of the 
electrons will make elastic collisions and will retain their original energy 
while others may make one or two inelastic collisions and thus lose part 
of their energy. The result will be that the electrons emerging from 
the cage will consist of several groups differing in energy by the amounts 
lost in these inelastic collisions. If these electrons are then accelerated 
by a fairly high field and passed into a corpuscular spectrograph a 
spectrum similar to those described above is secured. The photo- 
graphic plate shows a fairly sharp line corresponding to electrons which 
have made elastic collisions, and others corresponding to those which 
have made one or two inelastic collisions. They have investigated at 
present only those electrons which after the inelastic collision move on in 
nearly the same direction as the original beam. 

The distances between the spectral lines show that the electrons have 
lost 12.6 volts of energy or approximately double this amount; and, in 
addition, there is some evidence for inelastic collisions in which 8 or 9 
volts and 14 or 15 volts are lost. The 12.6-volt loss of energy is in 
agreement with observations on the resonance potential of hydrogen 
made by other methods. The energy changes in the hydrogen molecule 
corresponding to the 8- or 9-volt and the 14- or 15-volt loss of energy 
are doubtful, though there is reason to believe that the latter loss is due 
to the dissociation of the hydrogen molecule. From the relative inten- 
sities of the two lines corresponding to the loss of 12.6 volts in one collision, 
or twice this amount in two collisions, it is possible to calculate the 
probability of excitation by electrons; this has been done for electrons 
which are deflected only slightly from their original paths by collisions. 
The probability that an electron will make one and only one collision in 
traversing the distance d, through the Faraday cage is (d/X) exp ( — d/\), 
where X is the mean free path of the electron in the gas. If p is the 
fraction of these collisions which are inelastic, the number of electrons 
which have made one inelastic collision will be 


h 


const. 



1 Ellis and co-workers, Proc. Roy . Soc ., 99, 261 (1921); Ellis, C. D., Z. Physik , 
10, 303 (1922); Ellis, C. D., and H. W. B. Skinner, Proc. Roy. Soc., 105, 185 (1924); 
Ellis, C. D. and W. A. Wooster, 114, 276 (1927); Black, Proc. Cambridge Phil. Soc. f 
22, 832 (1925); Curtiss, Phys . Rev., 27, 257 (1926). 

. * Phil Mag „ 6, 889 (19281 
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The probability of an inelastic collision while traversing the path from 

^ 

1 1 ' ; the probability of one and only one encoun- 


; to X + dx is ( p 


A /-A 

:J exp VxJ ; 


ter in the remaining distance, d — x, is 


(d — x) 


exp 


•(d — x) 


and the 


.tiplying, and integrating 


probability of this being inelastic is p. Mul 
from zero to d, we have for the number of the electrons which have made 
two and only two inelastic encounters 


r 4. P'd 2 f-d\ 

I 2 = const. exp l — h (o) 

and therefore, by equations (5) and (6), 

» - (tXfj (7) 

Since each of the quantities on the right of equation (7) can be calculated 
or measured the probability p can be determined. It was found that 
1 or 2 per cent of the collisions of 150-volt electrons with hydrogen 
molecules are effective in exciting the molecule to the 12.6-volt level. 
The critical potentials determined in this way are no more precise than 
those obtained by other methods, but the method can be used for finding 
the probabilities of inelastic collisions and can be applied to the electrons 
which leave the molecule in other directions after collision. 


6. THE PHOTOELECTRIC AND INVERSE PHOTOELECTRIC EFFECTS IN 

GASES AND VAPORS 

The photoelectric effect for gaseous atoms has been placed on a 
secure basis only within the past few years because of the great exper- 
imental difficulties. The phenomena involved, however, are very much 
simpler from the standpoint of theoretical interpretation, than those 
occurring when electrons are ejected from metal surfaces by light. 
Williamson 1 secured definite evidence of the photoelectric effect in 
potassium vapor. The chief difficulty in such experiments is the fact 
that photoelectrons from the walls of any apparatus used are greater in 
number than those from the gas or vapor, unless extreme precautions are 
taken. Because of the relatively high vapor pressures of the alkali 
metals and their low energies of ionization, these metals have been used 
almost entirely in experiments of this sort. Williamson, by using a jet 
of potassium vapor which was condensed on a liquid air trap and by 
illuminating this jet by a beam of light, was able to secure evidence of 
true photoionization, and found that ionization first began in the neighbor- 
hood of the theoretical wave length of 2,856 A. Samuel 2 used almost 
precisely the same method and secured the same result, while Kunz and 

1 Phys. Rev., 21, 107 (1923). 

* Z . Physik) 29, 209 (1924), 
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Williams 1 determined the photoelectric effect in cesium vapor as a 
function of the wave length. They took great care in shielding the metal 
electrodes used for determining the conductivity of the gas from the beam 
of light which produced the photoionization, and found the long wave-length 
photoelectric limit of cesium vapor to be very close to 3,180 A. which is the 
theoretical limit. Lawrence, 2 using a method similar to that of William- 
son, found evidence that no ionization occurred in potassium vapor at 
wave lengths greater than 2,610 A., which is considerably smaller than 
the limit calculated from the known energy of ionization of potassium. 
He suggested that this was due to the photoionization of the molecule 



Fig. 14a.' — The Foote and Mohler tube for detecting the photoelectric effect; b. Recombina- 
tion spectrum of cesium, (After Mohler.) 

K 2 which may be much more sensitive to photoionization than the atom. 
Recently, Williamson has confirmed this work of Lawrence and has 
found that a weaker ionization of potassium vapor occurs at wave 
lengths below about 3,100 A., which also does not agree with the cal- 
culated limit. The effect which begins at about 3,100 A. is probably 
due to ionization of the K 2 molecule without dissociation, while that 
which begins at about 2,600 A. is probably due to dissociation of this 
molecule and ionization of one of its atoms. The 2,600 A. and the 
2,856 A. quanta differ in energy by about 0.4 volt, which agrees fairly well 
with an estimate of the energy of dissociation of the K 2 molecule made 
by Carelli and Pringsheim, 3 namely 0.61 volts. 

A very sensitive and useful method for studying the effect was 
devised by Foote and Mohler. 4 The tube used, shown in Fig. 14a, 
is of the type described by Kingdon 5 and is made of quartz for photo- 
electric experiments. The filament is very small and is located on the 
axis of a cylinder which is entirely closed except for a small hole in one 
end through which the filament leads are inserted. The other end is 

1 Phys. Rev., 22 , 456 ( 1923 ). 

2 Phil. Mag., 50 , 345 ( 1925 ). 

® Z. Physlk, 44 , 643 ( 1927 ). 

4 Phys. Rev., 26 , 185 ( 1925 ); 27 , 37 ( 1926 ). 

6 Phys. Rev., 21 , 408 ( 1923 ). 
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closed by a gauze which permits light to enter. The current from the 
filament is limited by the space charge in its neighborhood. If a photo- 
electron iH produced in the vapor within the cylinder, the positive ion 
former! is drawn toward the filament by the electric field. However, 
if there were no gas present it, would not reach the filament,, except in 
the rare case that it had no angular momentum about the filament axis; 
when it possesses angular momentum relative to the filament it will 
describe an orbit about the filament and as Kingdon showed it may 
make several hundred trips around the filament before it falls into 
it and is neutralized. Because of this long life in the neighborhood 
of the filament, each positive ion neutralizes the space charge of many 
electrons and greatly decreases the negative space charge. Thus, a 
relatively small number of positive ions causes a great increase in the 
electron current from the filament. The change in current when the 
light, falls into the tube is so great, that it can las read on an ordinary 
microammeter. At the same time, photoelect ric emissions from the wall 
are of no importance, since the electrons arc driven back to the walls 
by the electric field. The tube is sensitive enough to permit the use of 
light, from a monochromator, so that it is possible to study the photo- 
electric effect as a function of wave length. 

The ionization potential of cesium, which was used in these experi- 
ments, is 3.88 volts, corresponding to a wave 1 length of 3,183 A. The 
simplest possible picture of the effect, would lead us to expect that 
the current would increase sharply when the incident wave lengt h is just, 
inferior to this value. Experiment shows, however, that the increase 
begins at longer wave lengths; that then* are distinct maxima on the 
long wave-length side of 3,183 A.; and that the intensity of thcmvmaxima 
grows rapidly as the* pressure and temperature of the vapor increase. 
Moreover, the wave lengths at, which the maxima occur coincide with 
those of the principal series lines of cesium. These facts may be inter- 
preted in the following way: Light having the same wave length as a 
principal series line excites a cesium atom, and before the energy stored 
up can be remitted as light, the atom makes a collision in which the 
transfer of translational energy is sufficient to ionize the excited atom. 
The probability of ionization by this mechanism should increase with the 
premure and temperature, as it is observed to do. There are sufficient 
collisions of this class to account For the observed ionization. The 
probability of direct photoionizntion is a maximum at the wave length 
3,183 A. anti decreases rapidly as the wave length becomes shorter. 

The inverse photoelectric effect in gases has been observed by Mahler,' 
using a tube of the type employed for studying photoionization. In 
the inverse effect, the process which occurs is 

I (> — t Is 4* hv ; 

' Phyit. R«v., SI, 187 (1028). 
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that is, an electron falls into a cesium ion, causing the emission of a 
light quantum whose energy is equal to the relative translational energy 
of the cesium ion and the electron, plus the energy required to ionize a 
cesium atom from one of its steady states, which may or may not be the 
normal state. Since the probability of ionization by a light quantum is 
a maximum when its energy just exceeds the ionizing potential so that 
the kinetic energy of the photoelectron is small, it follows from the 
principle of microscopic reversibility that the probability of combination 
is greatest when a slow electron collides with an ion. 1 

Mohler looked for the recombination spectrum of cesium in the 
neighborhood of the small filament of a photoionization tube, the vapor 
pressure being higher than 0.08 mm. of mercury and the current greater 
then .70 milliamperes. Under these conditions there should be a very 
high concentration of ions near the filament. Similar experiments were 
also performed with potassium. By using these metals it was possible to 
secure a very large emission of electrons from the filament at low tem- 
peratures due to the layer of alkali atoms on the filament and, because 
the ionizing potentials of these elements are small, comparatively slow 
electrons could be used to produce the ions. A photograph of the 
spectrum emitted near the filament is reproduced in Fig. 146, and shows 
two distinct continuous bands extending toward the violet from the 
limits of the subordinate series and the fundamental series. These 
bands show that the reactions taking place with the emission of this light 
are, 

Cs + + e -» Cs(2 + hv 

and 

Cs + + e—» Cs(3 2 Dy 2 y^) + hv. 

Mohler and Boeckner 2 have shown that the intensity of these spectra 
depends on the *ion concentration, rather than the ion current. They 
find that the intensity distribution can be explained on the basis of 
simple recombination. Further they have studied the relative prob- 
ability of recombination as a function of electron energy, and find it 
to be independent of other conditions in the discharge. 

Under the conditions of these experiments series lines due to transitions 
from the higher levels are relatively more intense than they are when 
excited by other methods, and some higher series lines were observed 
for the first time. These lines are also more diffuse than they are when 
excited in other ways. These effects as well as an afterglow lasting for 
about 10 -3 seconds were observed by Miss Hayner 3 in mercury vapor, 
and have recently been found by Kenty 4 in argon. Miss Hayner 

1 Bor further discussion of a case quite similar to this see Chap, XIV, Sec, 1. 

2 Bureau Standards, J. Research , 2, 489 (1929). 

3 Z. Physik , 35, 365 (1925). 

* Pkys, Rev., 32, 624 (1928). 
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explained her observations as due to the recombination of ions and elec- 
trons; the afterglow occurs because a finite time elapses before a positive 
ion can pick up an electron; the prominence of the subordinate and 
fundamental series points to the existence of large probabilities for 
recombinations in which the electron goes into orbits of high total 
quantum number; and broadening results from the perturbing effect 
of the high ion concentration. Mohler’s experiments confirmed these 
views entirely. 

Mohler 1 has used this method of detecting the photoionization 
of a gas, to determine ionization potentials. His procedure consists in 
bombarding the gas molecules with electrons of known but yariable 
energy; when the accelerating potential is increased to a value at which 
ionization occurs sufficient light will be emitted to ionize the gas in a 
photoionization chamber mounted in one end of the experimental tube. 
Gauzes are placed between the region in which ionization is produced 
and the photoionization cell, to prevent the diffusion of ions and electrons 
to the latter. 

In this way he investigated Cs, Rb, K, A, and Ne, and detected 
ionizing potentials above that corresponding to the removal of the most 
loosely bound electron. The observed potentials for the alkali metals 
and the processes which occur at these potentials are given in Table 
3. (b) and (e) for potassium and the corresponding values for argon agree 

very well with values expected for two M levels of the X-ray energy 
diagram as determined by comparison with the values for neighboring 
atoms in the periodic system. 


Table 3 



Potentials 


Process 

Cs 

Itb 

K 


a. 3.88 (calculated) 

4.16 (calculated) 

4.32 (calculated) 

Removal of the valence 
electron 

b. 13.0 ± .5 

16.0 ± .5 

19 ±1 

Ionization of rare gas 
shell, l = 1 

c. 18.5 ± 1 

21.6 ± .5 

23.8 ± 1 

Ionization and excita- 
tion of the ion 

d. 21.5 ± .5 

25.2 ± .1 

31.8 i 1 

Double ionization 

e. 39.0 ± 1 


48.0 ± 1 

Ionization of the rare 
gas shell, l — 0 


7. CRITICAL POTENTIALS OF MOLECULES 
The excitation or ionization of a molecule by electron collision is 
similar in some ways to excitation or ionization by light. Franck has 
suggested that the primary effect of excitation is to change the electron 
i-Phys, Rev,, 28, 46 (1926), 
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configuration without altering the internuclear distance or the kinetic 
energy of vibration; and this applies to excitation either by the absorption 
of light or by electron collision. 1 The reasoning employed in Chap. 12, 
Sec. 11 applies equally here, and leads to the conclusion that resonance 
and ionizing potentials will measure the electronic energy changes of 
molecules only if that part of the potential energy which is a function 
of the internuclear distance is very closely the same for both the normal 
and excited states. If the equilibrium distance between the nuclei in the 
normal and excited states and the corresponding nuclear vibration 
frequencies are very different, the molecule will experience a considerable 
increase of vibrational energy when it is raised to a higher electronic 
level. One of the best examples of this case is the hydrogen molecule. 

The extreme ultra-violet band systems of hydrogen have been 
analyzed by Witmer, 2 Dieke and Hopfield, 3 Werner, 4 and Hori 5 ; and 
Birge 6 has deduced the complete energy diagram from these bands and 
others in the visible and near ultra-violet. Knowing the equilibrium 
distances between the nuclei, their vibration frequencies, and the energies 
of dissociation in the different electronic states, it is possible to construct a 
curve representing the potential energy as a function of the internuclear 
distance for each electronic state of the molecule. 7 

Potential energy curves for the 1 X S, 2 1 2, and C states of the hydrogen 
molecule and the normal state of the hydrogen molecule ion are illustrated 
in Fig. 15. Integral vibration quantum numbers are used for reasons of 
simplicity, since we are interested only in the qualitative validity of the 

1 Franck and Jordan, “ Anregung von Quantenspriingen durch Stosse,” p. 252 , 
Springer, Berlin ( 1926 ). 

2 Proc. Nat. Acad . Sci., 12 , 238 ( 1926 ). 

3 Z. Physik, 40 , 299 ( 1926 ). 

*Proc. Roy . Soc., 113 , 107 ( 1926 ). 

6 Z. Physik, 44 , 834 ( 1927 ). 

6 Proc. Nat. Acad. Sci., 14 , 12 ( 1928 ). 

7 The shape of such a curve in the neighborhood of the equilibrium distance 
between the nuclei is determined by the vibration frequencies of the nuclei, for this 
frequency is (k/Anr 2 n)%, where n is the reduced mass. The potential energy for small 
displacements is then V = K * W - r 0 ) 2 . The distance between the minimum of 
the curve and the horizontal line representing the value of V for the dissociated mole- 
cule is obviously the energy of dissociation for the state in question. The remainder 
of the curve can be sketched in roughly for we know its general shape. Its correctness 
ca n be tested by applying the quantum condition $p r dr = nh, where p r is equal to 
\/2]aE — 2 fxV> The first term in this radical is the energy of vibration in some steady 
state, say the nth, and the second is given by the curve V(r). We may plot the value 
of this radical for different values of r , and may perform a graphical integration to 
determine jp r dr } the result must then be equal to nh. Morse (Washington Meeting 
of the American Physical Society, Apr. 20 , 1929 ) has shown that the vibration energy 
levels of a diatomic molecule will be of the form an - &n 2 -J- a constant if the potential 
energy function has the form 

— 2De~* l( - T ~ro) _j_ £)g— 2a(r—ro) 
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Pranck-l ‘ondon theory. The arrows indicate the only transitions from 
the normal state of the molecule, namely -the lowest vibration level 

of the PS electronic state - to the 2 l £ and C electronic states for 

which the distance between the nuclei in nearly unchanged during 
transition. Though the energies required to bring the molecule to the 
lowest vibrational levels of the 2*2 and C states are only 11.1 and 12,23 



volts, respectively, the energy changes indicated by the arrows are 11. 6 
and 12.0 volts, mspeeiively. The latter value is as close to the observed 
value <if 12.6 volts for the resonance potential as can be expected from 
the approximate theory. Direct excitation of the 2 1 ** state by electron 
impact does not occur, according to Ilori (he* cit ,), though according to 
the reasoning used here this level should be excited by 1 1 .6-volt electrons. 

The observed ioni nation potential of ID is 16,1 volts, while the value 
calculated from the ID spectrum is about 15,4 volts. The arrow in the 
figure shows that according to the theory this transition should occur at 
15.9 volts, which is in close agreement with the observed values. There 
Is another critical potential of hydrogen at 11.5 volts which seems to be 
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fairly well established. Condon and Smyth 1 assign it to the transition 
from the VE state to the 2 3 2 state predicted by Heitler and London. 2 
The potential energy curve shown in the figure has no minimum and for 
large distances between the two atoms the potential energy approaches 
that of two normal hydrogen atoms. Transitions to this state result 
in dissociation of the molecule into two normal atoms with a large 
relative kinetic energy. Evidence for the existence of this process will 
be presented in Sec. 10. 

There is a marked difference in the vibration frequencies and moments 
of inertia of the I 2 molecule in its normal and excited states (Chap. XII, 
Sec. 11), and therefore it should exhibit effects similar to those observed 
for hydrogen. Hogness and Harkness 3 observed such effects in their 
studies of the ionization of iodine. They find that the I + and I 2 + ions 
appear at the same critical potential, 9.3 volts, and that they are primary 
products of the inelastic collision. It is probable that the potential 
energy curve for the normal I 2 molecule is similar to that of the VE 
state of hydrogen and that the I 2 + molecule has one state similar to the 
2 l E state of hydrogen. In this case, the energy of vibration would be 
increased when an electron is removed, and might become so large that the 
molecular ion would split into a neutral atom and an atomic ion. The 
probability of an inelastic collision in which an I 2 + ion with large amounts 
of vibrational energy is produced appears to be about equal to that of a 
collision which results in an atom and an atomic ion. 

8. THE PROBABILITY OF INELASTIC COLLISIONS 

Consider a collision between an atom and an electron, in which the 
initial values of the energy, momentum and angular momentum are 
all specified, and the orientation of the atom with respect to the original 
direction of motion of the electron is given. On the basis of classical 
mechanics, we expect that every such collision will lead to the same final 
state, determined by definite values of these same quantities. The 
statistical interpretation of the new mechanics, however, introduces 
the possibility that several final states can result from the same initial 
state (Chap. XVIII). Thus we may speak of the probability of an 
elastic or an inelastic collision of a 4.9-volt electron with a mercury 
atom in the 1 X S 0 level. However, this is not the usual sense in which 
the word probability is used in connection with such problems. So 
far as the experimental data are concerned, the question of the appearance 
of pure probability in determining the results of collisions need not be 
considered, for these data deal with collisions for which the initial and 
the final states are only partly known. The object is to fix the initial 

l Proc. Nat . Acad . JSci., 14, 871 (1928). 

2 Z. Physik , 44, 455 (1927). See also Sttgujra, Y, ibid., 45, 484 (1927), 

8 Phys. Rev., 32, 784 (1928), 
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and final states as closely as possible and then determine what fraction 
of the collisions is elastic or inelastic, and to determine how this fraction 
depends on various circumstances. The determination of such prob- 
abilities is of interest in studying the details of the collision process 
between electrons and atoms. 

In some ways the probabilities of inelastic collisions may be expected 
to parallel the Einstein probabilities B, for the absorption of light quanta. 
Thus, if an atom can pass from one state to another by the absorption 
of radiation, its behavior with respect to this transition is similar to that 
of an oscillating dipole; but if it can not pass from the one state to the 
other by the absorption of light, it behaves as a quadrupole. Quite 
similarly it is to be expected that an electron will interact more strongly 
with an atom to produce a transition if the atom has a dipole character 
than if it has quadrupole character, and thus the probability of an 
inelastic collision which excites the atom will be greater for transitions 
permitted by selection rules than for those which are forbidden. On 
the other hand, because of its highly inhomogeneous field, the electron 
can interact with a quadruple more strongly than the light quantum, 
and thus transitions forbidden by the selection rules will be relatively 
more probable in electron collisions than in the absorption or emission 
of light. 1 

In collisions of atoms and electrons, the angular momentum must 
be conserved, as Blackett 2 has emphasized, and this brings with it the 
requirement that the probability of excitation must be zero when the 
relative kinetic energy is equal to the energy of excitation. Consider 
for example, transitions from a normal l'So state, such as that of helium 
or mercury, which has zero angular momentum, to the 2 1 £ 0 state by 
means of an inelastic collision. If the collision is to take place in such 
a way that the kinetic energy of atom and electron relative to their 
center of mass is equal to zero after the impact, then their angular 
momentum after the impact will also vanish. In order to secure this 
condition the electron and atom must collide head on, so that the angular 
momentum before collision will be zero. Only an infinitesimal fraction 
of the collisions will occur' in this way and therefore the probability of 
such a transition is zero when the kinetic energy is just- equal to the 
energy of excitation. Similar considerations hold for the transition- 
to the 2 J Pi state, for here the relative angular momentum before collision 
must be exactly h/2r. In the case of a transition to a triplet state the 
problem is more complicated, for the spin vectors of the electrons within 
the atom must change their relative orientations. This case can not 
be considered simply or precisely by classical mechanics. It appears, 
however, that the probability of excitation by electrons which have 

i Franck and Jordan, “Anregung von Quantenspriingen durch Stosse, ’ p. 170. 

8 Proc. Cdtnby Phil . $oc., 22, 56 (1923). 
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exactly the necessary energy to induce a transition will be zero i 
cases. 

It has long been known that in experiments on critical pot « * i 
of the type described in this chapter most of the effective colli 
take place at potentials fairly close to the critical values; in other m 
the probability of such inelastic collisions is relatively high for pof « * g 
slightly above the critical values and decreases fairly rapidly 
increasing potential. This is shown by the shape of such curves \ 
secured by Davis and Goucher (Fig. 5). Above 4.9 volts the et* r 
concave toward the potential axis indicating that the probabi lit 
excitation is smaller for electrons of higher energy. The same is ob#N 
immediately above the 6.7 volt break in the curve. On the other I 

curves showing the ion 
potential are convex t * » 
voltage axis in the region 
above the critical value* ; 
indicates that the probabi I i 
ionizing collisions incream, 
least until the energy I ft 
siderably in excess of the err 
value. This is also illuat i 
by the curve of Fig. 5. 

Dymond 1 has determi tmm 
probability for the excitaf IN 
helium to the d S x staX«i 
electron impact, as a function of the potential of the exciting 
This was done by a method similar to that used by Hertz (Btn 
for the measurement of excitation potentials. The method conni* 
shooting electrons of known velocity through a gauze into a Fur 
cage (Fig. 6). The electrons make a number of collisions wit I 
helium gas in the field-free space before they diffuse through a p 
at one side. The number of collisions which they make before h*$\ 
the cage in this way can be roughly calculated from a knowledge * 
dimensions and the mean free path of the electron in helium gas. 
electrons which leave through the gauze consist' of two groups: i 
which have made only elastic collisions with the helium atoms 
therefore have the original velocity with which they entered thi* 
and those which have lost all but a small fraction of their energy « 1 1 
one inelastic collision. By determining the relative numbers of 
which leave the cage with velocities corresponding to 0.1, 0.12 » 
volts, and also the distribution of velocities of electrons which 
made only elastic collisions with the helium atoms, it is possil * 
calculate what fraction of the electron collisions of any particular ves t* 
i <Proc, Roy ; Sac, 107, 291 (1924), 



Fig. 16 . — The excitation 
1 X S— »2 3 S transition of He. 


function for the 
( After Dymond.) 
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are inelastic. The results secured by Dymoncl in this way are illustrated 
in Fig. 10- The probability seems to be zero at the critical potential; 
it rises very rapidly, reaches a maximum two or three tenths of a volt 
above the critical value and then decreases rapidly. Moreover, only 
about 10~* of the collisions are inelastic at the maximum. This low 
probability is to bo expected, for the transition does not occur with the 
absorption of light. The curve could only be observed to 0.5 volts 
above the critical potential, because the next critical potential lies 
only 0.8 volts above the first one. Recently Glockler 1 has reinvestigated 
this same transition and observes the same general variation of prob- 
ability of inelastic impact with potential, but finds a maximum proba- 
bility of 0.002 at 0.18 volt above the critical potential. 

The probability of inelastic impact between 150-volt electrons and 
hydrogen molecules, as determined by Jones and Whiddington (Sec. 5), 
is considerably larger than that determined by Dymond in the case of 
helium. The transition of the hydrogen molecule investigated by the 
former authors may be caused by light absorption. Accordingly we 
expect that the probability for this transition to occur in collisions with 
electrons should be greater than the probability for the transition studied 

by Dymond. * 

The probability of ionizing collisions has been determined by a 
number of investigators, for electrons of energy considerably larger 
than the ionizing potential of the gases investigated. 8 The experiments 
are in substantial agreement, considering the many experimental difficul- 
ties. With increasing electron energy the probability of ionization rises to 
a maximum value, after which it decreases. The maximum ionization 
probability varies between 15 and 00 per cent, depending upon the 
gas. When 100-volt electrons collide with molecules of the commoner 
permanent gases, several different ionization processes are possible, such 
as the removal of different electrons, double ionization, or ionization 
together with excitation of the ion. Because of this the significance 
of the data iB not easily seen. 


9. IMPACT POLARIZATION 

When radiation is excited by collisions of a unidirectional beam of 
electrons with gaseous atoms, it may be expected, quite independently 
of any detailed theory of the excitation process, that the radiation emitted 
will be polarized either parallel or perpendicular to the electron beam, 

» Phya. Rev., 33, 175 (1029). 

» Hughes ami Klein, Phya. Rev. 23 , 450 (1924); Mayer, Ann. Phya., 46 , 1 
(1914); Jesse, Phya. Rev., 26 , 208 (1925); Compton and van Voorhuib, Phya. Rev., 
26 , 436 (1925); 27 , 1724 (1926); Anhlow, Phya. Rev., 26 , 484 (1925); Langmuir and 
Jones, Science, 69 , 380 (1924); Phya. Rev,, 31 , 357 (1928). 
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since the excitation is non-isotropic in character. That such polarization 
should exist was suggested by Kossel and Gerthsen, 1 who investigated 
the polarization of the sodium D-lines excited in this way with negative 
results, and independently by Ellett, Foote, and Mohler, 2 who confirmed 
the negative results of the former authors and secured positive results 
with the 2,537 A. resonance line of mercury. On the basis of a simple 
theory, they expected to find the light partially polarized, with the 
maximum electric vector parallel to the electron beam, for the electron 
should be able to increase the angular momentum of the mercury atom 
in a direction perpendicular to the direction of its motion, and, on 
the average, such atoms should emit more light polarized parallel to the 
electron beam than perpendicular to it. They found, however, that the 
2,537 A. line was perpendicularly polarized. Skinner, 3 Appleyard, 4 and 
Quarder 5 have investigated many other lines of the mercury spectrum 
and have found marked regularities in their results. 

?The experimental method of all these authors consists in exciting 
the atoms by a stream of electrons from a heated filament, accelerated 
through gauzes into a field-free space. The light is usually observed 
in a line perpendicular to the direction of the electron stream and the 
polarization parallel or perpendicular to the stream is determined in the 
usual way. Skinner used a Helmholtz coil to neutralize the earth’s 
field and constructed the filament in such a way as to avoid a magnetic 
field due to the heating current. Other Helmholtz coils were used to 
produce magnetic fields parallel and perpendicular to the direction of the 
electron stream. The percentage of polarization is defined as the 
intensity of the component polarized parallel to the electron stream minus 
that polarized perpendicular to this direction, divided by their sum, and 
multiplied by 100 : 

n = 100 r-irr- 2 * (8) 

h t h 

This is positive if the net polarization is parallel to the stream, and 
negative if perpendicular to this direction. For all lines investigated, 
the percentage of polarization is found to approach zero as the energy 
of the exciting electrons approaches the energy of excitation; as the 
energy of the electrons increases, it passes through a maximum or mini- 
mum and then, in the cases of most lines, becomes zero again or even 
changes sign. The general character of these variations in the polariza- 
tion can be seen from Fig. 17, in which we reproduce four of the curves 
of Skinner and Appleyard, each illustrating one type of variation of 

1 Ann. Physik, 77 , 273 (1925). 

2 Phys. Rev., 27 , 31 (1926). 

*Proc. Roy . Soc., 112, 642 (1926). 

*Proc. Roy . Soc., 117 , 224 (1927). 

8 Z, Physih , 41 , 674 ( 1927 ). 
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polarization with, the energy of the impacting electron. These four 
types may be described as follows : 

(a) The polarization of the light excited by electrons of low energy 
is positive, i.e., parallel to the beam; ( b ) the polarization is negative, i.e n 
perpendicular to the beam; (c) the polarization is positive when excited 
by electrons of low energy and does not change sign as the energy of the 
excited electrons increases; and (d) the line is not polarized at all. 

A magnetic field parallel to the direction of the electron stream does 
not change the polarization, but a magnetic field of a few gauss per- 
pendicular to this direction produces two effects: first, the light is depo- 
larized, the effect being a maximum for the light viewed in the direction 
of the field, and second, there is a rotation of the plane of polarization 
about the axis of the field. The theory of these effects is practically 
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p IQ . — The polarization of impact radiation as a function of the electron energy. ( After 

Skinner and Appleyard.) 


the same as that for the similar phenomena observed in the case of 
resonance radiation excited in a magnetic field (Chap. XI, Sec. 4). 
The influence of a magnetic field in changing the orientation of the 
excited atoms before they emit the light should be independent of the 
way. in which they are excited, for its only effect is to cause the atoms 
to precess about the direction of the force-lines during the time between 
excitation and emission. The apparent rotation of the plane of polari- 
zation is given by the equation, 

tan 2$ = i (9) 

and the depolarization by the formula, 



where is the angle through which the plane of polarization is rotated. 
A is the probability for spontaneous emission by the excited atom, L the 
frequency of the Larmor precession, g the Land6 factor, and II and IIq 
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the percentages of polarization in the presence and absence of the field, 
respectively. The experimental facts confirm these formulas and permit 
a calculation of A, or its reciprocal r, which is the mean life of the excited 
atom. The mean lives of mercury atoms in the 3 1 D 2 and 3 ID 2 states 
are found to be 2.85 and 2.88*10“ 8 seconds, from the observed rotation 
of the plane of polarization and the observed depolarization, respectively; 
these values are of the order pi magnitude found for other atomic states 
and by other methods. The magnetic field parallel to the electron beam 
does not change the polarization because it can only cause a precession 
of the atoms about this line and thus cannot destroy the symmetry 
of the excitation process. 

A theory of this polarization which explains most of the experimental 
results qualitatively was proposed by Skinner. Oppenheimer 1 has 
developed the theory of the process using quantum mechanics, accounting 
for many features of the effect not explained by the older theory. Lack 
of space prevents detailed discussion but the following physical features 
of Skinner’s theory may be pointed out. The velocity vector of the 
electron and the nucleus of the atom determine a plane, and the initial 
relative angular momentum of the two is perpendicular to this plane; 
likewise, after the collision the velocity vector of the electron and the 
nucleus of the atom determine a plane and the final relative angular 
momentum is perpendicular to this plane. If the collision is elastic, 
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ose two planoB coincide anil there is no change in the relative angular 
omentum, but if the collision in inelastic, in general they do not coincide 
i*l are not parallel, and there in such a change. In ease the electron 
u* jtiHt sufficient energy to excite the atom to a certain level, it will 
tve zero velocity after the inelastic collision and the relative angular 
omentum after the collision wilt Ih» zero. In thin ease, the angular 
omentum transferred to the atom in pcrimndicular to the velocity 
•ctor of the electron Itefore collision, and, therefore, can change the 
unponent of angular momentum of the atom perpendicular to the 
rectum of the electron stream, but not the component parallel to it. 

If a small magnetic field is present parallel to the electron stream 
k* normal and excited atoms will he space quantized in this field, 
he mercury atom in its normal state ha nj equal to zero. Therefore, t he 
magnetic quantum number m is zero, and 
nee the electron cannot increase the coin- 
rament of angular momentum in the direction 

* the field, all the excited states must also 
ntvc m equal to zero, In the emission of 
gjht the magnetic quantum number may 
innge by zero, in which case the light is 
nlarized parallel to t he magnetic field and t he 
iretnm stream, or by ± I, in which turn* tin* 
icht will in* circularly polarized about the 
Ireciion of the magnetic field and electron 
; ream and will appear iierpcmilcutarly polar* 
uni when viewed in a direction perpendicular 

* the magnetic field. Knowing t In* relative 
reliabilities of these transitions, it is possible 

cmlculate the percentage of jnilari* 
ation to 1 m expected. Himilar arguments can be carried through in 
he case of other lines, Figure 18 illustrates the transitions involved 
n excitation and emission from the IVI)% state, Only the state with 
% equal to zero is excited, but three emission transitions are possible; 
he relative intensities due to them* three are given at the top of the 
! Ingram and It is easily seen that the percentage of polarization is 

II * UKl^ , f • <KI per cent, 

H r 2 

'Pal, I p 4 givp* tlic rc*ul»n of inonaurpinonti, for a number of mercury 
I tie* ami the thcorot ical |M>lari sat ions calculated ax above. For moat 
if the linen f ho theory predict a polarisation of the corn'd Hi^n, hut the 
►tjwrvcd polarization in aiwayw Icmh titan that predicted. In the caw 
iif other lines, for aii of which the initial state has an inner quantum 
ttumlwr equal to I, the oijwrved polarization is much less than predicted. 
Che observed and predicted polarisations arts of opposite sign in the 


i±l y 
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case of the intercombination resonance line, 2,537 A. These differences, 
as well as the maximum in the curve of polarization against energy of the 
bombarding electrons, cannot be accounted for by the simple theory, 
but are in agreement with the predictions of quantum mechanics. 

Before leaving the subject of impact polarization, we shall call 
attention to a related effect which has not been observed up to the 
time of writing. Dorfmann 1 suggested that when atoms absorb light 
from a circularly polarized beam they become oriented in such a way that 
the medium as a whole should possess a magnetic moment. He has 
called this phenomenon the “ photomagnetic effect.” About the same 
time Rashevsky 2 calculated the magnitude of such an effect on the 
basis of classical electron theory. He attributed .the idea to Fitzgerald, 
whose work incited Righi to attempt the detection of the magnetic 
moment produced in N0 2 . The experiment did not succeed incite of 
the fact that Righi’s magnetometer could detect a field of 10 0 igauss. 

It appears that the moment produced should be proportional to the 
intensity of the light and that it should be a maximum at an absorption 
wave length. For cesium vapor under favorable conditions, the pre- 
dicted ratio of the moment to the intensity is 10~ 15 , using CGS units. 
Of course it would be much larger for a liquid or a solid, and it seems 
not improbable that the effect could be detected in a favorably chosen 
case. Ruark and Urey 3 have discussed the possibility that the light- 
quantum may have an intrinsic impulse moment. The existence of 
such a moment appears to be easily amenable to test, but so far the 
necessary experiments have not been performed. In case it does exist, 
the theory of the photomagnetic effect would have to be modified. 

10. CHEMICAL ACTIVATION BY ELECTRON IMPACT 

That hydrogen molecules are dissociated by electron impact has 
been proved by the experiments of Hughes and Skellett 4 'and of Glockler, 
Baxter and Dalton. 5 The former authors studied the pressure change 
in a tube containing hydrogen, so arranged that the gas was bombarded 
with electrons and the hydrogen atoms produced were condensed on a 
glass wall cooled with liquid air. The pressure first decreases when 
the electrons have an energy of 11.5 volts and the rate of decrease is 
proportional to the pressure of the hydrogen- The latter authors found 
that hydrogen bombarded in this way reacts with copper oxide, resulting 
in the formation of water, and that this first occurs with 11 4-volt 
electrons This value agrees with the first critical potential m hydrogen 
and might be explained either as due to the formation of an excited 

1 Z. Physik, 17, 98 (1923). 

2 Z. Physik, 20, 191 (1923). 

* Proc. Nat. Acad. Sd, 13, 763 (1927). 
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hydrogen molecule which then dissociates into atoms spontaneously, 
or to the formation of atoms as a direct result of electron impact. As 
mentioned in Sec. 7 , it appears probable that the latter pro cess is the correct 
one. Glockler, Baxter, and Dalton also found that the amount of atomic 
hydrogen produced increases with voltage up to the molecular ionizing 
potential. There is evidence that a second process may become impor- 
tant at these higher potentials. Independently, Blackett and Franck 1 
suggested that the continuous hydrogen spectrum, which extends from 
the visible to the far ultra-violet, is due to the emission of light by excited 
molecules when they dissociate either into normal or excited atoms. 
The continuous character of the spectrum is due to the fact that part 
of the energy of the excited molecule appears as kinetic energy of the 
dissociated atoms and the remainder is emitted as light, and since the 
translational energy takes continuous values, the frequency of the light 
quanta must also vary continuously. That hydrogen atoms with high 
velocities are produced is shown to be the case by studying the breadth 
of the Ha line, which can only be accounted for by assuming it is due 
to the Doppler effect of atoms moving with 0.3 to 0.6 volt relative energy. 
Winans and Stueckelberg 2 show that the distribution of the intensity 
of this continuous spectrum can be explained by the Franck-Condon 
theory (Sec. 7 ) applied to the transition from the higher 2 3 2 state to the 
lower 2 3 2 state (Fig. 15). Excitation to the 2 s 2 state will occur at 12 or 
13 volts. Therefore, at these higher potentials it appears probable that the 
primary process of the electron collisions may be to produce an excited 
molecule, which may either dissociate into atoms or emit its energy 
as light. 

Bonhoeffer 3 and Taylor and Marshall 4 * have found that atomic 
hydrogen, produced by collisions of the second kind with excited Hg, 
does not react with nitrogen to form ammonia. ' Anderson 8 and Storch 
and Olson 6 have found that ammonia is not produced below 17 volts 
when a mixture of hydrogen and nitrogen is bombarded with electrons. 
At 17 volts N 2 + ions are first produced. Kwei 7 found that the character- 
istic ammonia bands do not appear below 23 volts where N+ and N first 
appear, but as these bands are now known to be due to NH X this does 
not mean that NH 3 may not be produced below this potential. Lewis 9 
has shown that ammonia is not produced in a mixture of active nitrogen 

i Z . Physik, 34, 380 (1925). ' . . 

i Proc. Nat. Acad. Sci., 14, 867 (1928). 

3 Z . Electrochemie, 31, 521 (1925). 

*J. Phys. Chem., 23,1140 (1925). . 

s Z. Physik, 10, 64 (1923). 

0 J. A. C. S ., 46, 1605 (1923). 

? Phys. Rev., 26, 537 (1925). 

8 H ui.tiien and Nahamolia, Nature, 119, 235 (1927). 

" Bernard Lewis ./, A , ('■ S ., 50, 27 (1928), 
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and molecular hydrogen, nor in a mixture of ordinary molecular nitrogen 
and atomic hydrogen made by Wood's 1 method; but it is produced 
when active nitrogen and atomic hydrogen are mixed. It appears that 
atomic hydrogen and the 17-volt molecular nitrogen ion can react to 
give ammonia as the final product, and also it reacts with the excited 
nitrogen molecule or the nitrogen atom present in active nitrogen. 

11. ELASTIC COLLISIONS AND THE RAMSAUER EFFECT 
The number of collisions which a beam of fast electrons makes with 
atoms arranged at random in its path is proportional to the number of 
electrons in the beam and to a quantity which we may call the fraction 
of the beam area covered by the atoms in its path. If each collision 
removes an electron from the beam, the number lost per unit area in 
traversing a distance dx is 

dl = —INirr 2 dx) (11) 

in this equation I is the number of electrons passing through unit area 
perpendicular to the beam each second, N is the number of atoms per 
cubic centimeter, and r the “effective" radius, so that NtttHx is the 
fraction of the cross-sectional area covered by the atoms in the range dx. 
Since all the quantities in this equation can be measured, with the excep- 
tion of r, it is possible to determine the value of r or of 7 rr 2 by experiments 
on the scattering of electrons by atoms. By equation (11), 

I = 7 0 exp (—xNwr 2 ). (12) 

Lenard 2 first used these equations in studies of the scattering of cathode 
rays by atoms, and showed that r steadily decreases as the velocity of 
the electrons increases. For very high speed electrons, the value of r 
was found to be much less than the value deduced from the kinetic 
theory of gases, while for slow electrons, it was of the same order of 
magnitude as the gas-kinetic value. The experimental method used by 
Lenard has been improved by Mayer. 3 His apparatus consists of a 
suitable arrangement for accelerating electrons from a hot cathode into 
a field-free space. 

In this space the electrons may make collisions with gas molecules. 
Those which do not collide pass through two gauzes, between which 
there is a retarding potential equal to the potential through which 
the electrons fell before entering the field-free space. Those electrons 
which have not been deflected by gas molecules will be able to move 
against this retarding field and register on an electrometer electrode. 
The two gauzes and the detecting electrode can be moved as a unit, 
nearer to or farther from the point at which the electrons enter the 
field-free space, and thus the variable x of equation (12) can be varied 

1 Phil. Mag., 42, 729 ( 1921 ), 

2 Ann. Physik , 2 , 359 ( 1900 ); 8 , 149 ( 1902 ); 12 , 449 , 714 ( 1903 ). 

3 Ann. Physik, 64, 451 ( 1921 ). 
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at will. By determining the current to the electrode for different values 
of x, it is possible to calculate the value of r or of 71-r 2 for the gas. This 
method is particularly useful in studying corrosive gases. Nettleton 1 
also studied the ionization in a number of gases, using voltages between 
100 and 1,400. He concluded that in this range the effective radius for 
the ionization processes varies inversely as the velocity in accordance with 
a formula due to Rutherford. 

Ramsauer 2 has introduced an especially effective method for deter- 
mining the decreasing intensity of a beam of electrons, and independently 
the number of electrons scattered from the beam while passing through a 



Pro. 19. — Ramsauer’s apparatus. 


short section of its path. The essential features of his apparatus can be 
seen from Fig. 19. Photoelectrons are ejected from the plate Z and 
accelerated by an electric field to the slit B 1 . A magnetic field per- 
pendicular to the plane of the paper bends the beam of electrons into a 
circle passing through the slits Bi to B$. Only those electrons whose 
velocities are connected with the radius of this circle and the magnetic 
field strength by the relation v = ( e/m)Hr will be able to pass through 
this slit system, and then only if the electrons are not deflected from their 
path by collisions; the magnetic field strength and the potential V between 
the plate Z and the slit Bi must be varied together in order to study 
electron beams of different velocities. A\ and A 2 are Faraday cages 
connected to the electrometers Ei and E%.' The whole apparatus is 
filled with gas and by varying the pressure the number of molecules per 

1 Proc . Nat. Acad. Sci. y 10 , 140 ( 1924 ). 

2 Ann. Physlk , 64 , 513 ( 1921 ); 66 , 546 ( 1921 ); 72 , 345 ( 1923 ); Jahrb. d . RadioakL 
u. Elektronik, 19 , 345 ( 192 ^ 5 ) 
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cm. 3 is adjusted to any desired value. The slits B x to B 5 serve to define 
a narrow beam of electrons. The electrons scattered in the path from 
Be to Bi are measured by the electrometer E x and those passing beyond 
this region by E$. In this way 7 0 of equation (12) is given by the sum 
of the currents measured by E x and 2? 2 , and I, the intensity after travers- 
ing the path B e to B 7 , by the current measured by ^ 2 - Only those 
electrons which have not been deflected and have not had their velocities 
appreciably changed by collisions with gas molecules will be able to 
reach the Faraday cage A%. 

The effective cross-sectional areas of molecules secured by Ramsauer, 
using this method for electrons of high velocity, agree very well with 



Fig. 20. Variation of effective cross-sectional area of the inert gases with electron velocity. 

( After Ramsauer and Briiche .) 

those secured by Lenard, but with electrons of lower velocity the effective 
area is found to pass through one or more maxima and for still lower 
velocities it approaches a very small value, even less than that of the 
gas-kinetic area; in fact, it appears to approach zero. Mayer, using the 
modified method of Lenard, has secured similar results. The exper- 
imental data on this subject have been very much extended by Brode 1 
and Briiche. 2 

There is considerable variation in the shape of the curves giving 
the effective cross-sectional area as a function of velocity and any general 
classification at present is impossible. The inert gases were investigated 
by Ramsauer. For electrons of very low velocity, the effective cross- 
sectional area of these atoms is small and appears to approach zero with 
the electron velocity; with electrons of higher velocity this area becomes a 
maximum which is several times the value calculated from kinetic 
theory and for still higher velocities decreases slowly without limit. 
Figure 20 shows the curves for these gases as determined by Ramsauer 
1 Phya, Rev., 83 , 604 (1924) ; 25 , 630 (1925 ) ; P.roc. Roy. Soc., 109 , 397 (1925) 

* Ann. Physsik, 81 , 537 (1926); 82 , 912 (1927); 83 , 1065 (1927); PhysiL Z., 29 , 
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and also that for methane, where effective cross-sectional area in cm. 2 per 
cubic centimeter of the gas at 0°C. and 1 mm. of mercury pressure is plotted 
against the square root of the voltage, which is proportional to the 
electron velocity. The curve for helium is si milar to that of neon but 
reaches a maximum at 20 cm. 2 /cm. 3 and at Vvolts = 1.6. The curves 
for other gases (C0 2 , N 2 0, Na, CO) have two maxima, one of which is 
very sharp, and those for yet other gases (0 2 , NO) are quite irregular. 
Brode has shown that the effective cross-sectional areas of Zn, Cd, and 
Hg increase indefinitely as the velocity of the electrons decreases, but 
that these areas for the alkali metal vapors have one maximum in the 
neighborhood of 2 or 3 volts, and a minimum at less than 1 volt. He 



Pro 21 The effective cross-sectional areas of the inert and pseudo-inert gases. ( After 

' BrUche.) . 

has further shown that the shapes of his curves agree with those expected 
for hydrogen atoms calculated by means of the new wave mechanics. 1 
Bruche has investigated the effective cross-sectional areas of a number of 
hydrides having inert gas configurations and has found regular modifica- 
tions of the curves due to the presence of the hydrogen nuclei in the 
electron shells. These regularities are easily seen from the curves of Fig. 
21. It is interesting to note that the curve for methane is of the same 
general shape as those for inert gases, and that it agrees almost quanti- 
tatively with that of krypton. The evidence indicates that an electron 
of very low velocity in some cases may penetrate the electron shells of 
atoms and molecules and pass through without exchange of either energy 
or momentum, i.e., the electron is undeflected. Electrons of somewhat 
higher velocities find the collisional areas of these same molecules to be 
higher than those expected from gas kinetic considerations; they are 
deflected even if they pass within a distance from the atom nr molecule 
equal to several times its gas-kinetic radius. For electrons of still higher 
Washington Meeting of the American Physical Society (1929). 
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velocity the effective collisional area decreases without limit as the 
electronic velocity increases. 

Dempster 1 has investigated the free paths of protons, hydrogen 
molecule ions, and helium ions in helium gas by means of his apparatus 
for separating isotopes, which is described in Chap. II, Sec. 10 and is 
somewhat similar to the Ramsauer apparatus. He has found that 
protons which have fallen through a field of 14 to 900 volts have a mean 
free path seventeen times as great as may be expected from the gas- 
kinetic free path. The 900-volt hydrogen molecule ion has a mean free 
path in helium about nine times the gas-kinetic value, but the mean free 
path of the helium ion is very nearly the same as that calculated from 
kinetic theory. This is equivalent to saying that the effective radius of 
the helium atom is about equal to the kinetic theory value multiplied 
by the factors and 1, for collisions of protons, hydrogen molecule 

ions, and helium ions, respectively. The velocities of the protons used 
in these experiments vary from 5.3 • 10 6 to 44 • 10 6 cm. per second and are 
of the same order of magnitude as those acquired by electrons which 
have fallen through 0.01 to 0.5 volts. Thus, helium atoms are easily 
penetrated by electrons, protons, and hydrogen molecule ions of low 
velocity. Aich 2 has found by a different method that hydrogen molecules 
bombarded by 25-volt protons have an effective cross-section very nearly 
equal to the kinetic theory value. 

Ramsauer and Beeck 3 have investigated the effective cross-sectional 
areas of a number of gases, including He, Ne, A, H 2 , 0 2 , and N 2 relative 
to the alkali metal ions, as a function of the velocity of the ions. The 
ions were .accelerated by fields from 1 to 30 volts. It was found that the 
effective cross-sections for all combinations of ions and gases increased 
as the potential was decreased from 30 volts, slowly at first and then very 
rapidly between 2 and 1 volts. As yet, there is no evidence that these 
cross-sectional areas become zero at low velocities. 

At the present writing, little can be said with certainty with regard 
to the theory of the Ramsauer effect. Classical theories were developed 
by Hund 4 and Zwicky. 5 The latter author lays special emphasis on the 
polarization of an atom by an electron passing near it, and draws many 
interesting results from detailed consideration of its nature. The wave 
mechanics furnishes a perfectly definite mathematical apparatus for 
solving the problem, but the computations are difficult. The methods 
used are explained by Wentzel 6 in a general article on aperiodic phenom- 
ena in the new mechanics. 

1 Proc. Nat. Acad. Sci., 11 , 552 (1925); 12 , 96 (1926) 

2 Z. Physik, 9 , 372 (1922). 

3 Ann. Physik, 87 , 1 (1928). 

4 Z. Physik, 13 , 241 (1923). 

6 Physik. Z., 24, 171 (1923). 

6 Physik. Z., 29 , 321 (1928). 
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COLLISIONS OF THE SECOND KIND' 

1. THE RELATION BETWEEN COLLISIONS OF THE FIRST AND SECOND 

KINDS 

The laws of mechanic* show that there are certain very general 
classes of interaction processes of individual atom* and molecule*, *uch 
that the reverse processes also represent possible motion* of the system. 
What we menu by the reverse of a given motion may he clearly understood 
from a simple illustration. If we take a moving picture of the motion, 
and then run the film hack ward through the projector, wo shall see 
the reverse motion on the screen. In the kinetic theory of gases and in 
statistical mechanics, it is often very useful to focus attention on a 
certain type of motion and its reverse. Thus, we may consider a type 
of collision in which two atoms with vector velocities v t and v-j emerge 
from the encounter with velocities v. t and v u together with the type in 
which atom* with velocities v, and ~v« emerge with velocities -v, 
and — Vj. Similar example* can he given for other variable*, such as 
energy, and angular momentum. I he principle that to every mieto- 
scopic process there is a corresponding possible reverse pieces* is known 
as the “principle of microscopic reversibility. Stated in this simple 
form, it cannot ho correct, Bridgman* has suggested an alternative 
formulation, while Telman* has discussed the conditions under which the 
principle may he valid in the form given above. Kxceptimis arise if the 
Lagrangian function for the motion (I 'hap. IV, Sec. 8) or the external 
forces contain odd powers of the velocity. The case where a uniform 
magnetic field is present furnishes a good illustration. 4 On reversing 
the velocity of a particle, the direction of the J dinner precession is not 
reversed, and the original path will not he retraced. 

In statistical problems where the principle of microscopic reversi- 
bility can l«* legitimately applied, we can use it to find the equilibrium 
state, for at equilibrium the numbers of direct processes and of reverse 
processes taking place in unit time are equal. Klein and Rosseland* 

1 This chapter was prepared with the collaboration of Dr. Richard Vollrath, to 
wham wo nr<* nuirh mtMiinil fur \m ai«l. 

* Phrn H)f (HK2K), f _ . t „ rA v 

•‘-Htatwtifftl hMmmm with App!ic*nl»«im to IMi.vhm* hiwI Chemistry, IX Van 

Nantnuid Company, lm\, N«*w York (1027). 

< Kinhtkin and KHtttsNrKH?, '/*« Phyxikt 19, 301 (1028). 

*Z. Phydk t 4> 46 0021). 
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used this argument to show that if a collision between a fast electron 
and an atom or molecule may result in a slow electron and an excited 
atom, then we must expect that a fast electron and a normal atom may 
be produced when a slow electron collides with an excited atom or mole- 
cule. These two types of inelastic collisions are called, “collisions 
of the first and second kinds,” respectively. 

Consider a gas at some high temperature, so that not only the normal 
unexcited atoms but also ions, free electrons, and excited atoms are 
present. The numbers of atoms in two quantum states, which may 
be designated by the subscripts 1 and 2, respectively, are : 

m = cpie~ El/kT } and n 2 — cp 2 e-~ Bi/kT ; (1) 
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Fig. 1.* — Illustrating Klein and Rosseland’s argument. 


V i and p 2 are the a priori probabilities, and E x and E 2 the energies of 
the two states, and c is a constant proportional to the total number 
of atoms present. By the Maxwell-Boltzmann distribution law, the 
number of electrons, dN , with energy between E and E -f* dE is given 

f - (tf)*’ 4 ®- 

where N is the total number of electrons under consideration. Writing 
2 

A in place of we define a probability, S 12 (E"), such that 

Su{E")niA exp C~yE")^dE" (2 a) 

is the number of atoms going from state 1 to state 2 per second, due to 
collisons with electrons having energy between E" and E" + dE"-, the 
energy of each electron is reduce!! to a value in the range, 

E' to E' + dE', 

where 


E" - W = E%- E h 
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as shown in Fig. 1. Farther, we define a probability Ssn(E'), such that 

S 2l (E’)n 2 A exp (^^{E'^dE ’ . (26) 

is the number of atoms going from state 2 to state 1 per second, due 
to collisions with electrons having energy between E f and E f + dE' } 
the electrons being left with energies in the range 1 E" to E !t + dE " . 
According to the experiments on resonance potentials (Chap. XIII, 
Sec. 8), the probability, S 12 (E"), is zero unless E n is at least equal to 
E 2 - E h but reaches fairly large values when E" is only slightly greater 
than this. In the equilibrium state, the number of collisions of the first 
kind given by equation (2a) must be equal to the number of collisions 
of the second kind given by equation (26), so that 

nME") exp = n*S,i(tf') exp 

or using equation (1), 

piSn(E") • (E") Vi = V2Sn(E') • (Jff')H. (3) 

This holds for all values of E' and E" such that their difference is equal 
to E 2 - Ei and such that E" is not less than E 2 - E x or, what is the 
same thing, W is not less than zero. Since Sn(E") is fairly large when E" 
is only slightly greater than E 2 — E x it follows from equation (3) that 
a collision of the second kind between an atom in state 2 and a slow 
electron ( E ' small) must be very probable, for 

Sn(E') = ^pj^SniE"). (4) 

Since E" > > E', and Vi = V*, S 21 (E') > > SUE"). This is to be 
expected, for a slow electron will remain in the neighborhood of a molecule 
longer than a fast electron, and the probability of an energy exchange 
will be greater. In fact the probabilities S x2 and S 2 i are inversely pro- 
portional to the square root of the energy, that is, to the velocity, and, 
therefore, directly proportional to the time of the collision. So* far, 
there has been no experimental confirmation of this type of collision 
of the second kind. In experiments with iodine vapor Smyth 1 found 
evidence which pointed to such increases of energy. However, he 
states that the experiments were not conclusive because of experimental 
difficulties. Later, he found much more definite evidence in favor of 
collisions of a somewhat different type. 2 

In a vessel containing ozone decomposing into oxygen, electrons were 
accelerated by a small potential into a space between a grid and a plate, 
where a retarding potential was applied. If electrons attain high speeds 
by collision with an ozone molecule in a condition to decompose, then 

1 Proc. Nat- Acad. Sci., 11, 679 (1925). 

» Phy s. Rev., 2T, 108 (1927), 
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some of them should reach the plate, even though the retarding potential 
is sufficient to stop them in the absence of ozone. The nature of the 
curve of plate current against retarding potential led Smyth to conclude 
that such electrons are present. 

The argument used by Klein and Rosseland can be applied to other 
types of collisions which will now be discussed, to the absorption and 
emission of light, and to the photoelectric effect in gases and its inverse 
(Chap. XIII, Sec. 6). 

Franck 1 extended the suggestions of Klein and Rosseland to collisions 
between excited and unexcited atoms. The spectra of atoms and mole- 
cules are excited in flames and furnaces. 2 From this fact and other 
evidence of a similar kind, we know that collisions between two atoms in 
which the relative energy is sufficiently great may cause the excitation 
of one of the collision partners. It follows that the reverse process 
is .possible, in which an excited atom colliding with an unexcited one 
may lose its energy of excitation, while the relative kinetic energy of 
the atoms is increased. This suggests the possibility of collisions between 
an excited atom or molecule and another, in which the latter is raised to a 
higher energy state and the former loses energy. Experiment shows that 
such collisions actually occur. All these types of collisions are called 
“collisions, of the second kind.” As Franck showed, they are readily 
detected by their effect in quenching resonance radiation, and therefore 
many of the experiments to be described deal with this subject. 


2. THE QUENCHING OF RESONANCE RADIATION 

Wood 3 discovered that the resonance radiation of iodine, bromine, 
and mercury is quenched by the addition of foreign gases. According to 
the views of Franck, the mechanism of the quenching is as follows: 
Excited atoms collide with other atoms or molecules before radiating 
their energy of excitation. A certain fraction of these collisions results 
in a conversion of the energy of excitation into relative kinetic energy of 
the atoms, whereas in the absence of a collision the energy of excitation 
would have been lost by the emission of radiation. The kinetic energy 
is distributed between the collision partners, so that momentum is 
conserved. Since the length of time the atom remains in an excited 
state has been fairly well established in a number of cases (Chap. XI, 
Secs. 4, 7, and Chap. XIII, Sec. 9), the number of collisions of the excited 
atom during its life can be determined from the kinetic theory of gases. 
A comparison of this with the experimentally determined number of 

1 Z. Physik , 9, 259 (1922). 

2 King, A. S., Astrophys. J ., 27, 353 and 28, 300 (1908); and many more recent 
publications in this journal and elsewhere. 

3 VerK d. D. phys. Ges ., 13, 72 (1911); Phil. Mag., 21, 309 and 22, 469 (1911); 
Physik Z., 12, 1204 (1911) and 13, 353 (1912). 
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collisions necessary to bring about quenching gives us quantitative 
information about the effectiveness of various atoms or molecules in 
producing quenching, and thus the probability that the collisions -will be 
inelastic. 

Aside from quenching the resonance radiation the added gas may 
have the effect of broadening the absorption line. If all of the radiating 
atoms of a gas are stationary, the spectrum of the radiation would consist 
of very narrow lines having a natural width of about 0.00012 A. 1 But if 
the atoms are in motion the radiation from those atoms approaching the 
observer is of shorter wave length, according to Doppler’s principle, 
while that of the atoms leaving the observer is of longer wave length. 
The result of this is to broaden the original narrow spectrum line in both 
directions. The width of the line due to Doppler effect alone, measured 
from the points where the intensity has fallen to one-half the maximum 
intensity at the center of the line, is 

. kkt: r 

Av = V \ /■■ — m2, 

\ me 2 

and’ thus the width increases as the square root of the temperature. 

In addition to this, the Stark effect due to intermolecular fields 
broadens a spectrum line and this effect increases with pressure. Also 
many spectrum lines have a complicated structure (Chap. XI, Sec. 4), e.g., 
the Hg line at 2,536.7 A., with which we shall be mainly concerned, 
consists of a group of five approximately equidistant lines separated by 
about 0.01 A. 2 

The wave length absorbed by an atom also depends upon the tem- 
perature and pressure, so that low temperature and pressure favor the 
absorption of a narrow band of wave lengths, that is, a sharp line. In 
his study of the quenching of mercury resonance radiation, Wood used a 
hot mercury arc to excite resonance in cold mercury vapor. The arc 
emitted a very broad resonance line while the cold mercury vapor 
absorbed only the center of each of the five components composing the 
2,536.7 A. line. The broadening of the absorption line produced by 
adding more and more foreign gas enables the mercury vapor to absorb 
more and more of the outlying portions of the broad exciting line, and, 
consequently, to emit increasing amounts of resonance radiation. 
Whether quenching or enhancement is observed depends upon the 
relative magnitude of the two effects. This consideration enabled W ood s 

1 On the classical theory the natural width was thought of as due to the emission of 
a damped wave train by an oscillating electron, due to the reaction of its own radia- 
tion. See Planck, “W&rmestrahlung,” 5th ed., or Jauncey, Phys. Rev., 19, 641 
(1922). The harmonic analysis of such a damped train yields a spectral line having a 
half width of 47re 2 /3wic 2 = 0.00012 A. 

2 Wood, Phil. Mag., 50 , 761 (1925). 

« Phil. Mag., 44 , 1107 (1922). 
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to account for a remarkable four-fold increase of resonance radiatiol 1 
resulting from the introduction of helium at a pressure of 330 mm. of 
mercury. In quantitative investigations on quenching it is therefor 0 
mecessary to use a source of light emitting a very narrow exciting line- 
To secure this, the mercury vapor emitting the. light must be maintained 
at a, low temperature and pressure. This is ordinarily accomplished b Y 
using a vertical type of arc with its lower end immersed in a vessel of 
running water. The portion of the arc just above the water surface is 8* 
strong emitter of a resonance line having the desired properties. 

Cario 1 excited resonance radiation in mercury vapor by means of 
electron bombardment, keeping the energy of the electrons low enough 
to excite the resonance state exclusively. In this way he obtained a- 
monochromatic ultra-violet lamp emitting 2,536.7 A. radiation of great- 
intensity. The intensity of radiation from the lamp was measured 
first in the absence of any foreign gas and then with varying amounts 
of argon and of a helium-neon mixture added to the mercury vapor- 
The first additions of argon brought about an increase in emission of the 
2,537 A. line. This apparently was due to an increase in the number of 
collisions between mercury atoms and electrons caused by the zig-zag 
path of the electrons through the argon as they fell through the acceler- 
ating field. Quenching took place upon further addition of argon- 
The results of the measurements indicated that practically every collision, 
between excited mercury and foreign gas atoms resulted in quenching, 
provided the gas-kinetic radius of the excited mercury atoms is assumed 
to be greater than the radius of the normal atom. 

We must assume that the radius of the excited atom is three times 
greater than the normal radius in order to explain the results for a helium- 
neon mixture, and five and one-half times greater in the case of argon - 
This method does not claim great accuracy because it is difficult to main- 
tain a constant rate of production of excited mercury atoms as the foreign 
gas is added. 

Stuart 2 employed the very elegant method of secondary resonance 
due to Wood. Light from a water-cooled mercury arc L is focused by- 
quartz lenses on mercury vapor contained in a large glass bulb P t » 
fitted with a quartz window (Fig. 2). The resonance radiation emitted 
by the Hg vapor in Ri is in turn focused on mercury vapor, cohtained 
in a similar vessel R u which could be filled with the gas under investiga- 
tion. Since the bulb Ri contained only pure Hg vapor at a low tempera- 
ture and pressure, the resonance line emitted from it was extremely 
narrow owing to the absence of the broadening discussed above. The 
secondary resonance from vessel R n was photographed on a plate P 
together with a part of the primary radiation reflected by a quartz 

1 Z. Physih, 10 , 185 ( 1922 ). ' 

1 Zk Pky&ik, 32 , 262 ( 1925 ). 
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plate S. The purpose of the latter was to correct for considerable 
fluctuations in the intensity of the primary radiation: The measure- 
ments consisted in photographing the resonance radiation emitted by 
Rn in the absence of any foreign gas and in presence of various pressures 
of the added gas, each time simultaneously photographing the portion 



reflected by S. Blackening of the photographic plate, as measured by 
a microphotometer was taken as a measure of the intensity of the radia- 
tion. The quenching curves in Fig. 3 show the intensity of the secondary 
radiation as a function of the pressure of the added gas. These curves 
enable us to calculate how many collisions the excited mercury atom 
makes before a collision of the second kind occurs. 



Fig. 3. — Quenching curves of resonance radiation. ( After Stuart.) 

Stern and Volmer 1 showed that the resonance radiation should 
be reduced to one-half intensity, when the time between two inelastic 
collisions is equal to the mean life of the radiating atom. When the 
steady state is reached, the number of atoms activated per second by 
the incident light is equal to the number deactivated per second by 
1 Physik. Z. 20, 183 (1919). 
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.spontaneous radiation and collisions of the second kind. The number 
activated is independent of the pressure of foreign gas mixed with the 
mercury vapor, and for constant pressure of mercury vapor will be 
constant. - Let the number of excited atoms be if no foreign gas is 
present, and n, if foreign gas is present, and let K be the number of 
excited atoms produced each second. Then, 


K = kin Q — (ki + k 2 )n, 

where ki is the probability of spontaneous emission of light and k 2 is the 
probability of an inelastic collision. Then, since the intensity of light 
emitted is proportional to the number of excited atoms present, 


Vl - ^ = L 

n 0 h + kz Io w 

where 7 and I a are the intensities of the resonance radiation in the 
presence and absence of a foreign gas, respectively. Now ki is equal to 
the reciprocal of the mean life r and k 2 is proportional to the number 
of collisions. We have, 

k 2 = P • 2Nr\2kTii)^ix-^) (6) 

in this equation k is Boltzmann’s constant and T the absolute tempera- 
ture; r is the distance of nearest approach of the excited atom and the 
foreign gas molecule, N the number of foreign gas molecules per cubic 
centimeter (always much larger than the number of mercury atoms); 

ryv) - YY) o 

ja is the reduced mass, — , — ; and P is the probability that a collision 

Till r TTl 2 

will be inelastic, which may be called the “quenching efficiency.” The 
reciprocal of fc 2 is the mean time t, between- two inelastic collisions 
and is inversely proportional to the pressure. From equation (5) we get 



and thus if 7 — 7 0 /2, r = t. Substituting 1/t = ap in equation 
(7), we get 

7 = 7 o' = 7 0 ; — : — j— > (8) 

1 + arp 1 -j- v ' 

V being the pressure. The pressure at which the intensity of resonance 

radiation is reduced by one-half can be determined experimentally 

and the value of N corresponding to this pressure can be substituted in 

equation (6). Also we know that for this pressure t can be set equal to 

t which is known from other measurements and thus the only unknown 

quantities in equation (6) are P and r. 

In the case of oxygen, the pressure at which the intensity is reduced 
to one-half, and which is conveniently represented by py„ is 0.35 mm. 
Assuming that P = 1, i.e., that every collision is a collision of the second 
kind, and using the gas kinetic values for the radii, the life of the excited 
mercury' atom is found to be 5.7 • 10~ 7 seconds. But the mean life 



Sec. 2 1 


THE QUENCHING OF RESONANCE RADIATION 


497 


of the 2*Pi state of mercury is known to be 1 • 10“ 7 seconds. 1 Since P 
cannot be greater than 1, the distance between the atoms at nearest 
approach for an excited mercury atom and the gas molecule, r, must be 
greater than the mean distance of approach of the normal mercury atom 
and the gas molecule. Stuart therefore concludes that the collision radius 
of the excited mercury is 3.4 times that of the normal mercury atom. 
If it is assumed that in oxygen each collision quenches, there can be no 
gas with higher quenching efficiency than oxygen. The quenching 
efficiencies calculated by assuming that the radius of the excited mercury 
atom is always 3.4 times the radius of the normal atom, in collisions 
with other molecules, are collected in Table l. 


Tab Lie 1 


( «RH 

/«* (mm,) 

P (Stuart) 

A‘ a at 1 mm. 
X 10 7 

r X 10 ,H cm. 

P (Gaviola) 

Hi 

0 2 

0.7 

2,7 

6,5 

1.0* 

O a , 

0 35 

I .0* 




CO 

0,4 

OK 

3,0 

2.01 

1.0* 

cx>*. 

2,0 

0.2 




H»0. 

4 2 

0,1 

0,04 

1 .80 

0.4 

Ni. 

30.0 

0.013 

0 . 0 

1,80 

0.2 

A 

240 

0.002 

0.5 

1 ,80 

0,05 

H« . J 

700 

0,0003 

1 .4 

I . 80 

0.000 

Air. ...... . 

i 2 





Hg 

120 






1 Amniimni, 


Gaviola* has recalculated these quenching efficiencies obtained 
from Stuart's data taking secondary factors into account. Before a 
quantum of resonance light, escapes from t he vessel it may be reabsorbed 
and reemitted several times and this effect, is quite appreciable in Stuart's 
experiments. Moreover, in order to avoid the complicating factor that 
collisions of the first kind may raise metastablo mercury atoms in the 
2 *P n state to the resonance state, 2*P|, it is necessary to extrapolate the 
quenching curves to zero pressure and calculate the quenching efficiency 
at this pressure. When the data are recalculated in this way, it is found 
that the effective radius of the excited atom, Hg', is 1.62 times larger 
than the gas kinetic radius of the normal atom, if the efficiency of quench- 
ing by hydrogen is taken as 1. Using this radius for Hg', the quenching 
efficiency of ( 50 is found to be 250 per cent. This hIiows that the effective 
radius of Hg' cannot lie taken the same for all gases, 

As Gaviola points out, the only quantity which can be determined 
from the experiments is the product of the number of collisions and the 
1 “ Handbuch dur Experimuntalphysik,” 14, (11128), Akad Vorlagsgeaellschaft, 
Leipzig. 

* Phyn. Rev., S3, 309 (1929). 
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quenching efficiency. II in calculated valine for the min s I of the*** 
collisions for different gases are given in the fourth column of 1 it 1* I 
'Hu* last two columns give assumed radii for Hg and tin Hie rn,-j 
Ciavinla assumed the gas kinetic radius of the normal tiietcun ;U«»j n for 
the Hg* atom, in cam's where this did not lead tu (|urttrhtng t thee odes 
greater than 1; if this assttmfif ion gave a greater Hltrirne\ than 1, he 
assumed an efficiency of 1 and calculated nti effective radius for she llg f 
atom. 

The high quenching efficiency of lit is due to flic fact thnf it*, energy 
of dissociation (4.34 volts) is less than tin 4 energy of excitation of m< retiry 
in the 2 *l*i state so that the energy is expended in di^oeiutiiig On iimK 
rule, The energies of dissociation of the other uiolecuh * l»st« *1 in 1 iililis | 
are greater than the excitation energy of the merrtan atom mid tin n fore 
their high quenching efficiencies must tic due to other factors, Mitchell 1 
has shown that Chi has a vibration level 4 HU volts above its normal level 
so that almost exact resonance between the O f molecule and t lie mercuiy 
atom exists. Under such conditions the t transfer of energy from ctat 
to the other should tie very probable (Sec. Si, \\mt if may In* that 
chemical reaction takes place between f b mid Ugh since tig* * appear* 
in the resonance vessel under projier experiment nl condition*. Tho 
effect of the N*, H*0, and CO molecules is to transfer Hg' from tin* 
2 s Pt state to the metastable 2 4 /*« stale, t *nrio ntid Franck* found that 
no quenching by N* occurs if the temperature of the rcsnnnsiec vessel I* 
raised to 750°(h At this temperature tnctsstnhle tnemtrv atom* 
initially produced by collisions with the N ? molecules are raised again to 
the resonance state by a collision of the first kind ml! ft it high velocity 
nitrogen molecule, so that they are again in a condition to radiate, 
When argon is present instead of nitrogen, raising the temperature of the 
vessel to 750°C. does not destroy the quenching effect nod therefore 
argon must transfer the excited mercury atom to the no, mid stated 
G&viola anti Wood have shown that water vapor greatly increase* the 
concent ration of mercury atoms in the 2*/C state and flint if is liiiunf lit 1 
times as effective ns nitrogen jn this res|tref (Hee, IJo t itdntHoi 
has pointed out that the high eftieienry of X, nod < *o in musing the 
transfer to the 2*/*a state is probably due to the fact thnf f ho*e moleetdcn 
can take up 0.19 volt of energy from the mercury atom almoKf mifirrlv 
by a transition in their vibrational energy states Thin tuny :d*«* !«* tnn: 
in the ease of H s O. 

Mannkopf 4 studied the quenching of the n nuhaiiou ol 

sodium by nitrogen, hydrogen, and by n neondielium maimr Vo mm 

* J* Frank, /**., HIT (IMHh 

* Z, Pkimk , IT, 202 (1023). 

8 OnusNtisani Z, l*hy»ik t 4t, WHi CJICIHi. 

4 Z Phumh* se. at 5 m»m 
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quenches this radiation most effectively. Calculation of the quenching 
efficiency again requires the use of abnormal radii and Mannkopf finds 
the radius of excited sodium to be 4.3 times the gas-kinetic value. Wood 1 
has found that iodine resonance radiation is quenched by foreign gases 
and by iodine itself. Table 2 gives the values of the half pressures for 
various gases for this case. 


Table 2 


Gas 

A 

He 

Air 

O 

O 

Ether 

Cl, 

I 2 . 

pu (mm.) 

7 

6 

2.1 

1.2 

0.3 

0.2 

0.2 


3. SENSITIZED FLUORESCENCE 

Cario and Franck, 2 * developing the logical consequences of the principle 
of Klein and Rosseland, pointed out that the excitation energy of an 
atom or molecule should be available for the excitation of a quantum 
transition of lower energy in a colliding atom or molecule. This view 
could be supported by a number of experimental results. For example, 
it had been known since 1873 3 that a photographic plate insensitive 
to certain wave lengths could be made sensitive to them by impregnating 
the gelatine layer with a suitable dye. According to our present views, 
this dye absorbs the energy of the inactive wave lengths and transfers it 
to the photosensitive silver in the layer by collision. Also, it had been 
observed 4 * that a dye such as eosine or rhodamine adsorbed on a mass of 
siloxene 6 emits the fluorescent bands characteristic of the dye, while the 
siloxene is being oxidized. The dye itself emits no light upon oxidation. 
Apparently, the energy of oxidation of siloxene is transferred by collision 
to the dye, which is thereby excited and emits light. 

If an atom A is excited by the absorption of light, and transfers its 
energy to an atom B during a collision, the atom B may then emit light 
which is known as sensitized fluorescence. It will be observed if the 
following conditions are fulfilled: the energy of excitation of the atoms 
absorbing the light must be equal to or greater than the energy of the 
first excited state of those atoms in the mixture which are to exhibit the 
sensitized fluorescence; and the pressures must be such that the mean 
time between two collisions is less than or equal to the order of magnitude 
of the mean life of the excited atom. The latter condition insures that 

1 Phil. Mag., 21, 392 (1911). 

2 Cario, Z.Physik , 10, 185 (1922); Cario and Franck, loc. cit. 

* Vogel, B&r., 6, 1305 (1873). 

4 Katjtsky and Zocher, Z. Physik , 9, 267 (1922); 31, 60 (1925). 

6 Siloxene is a highly reactive silicon compound of the formula Si 6 H 6 03 . 
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most of the optically excited atoms will collide with and excite the atoms 
which emit the sensitized fluorescence. In order to secure observable 
intensities of fluorescent light it is necessary that the monochromatic 
light producing the primary excitation be intense and that it be strongly 
absorbed. All spectrum lines of the non-absorbing component of the 
gas mixture should appear, whose energy of excitation is less than the 
energy of the monochromatic exciting or primary radiation. 

Suppose we have a mixture of two gases A and B of atomic weights 
mi and m 2 , and let the gas A have a resonance line of frequency v, while B 
has one of frequency v f . The excitation energies of the atoms A and B 
corresponding to the frequencies v and v r are shown in the energy level 
diagram of Fig. 4. Now if we illuminate the gas A with light of frequency 
v we obtain the reemission of the same frequency or simple resonance. 
If we illuminate gas B with light of the same frequency v, no resonance 
or fluorescence will appear because this frequency is not absorbed by the 

gas B. But if we illuminate the mixture of the 
two gases with light of frequency v y we obtain 
the emission of both v and /. An atom A y 
excited by absorption of a quantum hv y collides 
with an atom B and excites it to the quantum 
level with energy hv'. B then radiates light of 
frequency v'. Some of the atoms A emit their 
characteristic frequency before colliding with B y 
and this accounts for the appearance of both 
frequencies in the fluorescence. The difference in energy between hv 
and hv ' appears as relative kinetic energy of A and B. If the temperature 
is low, we can neglect the thermal kinetic energy. The atom B receives 
kinetic energy which we can calculate from the requirement that the 
conservation of energy and momentum must hold for the process. 
Assuming the initial velocities to be very small and letting the final 
velocities be Vi and v 2y we have, 

and 

from which 


and 


When hv - hv f is large, the excited atom B secures a high kinetic energy 
and consequently moves with high velocity. When the rapidly moving 
excited atom emits light, the frequency observed will be different from 
/ because of the Doppler effect, except when the atom moves at right 


i 2 + ^m 2 v 2 2 = hv ~~ hv f y 
miVi = m 2 v 2y 

\miVi* = (hv — hv ') — — > 

2 mi -f m 2 


( 9 ) 


m x 


~m 2 v 2 2 = (hv - hv ') — ^ 
2 'mi + 


m 2 


Lftv 


Pig. 4. 
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angles to the line of vision. The frequency observed, v", is related to v' 
by the equation, 

v n — r'^1 + ~ cos y'j) 

where (p is the angle between the direction of motion and the line of vision. 

These predictions were brilliantly confirmed by Cario’s experiments. 1 
The arrangement of Fig. 5 was employed. A quartz tube containing a 



globule of thallium metal was heated in an electric oven to a temperature 
of 800°C., at which the vapor pressure of thallium is 2 mm. of Hg. The 
quartz tube was connected through a side tube to a bulb containing 
mercury, which could be heated to about 100°C. in a separate and smaller 
oven. A quartz lens focused the light of a quartz mercury arc at a point 
just inside the tube containing the mixture of thallium and meftury 
vapor. The mercury was thereby excited to the resonance state, 2 3 P X . 
The pressure of the mercury vapor was high 
enough to confine the resonance to a narrow 
region near the place of entrance of the exciting 
light, the purpose being to secure a strong 
fluorescence concentrated in a small region. A 
spectrogram of the light scattered from this 
region showed the presence of a number of 
thallium lines in addition to the 2,536.7 A. line 
of mercury. When the 2,536.7 A. line was cut 
off by interposing a sheet of glass, all thallium 
lines disappeared, and when the tube was 
illuminated with the 2,536.7 A. line while the 
mercury vapor was frozen out no thallium 
lines appeared. We can see the energy rela- 
tions involved from Fig. 6. The 2,768 line of Tl, which differs in energy 
from the 2,537 line of Hg by only 0.4 volt, was found to be very weak, 
due to absorption in the excess thallium vapor. On the other hand, the 
3,776 line is excited by 1.6 volts less energy than 2,537, and was found 
to be emitted very strongly. In this case, the emitting thallium atoms 
have a high velocity, due to the large energy excess of 1.6 volts, hence 
i Z . Phyrik, 10, 185 (1922); 17, 202 (1923). ■ 



Fig. 6. — Energy level diagrams 
of Hg and Tl. 
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the Doppler shift is large enough to prevent the relatively cold thallium 
vapor from absorbing the broadened 3,776 line. 

4. COLLISIONS INVOLVING METASTABLE ATOMS 

Donat, 1 and later Loria, 2 studied the fluorescence of thallium sensi- 
tized by mercury in the presence of certain gases such as nitrogen and 
argon. Since the resonance radiation of mercury is quenched by nitro- 
gen, it is to be expected that the addition of this gas to the thallium- 
mercury mixture should diminish the sensitized fluorescence of thallium. 
On the contrary, it was actually found to be increased. This can be 
explained in the following way. The mercury atoms absorbing the 
wave length 2,537 are raised to the 2 3 Pi state, and collide with a nitrogen 
molecule to which a part of their energy is transferred, and drop to the 
3 P 0 state with 0.19 volt less energy. The 3 Po state has a life of about 
10 -2 seconds as compared to 10“ 8 seconds for 3 Pi. Therefore, the mercury 
atom in the 3 P 0 state is much more likely to collide with a thallium atom 
during its life than an atom in the 3 Pi state. Of course, the energy of 
the excited mercury atoms can be used to excite thallium more effectively 
in the absence of any foreign gas by increasing the pressure of the thalliutti 
vapor and thereby increasing the number of collisions. This would 
require very high temperatures because of the low vapor pressure of 
thallium. Addition of nitrogen has the same effect as increasing the 
vapor pressure of thallium, for, if the pressure of the nitrogen is suf- 
ficiently high, every excited mercury atom produced by absorption, 
of the 2,537 line is brought into the long-lived metastable state which 
persists until a collision with a thallium atom occurs. 

The effect of foreign gases in bringing mercury atoms in the 3 P i 
state into the metastable state by collisions of the second kind was 
clearly demonstrated by Wood. 3 The metastable atom can absorb 
two series of lines, namely, the series 2 3 P 0 — m 3 $i, and the series 2 3 P 0 — 
m z D i. The lines at 4,047 A. and 2,967 A. corresponding to the first mem- 
ber of each of these two series must be particularly strongly absorbed and 
therefore reversed by mercury vapor containing a considerable concen- 
tration of mercury atoms in the 2 3 P 0 state. Absorption of these wave- 
lengths is therefore an indication of the presence of metastable atoms. 
Wood illuminated mercury vapor with the resonance line and studied 
the absorption in the presence of varying amounts of N 2 , He, and CO. 
Nitrogen was found to be particularly effective in causing the absorption 
of subordinate series lines. Absorption of the line at 4,047 A. is already 
noticeable when the partial pressure of nitrogen is 0.1 mm. and at 2 mm. 
it is extraordinarily strong, indicating that a high concentration of 

1 Z. Physik, 29, 345 (1924). 

*Phys. Rev., 26, 576 (1925). 

8 Proc . Roy , Soc 106, 679 (1924); Phil. Mag., 50, 774 (1925). 
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metastable atoms has been built up. Wood and Gaviola 1 have recently 
found that water vapor is more effective than nitrogen in bringing mer- 
cury atoms from the resonance state into the metastable state. Only 
0.005 mm. of water vapor is sufficient to cause reversal of the 4,047 A. 
line in excited mercury, while 0.5 mm. of nitrogen is necessary to accom- 
plish the same result. 

Orthmann and Pringsheim 2 found that the formation of metastable 
mercury atoms was favored in the absence of foreign gases by increasing 
the vapor pressure of mercury. The sensitized fluorescence of thallium 
was studied in mercury vapor at high pressure. The resonance radiation 
in pure mercury vapor at a pressure corresponding to 250°C. is practically 
completely quenched, but the fluorescence of admixed thallium vapor is 
still very strong. Even in mercury vapor at one atmosphere (350°C.) 
the 3,776 A. line of thallium has lost none of its original intensity. Under 
the conditions of the experiment an excited mercury atom collides on the 
average with 10 4 other mercury atoms before colliding with a thallium 
atom, indicating that the fluorescence must be due to collisions of the 
second kind between metastable mercury atoms and thallium. 

Meyer 3 found that the yield of atomic hydrogen by photochemical 
dissociation with the aid of mercury can be increased, when the partial 
yressure of hydrogen is low, by the addition of argon. Argon also makes 
inelastic collisions with mercury in the 2 3 Pi state, causing a transfer 
to the 2 3 P() state, which then persists long enough to collide with a 
hydrogen molecule, though there are reasons to believe that argon also 
causes a transfer of Hg' atoms to the normal state (Sec. 2). 

6. RESONANCE IN COLLISIONS OF THE SECOND KIND 

Merton and Pilley 4 found that it was possible to excite the atomic 
nitrogen spectrum, which is difficult to secure by other methods, by 
passing a discharge through a mixture of an inert gas and nitrogen, the 
former being present in excess. 

When a discharge is sent through this mixture there is small prob- 
ability that an electron will gain energy greatly in excess of the first 
resonance potential of the rare gas, provided the pressure is sufficiently 
high. If the concentration of the nitrogen is small, the probability of an 
electron exciting this gas is small. But since the rare gas is present 
in excess, most of the excitation will be due to collisions of the second 
kind between excited rare gas atoms and the nitrogen molecules. In 
this way the spectrum will be excited by a definitely known energy. 
Evidently, nitrogen molecules are first dissociated by collisions of the 

1 Phil* Mag., 5, 271 (1928). 

2 Z. Physik, 35, 626 (1926). 

» Z. Physik, 37, 639 (1926). 

4 Proc- Roy - Soc. 7 107, 411 (1925). 
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second kind with excited rare gas atoms, and then the resulting atoms 
are excited by inelastic collisions with electrons or excited rare gas atoms. 
McLennan 1 found that a characteristic green line appearing in the 
aurora is excited strongly in a discharge tube containing a mixture of 
helium and oxygen while it is very difficult to obtain in pure oxygen. 

The band spectra of H 2 , N 2 , CO, CN, and other molecules are much 
simplified when excited in presence of an excess of the rare gases. The 
best known example of this is the excitation of the Lyman bands (a 
progression of the Dieke-Hopfield bands) which appear in great intensity 
when a discharge is passed through argon at 2 or 3 mm. pressure con- 
taining a trace of hydrogen. The bands excited in this way arise from 
transitions from the P 3 state of Dieke and Hopfield, 2 which is the third 
vibrational level of the 2 1 2 state of the hydrogen molecule. This 
combines with the different vibration levels of the normal l x 2) state 
to give an n" progression of bands. Since these bands are not excited 
by direct electron impact, 3 the excitation probably occurs by collisions 
of the second kind between excited argon atoms and the hydrogen mole- 
cule in its lowest vibrational state and its lower rotational states, 4 and 
after a very careful theoretical investigation Beutler 6 concluded that this 
view was correct. 

That close “resonance” between two atoms or molecules is of importance 
for the transfer of energy between the two was first noticed by Beutler 
and Josephy 6 in the case of the sensitized fluorescence of sodium when 
excited by mercury atoms. When a mixture of the two gases at low 
pressures was illuminated by the 2,537 line of mercury the 2 P — 7 S 
line of sodium appeared with great intensity. The addition of foreign 
gas caused the appearance of the 2P — 5 8 line of sodium. The excitation 
energies of the 7$ and 5S levels of sodium are very nearly the same as 
the excitation energies of the 2 3 P X and 2 3 P 0 states, respectively. Evi- 
dently, the foreign gas in the second case caused a transfer of mercury 
atoms in the 2 3 Pi state to the 2 3 P 0 state and atoms in each of these 
states transfer their energy to sodium atoms with greatest probability 

1 At the high altitudes where the aurora is excited, probably by electrons from the 
sun, the concentration of helium atoms relative to oxygen molecules will be much 
higher than at the earth’s surface so that the laboratory conditions partly duplicate 
those occurring in nature. 

2 Z . Physik, 40 , 299 (1926); Phys . Rev., 28 , 1223 (1927). 

3 Horn, Z. Physik, 44 , 834 (1927). 

4 This was first suggested by Franck and Jordan, “Anregung der Quanten- 
sprungen durch Stosse,” p. 266. Worthing (Washington Meeting of the American 
Physical Society, Apr. 19, 1929) has found an altered intensity distribution of the 
active nitrogen bands when the nitrogen contains about 1 per eent of argon, and 
suggests that this is probably due to the excitation of the nitrogen molecule by colli- 
sions of the second kind between nitrogen molecules and excited argon atoms. 

*Z. Physik, 50 , 581 (1928). 

6 Naturwiss., 16, 540 (1927). 
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only if tho excitation energy of the sodium atoms is very nearly equal 
to that of the exalted mercury atoms. This case has been further studied 
by Webb and Wang 1 who introduced sodium vapor into a stream of 
mercury vapor which had been excited by an arc. They compared 
the relative intensities of sodium lines when excited by an arc and when 
excited by the transfer of energy from the excited mercury atoms, 
Experimental conditions were arranged so that excited atoms were much 
more effective in exciting the sodium atoms than any ions present. The 
results are shown in Table H. 


Toms 3 


Excitation i*in*rgv of II*? 

lmt*8 

Ext* itiit it in 
t‘ut‘rgy of 
Nr, <*m, 1 

Inlminity of Na liiion 
t'xoitcti by: 

in) ilgafoniHj (h) an arc 


i >s vr 

111,001 

(UK* 

2,40 


VP -vs 

mom 

0,03 

1.70 


vr vn 

34,547 

0 05 

t .as 


I’N 

an, ;i7t 

0.04 

0.26 


.VO 

37,033 

0,20 

0,41 

2 «/*« til f tm 

-ft'.S 

an, mo 

0 , 07 

0,07 

: 


3H.3H2 

0.4 4 

0.11 


-tt'.S 

aHjma 

0.00 

0,00 


- 7*0 

310200 

0.15 

t.raco 

•rr, .in,4i3 

7'.S 

39.572 

0 15 

0,00 


-HU) 

30,725 

0 07 

0 . 00 


Decided maxima in Intensity oclttr in both tho sharp and diffuse 
sorioH whim excited by collisions with mercury atoms. The wave-number 
differences lad ween the excitation energy of the 2*Po state and that of 
the 5*D, anti t VI) states of sodium are (512, -St55, and -737 cm. -1 , 
respectively, and the differences between that of 2*P| and the 7 *D, 7*$, 
and K 5 /; are 213, -159, and -312 cm." 1 , respectively. Since the 6*3 
state is evidently not excited by the mercury in the 2*Pj state, tho prob- 
ability of a transfer of energy between the two atoms in which these 
particular states aw involved with an energy difference of only 450 cm." 1 
{'•w 0.05 volt) must Is; quite small. The same lines excited in tho arc 
are less intense than when excited by collisions of the second kind though 
the reverse is true in the case of the 1V> - 2*P lines. This supports 
the view that collisions of the second kind are responsible for the excita- 
tion of the lines as given in column 4 and that, in this particular case eloso 

* rim. Hrr , ss, two (tom 
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resonance between two atoms is necessary if there is to be a high proba- 
bility of energy transfer. 1 

An interesting method of exciting the spectra of metals which promises 
to be of importance has been employed by Paschen and Frerichs. 2 If 
the vapor of a metal is present in a rare gas excited by electrical discharge, 
the spectrum of the metal is excited intensely. It is found that the 
excitation of the metal is due in the main to collisions of the second 
kind with metastable rare gas atoms. All terms whose energy is less 
than that of the metastable atom which excites them are present in the 
spectrum. Excitation of metal spectra was also found to take place 
in a side arm branching off from the discharge tube, although the dis- 
charge does not penetrate into the side tube. The presence of metastable 
atoms here can be demonstrated by absorption measurements similar 
to those used by Meissner in determining the life of metastable neon 
atoms. 

6. COLLISIONS BETWEEN IONS AND NEUTRAL ATOMS 

If we consider the ionized state of an atom as one of its excited states, 
the possibility immediately suggests itself that an ion can remove an 
electron from an atom of lower ionizing potential as a result of a collision 
of the second kind. Experimental evidence of this was found by Iiogness 
and Lunn 3 and by Harnwell. 4 They produced ionization in a mixture 
of gases by bombarding them with electrons of energy well above their 
ionizing potentials and determined the relative numbers of ions as a 
function of the total pressure by means of the magnetic spectrograph 
(Chap. XIII, Sec. 4). Harnwell observed the number of ions produced 
in a pure inert gas as a function of the pressure and found that the curves 
were of exactly the same shape for all the gases investigated, so that one 
could be superimposed on the other by changing the scale on which the 
number of ions produced was plotffed. This means that, in a mixture of 
these gases, the ratio of the numbers of ions produced should be inde- 
pendent of the pressure, if no collisions of the # second kind occur. Experi- 
mentally, it is found that the ratios of the numbers of ions, He + /Ne + , 
Ne+M+j and He + /A + decreased with increasing pressure, and that this 
decrease was most rapid for the first and slowest for the last of these 
combinations. The following inelastic collisions must occur in the 
ionizing space : 

He+ + Ne He + Ne + , Ne + +, A -» Ne + A + , He + + A — » He + A + . 

^he high quenching efficiency of 0 2 gas in the case of Kg' in the 2 3 Pi state is 
probably due to close resonance. However, close resonance is not necessary for 
collisions of the second kind to occur (see Sec. 2). 

2 Paschen, Sitz. her. d. Preuss. Akad. Wis$. 9 Oct. 20, 1927; Frerichs, Ann. 
Physik , 85 , 257 (1928). 

3 Phys. Rev., 28 , 849 (1926); 30 , 26 (1927). 

*Phys. Rev., 29 , 683, 830 (1927). 
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All these processes will result in an increased number of ions of the atom 
of lower ionizing potential at the expense of the atomic ions of higher 
ionizing potential. The rate of change of the ratios indicates that the 
first reaction occurs most readily and the last least readily. 

Experiments of this kind have been made using quite a number 
of pairs of gases. 1 The results show that the following generalizations 
can be made: (1) this type of collision will not occur unless the ionizing 
potential of the primary ion is greater than that of the ion to be produced, 
so that part of the energy of ionization of the first atom is converted 
into relative kinetic energy of the two collision partners; (2) the nearer 
the two ionizing potentials are to each other the more probable is the 
inelastic collision. An excellent example of this is given by the exper- 
iments on the inert gases described above. Table 4 gives the reactions 
in the order of decreasing probability and the differences in ionizing 
potentials of the atoms. 

Table 4 



Reaction 

Vi 

] 

II 

< 

He + 

+ Ne He + Ne+ • 

• * 24.5 

- 21.5 = 3.0 

Ne+ 

+ A — *• No + A + • 

• • 21.5 

- 15.7 = 5.8 

He+ 

+ A -» He + A + • 

• - 24.5 

- 15.7 = 8.8 


An excellent example of this is the ionization of N 2 by He + . Nitrogen 
has an ionizing potential at 23 to 25 volts, while that of He is 24.5 volts 
and the experiments show that the ionization of N 2 by He+ by a collision 
of the second kind is very probable. 

7. PHOTOSENSITIZED REACTIONS 

Franck further suggested that the energy of an excited atom could 
be utilized in producing a chemical reaction. He proposed as a very 
simple case of such a reaction the photochemical dissociation of the 
hydrogen molecule, which is particularly suitable because it can dis- 
sociate in only one way, while a more complicated molecule might 
dissociate in several ways. Hydrogen does not absorb light of a wave 
length corresponding to its heat of dissociation. Its heat of dissociation 
has been determined most exactly from its band spectrum 2 and is 4.34 
volts. (Burrau’s 3 theoretical value is 4.42 + .03 volts.) 

The energy of a quantum of light of wave length 2,537 A. is 4.86 
volts. Consequently, excited mercury atoms produced by absorption 

1 Hogness and Lunn, be. cit.; Haknwell, loc. tit.; Smyth and Stueckelberg, 
Pkys. Rev., 32, 779 (1928). 

2 Witmer, Proc. Nat. Acad. Sci., 12, 238 (1926); Dieke and Hopfield, Phys. 
Rev., 30, 400 (1927). See also Langmuir, J. A. C. S., 36, 1708 (1914); 37, 417 (1915); 
Herzfeld, Ann. Physik, 59, 635 (1919); Bichowsky and Copeland, J. A. C. S., 60, 
1315 (1928). 

3 Naturwiss., 15, 16 (1927); Kong. Danske Vid. Selsk. Math-fys. Medd., 14, 7, 
(1927). 
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of this wave length should be capable of dissociating H 2 molecules. 
The occurrence of such dissociation was established by a very simple 
experiment due to Cario and Franck. 1 A small boat filled with copper 
oxide, which is reducible by atomic hydrogen, was placed in a quartz 
tube containing hydrogen and some liquid mercury. The tube was 
connected to a liquid air trap followed by a Macleod gage. When the 
radiation of a quartz mercury arc was focused on the tube, the copper oxide 
was reduced as evidenced by the appearance of the characteristic reddish 
color of metallic copper on the surface of the mass of copper oxide. At 
the same time, the Macleod gage showed a decrease of pressure owing 
to the fact that water formed in the reduction of the copper oxide con- 
densed in the trap. No reduction took place when mercury vapor was 
not present. Mercury vapor alone in absence of hydrogen caused no 
reduction. Furthermore, it was shown that the effect occurred only 
when the mercury arc was kept cool so that the 2,537 line was not self- 
leversed; this is due to the fact that the cold mercury vapor could absorb 
only the center of the line. The process taking place in the quartz tube is 

Hg + hv — » Hg', 

Hg' + H 2 ->Hg + 2H. 

It is now clear why hydrogen is so very effective in quenching the 
resonance radiation of mercury. Practically every collision between an 
excited mercury atom and a hydrogen molecule leads to a transfer of 
energy from the excited mercury atom to the hydrogen molecule and 
causes its dissociation. 

^Fhis extremely convenient method of producing monatomic hydrogen 
has some very interesting applications. When a mixture of hydrogen, 
oxygen, and mercury vapor is illuminated with the 2,537 line, water is 
formed at a measurable rate. 2 Hydrogen atoms produced by the same 
method m a mixture of ethylene, hydrogen, and mercury vapor react 
with the ethylene and form ethane. It was noted that this reaction 
occurred to a much greater extent than could be accounted for by the 
number of quanta absorbed. This is due to reaction chains initiated by 
the primary hydrogen atoms, which behave as follows : 


C2H4 + H — > C2H5, 

C*H* + H 2 -»C 2 H 6 + H. 


The hydrogen atom produced by the second reaction may then reac 
again in accordance with the first equation, and the chain continues unti 
erminated by combination of two hydrogen atoms. A similar reactioi 
chain was discovered m the photosensitized formation of hydrogel 


l Z. Physik, 11, 161 (1922). 

2 Dickinson, Proc. Nat. Acad. Sci., 10, 409 (1924). 
Mitchell, Proc. Nat Acad. Sci., 11, 458 (1925). 
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peroxide 1 from hydrogen and oxygen, mercury being the sensitizer. The 
mixture passed in a rapid stream through the illuminated reaction vessel 
giving almost 100 per cent yields of hydrogen peroxide, and each quantum 
absorbed gave 4 molecules of H 2 0*. Taylor suggested the mechanism, 

Hg + hv —* Hg', 

Hg' + H,-2H + Hg, 

II “h — * HO*, 

HO* + II, ™> H*0* + H etc. 

Dickinson and Sherrill - -’ illuminated a mixture of oxygen and mercury 
vapor with the 2,5:10.7 A. line and found that ozone was formed. Since 
the energy of dissociat ion of the oxygen molecule is considerably greater 
than that of the excited mercury atoms, excited oxygen molecules must- 
be formed by collisions of t he second kind between excited mercury atoms 
and oxygen molecules. It was also found that considerable oxidation 
of the mercury vapor took place. This partially accounts for the effective- 
ness of oxygen in quenching mercury resonance (Sec. 2). 

An interesting variety of photosensitized decompositions were 
discovered by Bates and Taylor.* The vapors of H*0, NH>, and of 
organic compounds saturated with mercury vapor were passed through a 
quartz tutus strongly illuminated by the radiation of a cooled mercury 
arc. In most cases decomposition into gaseous products occurred even 
in the absence of mercury vapor, but in general the products formed 
when t he reaction was photosensitized were enormously greater in amount 
than those obtained from the unsensitized reaction. 

In such reactions we are by no means limited to the use of mercury 
vapor, hut since a further discussion of this interesting field is beyond 
the scope of this book, the reader is referred to an excellent summary by 
Kistiakowsky. 4 


8. CHEMILUMINESCENCE AND COLLISIONS OF THE SECOND KIND IN 

FLAMES 

It has been known for a long time that many chemical reactions 
are accompanied by the emission of light although the temperature of the 
reacting mixture is far below that necessary for the appearance of visible 
temperature radiation. For example, flames, such as those appearing 
during the combustion of sulfur vapor and carbon bisulfide, are known 
to have a temperature less than 200°C. but nevertheless emit a com- 
plicated spectrum in the blue. The mean translational energy of gas 
molecules at 200°C1. is somewhat less than 0.0(5 volt while the energy 

1 M Alum AM, J. Phj/n. Chttn., 30, 34 (1026); Bonhobffer and Lous, Z. physik. 
Cham., 119, 474 (1026); Taylor, Tram. Par. Sac. 21, 560 (1025). 

* /‘roc, Nat. A etui. Sri., 12, 175 (1926). 

»J. A. ('. .S', 49, 2438 (1927). 

* “ Photochemical Processes," p. 125, Chemical Catalogue Co, New York (1028). 
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corresponding to a quantum of blue light, say of wave length 4,000 A. } 
is about 3 volts. As an extreme case we might mention the luminescence 
of certain living organisms due to reactions involving complicated organic 
molecules. Obviously, the light cannot be due to temperature radiation. 
In general, the emission of light during chemical reactions is due to quan- 
tum processes taking place before the reacting system has reached 
equilibrium. 

Spectral analysis of the light emitted during a reaction should enable 
us to gain insight into the details of the process. However, the spectrum 
emitted in most cases of chemiluminescence is so complicated that it is 
impossible at present to determine the primary processes taking place. 
Also, the quantity of light emitted is far less than that expected from 
Einstein’s photochemical equivalence law on the assumption that each 
newly formed molecule emits a quantum. This indicates that secondary 
processes are probably responsible for the emission of light. 

A notable advance in this field was made in the study of “cold” 
flames emitting a line spectrum of known origin. Haber and Zisch 1 
allowed sodium vapor highly diluted with nitrogen to stream into Cl 2 , 
Br 2 ? Is, or oxygen gas where reaction took place between the sodium and 
the gas. The purpose of the nitrogen is to keep the temperature of the 
reacting mixture below that at which the eye perceives the black-body 
radiation corresponding to the temperature of the gas. In spite of the 
fact that no thermal emission of light could occur, the D-lines of sodium 
were emitted strongly, and it was found that the number of quanta 
emitted was very much less than the number of NaCl molecules formed. 
Consequently, the light emission is due to some secondary process, 
such as a collision of the second kind between a newly formed excited 
NaCl molecule and a sodium atom, resulting in an excited sodium atom 
and a normal sodium chloride molecule. This reaction and similar 
ones have been investigated by Polanyi 2 and his coworkers who have 
proved that the reaction consists of the primary process, 

(a) Na + Cl 2 = NaCl + Cl + 35 Cal, 

and the secondary processes, 

(5) Na + Cl = NaCl + 93.4 Cal. 

0) Na 2 + Cl = NaCl + Na + 75 Cal. . 

W Cl + Cl = Cl 2 + 58.5 Cal. 

The reaction (a) takes place in the gaseous phase but the energy liberated 
is insufficient to excite the sodium D-lines, namely 48.3 Cal. The 
reactions (5) and (d) take place on the walls and the energy is dissipated 
as heat. The reaction (c) takes place in the gas space and is responsible 
for the excitation of the sodium lines. One might expect that the sodium 

1 Z . Physik, 9, 302 (1922). 

2 Z$it. Phys. Chem B. 1, 3-73 (1928). 
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atom liberated in this reaction would be excited directly, but this is 
proved not to be the case by the quenching effect of nitrogen gas. The 
nitrogen pressure required to quench the sodium resonance to one-half its 
original intensity (the so-called half-pressure) is about 20 mm., blit here at 
a pressure of a few millimeters of nitrogen the D- lines are reduced to a 
fraction of their intensity. The quenching of the excited NaCl molecules 
by nitrogen must be greater than the quenching of the sodium resonance 
radiation by this gas. Therefore, the NaCl molecule produced in this 
reaction (c) probably retains the energy of the reaction as energy of 
excitation, which it then transfers to a Na atom by a collision of the 
second kind. Experiments on the yields of these reactions showed that 
every collision between a Na atom and a Cl 2 molecule as well as between a 
Cl atom and a Na 2 molecule resulted in reaction. Only about one 
collision out of 10 4 between Na and Cl atoms in the gas phase results 
in reaction according to (c) accompanied by emission of light. This 
low efficiency is to be expected, for the probability of a quantum transi- 
tion may be estimated at 10 7 in accordance with the observed values 
for other atoms and molecules; but the time of a collision is about 10 -11 
seconds, so that the probability that the emission will occur during any 
one collision is only 10“ 4 . 1 Heating the reaction zone decreases the 
intensity of the light emitted and assuming that this is due to dissociation 
of the Na 2 molecule, the heat of dissociation is calculated to be 18 ± 2 
Cal. Under suitable conditions between 70 per cent and 100 per cent 
of all reactions of the type (e) result in the excitation of a sodium atom. 
The reactions of Na vapor with the other halogens and with HgCl 2 
have been investigated in a similar way. From, these studies and 
numerous others 2 of a similar character, it is evident that collisions of 
the second kind play an important part in the excitation of light in flames 
and very probably an important part in the “dark” reactions taking 
place in flames, though of course this is not so easily investigated. 

A comparatively simple chemiluminescence accompanies the recom- 
bination of atomic hydrogen in the presence of metallic vapors. 3 These 
spectra are probably excited by the recombination of two hydrogen atoms 
in a three-body collision, in which the third body is the metallic atom 
excited, so that the energy of recombination of the hydrogen supplies the 
energy for excitation. Moreover, Kaplan 4 showed that those atomic 
lines are most readily excited for which the energy of recombination 
of two hydrogen atoms to form a molecule in one of its vibrational steady 

1 Bee U hey and Bates, Phys. Rev., 33 , 279 (1929); Dec. (1929). 

2 For example, Franz and Kallman, Z. Physik , 34 , 924 (1925); Bonhoeffer and 
Haber, ibid., 137 , 263 (1928). 

* Bonhoeffer, phys. Chem., 113 , 199 (1924); 116 , 391 (1925); 119 , 385 (1926); 
Mohlbr, Phys. Rev., 29 , 419 (1927). 

*Phy$. Rev., 31 , 997 (1928). 
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states agrees closely with the energy required for excitation of the atom 
to one of its steady states. Table 5 gives a list of the atoms and of those 
spectral lines which we may expect to be excited in this way. The 
energy required for excitation and the energy which can be supplied 
when two hydrogen atoms combine to give a molecule in one of its vibra- 
tion states are also listed. These energies of recombination are designated 
as R n} where n is the vibration quantum number of the molecule formed. 
The data indicate that unless the energy of excitation and energy of 
recombination agree within a few hundredths of a volt, excitation of the 
atom does not occur. ’The 2,537 line of Hg is excited though its exci- 
tation potential is greater than R 0 ; this is probably due to the formation 
of an excited'HgH molecule, whose bands are also emitted, followed by a 
collision of this excited molecule with a hydrogen atom. If this collision 
results in the formation of a hydrogen molecule and a mercury atom, the 
energy liberated should be ample, to excite the atom to the 2 3 Pi state. 


Table 5 


Element 

X 

Transition 

Excita- 

tion 

potential 

Intensity 

Nearest R 

Differ- 

ence 



r 5,890 

VS - 2 2 P 

2.09 

Strong 

Rs =2.06 

0.03 

Na 


6,183 

2 2 P - 3 2 D 

3.6 

Absent 

Ri = 3.83 

0.23 



3,302 

VS - 3 2 P 

3.7 

Absent 

Ri =3.83 

0.13 

K 


f 7,665 

VS - 2 2 Py> 

1.61 

Weak 

R, = 1.68 

0.07 



1 4,044 

VS - 3 2 P 

3.0 

Absent 

P 3 - 2.87 

0.13 

Cs. 

< 

I 8,943 

VS - 2 2 P Vl 

1.38 

Absent (?) 

Ri = 1.35 

0.03 



i 

VS 

3.87 

Absent 

Ri = 3.83 

0.04 

Mg 


4,571 

VS - 2»P t 

2.70 

Absent 

P 3 = 2.87 

0.17 

Cd 


3,261 

VS - 2 3 Pi 

3.78 

Strong 

R x = 3.83 

0.05 

Zn 


3,076 

VS - 2 3 Pi 

4.01 

Absent 

Ri = 3.83 

0.18 

T1 


.5,350 

2 *P H - 2 2 S 

3.26 

Absent 

22* = 3.34 

0.08 


Active nitrogen has also been used to excite spectra by collisions 
of the second kind. This modification of nitrogen was discovered by 
E. P. Lewis 1 and has been studied by a number of investigators. The 
early work of Strutt 2 and of Strutt and Fowler 3 was especially extensive. 
When nitrogen is passed through a discharge tube, the gas flowing out 
shows a bright yellow afterglow which may persist from a few seconds to 
several minutes, depending on conditions. The spectrum consists of a 
selection of the bands of the neutral nitrogen molecule, lying in the red, 
yellow, and green. The initial states for the emission of these bands are 
the tenth, eleventh, and twelfth vibrational levels of the B electronic 

1 Astrophys. J., 12, 8 (1900). 

2 Proc. Roy. Soc. } 85, 219 (1911) and many subsequent papers. 

3 Proc. Roy. Soc., 85, 377 and 86, 105 (1911). 
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state of the molecule. If other gases or vapors are introduced into the 
stream of active nitrogen coming from the discharge tube, they are also 
caused to emit light. Saha and Sur 1 suggested that these spectra were 
due to collisions with metastable nitrogen molecules. Birge 2 showed 
that the eleventh state has an energy of about 11.4 volts, which is in 
agreement with the later estimate of Sponer. 3 It now appears most 
probable that active nitrogen is a mixture of atomic nitrogen, both 
unexcited and metastable, and of nitrogen molecules in metastable 
states with of course a large admixture of ordinary nitrogen. # 

Some investigators are of the opinion that the excited molecules responsible for 
the emission of the yellow afterglow are produced in a ’three-body collision of two 
atoms with a normal molecule. On the other hand, Knauss 4 has put forward the view 
that the nitrogen atoms recombine to form an excited molecule without the aid of a 
three-body collision. It seems very likely that both processes occur and possibly others 
are involved. On the hypothesis of triple collisions, the energy of the excited mole- 
cule would be equal to the heat of association of two atoms. It was formerly 
believed that the heat of association of two unexcited atoms is about 11.4 volts, in good 
agreement with the energy of the molecule emitting the yellow bands. Recently, 
Gaviola 5 and Birge and Ilopfield 6 have given good reasons for believing that the heat 
# of association is 9.5 volts and this appears at first sight to render the triple-collision 
hypothesis untenable. It must be remembered, however, that the nitrogen atom has 
a metastable state at 2.4 volts, and it may prove to be necessary to consider triple colli- 
sions of an unexcited atom, a metastable atom, and an N 2 molecule. In such a collision, 
the energy made available by the association of the atoms is about 11.5 volts, which 
agrees very well with that required to excite the yellow bands. 

Another possibility, suggested by Kaplan and Cario, 7 is that of a triple collision 
between a metastable molecule in the A level and a metastable atom having 3.56 
volts energy. Let us now consider the hypothesis that two unexcited atoms or one 
metastable and one unexcited atom, may combine without a three-body collision. In 
order for this to occur, the energy of|association, plus the relative kinetic energy of the 
two atoms, must be very nearly equal to the energy of the molecule in one of its excit- 
ed states. The recombination would be slow because these conditions will be fulfilled 
only in a small fraction of the collisions. At the time of writing it appears difficult to 
distinguish between these views on the basis of existing experiments. 8 9 Bonhoeffer 
and Kaminsky 0 performed experiments which they interpreted as being in contra- 
diction with the triple-collision hypothesis. Keeping the partial pressure of active 

1 Phil. Mag., 48 , 421 (1924). 

2 Nature, 114 , 642 (1924). 

8 Z. Physik, 34 , 622 (1925). 

*Phys. Rev., 32 , 417 (1928). 

'Nature, 122 , 313 (1928). 

0 Astrophys. /., 68, 257 (1928). 

7 Nature, 121 , 906 (1928). 

8 Akgeree, Physik. Z. 22 , 97 (1921), and Rudy, Phys. Rev., 27 , 110 (1926), have 
measured the rate of decay of the afterglow. Both found a brightness-time curve 
which could be explained on the assumption that two activated entities are involved 
in each elementary process of light emission. Since two excited entities are involved 
in all the above processes these experiments do not bear on the question. 

9 Zeits. /. Elektrochemie, 32 , 536 (1926). 
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nitrogen ™n»Uiil, they admitted unexcited N> to the experimental tube. The lumi. 
mwity decreased, instead of increasing iw* required by •*"’ < ri|dc.nlh*i<>n theory. 
However, Kneser 1 made wiuiliir experiment* under sntncw hut .tilt.-i. ui <-..u.hti.m*and 
fotmtl tf»t» nxp«K»fc«l iin’rnw*, 

it umy im wnil to point oil* that Hit’ m to thv vsmivnw of tmrxnted 

atom* in active nitrogen could be settled l.y «tl>tninin K 't* *«« 

fur ultra-violet, whore the rewmanen line* of the atom arc fnuii.l. 

Tin. final level for the emission of the afterglow band* •» the • ' elect l.-v.-l, ami 
i« met iwt able, so that molecule* with energies from ».» to U ?> volt* will persist fur a 

comparatively long time. It appear* that these met «*< able m ole* play a 

major part in exciting the spectra of mtbatam-ea mixed with the uiimgch. hir 
t*xnmp!n t the far ultra- vintot H|xwtmof NO and CO aw l»nl tlir higln^f lying 

level i» at about fl volt*, 'ihe far ultra-violet Irnmi* «f Indrogeti n-.ptirmK 11,1 volt* 
aw not excited. However, Kuark, Foote, Hmlnirk, ami ‘ 'he.m.dt,* recorded mw 
eury line* which have an excitation potential of HUI volt*, <t*u.R a very lou« exposure 
time OkulH. and Ilaemd*,' using different experimental condition*, did not obtain 
any line* coming from level* higher than 4 1), with an exritaimn l-tentmi of O.M 
volt*. Thi* coiitraiiictiori, a* well a* many other* encountered m the paper* on neb*, 
nit rogen, i* not surprising, for it* phenomena are complicated, and secondary pmccMm 
may play a more prominent part under *ome condition* than they do under other*. 
Hiuce processes occur in which » nitrogen molecule receive* over II volt* energy, wo 
should anticipate that a larger amount than fl.ft volt* could be tian*feiie.l to a metal 
atom, a*, for example, in a triple collinion of a metal atom w ith mu- mciu*t*hle and 


tmo uiwxiMtwi nttraRtm atom, , t , 

Item art i h m mtiwkiiiriHl llio influwirn of nwrit^m an thn nftrrulmv in tmth 

nitroRcn and oxygen, and ha* investigated the afterglow in a mixture of these Kit"*. 
He find*, among other very interesting result*, that water va t *.r prevent* recombma- 
tion on the wail* and, therefore, increase* the intensity of the afterglow. 


Wet conclude this unction with n brief discussion of the phenomena 
occurring in ordinary flames. In spite of the fact that ehentiluinineaeenc© 
must play an important part in such flantty, it appears that thermal and 
chemical equilibrium is nearly attained in many onto*. ... It is imssiblo 
to make measurement a of flame temperature* which have a definite 
meafing, even though we are not dealing with stationary condition*. 
Many of the early measurement a art' faulty, ttincc they tlejiended on the 
introduction of a thermometric device into the flame. This is not the 
case with the measurement* of IshwUh and I’errott,* who employed 
the method of Kurlbaum. 7 Light from a tungsten strip lamp i* focused 
on a flame, colored with an alkali salt, and the light of Isith flame and 
lamp is then focused on the slit of a spectrometer. It has lieen proved 
repeatedly that the reflective power of such a flame is wm, and we have 
strong evidence that Kirchhoff’s law applies to the emission and ahsorp- 

* Ann. Phgmk, 87, 717 (1B2H). 

* KnACSH, fur' HI. 

»J, 0. H. A„ 14, 17 (11*27). 

* Phil. Mittf,. 8, 372 Uf*2H), 

* j_ A, c. H„ 40, 27 (II12H); 81, B5I and 065 (1020). 

*J. !tnl. Eng. Phrm., 30, 1004 (IM2H). 

« Phttmk. 7, 8, IH7. 322 HWJ). 
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tion of resonance radiation of the salt carried by the flame. Under these 
circumstances, the resonance line will have the same brightness as the 
background of continuous radiation if the emissive power of the flame at 
this wave length is equal to the emissive power of the lamp multiplied by 
the absorption coefficient of the flame. In symbols, we must satisfy 
the condition 

Ep — E r A f . 

If this condition is not satisfied, the spectral line from the flame will 
either be brighter than the background, or will be reversed against it. 
In practice, conditions are adjusted so that the line is just reversed, 
and then the brightness temperature of the tungsten lamp is read with an 
optical pyrometer. Knowing the emissive power of tungsten, the 
true temperature is then determined by calculation, and is taken as the 
flame temperature. This method may be applied to the study of the proc- 
esses occurring in internal combustion engines. Semenoff 1 has developed 
a theory of detonation in which collisions of the second kind play an 
important role. 

i Z. Physik, 46, 109 (1927) and 48, 571 (1928); Z. phys. Chem. B. 2, 161 and 169 
(1929). 
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WAVE MECHANICS 

1. DE BROGLIE’S THEORY OF MATTER WAVES 

' The methods of quantizing atomic systems due to Bohr and Sommer- 
feld are of great service because they yield approximate numerical 
results by the use of fairly simple models, but they seem destined to be 
superseded by other avenues of attack which are in better agreement 
with experiment. For some years, prior to 1925, evidence to this effect 
was accumulating, for example, the older theory failed to yield correctly 
the energy levels of neutral helium. There were many attempts to 
construct a theory in better accord with experiment. This might be 
done by altering the quantum conditions, the expression for the force 
between moving charges, the equations of motion, or by many other 
devices. In the face of possibilities so numerous, little progress could 
be made until some guiding principles were obtained. 

Two theories of quantum dynamics were initiated by de Broglie 
in 1923 and Heisenberg in 1925, respectively. The theory of de Broglie 
has been greatly improved and extended by Schrodinger. The theories 
of Heisenberg and Schrodinger won instant favor, because their funda- 
mental postulates are reasonable and because they are remarkably 
fruitful. They were developed independently, and seem at first sight 
to have little in common, but Schrodinger has proved them to be equiva- 
lent; they are different mathematical formulations of the same physical 
relations. 

Because it is easier to understand, we first describe the Schrodinger 
theory, known as “wave mechanics.” It arose from the ever-increasing 
evidence that in^many cases the behavior of a light quantum can 'be 
predicted by treating it as a particle. The conviction grew that the 
similarity of material particles and of atomic packets of radiant energy 
was something more than a coincidence. The question is, if a particle 
moves with a velocity nearly equal to c, will it have properties such that 
it is convenient an d natural to associate with it a characteristic frequency? 
Long before the spinning electron was introduced into the theory of 
spectra, there were sporadic suggestions that the electron might have an 
internal motional frequency given by the equation 
, moC 2 _ hv o 

hv “ (1 - /3 2 )>4 ” (1 - p) w 
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where /3 = v/c and v is the velocity of the electron. This was mere 
speculation; but L. de Broglie 1 showed that great advantages are gained 
by postulating that a wave of frequency v as given by equation (1) 
accompanies the electron in its motion. We shall call such waves 
“'de Broglie waves ” (To the term, “matter-wave” we give a different 
significance, Sec. 2). In de Broglie’s theory it is found convenient to 
make the phase velocity 


This relation is really a dispersion equation, because /3 can be expressed as a 
function of v. Let us study the properties of a group of superposed 
wave trains, having frequencies very close to v. Since the component 
trains have slightly different phase velocities they continually slide 
over each other, and the point of maximum disturbance will generally * 
travel with a velocity different from that of any of the component waves. 
This velocity is called the “group velocity,” and in many cases it 
is the velocity with which energy is transmitted. In Appendix III 


we prove that the group velocity is 


dv 

V) 


Substituting from equations 


(2) and (1), we find that the velocity of the group accompanying the 
electron is /3c, which certainly should be the velocity of transmission of 
its energy. In the case of a light quantum, the phase velocity c is 
identical with the group velocity. Electromagnetic waves are considered 
in this theory as a special case of the de Broglie waves. These ideas 
opened up the possibility of a unification of quantum dynamics and of 
opticSj which gives a natural , plausible interpretation of the existence of 
stationary states. 

While de Broglie’s 2 original treatment of these matters is in some ways 
superseded, his reasoning is of great interest. It is as follows: While 
the frequency of the wave accompanying an electron is given by equation 
(1), an observer will assign to the internal periodic motion a different 
frequency, 


due to the relativity change of time-scale. That is, some quantity con- 
nected with the motion varies as sin %rv\ t. At time zero, let the electron be 
at the origin, and let the phase of its internal motion coincide with the phase 
of the wave at ‘that point. Then we can prove the theorem, that the 
phase of the internal motion will always be in agreement with the phase 
of the wave at the position of the electron. For at time t the electron 


1 Thesis presented to the faculty of the University of Paris (1924). Ann. de 
Phys. ( 10 ) 3, 22 (1925). The whole subject is summarized in his book “Ondes et 
Mou vements, ” Gauthier- Villars, Paris (1926). 

'Phil. Mag,, 47 , 446 (1924). w 
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has moved to the point x = pet, and is characterized by sin 2irv. 


Pc 


The 


wave is given by sin 2 ttp^ — = sin 2tv(J~ — which agrees with 

the previous expression provided v x = v(l — p 2 ). This is actually the 
uase, by virtue of the definitions of v and vi. To apply this resonance 
relation in the interpretation of the quantum conditions, we must show 
that the 'possible paths of the electron are rays of the phase waves. Since 
the new theory is to contain optics as a special case, the laws governing 
the phase waves are chosen as nearly as possible like those of optics. The 
assumption is made that the rays are determined by Fermat’s principle, 

*J> - «/b ( f^ 


pzy/2 


ds = 0 


(3) 


and this is identical with the principle of least action, ds being an element 
of path. While this is proved here only for the case of a particle moving 
with uniform velocity, de Broglie ascribes general validity to the principle. 
Consider an electron on a circular orbit of the hydrogen atom; it is 
supposed to be accompanied by a wave system such that the amplitude 
of the wave varies sinusoidally along the electron orbit. In order that 
the wave system may be permanent, an integral number of wave lengths 
must occur in the length of the orbit. In de Broglie’s words, “The 
motion can only be stable if the phase wave is tuned with the length of 
the path.” If T be the period, and we integrate over one revolution, 
the number of wave lengths contained in the path must be 


n, n = 1, 2 


(4) 


fds _ _ C T moPWdt 

J X " J u iS -J 0 h( 1 -,■*)» 

This is obtained by putting ds = Pcdt in equation (3), and is identical 
with the quantum condition ^§p k dq k = nh, since the sum of the phase 
integrals is 

m,QV 2 dt 


f 


,0 (1 - #>* 

Even prior to the papers of de Broglie it was realized that the quantum 
conditions probably have their origin in some resonance property of 
the atomic motions, but the difficulty was to find a suitable formulation 
of the facts. An example will show that in ordinary physical problems 
dealing with stationary waves, we are often confronted with a series of 
integers which play a role similar to that of quantum numbers. If we 
write the differential equation for the transverse vibrations of a string, 

JPy d*y 
dx 2 dt 2 

there is a general solution 1 

y=i + (6) 


(5) 


= /(* - ;) + F (t + i )• 

• See Webster’s “Dynamics,” p. 170. 
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Nothing more can be said, until boundary conditions and initial conditions 
have been imposed. For example, let us fix the string at the points x = 0 
and x = d. That is, we impose the boundary conditions, y = 0 at x = 0 
and x = d, for all values of t. Then the motion must be of the form, 

y = sin -j- • cos ( 1. (7) 

The constants A n and a n are determined by specifying the values of 
y and dy/dt as functions of a; at a given time t„. The motion of the 
string is made up of stationary sinusoidal vibrations having one, two, 
three, etc. loops in the length d, but never a fractional number of loops, 
simply because of the boundary conditions. This point deserves 
emphasis, for it is closely analogous to the appearance of quantum 
numbers in Schrodinger’s mechanics. 

This is only a single instance of the “explanatory” power of de 
Broglie’s theory. In generalizing the above interpretation of the 
quantum conditions to a system with n degrees of freedom, Schrodinger 
is led to an equation which is most naturally visualized as an equation of 
wave propagation in n-dimensional space. Thus the waves which are 
used in Schrodinger’ s scheme of atomic dynamics are not three dimensional 
except in the case of a system having three degrees of freedom. We shall 
refer to these n-dimensional oscillations as matter waves, or Schrodinger 
waves. 

The essence of Schrodinger’s discovery is this: He has found a 
partial differential equation to govern the changes of a new and important 
quantity f, ordinarily called the amplitude of the matter waves, together 
with boundary conditions which, in the case of conservative atomic 
systems, limit the allowed solutions to a definite set, each one being 
characteristic of an energy level of the atom. (When the energy levels 
are continuously distributed, so also are the wave functions.) Schro- 
dinger noted the important fact that the product of f and its complex 
conjugate (i.e., V, if i is real) obeys an equation identical with the 
equation of continuity. Accordingly, he interpreted H* as proportional 
to electric charge density. On the other hand, Born 1 advanced cogent 
reasons for believing that the function t is not a definite property of the 
individual atom, but that it determines the average behavior of the 
atom. The prevailing view is that 

f'iqi, ■ ■ ' - - ‘ 

measures the probability that the coordinates describing the structure of 
the atom shall . lie between q% and qi + dqi, qa. and + dq%, etc. In this 
expression, dv is a differential volume element and may be written in the 
form p(?i . . . q n )dqi . . . dq n . For example, in the case of plane 
polar coordinates., dv = rdrdd and p is simply r. This interpretation 
i Z. Physik, 38, 803 (1926) and 40, 167' (1927). 
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has led to a generalization of the Schrodinger theory, commonly referred 
to as the operator theory or transformation theory of quantum dynamics. 
Discussion of this theory is postponed to Chap. XVIII.. 


2. THE ANALOGY BETWEEN DYNAMICS AND OPTICS 
We shall now amplify the suggestion made in Sec. 1, that Fermat’s 
principle and the principle of least action have a common basis. About a 
century ago Hamilton showed that there is a close similarity between the 
laws of geometrical optics and those governing a particle in a conservative 
field of force. Let T, V, and E be the kinetic, potential, and total 
energies of the particle. Then, if we agree to consider only those motions, 
actual or imaginary, for which E is the same, the actual motion will be 
that for which 


1(E - vycds (8) 

is a maximum or minimum. (More accurately, the integral is station- 
ary.) This form of the general principle governing the motion of a 
particle is exactly similar to Fermat’s principle of least time in geo- 
metrical optics, namely, the actual ray between two fixed points is such 
that the time of passage of the light is an extreme. If ds is an element 
of the path of a light ray and M (a:, y, z ) is the refractive index of the medium, 
the velocity at x, y, z is c/p and an element ds is traversed in the time 
ds " i 

cT/T total time is obtained by integration and Fermat’s principle 
is stated by the equation 


r C yds 

«J — = °- (9) 

From equation (9) we can easily arrive at differential equations in the 
Hamiltonian form, to determine the path of a ray, just as Hamilton’s 
equations in dynamics determine the path of a particle. In Hamilton’s 
day it was customary to consider Fermat’s principle as an expression 
for the equations of motion of light corpuscles and to think of this prin- 
ciple as a mechanical explanation of geometrical optics. 

The ray method of geometrical optics breaks down when we deal with 
distances comparable with the wave length. Schrodinger introduced 
the idea that the failure of ordinary mechanics when applied to atomic 
systems is due to a similar cause; namely, our habit of thinking about the 
paths of electrons and nuclei, when perhaps we should focus our attention 
on wave fronts associated with those paths. As long as the path pre- 
dicted by mechanics has a radius of curvature large in comparison with 
the size of an atom we can rely on the results, but when this is not the case 
a new law must govern the phenomena. Such deviations from mechanics 
are analogous to diffraction in optics. 

Now the Hamiltonian equations for a system having n degrees of 
freedom differ from those for a single particle only through the fact 
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that there art* more* equations, two for each coordinate, and the optical 
analogue would he the propagation of a wave in space of n dimensions. 
Suppose we are dealing with a system of particles, m/3 in number, 
having masses m,, nh, , . . and Cartesian coordinates xi, .r. !f x 3 for the 
first particle; jr h .>•„ .r* for the second; and so on. It is convenient to 
adopt new coordinates A't, As, . . . , such that 

•* A'i, • • ■ (10) 


We shall refer to the space in which the .Vs are Cartesian coordinates 
as the rannlinnlf sjinrr or the He h rod in go r space. The square of tho 
element of length in this space is 


rf»* 


L’dAV 


/rfx,V m , (d**\ 

m \iu} dt + M \dt) 


dt* + 


- 2Tdt\ (11) 


The dynamical analogue of a light ray in this space is the path of a 
fictitious point having coordinates -Vi, . . . .Y„, the so-called “repre- 
sentative [mint " of a given dynamical system. The n-dimonsional 
velocity vector of this point has the components 

A'i • ’ 1 A'«> < 12 ) 

and its equations of motion are 

dX t dll dt\ <VI 

* S 88 ’***' _ , 1 

dt (V\ dt dA ( 

where /V *** A',. As we showed in {.hap. IV, Bee. ID, 

„ aw aw 

* «*— ft ms ■ » 

1 1 ax i at 


(13) 


where If is Hamilton's principal function, defined hy the equation 

IF - -FA + S(X, a), (14) 


H being the action function. By equations (12) and (14), we sec that 
the velocity is parallel to the normal to the surface, IF ** constant, for 
the direction cosines of the normal to this surface are proportional to 
aVF/dA'i, a\V/aXf, etc. It is natural, therefore, to suppose that surfaoes 
over which W is constant can lie utilised as wave surfaces for tho matter 
waves. Since IF depends on /, t iiese surfaces are in motion, and their 
velocity in the coordinate space is taken as the phase velocity of tho 
matter waves. We prove in Bee. 3 that this velocity is 


“ " [ 2 (F - F )!'-' 1 

The proof is rather complicated and at this stage 
to pass at once to Bee. 4 . 


(15) 

the reader will do well 


S. DETERMINATION OF THE PHASE VELOCITY 

It is necessary to consider in more detail the nature of the action function »S in 
equation (Hi. il depends on the coordinates and on n constants of integration, 
. n.j for brevity, wo indicate this by writing S{X, a), where X stands for tho 
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whole group of variables and a represents all the constants of integration. When we 
choose a set of a’s, we restrict ourselves to the consideration of a certain set of related 
paths in the X space, and of the surfaces normal to them. To*, make the situation 
clear, we consider the free motion of a single particle in ordinary space. The matter 
waves belonging to the particle are assumed to extend through the whole of a three- 
dimensional coordinate-space, in which each state of the particle corresponds to a 
certain position of the representative point. In this illustration, the position of the 
representative point is the same as that of the actual particle, so we may. as well talk 
of the representative point as a fictitious particle of unit mass. We take as rays the 
paths of a number of such particles, all moving parallel to each other with the same 
velocity. The wave-front surfaces for these paths are planes perpendicular to them. 
The “ energy” of one of the fictitious particles is 

II = -f p Y 2 + Pz 2 )j 


for there is no potential energy. The action is obtained by solving the Hamilton- 
Jacobi equation 

/ *\or\ 2 / *\cr\ 2 ' / *\ cA 2 

(16) 


Writing 
we find, 


(aMD , +(s) , -“ 


2 E = a x 2 -f- a Y 2 + a z 2 , 


S ~ a x X + ctyY + a z Z -}- const., 
W = -Et + S(X } Y, Z , a). 


(17) 

For a fictitious particle which has coordinates Xo, F 0 , Z g at time U, the W value will be 


W(X 0 , Y o, Z o, ot x , ay, a z , to) = Wo- (18) 

We now agree to consider a class of fictitious particles which have identical values 
of the a’s, for example, those for which a x — a, a Y — b } a z = c; and further, we 
restrict ourselves to those particles which have a common value of W, say Wo. The 
locus of all such particles at time U is 

W(X, Y, Z, a , b, c, to) = Wo. (19) 

Varying W 0 , we obtain a family of planes, over each of which W is constant, and all 
of them are perpendicular to a bundle of paths characterized by common values of the 
a s. As time goes on, these surfaces of constant W move; at any time t the surface 
for which W — Wo is given by 

W(X, Y, Z, a, 6, c,t) = Wo, (20) 

and it is still normal to all the paths considered, for the relations of equation (13) 
are always true. The surfaces thus selected are entirely satisfactory to serve as 
wave fronts of the matter waves. 

The argument given above applies almost verbatim to the general case. Given 
the function W(X, a, t), we assign particular values to the a! s, say «i 0 , a 20 , . , . etc. 
Then the equation, 

W(X, Oio, t ) = Wo, 

where W 0 is a constant, represents a moving locus of n — 1 dimensions. At any 
instant it is “perpendicular” to the paths of all representative points whose momenta 
are given by the relations, 

P _ dW(X, go, t) 
dXi 

The generalization to non-Cartesian coordinates is easily made by writing g* in place 
of Xi In this case, however, it is important to note that the p’s may not denote 
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velocity component 8, hut may represent angular momenta, for example. While the 
surfaces of constant W remain always perpendicular to the trajectories of the repre- 
sentative points, they do not always contain the name fictitious particles; for the 
particles themselves are moving at velocities different from those of the surfaces. 
The velocity of movement of the surfaces B r (A\ <*«, t) is obtained as follows. The 
equation, 



Consider the state of affairs when t *** fixing attention on the surface W**Ww 
Starting from a given point of this surface, and passing a distance dn along the normal 
in the direction of increasing W we arrive at a point eharaetemed by the value 


W m f n + dW 0 

where 

f/HT « igrad H'j • dn * [2 {E — V)] li *dn y (22) 

and the locus of such points is the surface Wo T dWo sat W. But from equation (17), 
after a time dt u , given by 

Edtn “ dW o 


the value of II* at every point, of t ho surface will have decreased to HV In other 
words, the surf act* \V ** IF«, has moved perpendicular to itself with a velocity at any 
point given by 

dn E 


dU [2 (ti ~NV)\h 


(23) 


It m important to remember that the potential energy of the system Is supposed to 
he a function only of the coordinates. When we pass to the consideration of the 
coordinate space, V may be considered as the "potential energy” of a "representa- 
tive a -dimensional particle/ 1 Now t his is the name for all representative particles 
of a given total energy regardless of the direction from which they come, there- 
fore, n is t iic same- for all wave fronts associated with systems of given energy E, 
at a given (sunt, regardless of their orientation. 


4 . THE EQUATION OF PROPAGATION OF MATTER WAVES 

In setting up the equation to determine the amplitude of the matter 
waves, we naturally utilize* tin* familiar propagation equations of classical 
physics. For elect romaRnctic waves in free space, for Hound waves 
when energy losses are neglected, or in a host of other cases, we meet with 
an equation of (he type 


av 

( I .)'' 1 


0 , 


(24) 


<I'V . dV ___ 1 dV 
Hi/’ 1 <)z‘ l n* <(/'• 

„ being the constant phase velocity of (he waves. Equation (24) has 
broad possibilities. It may happen that <p hears little resemblance to the 
usual idea of a “wave"; for example, it may be zero at a Riven point 
until time /, and unity thereafter. Hut. in general, equation (24) describes 
& propagation of the quantity *>. Thus it has the solutions. 

*• f(ax + PV "T 7* i: u 0 
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where a 2 + / 3 2 + Y 2 = 1 and the function / may be chosen ad libitum. 
This represents a disturbance moving along the line whose direction 
cosines are a, /3, y. Still more important, the equation has solutions 
which may be described as standing waves , formed by superposing two or 
more solutions which represent propagation in opposite directions. (Exam- 
ple, <p = sin (x — ut) + sin (x + ut) — 2 sin x cos ut.) 

Suppose that u is a function of the coordinates and possibly of time. 
If u does not change too rapidly when the coordinates or the time vary, 
it will be appropriate to speak of the state of affairs described by equation 
(24) as a propagation in an isotropic but inhomogeneous medium, that is, 
one in which the wave velocity varies from point to point but is the same 
for all directions at a given point. Generalizing to represent matter 
waves in the n-dimensional space of X’s, we shall assume the following 
wave equation: 1 ^ 


Assumption I: 

?■ a 2 ^ <9 2 f i a 2 ^ 

W + * * ' + ax? ~ °- 

Substituting the value of u into equation (25) we have 

Y d 2 * 2 (E - V) a 2 * 

Y dXi 2 E2 dt% ~ 


(25) 

(25') 


6. ELEMENTARY SOLUTIONS OF THE WAVE EQUATION 

The question is, what is the relation between the amplitude SI' and 
the phase W? There are solutions of equation (250 of the form 

W W 

SE" = cos 2i r-r- or Sl> = sin 2i r T ~, 
h h’ 

and more complicated solutions may be constructed by forming a 
trigonometric series composed of such terms. Then W/h is analogous to 
the phase of monochromatic light and resembles an amplitude. (Here h 
is simply a constant having the same dimensions as W } namely those of 
action, introduced to make the argument of the cosine a pure number.) 
However, it is usually more convenient to use the solution, 

Assumption II: 

* = ex P ( 2?r ^) = ’A 0*0 exp ( -**). (26) 

In this equation we may write 



so that W = — Et + S, but it must be understood that S is determined by- 
solving the differential equation, and is not usually 'identical with the 
1 More general wave equations will be introduced in Secs. 12 , 19 , and 20 . 
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action function of classical mechanics. Many authors use instead the 
relations 



t = exp 



The real part of both solutions is the same, but we shall consistently 
use the former. 


6. schrOdinger’s amplitude equation 


Substituting equation (26) in equation (25') and removing the factor 


exp ^ — 2iri^j, we obtain 

3V , av 

d'x? + aAV 


+ • * • + 


8t r 2 

~h* 


(E - V)\p = 0. 


(27) 


This is often referred to as the Schrodinger wave equation. It is funda- 
mental for all that follows. In the coordinates x h ... , equation (27) 
becomes 


i /av , av , a 2 A , l /a 2 f , a 2 ^ av\ 

»ii\a.ri 2 + d Vl * + dz?) + rn^dx? + 9yj + dz?) + ' ' ' 

+ ~V)t = 0 . (28) 


In problems dealing with only one electron, we write this in the form 

A* + ~{E - V)* = 0, (29) 

where Ai means ^ + | z f, and is read “Laplacian fi.” 

Assumption III. — Since i is supposed to represent a physical 
quantity which, in principle at least, can be measured, it must be finite, 
continuous, and single valued for all values of its variable which can actually 
occur in nature . 1 

It seems very reasonable, and indeed almost naive, to say a physical 
quantity cannot become infinite and must not experience discontinuous 
jumps in value. The requirement of single valuedness or uniformity 
means that <p cannot be a function like xM, with two values for each value 
of x, or sin -1 x, with an infinite number of values. Of course, the positive 
value of x Vi is single valued and could be used as a possible form for \p. 
This requirement seems obvious too. However, Assumption III is of 
the utmost importance, for we shall find that ^ can be finite, continuous, 
and single valued when, and only when, the energy E has the quantized values 
actually occurring in nature. When these conditions are satisfied we shall 
speak of t as an acceptable function. 

1 Strictly speaking, it is which can be measured. See Sec. 16. 
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Assumption III replaces the Wilson-Sommerfeld quantum conditions. 
While these older quantum conditions were arbitrary, assumption III 
appears in a natural way, we might even say a necessary way, being 
analogous to the boundary conditions in the problem of the vibrating 
string. It is surprising but true that the mere requirements of finiteness, 
continuity, and uniformity for xp determine uniquely the distribution of \p, 
corresponding to each allowed value of E . The actual numerical values 
of xp are not specified, for if S is an acceptable solution of the wave equa- 
tion, cS is also a solution, c being a constant. The size of xp will be 
determined by an arbitrary convention in Sec. 13. In the problem of 
hydrogen we shall find that xp will be acceptable if E takes the negative 
values — Rhc/n 2 , or any positive value whatsoever. The negative 
values of E correspond to the elliptic orbits of the older theory; positive 
values, to the hyperbolic orbits. This illustration shows that the values 
of E which give rise to acceptable xp functions may be distributed either 
discretely or continuously. Such an aggregate of E values is often 
referred to as a “spectrum of characteristic values,” or “proper values,” 
its parts being called the “discrete” (or “discontinuous”) and the 
“coStinuous spectrum.” Either part may be missing, depending on 
the nature of the problem. 1 

We must note an important special case of assumption III. If 
the system is periodic, the requirement of uniformity means that when it 
returns to its original configuration , xp must return to its original value. 
This suggests a way of avoiding a certain inconsistency. It may be 
objected against assumption III that an angular coordinate can assume 
infinite values, although the corresponding configuration remains finite 
and therefore measurable. In such a case, we simply require that xp is 
repeated when the configuration is repeated. Again, the Cartesian 
coordinate x may have infinite values; why should xp be restricted to 
finite size? The reason is that \xp 2 \ represents a measurable physical' 
property; while x does not when values approaching infinity are 
considered. 2 

7. THE RIGID ROTATOR WITH ONE DEGREE OF FREEDOM 

If (p is the azimuthal angle of a body rotating about a fixed axis, the 
moment of inertia being I , then 

T = y 2 i?* 

The German word for characteristic value is Eigenwert; the characteristic 
function xp n belonging to the Eigenwert E n is called an “Eigenfunktion.” We shall 
often use these words in English sentences without apologetic quotation marks. 

2 It is interesting *to note that Korn (R6sum6 and bibliography in Z . Physik, 44, 
745 (1927)) was led to consider equations of the same general type as those used by 
Schrodinger, in connection with his hydrodynamical theories of gravitation and elec- 
tromagnetic phenomena, many years before the application of such equations to 
atomic structure was undertaken. 
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and the element of length in the q space is 


ds 2 = 2 Tdt* = Id<p 2 . 


(30) 


Let I^ip be a new variable of dimensions M X AL, with respect to which 
the differentiations are carried out in forming A^. Since there is no 
potential energy, the wave equation is 


The solution is 
where 


dSf 8tt 2 ^ 1 dV Stt 2 ^ 

d(^V) 2+ ft* Id<p 2 ^ h 9 

\p = Ci'e*®* + C 2 e~^j 

„ 8t 2 EI 

a =-f~ 


0. 


(31) 

(32) 


If £7 were negative, the solution would become Cie~~ b<fi + c 2 e h(p j where b is 
real. If this is to be finite when <p — ± °o, we must have Ci = 0 and c 2 
— o. Therefore E must not be negative if we are to avoid a trivial solu- 


tion, and equation (32) can be recast in the form i p = A sin 


'8tt 2 £7\ 
h 2 ) 


H 

<P, 


or better, 


i p = A exp 


,/ 8 tt^JEIY ' 

Vvt*-) * J - 


(33) 


The requirement of single valuedness for P means that when the system 
passes through a cycle and regains its original configuration, i must 
return to its original value. The rotator repeats its configuration when 
<p increases by 2x; if f is to repeat its value the coefficient of <p must be 
an integer to; so 

E m = with to = 1, 2, • • • • (34) 


In the singular case E = 0, the solution of equation (31) is C i<p + C 2 . 
Since rp must be finite, even when <p is infinite, we must have Ci = 0, 
p = Cz. Therefore, the value to = 0 should be added. 

In discussing band spectra we have seen that formula (34) for the 
quantized energy levels of a rotating diatomic molecule is not applicable 
when to takes integral values; but half-integral quantum numbers are in 
good agreement with the empirical results. The difficulty arises from 
treating the problem in only one dimension. It is as though we were to 
study a problem in the three-dimensional motion of a fluid, on the false 
assumption ^hat conditions do not vary in a direction parallel to one of 
the coordinate axes. 


8. THE RIGID ROTATOR "WITH TWO DEGREES OF FREEDOM 

Supposing the rotator to be a “dumbbell” molecule, let d, <p be polar 
coordinates of the line joining the two nuclei. If the molecule were not 
rigid, we should have a problem involving six coordinates n, m 
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r 2j 0 2 , <P2, belonging, respectively, to the nuclei of masses mi, m 2 . But 
62 — 7T — $1) ^2 — 7T 4" <£l, 7*1 = V2 = 0, 
and from the definition of the center of mass, mi7*i = m 2 r 2 , it is easy to 
bring the kinetic energy to the form 

/(sin 2 di<pi 2 + 0*i 2 ) 


where I is the moment of inertia, miri 2 + m 2 r 2 2 . The coordinates used 
in calculating the Laplacian are J^i, and 7^0 1 . Dropping subscripts, 
the wave equation is 

1 d l . n d\p\ 1 dV , &t 2 EI\I/ 

- — ^ Sin ) + -r- - - 7, H To — = 0 . (35) 

sin 0 <90\ <90 J sin 2 0 d<p 2 /r 

We try the solution = 0 $, where 0 is a function of 0 alone, 
and <i>, of (p alone, and introduce a quantity j, such that j(j + 1 ) 

87 T 2 EI/h 2 . 1 Substituting this in equation (35), and dividing by 03>/sin 2 0 , 


— f sin 0 ~ 


sin 0 d 

e ' de' 


1 5 2 $ 

+ i(i + 1 ) sin 2 d + ^ — t = 0 . 


The first two terms are a function of 0 and the last term depends upon <p 
alone. The only non-trivial way in which a function of one independent 
variable can always be equal to a function of another is that each shall 
be a constant. Suppose that we set the last term equal to — m 2 . Then, 
d 2 $ 

4- m 2 $ = 0, $ = e im( <r~ a m>. 

d<p z 

The amplitude constant is omitted, being unimportant for the present. 
$ is finite and continuous as it stands. To make it a single-valued 
function of position we must make m an integer, or zero. Further, the 
first two terms of equation (35) must be equal to m 2 , and the equation 
for 0 reduces to 


iTnl ’ ^( Sin d fo) + [ jU + 1} ~ iSl ] 6 = °’ (36) 

Solutions which are single-valued as a function of the position of the molec- 
ular axis are denoted by 

t P 3,m(/^) 

where m = cos 0. Solutions having this property are obtained if we place 
j = 0, 1, 2 * • • , and if m is less than or equal to j. 

The functions, 

P 3 >(/i) cos nap and Pj, m {A) sin nap 

are called “tesseral harmonics. 7 ’ The functions, P 3tW (/x) are of the form 

(37) 

1 The method used here is explained in Jeans' “Electricity and Magnetism,” 4th 
ed,, p. 237, Cambridge Univ. Press, Cambridge (1920). 
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when* P 3 W 9ie jth polynomial of Legendre l not* Appendix IV), P t , m (n) in a poly- 
nomial in con 0, namely 


(2j)! Hin'"0j . 

, , vm> m 0 - 

2!0 ^ m)!l 

O' » 0 (j 
2 


- *>u - :? - u c«h- -• 9 


+ 


i) 

1 ) 0 ' - *« 


2 ) 0 ' 


<sy - i) w - 3) 


(*0H ; 


(3») 


It terminatoH when the ox potion t of em B in the lant form UooomoN one or ssnro. 


Thv Holutioii of equation (35) in, therefore, 

# - G* - PiMe iml * «"■*, (39) 

and in acceptable if j and m are integral numbers anti m ;g J. In thin 
solution, m plays a role* similar to that of t he equatorial quantum number 
in the space quantization of the II atom. The purely mathematical 
requirement that it shall be less than or equal to j is analogous to the 
concept of the older theory that mh/2w is a component of the total angular 
momentum jh / 2?r. Further, from the definition of j, 

« Jti + W* 

8 ,«/- ' 


(39a) 


a formula in good agreement with experiment,; for we have 
j(j + 1 ) “ (j + 1 'i) a - 1 .[ . 

Thin shown that the energy levels obtained in the analysis of a rotational 
band spectrum are all shifted by a small constant amount from the 
positions predicted by the older theory on the basis of half-quantum 
numlmrs. The constant shift dews not affect, the frequencies of the 
lines emitted (we however, ( 'hap. XII, Hoc. 4 ). 

This example illustrates a behavior frequently encountered in prob- 
lems of wave mechanics. It often happens that when we neglect to 
use the full number of degrees of freedom appropriate to a problem, the 
quantum numbers change from integral to apparently half-integral 
values, or vica wmt. It further illustrates a feature common to systems 
of rotating particles. If we were to take for 'k the values P,,»G u) 
cos (my>)r **'" or P/.»(m) sin (mp) <r* Ww , which also satisfy equation (30), 
the change of *k as times goes on would be a vibration rather than a 
rotation. Physical intuition leads us to use the solution of equation (39), 
for its real part, 

/*/,«( m ) cos (mip — 2 irvt), 

represents a rotating distribution of the ^ function, except, when m *• 0 . 
In many other problems the wave equation is such that ^ depends on the 
angular coordinates through the factor Pj,„(p)c im *. We wish to study 
the values which ^ assumes on the surface of a sphere of arbitrary radius 
as a funct ion of the polar coordinates 9 and <p. In the first place, we note 
that it will he soro at certain points or along certain curves, known as 
“ nodal points” or “lines.” This will occur whenever either Pi, m (n) or 
cos mp is sera. Now 00 s rmp is zero when m<p - t/ 2, 3r/2, > > • and 
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these nodes will lie on great circles of the sphere. There will be 0, 1, 
2 • • • such circles for m = 0, 1, 2 • • • , respectively. Pj.nM will be 



j=3 m-0 J=3 m=t) jz3 m-±2 j=3 m~±3 

Pig. 1. — Traces of nodal cones of the functions Pj, m (cos 0). 

zero when sin 0=0, i.e., for d = 0 and tt and this will occur at the 
poles of the sphere. It will ajso be zero at intermediate values of B 


N 






Fig. 2. — Polar graphs of (cos mtp\. 


dependent on both j and m, as determined by setting the expression 
in equation (38) equal to zero. We show these nodes for all possible 
steady states up to j = 3 in Fig. 1, The nodal lines are located similarly 
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on the surface of any sphere with center at the origin so that Y actually 
vanishes on the nodal planes, m<p = tt/2, etc., and On the nodal cones 
occurring at values of d which make P ? -, m (ju) = 0. To see how the 
function \ p varies between the nodes we show polar graphs of |cos m<p\ for 
different values of m at an arbitrary value of 6 (Fig. 2) and polar graphs 
of |P 3 *, m (/x)| for different values of j and m, for an arbitrary value of <p 
(Fig. 3). These represent the variation of the absolute value of \p along 
a circle of longitude and a meridian, respectively. In Fig. 2, the radius 
vector making angle (p with the horizontal intersects the curve at a 
distance from the origin proportional to cos mcp. Similarly, in Fig. 3, 
the radius vector making an angle Q with the vertical axis is proportional 
to Pj i?n (cos 0). 



j-2,m-0 j=2, m=±7 j=2 } m-±Z 

\l(3ca$ 2 9-f)\ \2sJnOcos&\ , \sin*d | 

F!G, 3. — Polar graphs of the absolute value of Pj,m (cos 6). 


9. THE LINEAR HARMONIC OSCILLATOR 

Let the oscillator have mass m and let the restoring force be pro- 
portional to its distance from the origin, so that its motion is simple 
harmonic. If the frequency is vo, the potential energy is 

V = 2wh ’fax*. 

The wave equation is 

dhp _ 2rr W^)i = o. (40) 

dx 2 h 2 

It is convenient to use a new variable 

* = 2x(-^y v 

The equation (40) becomes 



( 41 ) 
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Tlit* characteristic values of K an 1 obtained hy writing 

4> « r ri ■’//(<') (12) 

and assuming (hi* solution 


// 


X^ 

it 




Negative powwn of v art* not ih<*hnli*<l lH*nui»« 4 \\r *i***in* 4 tn } ir 
finite, continuoun, ami ningle valued whi n v ^ 0, Sulmhltifmg fhtH 
neriun in the differential equation, wt« uhlitiri the rerun « nr* furmiihi, 

Amt 2 n -f 1 - * . 2K 

4. " (a + 1)(» f 2)* *’ ’ " ” W (44) 

to determine (ho coefficients. Wi* ran show that ( la* series begins with 
either .4„ or A t v. Suppose that l hi* solid nut dot** nmt am a Unde munlier 
of negative powers of i*. Thi* recurrence formula t* not changed hut tfie 
solution is no longer finite* at t- «» 0. 1st its seek for a particular value) 
of the running subscript n such that A,,, is not »*ro, but all the preceding 
coefficients, A /tl , A h 4,_,, , . . arc zero. The recurrence formula 
shows that 

( j f l)(j i 2) - (». 

Thus the subscript ) must Is* either - 1 or -2, and the first mm* vanishing 
coefficient .1 , , „ is either 4» or 4,, When it is ,1 ,, then front equation 
(44), 4j «■ 0, At «• 0, • • • > When it is .4 then since ,4 , is zero hy 
supposition, equation (44) shows that .4, - (», A, » (I, • • ■ . That is, 
the series for // is either even or odd 

Now the relation, equation (4 It, is such that r *’ 3 // will not converge 
when v —* w, if // contains an infinite nuinls*ruf terms. In order to keep 
4* finite, we must choose » in such a way that the scries fur // conies to an 
end. This can be done by choosing 

2K 


Thus, if » * 1 , we have 


/o»,, 


•* I, 14, 5, 



and the even solution terminates and leads to a finite value of & Quite 
generally, if * is one of the integers l, f», fi, . . . we get an even solution 
which satisfies all the requirements, and if « is ,’4, 7, II, , . . we get an 
odd solution. Thus the energy levels of the oscillator are 

E h m ( n T * 2 )Asn. (45) 

I his formula deviates from that obtained hy the old quantum mechanics, 
and shows that the oscillator possesses energy when in its lowest quantized 
state.. Corresponding to each value A’,, there is an appropriate 4 
function, <£„. If we think of yt n as a wave amplitude, an oscillator in the 
nth quantum state is represented by a stationary wave extending along 
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the i>-axis from — °° to + 00 • The graph of its amplitude at any time is 
obtained by multiplying every ordinate of the curve $ n (v) by cos 2rvt, 
where v = (n + %)v 0 . The formula for the characteristic functions is, 

fn(v) = e - ® 2 / 2 • H n (v) = . H n (2w\/nv a /h • x). (46) 

The polynomial H n (v) is called the “rath Hermitian polynomial,” after 
its inventor, Ch. Hermite. The values of the first few polynomials are 
H a = 1, Hi = 2v, H 2 = 4y 2 - 2, H, = 8y 3 - 12», 

Hi = 16y* - 48y 2 + 12, = 32y 5 - 160t> 3 + 12(h). 

In general, 

H n (v) = (2v) n - n(w ~ 1) (2y)'- 2 + 

n(n - l)(ra - 2)(n - 3) (a>) ._ 4 + . . . . 

The graphs of the functions \f/ 0 , . . . , are shown in Fig. 4, after 
Schrodinger. 1 Beyond the range shown, they approach the y-a^is. 



As plotted, they have been multiplied by the normalizing factor, 
7r -j42“ n / 2 (n!)‘"^. (See however, Chap. XVII, Sec. 21.) 

The result can be extended to two or more coordinates, if the classical 
frequencies of the separate coordinates are not the same. In place of 
equation (40) we have 


Letting 
we get 


«V ,3V ,'Sir 

dx* ^ dy 2 ^ W K 


2w Z P 9 2 IJLX 2 — 2TT 2 V v 2 IJLy 2 )\p — 0 . 


1 P(x, y) = X(x)Y(y) and E = E x + E y , 
Sir 2 fi 


X" + 


h 2 


(. E x - 2t 2 v x 2 ixx 2 )X = 0 , 


and a similar equation for F, containing E y , p, in place of iS*, p x , a;. 

Then the allowed values of E are 

E np = (n + H)^ x + (p + H)hy v , (47) 

where n and p equal 0, 1, 2, . . . If 

v = x and w - 2tt^—^ 2 /, (48) 

1 Naturiviss,, 14 , 664 (1926). 
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then corresponding to each pair of values of the integers n, p we have 
a possible state of oscillation with the amplitude, 

• 0 v 2 + w*y 


tnpix, y) = Hn(v)H p (w ) exp 


and 


(49) 


= ipnp exp 


/ -2wiE np t\ 

V A" / 


As we should expect, there is a double infinity of allowed states, corre- 
sponding to the presence of two adjustable parameters E x and E y in the 
equations for X and Y. Difficulties arise if v x = v y . In this degenerate 
case we can obtain a set of values of \p which differ from equation (49), 
for the wave equation can be separated in polar coordinates. It is, 


dip 


1 d 

r dr dr) dd\ 

Letting \p — R(r)Q(6), it is found that 


, ±(1 dA 

* Q \r dd) 


+ ^ E 


2tW^ z )^ 


= 0. 


(50) 


0 = exp ikd, k = 0, 1, 
The equation for R is 

*" + ? + 


8tt 2 h 


(E — 2ir 2 v 0 2 /ir 2 ) 


W 

r 


R = 0. 


(51) 


Without solving this we can see that the \p functions derived from it 
are not identical with equation (49). The loci on which yp np {xy) is zero 
are the lines parallel to the y-axis on which H n (v) vanishes, and those 
parallel to the 3-axis on which H p (w) vanishes. On the other hand, the 
real part of 0 vanishes where cos kd = 0, i.e., on certain radii through 
the origin, and R = 0 on circles having their centers at the origin. It is 
interesting to note that each function, \p np (xy), can be constructed 
from an infinite number of the solutions RQ, and vice versa . 


10. AN EASY RULE FOR OBTAINING THE WAVE EQUATION 

In curvilinear coordinates, the expression for A \p may become quite 
complicated (Appendix VII), so it is very convenient to have a rule by 
which the wave equation can be written down at once when we have the 
Hamilton- Jacobi equation. An examination of this equation (Chap. IV, 
Sec. 10) and of A \p shows that the following rule holds true: 

In the Hamilton- Jacobi equation , expressed in rectangular coordinates, 
3i, 3 2 , etc ., transpose all terms to the left and remove parentheses or irra- 
tionalities by performing all indicated operations , so that each term stands 
by itself. Replace 

dTV, h d 

<52) 

The resulting expression is a, differential operator. Apply this operator 
to \p and set the result equal to zero. This is the wave equation. 

The restriction, to rectangular coordinates is essential. There has 
been some confusion in regard to this matter in the literature. Podolsky 
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(Appendix VII) has discussed and clarified the points at issue and has 
stated the appropriate procedures for writing out the wave equation in 
coordinates of any kind whatever. 


To illustrate equation (52) we shall apply it to the linear oscillator, for which 

(S ) 2 + W-*)-o. 


We remove parentheses, writing 

dW dW 
dx dx 


-b 2 m{V - E) = 0. 


We replace dW/dx by (h/2Tri)(d/dx). Of course they are not equal. The replace- 
ment is simply an arbitrary method for getting a desired result. Then, applying the 
operator thus formed to i A, we get 


This means, 


(Jl JL\ ( A. A \ 

\2i ri dx) \27ri dx) 


\p — 2m(E — V)\p — 0. 


hi dhp 

4tt 2 dx 2 


+ 2 m(E — V)p = 0, 


which is the wave equation. 


11. ENERGY LEVELS OF HYDROGEN 

Ruark, 1 and Vrkljan, 2 independently, have given an easy method 
for finding the energy levels of hydrogen and the former author has 
also obtained its Zeeman and Stark effect levels. 3 The virial theorem 
tells us that in a hydrogenic atom, 

T = = -E, (53) 


where bars denote time averages. Now for the circular orbits of the 
atom, the actual kinetic and potential energies are the same as their 


average values, so 



(54) 


a being the radius of the orbit, 
from the equation 

vJL 

2ma 2 


We use equation (54) 
= -E, 


to eliminate a 
(55) 


obtaining 


Z 2 e 4 m 

+ .~2E~ 



(56) 


i J. O. 8. A., 16, 40 (1928); Phys. Rev., 31, 533 (1928). 

* Z. Physik, 62, 735 (1928). ' . 

3 Xhe method used can be applied only when we know from other considerations 

that p contains a factor of the type exp in<p, where <p is an angle variable, and 
when the problem can be reduced to a single degree of freedom, so that the equation 
for the part of P, depending on <p, has the same form as the wave equation of the one- 
dimensional rotator. For this reason, the procedure does not give the complete 
expression for p, but only the factor which depends on the single independent variable 
appearing in the wave equation. 
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This is an equation of Hamilton-Jacobi type, and the wave equation is 


d 2 \p , 2 

3? + tV 


0 , 


2ir 2 me 4 Z 2 


(57) 


We exclude the value k = 0, for if ft = 0, the energy becomes infinite. 
The number k is to be regarded as the total quantum number, which 
happens to be identical with the azimuthal number Jc of Chap. Y when we 
consider circular orbits. The use of only one degree of freedom leads to the 
right energy values, but the wave functions are not quite correct. When 
k is real, but not zero, the solution is F exp ikcp , F being the part of \p which 
does not depend on <p. In order that \p may return to its original value 
when (p increases by 2tt, k must be a positive or negative integer. If 
positive values of the azimuthal number correspond to an atom rotat- 
ing clockwise about the Z-axis, negative values correspond to counter- 
clockwise rotation, so we see intuitively that a negative 7c- value must 
give the sameU as the corresponding positive k- value. Therefore, we 
consider only the positive values of k. These give the Balmer formula, 
when we solve equation (54) for E. The correction due to motion of 
the nucleus is easily obtained; equation (56) is replaced by 


PY + 


ZV/x 
2 E 


= 0, 


(58) 


where = /xa 2 £> , /x is the reduced mass, and a the distance between 
electron and nucleus. The proof is the same as above, and we obtain the 
Balmer formula with ii in place of m, in agreement with the results of 
Chap. 5. Similarly, the energy levels corresponding to elliptic orbits 
can be obtained by starting with E = — Rh z c/J 2 , in place of equation 
(56), where J is a momentum variable conjugate to an angle variable w. 
Then J — dS/dw, and the wave equation is gotten by replacing J with 
h d 

2ri dw ’ ener gy l eve ls corresponding to the circular orbits of an 


electron with variable mass can be obtained by similar methods, 
can show that 


where 



We 

(59) 

( 60 ) 


Proceeding as 
(57), where 


before, the wave equation takes the form of equation 


4tt 2 ZV 
hV( 1 - AY 


( 61 ) 
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h must be an integer, and on solving for A we find an energy formula 
which agrees with equation (34) of Chap. V. 

To obtain the energy levels in a magnetic field we consider the equation 


A E 
~ 2; tL’ 


(62) 


which is derived in Chap. V, Sec. 11 . A E is the alteration of energy due 
to the field and L the frequency of the Larmor precession, while p v is the 
component of angular momentum parallel to the lines of force, as seen 
from a system of axes rotating with the angular velocity 2ttL. In the old 
quantum theory we would quantize at this point to obtain the allowed 

values of A E. In the new theory, we replace p v by ~ , and form the 


wave equation 


h dik _ A EV 
2wi d<p 2 tL 


(63) 


The solution is F exp irrup, where mh = A E/L. To make this solution 
have the same period as the corresponding classical motion of the electron, 
m must be an integer. If m = 0, ’k does not depend on <p, and A E = 0. 
Thus we arrive at energy values identical with those of the classical 
theory. 


12. A GENERALIZATION OF THE WAVE EQUATION 


In our illustrations of quantization by wave mechanics, we have used 
equation (28) which is derived from the more general equation (25') by 
assuming that its solution is of the form of equation (26). With this 
restriction, we can obtain an acceptable solution d>i of equation (25'), 
if we make E = Ei) an acceptable solution ^ when E = E 2 ; and so on. 
But of course SEq will not be an acceptable solution if E takes any value 
except Ei, SEq is not an acceptable solution if E is not E%, and so on. 
We now attempt to find a linear equation which will be satisfied by all 
the functions ^ n , regardless of the value of E. An equation of this kind 
can be constructed in a variety of ways but we shall discuss only one of 
these, devised by Schrodinger. His procedure consists in eliminating E 
from his wave equation (28), by the use of the equation, 


which holds when we 
From equation (64), 


SE f = exp 


e 


- 2i riEt\ 

-r~r 


(64) 


deal with solutions of the type of equation (26). 


d'k 

to 


2-iviE'S' 


Substituting E from this relation into equation (28), we have 


A* 


8t 2 

W 


V* + 


47 ri d , 5 r 

T ~to 


(65) 
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Similarly, the complex conjugate of Ar obeys the equation. 


8x 2 

A** - 


4ri dAr* 
h dt 


= 0 . 


[Chap. XV 

( 66 ) 


where the independent variables of AAr are those used in equation (27). 
Since equation (65) is independent of E, it holds true whenever equation 
(28) is satisfied. Of course, if SV is any acceptable solution of equation 
(28), it retains this characteristic when considered as a solution of 
equation (65). Further, since equation (65) is linear, a sum of 
eigenfunktions such as 

* = Sc*, = ^c n f n (E n , x ) exp — 2 ^~ E - (67) 

n n . 

will also satisfy it, where c n may be a constant or a function of any par- 
ameters, but not a function of the q’ s, or of t. Because of these broader 
possibilities, we take equation (65) as fundamental , replacing equations 
(25') and (28), and shall consider all of its acceptable solutions as possible 
value of Ar. The physical significance of equation (67) is discussed in 
Secs. 14 and 16 . 


13. THE NORMALIZATION OF V 

Before proceeding further, we find it convenient to adopt a definite 
convention in regard to the magnitude of Ar; for if we multiply any 
solution of Schrodinger’s equation by a constant, the result is also a 
solution. First we take the case of a single characteristic function, Tv* 
The convention used is a familiar one in the study of differential equations, 
namely, 

= J \\p m \ 2 dv ~ 1 , ( 68 ) 

the integral being extended over the whole of the coordinate space speci- 
fied by equation (11); dv is the element of volume in this space. When 
this condition is satisfied we say that \p m is normalized. It will do.just as 
well to write 

SVn&m*dv =1, (680 

for = fcexp •(z^Ay n * exp {~~A\ = ■ That 

is, when. \fr m is normalized, 1 i r m enjoys the same property, for the absolute 
value of the time factor is unity. A simple illustration is the normaliza- 
tion of exp imp, the wave function of the one-dimensional rotator. Let 

im = c m exp im<p (69) 

where the constant c m is to be so chosen that equation (68) is true. Then, 
remembering from equation (30) that 

dv = I*d<p, 

we have 

/*2x 

P A c m c m *J^ exp imp exp (- im<p)d<p = 2rc m c n *r A = 1, 
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so we must have |c m | 2 = 1/2 vP*. Any value of c m satisfying this will be 
satisfactory so we take 

r, m = (At 2 I)-' a , 1 pm = (Jar 2 I)-' A exp imp. (70) 

The function (46) must be multiplied by x-M2- ,l / 2 (n!)-^ in order that 
it be normalized with respect to v as an independent variable. (However, 
see Chap. XVII, Sec. 21.) Thus the functions plotted in Fig. 4 are 

We now prove that in non-degenerate systems, the ^-functions 
belonging to the discrete energy values are orthogonal to each other; 
that is, whenever to is not equal to n, 

Jimin*dv = 0. (71) 

Thus, in the example above, 

exp [i (to — n)(p]dip = 0, 

if m n- Multiplying the wave equation for i m by in*, we have 

in*Mm + — (B m - V)imin* = 0 

and multiplying the equation for in* by i m , 

imk-in* + "j~i(En ~ V) imin* = 0. 

Subtracting, and integrating over the whole coordinate space, 

J* ^in*Aim — imAin* + ~ E n )i mi n*^Jdv = 0. (72) 

We now transform the first two terms into- a surface integral by the 
aid of Green’s theorem. 1 This surface integral vanishes, as we can see 
from the wave equation. For example, consider a case in which the 
coordinate space extends to infinity, and in which V = 0 at infinity. 
The nature of the wave function at infinity is ascertained by leaving V 
out of the wave equation. It behaves like exp (-oar), where a is real and 
positive because we have restricted the discussion to the discrete energy 
spectrum. On carrying out the integration, we find that the surface 
integral vanishes. In all cases in which this occurs, we have 

J(£ m - En)i m in*dv = 0, 

and since we are dealing with a non-degenerate system E m ^ E n , so that 
equation (71) must be true. The same proof will apply to a degenerate 
system as long as we deal with energy levels which do not coincide; but 
when E m = E n , we proceed as follows: Suppose there are r distinct 
functions i„x . . . imr which are acceptable solutions of equation (28) 

1 Jeans, “Electricity and Magnetism.” 4th ed., p. 156, Cambridge TJmv. Press, 
Cambridge (1920), 
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when E = E m . We introduce r new functions F m j defined by the 
relations 


Pml — kll^ml + ki2\p m 2 + * * * + k\ r \p mr 
F — kjiXpmi + kj2\p m 2 + * * * + kjr'Pmr 
and seek to determine the k’s in such a way that • 


!F m JF m *du - 0 (73) 

wherever p is not q. The equations (73) are fewer in number than the 
k’s, so they can be satisfied in an infinite number of ways. We shall always 
suppose this has been done, so that in all problems the \p’s are normal 
and orthogonal. 1 Sets of normal orthogonal functions which are impor- 
tant in atomic physics are described in Appendix IV. 

It is also convenient to normalize the sum of characteristic functions 
occurring in equation (67) . That is, having arranged that equations (68) , 
and (71) hold true for the individual functions Sf n , we require that 
1 = 

= (74) 

n p 

Since the last integral is zero unless n = p, in which case it is 1, we get 

= 1. (75) 

n 

We can easily show that if equation (74) is satisfied at a given instant, 
it is true at all other times. Multiplying equation (65) by 4'* and 
equation (66) by 'I', and subtracting, we have 

- + *"!* = !(***)• # (76) 

Integrating, 

- (** A * “ ** *dv . (77) 

Transforming the first integral into an integral over the boundaries of the 
space by Green’s theorem, we find it is zero, for the reasons mentioned in 
connection with equation (72). Now is a function of t alone, 
for the coordinates disappear in the integration; so its partial time deriv- 
ative is identical with its total time derivative, and it is constant with 
respect to time. 

In writing down the solution, equation (67), of the wave equation 
(65), we have not included characteristic functions corresponding to 
energy values which are distributed continuously, for reasons of con- 
venience. We shall say that such characteristic functions lie in the 
continuous spectrum, meaning by this the “spectrum” of energy values. 

1 A method of finding the functions F mj is given in Covrant-Hilbert’s “ Methoden 
der mathematischen Physik,” Vol. 1, p, 35, Springer, Berlin (1924), 
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If we write i(E, x) for such a function, then \p(E, x)dE is a solution of the 
wave equation, where dE is infinitesimal, and the sum of any number of 
such solutions, each multiplied by an arbitrary function of the energy, 

' C(E), let us say, will also be a solution. Therefore, we must add 

\C(E)i{E, x)dE (67 a) 

to the right side of equation (67) in order to get a more general wave 
function. Ordinarily, we shall use only the solution of equation (67) 
in the remainder of this chapter, to shorten our equations. In Chap. 
XVIII, on the other hand, where we are concerned mostly with problems 
of aperiodic motion, such as that of a free electron, nearly all the formulas 
will be written without including discrete wave functions. 

We must now set up a more comprehensive normalization and 
. orthogonality equation. If 1 p n is a wave function of the discrete spectrum 
and i h is one belonging to the continuous spectrum, then we can prove 
that 

rE + ae \ 

‘ ‘ (71a) 


/ in(£ +AE ^*dE)dv = 0 , 


and that 


E-\-AE 

\j/ E dE 


E'-\-AE f \ 

xf/js^dE' \dv — 1 or 0, 

] E' ) 


(68a) 


lim AW 
AE—+0 AiK 

according as AE and AE' do or do not overlap. This rule may be replaced 
by the equation 

+**{fr ^* dE ) dv = 5( - e ’’ ae ">> (m) 


where S(E', A E) equals one if E' lies in AS, and equals zero otherwise. 

The application of equation (68a) often leads to rather complicated calculations 
and we shall confine ourselves to one simple example. The wave function for a light 

! 2riEx\ 


); the 


quantum moving parallel to the a-axis ‘may be taken as C exp ^ ^ 

element of volume in the g-space reduces to dx, as we can show by considering the 
definition of ds implied by equation (25). We have, 

(•E+AE 


The integral 


L 


X 


B 
E+AE 


B he T /2tHAEx\ ^ 1 

UdE = C^M[ex p {-fo-) ~ 1J- 

\pB*dE is t]ae conjugate of this expression, and their product is 

_ cos “Y We now integrate this with respect to x , from 

2ir 2 x 2 y he J 

minus infinity to plus infinity. The result is CC*hcAE. Dividing this by A 2£, we 
must set the result equal to unity, by equation (68a), so that we have 


Id 2 = 


he 


The phase of C is unknown, and may be set equal to zero. 

* - {IT -- v 


Finally, 


exp 


\ he J 


1 WBTL,.Mofh. Arm., 68 , 220 (1910); Fxtes, Ann. Physik, 81 , 281 (1926), 
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14. SCHRODIN GER’S INTERPRETATION OF CHARGE AND CURRENT 
DENSITY IN TERMS OF T 


In Sec. 1 we mentioned the theories of Schrodinger and of Born 
as to the physical interpretation of For reasons soon to be explained, 
we shall refer to these two theories as the hydrodynamical and the sta- 
tistical interpretations of quantum dynamics. Schrodinger’s idea that 
'S n 4 r * represents charge density, leads easily and directly to methods for 
computing the polarization and relative intensity of spectral lines, and 
for this reason we shall use it in some of the illustrations which follow. 
To avoid complexity, we begin with the problem of one electron, and shall 
use Cartesian coordinates. Schrodinger’s first attempt at a physical inter- 
pretation of 4 rl was to the effect that 4 (ddSi*/dt is proportional to the 
electric charge density, and was soon rejected by him. He then found 2 
four functions of 'T and SF* which possess a property characteristic 
of charge density and the three components of current density. If we 
call these four functions .p, s x , s v , and s z , then 


dp _j_ ds * I ds v , ds„ n 
dt + dx + dy + dz 0 


(78) 


which is the familiar equation of continuity, expressing the fact that 
electric charge is neither created nor destroyed but simply flows from 
place to place like a perfect fluid. It is for this reason that Schrodinger’s 
theory is referred to as the hydrodynamical interpretation of wave 
mechanics. The four functions occurring in equation (78) are 


and 


p = e TT* 


(79) 


(, 


eh 


\4irim 


X 


\]>* 


d* 


dx 


- V 




dx 


(80) 


with similar equations for s„ and s,; e is the total charge of the particle. 


To prove that p, s x , etc. can have the forms of equations (79) and (80), 


we note that equation (76) can be written 


dt 


0&T*) = 


— h 


4 nm 


d* 


—( 

d£\. dx 


- ^ 




dx 


+ ■ 




Sfr*— - — 


ask*\ 


dy \ dy 


dy ) 


+ 


(81) 


which is identical in form with equation (78). The introduction of t 
can be justified as follows: because the attracting center (the nucleus, 
for example) is assumed to be at rest, its contribution to the ik function 
is suppressed, and fpdv must be equal to the charge of the particle; 
that is, 

e = e/SE r< Sr*dv, 

which is verified because SF is normalized. It is easily seen that 
1 Ann. Physik, 79, 734 (1926). 
a Ann. Physik, 81, 109 (1926). 
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SI'* 


r <^>* 


dx 


SI> V - is a pure imaginary, for, if we write the first term 
dx 


in the form a + ib, the second is a - ib. 
current density are real, and p is also real. 


Thus, the components of 


15. SCHRODINGER’S THEORY OF RADIATION FROM AN ATOM 

Schrodinger assumed that the radiation from a system with three 
degrees of freedom is to be obtained by computing the classical field which 
would be emitted by the charge and current distribution specified in equations 
(79) and (80), in accordance with Chap. VI, Sec. 1. If T is of the form of 
equation (67), the expression for the electric moment will contain sine or 
cosine terms which give rise to the emission of frequencies corresponding 
to quantum jumps between all the states whose eigenfunktions occur in 
equation (67). Thus, if 

= ciT'i + c 2 T 2 , 

then 

SH'* = CiClVllAl* + C 2 C 2 *^2^2* 

-i 

t 


+ CiC 2 Vi^2* exp 


+ c 2 ci*^i* exp 


— 2iri(E\ — ^ 2 ) 

— 27ri(E2 “ E\) 


Now the coordinates of the electrical center of gravity of the p distribution 

are , 

x - !£££, etc. (82) 

j'S'<S'*dv 

By equation (74), the denominator is unity, and so we shall write 

x = fx'V^dv, etc. (83) 

Substituting the above expression for W* in equation (83), we see that 
the electric moment will contain constant terms, which contribute 
nothing to the radiation, and periodic terms with the frequency r(12). 
More generally we have r 

. t 


= CjCk* exp 

3 k 


— 2ni{Ej — Ek) 


h 


(84) 


where j and k both vary from 1 to « . The frequencies occurring in the 
electric moment are therefore given by E - E k = hv(jk) so that the 
emission frequencies are dijf erences of the motional frequencies of the matter 
loaves, analogous to beat notes in the case of sound. If T reduces to a 
single term, let us say 

T = c n * n , 

which means that only one “overtone” of the matter waves is excited, 

then we have fR « 

O = 6C«CnV«^n*. too.) 


p = fCnC n *M«*- 
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In equation (84), determines the amplitude of the emission 
frequency v(jk), and c 3 * and Ck may be thought of as measuring the strength 
of excitation of components in the \p waves having frequencies E 3 -fh 
and Ek/h, respectively. On this interpretation, however, each atom may 
radiate several frequencies simultaneously, and the relative intensities 
of its spectral lines would depend on the values of the c’s. Further, 
the relative intensities of the spectral lines emitted by an aggregate of 
atoms will depend on averages of the c’s, and of products and powers 
of the c’s, for all the atoms, as well as on the phases of the contributions 
from the individual atoms. If the consequences of this view are con- 
sistently followed out, one arrives at results which do not agree with 
experiment (Chap. XX, Sec. 1), so that we have good reasons for inter- 
preting the c’s in another manner introduced by Bom. This interpreta- 
tion forms the basis for the statistical theory of quantum mechanics, 
and will now be explained. 

16. BORN’S INTERPRETATION OF SF 1 

In Chap. Ill, Sec. 13, we explained that the theory of light quanta 
and Maxwell’s theory of light can be synthesized into a consistent body of 
truth if we assume that the electromagnetic field serves as a “ ghost field” 
or “ guiding field,” which determines the probability that a quantum 
shall take a certain path. In fact, at any point x, y, z, E 2 (x, y, z)dxdydz 
is a measure of the number of quanta which are located in the volume 
element dxdydz. The idea suggests itself that when we are dealing 
with an assembly of electrons far enough apart so that the inter- 
action is negligible, the function T n P*(a;, y, z)dv is equal to the fraction 
of the electrons which have coordinates lying in the volume element, 
dv, of the Schrodinger space. As in Sec. 2, dv equals m%dxdydz. More 
generally, if we are dealing with an aggregate of independent systems 
described by coordinates^, it is assumed that 4>4>*(gi . . . q n )pdqi . . . 
dq n is the fraction of the systems having their coordinates in the ranges qx 
to qi + dqi, * • * q n to q n + dq n , where pdqi * • * dq n is the volume 
element of the Schrodinger space. This expression is said to be the 
probability that a given system shall have its coordinates in the range 
specified. For brevity, we shall often denote it by P(q)dv where q stands 
for the group of coordinates qi . . . q n , and shall also use the notation, 

Pnm = (86) 

If SF is of the form of equation (67), then in accordance with equation (74) 
it is so normalized that JPdv is unity, as it should be. Further, if N 
is the number of atoms in the aggregate, 

NjPdv = N 2c n C n *f SF n < $r n *dv = MSCnCn*, 

iZ. Physik, 37, 863j 38, 803; and 40, 167 (1926), 
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by equation (75), which we interpret as meaning that the number of 
atoms in the nth quantum state is 

Nc n c n *; (87) 

and further the number in the n th quantum state having coordinates 
in the element dq i . . . dq n will be 

NCnCn^r&nHv. (88) 

This interpretation of the c’ s and of T leads easily to a host of interesting 
results. The function \p is no longer characteristic of a single atom, but 
describes the statistical behavior of an assemblage. For example, the 
electron of the H atom can be anywhere with respect to the nucleus, 
and from equation (88) the probability that it be in a given element 
dx y dy, dz when the atom is in the nth quantum state is 

'h n < & n *dv = P nn dv. (89) 

It is satisfactory to find that P nn is very small outside the region which 
we should expect the atom to occupy on Bohr’s theory, when it is in 
the nth state. 

17. SELECTION PRINCIPLES, POLARIZATION RULES, AND SPECTRAL 

INTENSITIES 

Whether we speak in the language of Schrodinger or of Born, the 
analytical apparatus for computing the intensity of a spectral line is 
assumed to be as follows imthe one-electron problem: 

We calculate a quantity which is analogous to the ^-component of 
the electric moment of an oscillator on the classical theory, namely, 
M v (nm) = ejx\p n *\l/ m dv exp 2? nv(nm)t 

+ ejx\p n \l/ m *dv exp ( — 2 7riv(nm)t)> (90) 

and similar expressions for M y (nm) and M z (nm ). M x (nm) is real 
because the second term is the conjugate of the first. If it happens that 

Sx\ls n *4'mdv = 0, , (91) 

then there is no term in the ^-component of the electric moment with 
frequency v(nm), and we should expect no radiation of that frequency 
polarized parallel to the £-axisj thus we can arrive at a selection principle 
by determining under what conditions equation (91) will vanish. Also 
the polarization of the line v{nm) is determined from the values and 
relative phases of M x (nm), M y (nm), and M s (nm). According to Schrod- 
inger 1 and Eckart, 2 the intensity t)f the line v{nm) is determined as 
follows in close analogy to the corresponding computation in classical 
theory (Chap. VI, Sec. 1). The instantaneous rate of emission of energy 
with the electric vector parallel to the £-axis is proportional to 

I x = — 3 [2irv(nm)] 4 \M x (nm)\\ 

i Ann. Physih, 79, 734 (1926). 

* Phy$ % ^., 28,711 ( 1926 ). 


(92) 
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Similar equations hold for the energy radiated with electric vector 
parallel to the y - and z-axes. We are now prepared to illustrate these 
equations by applying them to the one-dimensional rotator, which is 
chosen because it is the simplest example available, although it is not 
strictly correct to use it in computing radiation intensities in three- 
dimensional space. 


18. SELECTION PRINCIPLE, POLARIZATION RULE, AND INTENSITY 
COMPUTATIONS FOR THE ROTATOR 

For the one-dimensional rotator, by equation (70), 

\p m = (47 r 2 /)-^ exp inupj 

I being the moment of inertia. We assume that <p is measured positively 
in the xy plane, so that the ^-component of electric moment is zero. 
Neglecting time factors, the ^-component of the center of gravity of the 
charge consists of terms of the type 


x{nm) 


« J x\f/ n *\// m dv = exp ~~ n)<pd<p, 


since dv = I^d<p. Now let the rotator consist of a charge e moving on a 
circle of radius r. We have 

T 

x — r cos (p = ^ [exp i<p + exp (—£»] 


y = r sin cp = ^ [exp i<p - exp (-*»], 


exp (m ~ n + 1 )i<pd<p + J exp (m — n — 1 )i<pd<p 


so 

x (nm) = £[ J< 

y(nm) = £lf' 

The integrals extend from 0 to 2?r. In equation (93), the first integral 


exp (m — n + 1 )i<pd<p — J exp (m — n — 1 )i<pd<p 


( 93 ) 

( 94 ) 


vanishes unless 

m — n + 1 = 0, 

when it equals 2t ; and the second vanishes unless 

m — n — 1 = 0, 

when it equals 27r; so we find that 


x(nm) = ~ when n — m ± 1. 


( 95 ) 


Similarly, 

and 


y(nm) = ^ when n = m + 1 


T 

= — ^when n = m — 1. (96) 

Further, letting x(mn) = jx\l/ m *\p n dv, we see that x(nm ) and y(nm) are, 
respectively, the complex conjugates of x(mn ) and y(mri). Thus we see 
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that M x (nm) and M y (nm) are zero except when Am = ±1; the selection 
principle for the rotator. 

Let us now study the polarization of its radiation. To do this, 
we need the values of M x (nm) and M y (nm). Referring to equation (90), 
and using the values given in equation (95), we have 


M x {m - 1, m) = ^ + e 2 ™ (m-1 ’ m)t ) = (97) 

* er cos 27 rv(m — 1, m)t , 

M x (m + 1, m) = er cos 27n> (m + 1, m)t. 

Also remembering that i = e* i/2 , we find with the aid of equation (96) that 
M y (m — 1, m) = — er sin 2irv(m — 1, m)f, 

M y (m + 1, m) = er sin 27 rv(m + 1, m)A * (98) 

These equations show that the light emitted and absorbed is circularly 
polarized, for the x- and ^/-components of the electric moment are equal 
for each transition. The electric moment components for the transition 
from m + 1 to m show that the light emitted has its electric vector 
revolving in the same sense as the rotator itself, while the first equations of 
(97) and (98) represent the absorption of circularly polarized light 
rotating in the same sense. As to intensities, putting e equal to the 
electronic charge we have, from equation (92), 

Ix(m ± 1 , m) = v(m ± 1, m) 4 r 2 cos 2 27rv(m ± (99) 

and there is a similar expression for I y (m df 1, m). The subject of 
spectral intensities is developed in detail in Ghap. XX. We now turn 
our attention to generalizations of the wave equation and to perturbation 
methods. 


19. THE RELATIVISTIC WAVE EQUATION 
The wave equation is easily modified to take account of the variation 
of mass with velocity. Just as in Sec. 2, the principle of least action 
for the dynamical system is interpreted as a principle of least time, 
like that of Fermat, to determine the rays of the matter waves. We 
proceed to study the motion of the W surfaces, the wave fronts, using the 
Hamilton- Jacobi equation in the form appropriate to relativity mechan- 
ics. Confining our remarks to the case where no magnetic forces act 
on the particle, this is (Appendix VIII, Sec. 2), 

where 8 = me 2 + E = me 2 + T + 7, T and V being the kinetic and 
potential energies, respectively. Now the velocity of the W surfaces 
is obtained exactly as it was in Sec. 3, the result being 

„ _ Energy _ cS , (i02> 

~ Momentum [(S - f) 2 - mVf- 
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and the wave equation is 


Writing 
we get 


\<V _ (S ~ Y)1 ~ m2<;4 <¥l = n 
c 2 S 2 dt 2 


ik = i/'exp 


^T 2 


{=¥) 


W + - vy - mV]* = 0 . 
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(103) 


(104) 


This reduces to the non-relativistic wave equation (28), as it should 
when E/mc 2 is small, for we have 

(S — V) 2 — m 2 c 4 = (me 2 + E — V ) 2 — m 2 c 4 = 2 mc 2 (E — F). 

Substituting this in equation (104), we get the old form of the wave 
equation. 

If we take the energy of the nucleus Me 2 into account, the total 
energy of the atom is E + (m -F M)c 2 , and the frequency of the waves 
is seen to be equal to this energy divided by h. Except in the case of the 
free electron, the frequency of the waves lies beyond the gamma-ray 
region. For the hydrogen atom, the frequency Mc 2 /h corresponds to a 
wave length of 1.3 10~ 5 A. This must not be confused with the wave 
length h/Mv of the matter waves associated with an atom having velocity 
v. 


20. THE GENERAL WAVE EQUATION FOR A SINGLE PARTICLE 
In obtaining this equation we introduce a method which makes 
use of a variational principle. The result is very convenient in practice 
for it enables us to establish the following generalization of the rule 
given in Sec. 10. 

In the Hamilton- Jacobi equation , written out in full , using Cartesian 
coordinates , replace 


dW _h_d~ 
dx ^ 2iri dx 


etc., and —E, or — - by 
dt 


h d 

2iri dt 


(105) 


A'pply the operator thus formed to Sk, and the result is the wave equation. 

We use a method, due to Fock, 1 starting with a simple example. 
In the Hamilton- Jacobi equation for a single particle in a conservative 
force field, 



we introduce a new dependent variable, Sk, such that 

W = f(<V). 

Then if denotes any one of the variables, and f = df/dA', 
dW = M 9W d* _ 
dq { J dq { ’ dt 1 dt M ’ 

1 Z. Physik , 38, 242 (1926), and 39, 226 (1926). 
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We use the last of these relations to eliminate/' from the others, and then 

ew _ _ E dw/d qi 

dq< ~ E WJdi ( 108) 

1 /chA 2 

After multiplication by -pi 1 , equation (106) becomes 

A 2 

~\~dt / = °’ (1 ° 9) 


a*Y 2 m(V - E)(d A 
dqj + FJ 


Let us call the left side of this relation F. The equation F = 0 is 
practically 1 equivalent to equation (106). 

Now, instead of requiring that F = 0, which leads to the results 
of the old mechanics, we introduce a new assumption as a basis for wave 
mechanics , namely , 

SfFdxdydzdt = 0. (110) 

The integral is to be taken over the whole range of the space and time 
variables. The method for determining F by the calculus of variations 
is given in Appendix VI. It is assumed in solving the problem that for 
infinite values of the variables, ^ and its derivatives behave in such 
a way that the “ surface” integral arising in the variation problem is 
zero. The differential equation which F must obey in order to satisfy 
equation (110) is, 

j> (■ *L \ +...+ If -g-A - d l = o. 

dx[d{dip/dx) ) dt\d(dP/dt) ) dip 

Writing this out in full, we obtain equation (25'). 

The generalization for a particle with charge e moving in any type 
of electromagnetic field, using relativity mechanics, is evident. From 
Appendix VIII Sec. 2, the Hamilton-Jacobi equation takes the form 


M K - 'A, J - (f - f )’ + mV - o. (Ill) 


. (dW/dt) 2 


Using equation (108) and multiplying by ELLLpL. ) the form F correspond- 
ing to equation (109) in the problem just solved is 

2 / dW e A; dA'V _ fl Mr _ e d? a\A 2 , mV/ d jY 

,\dXj c 8 dt ) \c dt c 8 dt ) 8 2 \dt / 

The variation problem for this form is solved in detail in Appendix VI, 
and yields the wave equation, 

a 2 'k a 2 T^ 

dt *" 


A T i . 2e 
M ' c 2 dt 2 + CS 


(S' 


+* 

] dXjdt C 


•) 


+ 


j^a 2 * 

s 2 af 2 


m‘c 


2 c 2 + VW - $ 2 ) 


= 0 . ( 112 ) 


1 Wo use this expression because it may occur that/(¥) is a many-valued function; 
or, it may be indeterminate when A takes certain forms. 
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Assuming that 


\j> = 


we eliminate 8 from equation (112) to get an equation 
values of 8, possessing all the advantages of equation (65). 


* | | 2 *'- * 


A 'll — 


l 

c 2 . dt* 


4 Trie / ■sr' . $ S'A _ 

he \*f ’tei + c~dt)~ 


mV+^(24/ ! - $ 2 )] ° 

This is the general wave equation proposed independently by t% 111 
physicists. 1 

The complex conjugate of T will satisfy an equation whiot* 1 1 
with equation (114) except that i is changed to —i in tli<* 
kirie/hc. The simple rule for passing from the Hamilton-Jao< * * * 1 1 
to the wave equation, given at the beginning of this section* * 
directly by applying it to equation (111). 

21. EXPANSION OF A FUNCTION IN A SERIES OF T FU3S rC^W 

When it is difficult to obtain an exact solution of the wivv*** ** 
we are forced to treat it by perturbation methods. As W** f 
in the following sections, the solution is usually obtained 
acceptable functions. Thus, in a problem involving a single oc M ***< 
the series representing a function f(x) will be 


/(*) = 

n 

The constants f n are called “development coefficients.” Tl iit* 
considered as a simple generalization of a Fourier series, for * I 
functions 

sin 2i rvt, sin kirvt , * • • cos 2wvt, cos 47 rvt, • • * 
form a normal orthogonal system, just as the \p functions «.|< 
property of the functions \p n makes it possible to determine the c # « m 
f n by the method used for Fourier series. To obtain fm? fc*r # 
we multiply equation (115) by \f/ m * and integrate over the con i j #I» 
of X) or, if a; is a cyclic variable, over a complete cycle of if * 
Thus, 

ff'Pm*dx = ^fnjM^dx, 
n 

Because the \p’s are orthogonal, all integrals on the right, wit 
except the one for which n = m, which equals unity, by equixf it »n 

fm = Jf'Pm*dx. 

(juit as In the ca-e *vf Fourier series, the properties of the * 

of the must be restricted somewhat in or Her that equatio n f 
(116) may be correct. Suppose the function/ and its first derl vul 
1 for detailed references see Bril^OUIN, J t de Phys , et he Radium % * 
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only a finite number of discontinuities, and do not become infinite. Then 
we may be sure that equations (115) and (116) are valid if the series 
converges for all values of x in the interval of integration and if it repre- 
sents a function having the properties we have just attributed to f. 1 
When the energy spectrum has both discrete and continuous ranges, the 
characteristic functions \p n and taken together form a complete 
orthogonal system, in terms of which an arbitrary function can be 
expanded. That is, we have 

/ = + f^dE. (115a) 


We find that f n = Jfipn*dx, just as in the case where all the characteristic 
functions are discrete. To get f E , we multiply equation (115a) by 



dx and integrate, 
fm : 


with the result that 
= \fy E *dx. 


(116a) 


22. SCHRODINGER’S PERTURBATION THEORY FOR THE WAVE EQUATION 


Especially useful perturbation theories have been devised by Schrod- 
inger, Born, and Brillouin. We begin with Schrodinger’s method, 2 and 
shall' deal first with a non-degenerate system of one degree of freedom 
which has potential energy V (x) when unperturbed. Let it be perturbed 
by forces which add a term ~kF(x) to 7, X being a small constant, so that 
the wave equation is 

A t + C(E - V - XF)^ = 0. (117) 


C is an abbreviation for 8 tt 2 //i 2 , and a: a coordinate in the Schrodinger 
space. Suppose the unperturbed problem is solved, and that E o*, and 
^ Qk are a typical energy value and its corresponding eigenfunktion, respec- 
tively, satisfying the equation 

A^o* + C(E m - V)iok = 0. (118) 

We seek for the energy constant and acceptable solution of equation 
(117) which reduce to Eok, and Fok when X is placed equal to zero. Let 

them be ^ = ^ + x«» *o» + >»»+••* • < 119 ) 

Neglecting powers of X higher than the first in equation (119), and sub- 
stituting in equation (117), we have 

A^ofc + + C(E ah + \e h -V- XF)(^ + X»*) = °- 

Taking account of equation (118), dropping terms in X , and dividing 
by X, we get ^ + _ y W = C{p _ ^ (120) 

From this inhomogeneous linear equation containing the energy constant 
E ok belonging to the equation (118), we wish to determine an acceptable 

■i For a detailed discussion see Covrant-Hilbert’s “Methoden der Mathema- 

tischen Physik,” Vol. 1, Chap. 2. 

* Ann. Physik, 80, 437 (1927), and “ Abhandlongen, p. 88. 
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value for v k in order that \j/ k may also be acceptable. An acceptable 
value of v k can be found only if the condition 

“ ^oh^ok*dx = 0 , - , ( 121 ) 

is satisfied. 


Proof. Multiply both sides of equation (120) by ^oa*, multiply the conjugate of 
equation (118) by v k , and subtract one equation from the other. We obtain 

Tfiok*Av k - VkAfak* = C(F - €k)4'ok'Pok*. 

Integrating both sides over the entire range of the coordinate x, we have on the left 
the integral 

J 5lok*Av k — v k A^ 0 k *)dx. (122) 

On integrating by parts, we obtain two terms which vanish at the boundaries, pro- 
vided v k is acceptable, so that if these conditions are met, equation (121) is true. 
Usually , if equation (121) is true, v k must be acceptable in order that equation 
(122) may vanish. (Trivial special cases can be constructed in which this is not 
true.) For a proof based on the theory of linear integral equations, see Courant- 
Hilbert, Methoden der Mathematischen Physik, I,” p. 277. Springer, Berlin 


From equation (121), we can immediately obtain the value of «*. 
Since 

ekj4'ok4'oh*dx = e k , 

\ho k being normalized, we have 

\e k = S}J p 'pQki' 0 h*dx. (122) 

Referring to the consideration in Sec 16 , we see the meaning of equation 
(122). The change of the energy is equal to the average of the perturbing 
term in the potential energy, taken over the undisturbed motion, just as in 
classical theory. To determine v k , we assume that it is expressible as 
a series of the unperturbed eigenfu'nktions : 


Vk = 


it; 


(123) 


where the v H are constants to be determined from equation (120) We 

also expand the known function (F - e k )f Qk by the method of Sec 21 , 
obtaining 

(F — e k )\l/ 0 k = (124) 

where ■ * 


By equation (121), 
and 


c id — f(F — tk)fok'Poi*dx. 


Chi = 0 when i = k, 


(125) 


Cki = JF\p 01c \f/ 0i *dx when i ^ k, 

since the VVsare orthogonal functions. Putting these expressions into 
equation (120), we obtain 


+ Zv ki C(E 0k - V)\poi = CZckitoi. 


(126) 
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Now for every value of i, 

Ai/'q i + C(Eoi ~~ V)\//oi = 0 

and so 

1jVu[^P(H + C(Eoi — V)\po i\ =0. 

The result of subtracting this from equation (126) is 

20 W C(Eo* ~ EoiHoi = CSch^w. (127) 

The coefficients of \p Qi must be the same on both sides, so the equations 
to determine the coefficients in the expansion of v k are 


( 12g ) 

ofc ~ M/oiJj 

The right side becomes indeterminate when Jc — i, so vm must be found 
in another way. This is done by so choosing Vkk that the perturbed 
eigenfunktion ^ is normalized. This process leads to the result 

Vkk — 0. (128a) 

Finally, we have, 


* 


^k — ^0 k + 

i 


SFrpak'I'aSdx 
oi " Em - Eoi ’ 


(129) 


where the prime denotes the omission of the term i = k from the 
summation. 

For the extension of this method to systems with several degrees of 
freedom we refer the reader to Schrodinger’s original paper or to hia 
11 Abhandlungen.” The method is nearly the same as above for non- 
degenerate systems, except that multiple summations replace the single- 
fold summations. When degenerate systems are studied, however, new 
phenomena are encountered. If the r distinct functions 

'P-lh • • • 'I'Jr 

belong to the energy value E n then in the perturbed system we encounter 
r new energy values and r new \p functions corresponding to them. In 
Chap. XIX this perturbation method is applied to the problem of finding 
the energy levels of the diatomic molecule. The reader desirous of other 
illustrations may examine Schrodinger's treatment of the Stark effect of 
hydrogen, and of dispersion. 1 


23. BORN’S PERTURBATION METHOD 

The procedure discussed above is not suitable for the study of per- 
turbations which depend on the time. We shall describe a method 
devised by Born 2 which avoids this difficulty. The wave equation for 
the perturbed system is taken in the form of equation (65) : 

i*--c(r + xm + (£■)•£- 0; 

1 Ann. Physik, 80, 437 (1026) and 81, 109 (1926). 

2 Z. Physik 40.167 (1926). 


( 130 ) 



554 


WAVE MECHANICS 


[Chap. XV 


Suppose the solution is 

, ^0 CM) = 2 Ck* 0 k(x,t), (131) 

where 

^ 0 k(x, t) = tuix) exp ^ (132) 

when the perturbing force is absent. To obtain the solution for the 
perturbed system, we need only consider the change in one of the accept- 
able functions, let us say t); for, if this function is altered to 

^k(x } t), then the solution of equation (131), as a whole, takes the form 

2ci&k(x,t), (133) 

because the wave equation is linear. Accordingly, we take up this 
simplified problem, and begin by expanding the perturbed acceptable 
function ^(rc, t) in a series proceeding by ascending powers of X: 

Vk = +'X¥i* + X 2 * 2k + • • • (134) 

Now the expression obtained by substituting this in the wave equation 
must be zero for all values of X, so the coefficient of each powe$ of X 
must vanish. Setting these coefficients equal to zero gives us the follow- 
ing approximation equations: 

+ (£).i£- 

A*!* - CV*» + (^p) • = CF&ae, (135) 

- CV^pk + = CF%. hk . 

The solution of the first equation is equation (132). To obtain T 1/c , we 
expand it in the form 

exp ( — (1.36) 

and also expand the function F(x, t)\p 0 i k (x), by a slightly different method, 
as follows: 

F(x, t)tok(x) = ^F kj (t)i Qj (x). 

Then we have 

= | %Fki(t)^{x) j exp(^- ^^iy (1.37) 

Substituting equations (136) and (137) in the differential equation for 
SPik, we have 

^ - h iElt \ • { Ai/'Oj — CVU + CEfh,} 

+ (- W.) exp (- «*!). 


Zjfihj (t) exp 
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Each term in the first line of this equation vanishes, because eacfi&f unction 
$ q 3 is a solution of the wave equation (28), so that the term incurved 
brackets is zero for each value of j; and in the second line, the coefficient 
of i/'o/ on the left side must be the same as its coefficient on the right side. 
Therefore, we can write an equation of the following type for each value 
of j: 

+ F kj (t) exp [-2 Triv(kj)t] = 0. (138) 

Let us now assume that the system is initially unperturbed, and let us 
choose the time origin at the instant when the disturbance begins. This 
means that we should seek the solution of equation (138) which vanishes 
when t = 0, so that will be zero when t = 0. This solution is 

(^2i)^ lkl J ^ eX ^ [ — ( 139 ) 

a being simply a variable of integration introduced to avoid confusion 
with t. This gives us all the material needed to find 'Yik from equation 
(136). The procedure for getting higher approximations is similar. 
We expand obtaining 

¥* = exp ( - 2 ^ t y (140) 

and also expand i,*, according to the plan used above for 
The result, analogous to equation (139), is 

(JVjfpU + exp [-2 t wiv(sj)a]da = 0, (141) 

from which we can construct SPpi. 


24. THE RELATION OF WAVE MECHANICS AND ORDINARY MECHANICS 

By a change of the dependent variable, the wave equation can be 
brought to a form which we recognize as a generalization of the Hamilton- 
Jacobi equation. ,T<J show this, let us consider the Hamilton- Jacobi 
equation in the form of equation (109). The wave equation corre- 
sponding to it is (25'), and assuming that we are dealing with solutions 
of the form (26), we may replace equation (25') by equation. (28). 

It must be understood that the value of T found from the wave 
equation (28) is not the same as that which would be found by solving the 
transformed Hamilton-Jacobi equation (109). To avoid confusion, 
it will be convenient to call the classical Hamiltonian function Wo- 
Then the variable SFo which occurs in equation (109) is defined by Wo — 
jf(\p 0 ) ; on the other hand, 4" is determined from the wave equation, and a 
generalized Hamiltonian function W can then be defined by the relation 

W = /(*). (W2) 
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We must now demonstrate that reduces to ^ 0 , and W to W 0 , when 
we deal with systems so large or quantum numbers so great that terms 
containing h can be neglected. This means that the results of wave 
mechanics approach those of ordinary mechanics if we allow h to approach 
zero. This proof can be carried out by changing the dependent variable 
in the wave equation (28) from W to W, by the aid of equation (142). 
For simplicity, we shall take the wave equation in Cartesian coordinates 
and shall deal with only a special case of equation (142), namely 

w - 

which is by far the most usual transformation considered. 1 The result is, 
/dW\* , /dW\* . /dW\* . _ ... h 


) + + { £) + MT - « + - 0. (143) 

Obviously, when h approaches zero, this reduces to the ordinary 
Hamilton- Jacobi equation, and the solution W must reduce to W 0 . 
This brings out clearly the fact that wave mechanics is a rational gener- 
alization of ordinary mechanics , 2 

Considerable light can be thrown on the nature of the wave equation, 
by using a series solution for W . Let us assume that 


W-W, + £w i + 


w,+ 


The result of substituting this into equation (143) is 


dW„ dW j dWj dWi 
dx dx dy dy 


+ 2 m(V - „ 
, dWo dWj 

dz dz 


2 eWo dWj dWi dWi 

dx dx dx dx 


+ AF, 


+ AFi + etc. 


Wi dWn-i . dWj dW n „ , .dWi dW n . 


AW n-l + etc. = 0. 


This equation holds true for all values of h } so that the coefficient 
of every power of h must vanish. Setting the coefficient of the zero 

1 This treatment is modelled on that of Brilloutn, C. R., 183 , 24 (19261 and 
Debye, Physik. Z., 28 , 170 (1927). v h 

* Beamley (J. Franklin Institute, 206 , 605 (1928)) has obtained the exact solution 
of the wave equation (143) in several problems involving a single electron. He has 
pointed out m some detail the properties of the function, p = dW/Ox, which reduces 
to the x-component of momentum, when h approaches zero* 
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power of h equal to zero gives the Hamilton- Jacobi equation for the 
corresponding classical system. Having solved it for Wo, we get Wi 
from 

dWjdWj. dWo dWi , 

dx dx dy dy 

Wo is real; imaginaries do not enter in the perturbation equations, 
so all the other W*’s may be taken as real. To a first approximation, the 
wave function takes the form 

= e MWt/h e Wi (147) 

so that Wo determines the phase of the waves and Wi their amplitude. 
As an illustration, let us construct the function T for a particle having one 
degree of freedom. By equation (146), 

- d 2 W 0 

dWi = dx 2 
dx 0 dW a ’ 

1 dx 


dWo dW^ 
dz dz , 


AW o=0. 


(146) 


and 

but 

and therefore, 


W i = Const, log 


dW 

dx 


dW 0 \-H 
dx) ’ 

0 = [2m (Z? — V)] y , from equation (145), 


e Wl = 


const. 


[2m(E - VW 


(148) 


This tells us, in an approximate way, how the amplitude of the 
waves changes from point to point in space. Now [2 m(E - V)] y * is 
equal to p y , where p is the momentum which the particle would have 
in the corresponding classical motion, and so 


= e 2Wl = • (149) 

V 

The probability. Pdx that the particle is in the range x to x + dx is 
proportional to W'S'*dx, so we have 



(150) 


This relation states that in an assembly of particles the number which are 
found in the range dx is proportional to the time which one of the particles 
would spend in that element according to the classical theory. This 
result is modified, of course, when we use higher approximations in 
determining 1 k. It is worth noting that the next two approximations 
to 'S' introduce the factors and e T ^*l A/,2 ’ r ’ ,s on the right of equation 
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(147). The first of these does not alter the validity of equation (150). 
The importance of the second is determined by the magnitude of 
Wsh?/4.ir 2 Wi. This term is often so small that equation (150) is an 
excellent approximation. 


References 

Birtwistle, G., “The New Quantum Mechanics/’ Cambridge University Press 
(1928). 

Born, Max, “Problems of Atomic Dynamics/’ Massachusetts Institute of 
Technology, Cambridge, Mass. (1926). 

de Broglie, L., “Ondes et mouvements,” Gauthier- Villars, Paris (1926). 

Darrow, K. K., “Introduction to Wave Mechanics,” Bell System Technical 
Journal , 6, 653-701 (1927). 

Haas, Arthur, “ Materiewellen und Quantenmechanik,” Leipzig (1928). 

A number of Schrodinger’s original papers have been published as a volume 
entitled “Abhandlungen zur Wellenmechanik,” Barth, Leipzig. The following are 
in Ann. der Physik: 

“Quantisierung als Eigenwertproblem,” Parts I, II, III, and IV, 79, 361 and 489; • 
80 , 437, and 81 , 109; “Uber das Verhaltnis der Heisenberg- Born-Jordanschen Quan- 
tenmechanik zu der meinen,” 79 , 734; See also a general summary in Ph.ys. Rev., 
28 ; 1049 (1926). ‘ 

Condon and Morse, “Quantum Mechanics,” McGraw-Hill Book Company, Inc., 
New York (1929). ’ 



CHAPTER XVI 


HYDROGENIC ATOMS IN WAVE MECHANICS 

The study of the hydrogenic atom in wave mechanics is important 
because it furnishes us with a series of exact solutions of the wave equation 
which are suitable as starting points for investigating other atoms by 
perturbation methods, and because it enables us to test accurately the 
agreement of wave mechanics and the results of experiment. In this 
chapter we shall be concerned solely with the energy values and accept- 
able functions, except that selection principles are discussed. Intensity 
questions are postponed to Chap. XX. 


1. ENERGY VALUES, NEGLECTING RELATIVITY 

The solution of the problem of the hydrogenic atom in wave mechanics 
is as follows: The wave equation is separable in polar coordinates, 
and also in parabolic coordinates. In polar coordinates, it is 


i e ( 2 #\ ir 1 bjr . m\ _i av" 

r 2 dry dr J ' r 2 sin d 3d\ m 30 J ' sin 2 <p 3<p 2 


The solution will be of the form 


+ 


87r 2 m, 

nr\ 


E + 



= 0. 


(1) 


\p = R(r)8(0, cp). 


Substituting in equation (1) and dividing by RS, the equation falls into 
two parts, one of which contains only r while the other contains only 
6 and <p. These two parts are set equal to 7(7 + 1) and — 7(7 + 1), 
respectively. Then, 


1 3 ( . 3S\ 1_ a 2 S 

sin 6 dd\ m 36 ) sin 2 <p dtp 2 
d 2 R i 2 dR . / 8w 2 mE 8t 2 mZe 2 
dr* + r dr + \ h*~ + Mr” 


+ 7(7 + 1 )$ = 0 ; 

_ m +ii\ R ... o 


( 2 ) 

( 3 ) 


The reason for using the constant 7(7 + 1) is that it must be of this form 
with 

7 = 0, 1, 2, 3, • • • 

if S is to be an acceptable function. Equation (2) was solved in Chap. 
XV, Sec. 8 with the result that 

S = cos 6), 
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where l ^ m. The instantaneous distribution of the ^ function over the 
surface of any sphere r = constant, is illustrated by Figs. 1 to 3 in the 
preceding chapter. The numbers, l + 1 and m + 1, correspond to 
the azimuthal and equatorial quantum numbers h and ki of the treatment 
in terms of the old mechanics. To obtain finite, single-valued con- 
tinuous solutions of equation (3), we transform to new variables x and 
L(x), such that 

s = *(-?£*)' , R = r l exp ^ N) ' L ( x )- (4) 


(The variable x is dimensionless and is introduced to simplify the coeffi- 
cients of the equation for L; when E assumes the values given by the 
Balmer formula, we get x = 2 Zr/na, n being the total quantum number 
and a the radius of the first orbit in hydrogen.) The transformed 
equation is 


xL" + [2(1 + 1) - x]L' + 


(2w 2 me 4 Z 2 V /{i 



or 


xL r/ -j- (A — x)JL r -f- EL = 0, (5) 

where A — x and B are abbreviations for the coefficients of L r and L, 
respectively. The advantage of using equation (5) instead of equation 
(3) is that when equation (5) is solved by using a power series the recur- 
rence formula for the coefficients is extremely simple. If we let 


00 

L = ^apX p , 

— oo 

equation (5) becomes 

00 00 00 
L a pP(p - l)**- 1 + (A - x)^a p pxP~ 1 + B a v xv = 0. (6) 

— 00 — 00 — CO 

To satisfy this equation for all values of x, the coefficient of each power 
of x must vanish. Applying this requirement to the coefficient of 
x p j where p is any integer or zero, we obtain 

a P+i(p + l)(p + A) - a p (p ~ B) = 0. (7) 

Now we can find the properties which the coefficients a p must possess 
if R is to be finite for all positive values of r from zero to infinity. Two 
cases are considered, corresponding, respectively, to elliptic and hyper- 
bolic orbits of the older theory: 

(1) E negative, i.e. } x real; (2) E positive, i.e. } x pure imaginary. 
(1) E Negative, x Real and Positive. — Consider the behavior of the 
series for L when x equals zero. It will not converge if negative powers 
of x are present, and R will take an infinite value. For this reason we 
wish to avoid a solution in which negative powers appear. The question 
is, can the equation for L be satisfied if this is done? Let us assume that 
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the series does not extend to p = — oo ) so that there is a first term, say 
,a 3 '+ i£ 3+1 - Then, by equation (7), 

<*m(i + 1)0" + 2Z H- 2) — a 3 (j “ B) = 0. (8) 

But by hypothesis a, = 0, and to keep a i+1 finite, j must be either 
— 1, or — 2Z — 2. By taking j = — 1, then, it is possible to obtain a value 
of L beginning with the coefficient a 0 , so that 


L = ^a p x p . 
o 

In equation (9), the absolute ratio of two neighboring terms is 


a v +\X _ (p — i?)# 

" V+ 1)(p + 2TW 


(9) 

( 10 ) 


So long as rr remains finite, then no matter what finite values A and 21 + 2 
may take, we can make this ratio less than 1 (or indeed as small as we 
please) by choosing p sufficiently large. Therefore, the series for L 
converges for any finite value of x; indeed, the series formed of the 
absolute values of its terms converges. However, if R is to be finite 
when r = °o , the series for L must contain only a finite number of terms. 
Let a n f be the last non-zero coefficient. Then a n '+i must be zero and 
equation (7) tells us that 

n f ~ B = 0 , 

or, by equation (5), 


n f + 1+ 1 - 


(2^me^Z 2 Y 

V -h 2 E ) 


= 0. 


(ID 


Putting n f + l + 1 = n, we get the Balmer formula, 


E n 


-2ir 2 me*Z* 
n 2 h 2 


( 12 ) 


It is easily seen that is continuous and single valued, so it will be an 
acceptable function if E takes the values specified by equation (12); n' 
is analogous to the radial quantum number of the earlier theory. It 
takes the values 

n' = 0, 1, 2, • - . . 

(2) E Positive, x Pure Imaginary. — As long as x is finite, the remarks 
made in (1) for the case of finite x hold true for case (2) without alteration, 
but when x approaches infinity, we must study the behavior of L(x) 
in more detail. To do this, we note that in equation (3), the last two 
terms of the coefficient of R can be neglected, when r is very large. The 
equation obtained by dropping them is a Bessel equation and has the 
solutions R == sin (ar)/r and R = cos (ar)/r, where a 2 = 8tt 2 mE/h 2 
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These, and linear combinations of them, are obviously finite for all 
positive valves of E, a fact which corresponds to the existence of a con- 
tinuous set of hyperbolic orbits in the older theory. 


2. ACCEPTABLE FUNCTIONS FOR THE HYDROGEN ATOM 
Corresponding to each value of n , there are n characteristic functions 
22 (ft, Z) corresponding to the values Z = 0, • • • (ft — 1). To calculate 
these functions we put B = n' and A = 2(Z + 1) inequation (7). Giving 
an arbitrary value to ao, we compute the coefficients a p ; and find, aside 
from an arbitrary constant factor, the formula 

Bin, l ) = + Q!] ' % ( — 1)* (13; 

where x = 2r( — &T 2 mE /h 2 ) l A and ft, Z, n' are, respectively, the tota 
quantum number, the azimuthal number minus one, and the radia 


number. The symbol Cb a stands for ^ (Jy'll 'tfjV anc ^ * s ^ 

coefficient in the expansion of a binomial raised to the ath power 
therefore, 


pn+l __ (n + l ) l 

u n-i-i-v (n-l - 1 - p)!(2Z + 1 + p ) ! 


The series in equation (13) is related to a set of functions known ai 
“Laguerre polynomials.” The more important properties of thes< 
polynomials are collected in Appendix IV. Here we need only thi 
definition 


L,{x) = e x - ^ ^ (-1 yC/s(s - 1) ■■■ (p + 1)^. (15 

21 = 0 

Thus, 

Lq(x) = 1, L\(x) = —x +. 1, etc. 

Now, aside from a constant factor, c, the summation in equation (13 
is identical with 

1 d»+ 1 L n+i (x) 

[-(ft + Z)!] dx 2l + l 

Denoting this derivative by we rewrite equation (13) in th 

form 

Bin, l ) = x^L^ix). (16 

To obtain an idea of the ^ functions and the charge distribution for thi 
simplest of all atoms, we begin by writing out in Table 1 the values c 
L n+ i for small values of Z and n, remembering that Z is less than n. 
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Table 1 


n 

l 

t 2Z + 1 

Dn+l 

1 

0 

Li 1 = -1 

2 

0 

L 2 1 — 2x — 4 


1 

W = -3! 

3 

0 

Lz 1 « -3a; 2 -f 18a; - 18 


1 

L 4 3 = 24a; - 96 


2 

Lb 6 = —5! 

4 

0 

LA = 4a; 3 - 48a; 2 + 144a; - 96 


1 

Lb 3 60a; 2 -f 600a; - 1,200 


2 

LA « 720a; - 5,760 


3 

LA = -7! 


btention must be paid to the fact that x has a different significance 
each row of the table, for x = 2 Zr/na, as mentioned in connection 
ith equation (4). It can be shown that the normalized functions 
; n , I, m), are as follows: 

' H 

Pl,m ( COS 6) . 

(n - l - 1)! /2V 
(n + Z) ! 3 2n 4 ya j 

here n = 1, 2, 3 • • • , l = 0, • • • (n — 1), and m takes all values 
3 tween — l and +Z, including zero. The functions belonging to a 
ven value of n are n 2 in number. That is, the statistical weight of the 
:h quantum state is n 2 , just as in the older theory. 

3. THE DISTRIBUTION OF THE FUNCTIONS \p AND 
It is useful to study the way in which \p depends on r in a few simple 
ises. Whenever n ~ l + 1 (circular orbits), the function L 2 ^ becomes 
and is a constant. For all such orbits, the part of depending bn 
is essentially 

X = x l <r*'K (18) 

; is interesting to note that the maximum of X occurs at x = 2 n } so that 
xe corresponding value of r is 

n 2 a 

r mux ' ' Z ’ 

hich is the radius of an n-quantum circle on Bohr’s theory; but this 
a chance agreement, for there seems to be no simple relation between 
rbital shape and the properties of the ^ function for elliptic orbits, 
’he rapid decrease of equation (18) for values of x greater than that 
orresponding to the maximum shows that the region, in which \f/ (or 


W*'*L*£(x), 


gim<p 

n > l > m) = (2xp 


■4 ' 


(21 + 1)(Z ~ m) 1 

2(1 + to ) ! 
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has an appreciable value, has a radius comparable with that of th( 
corresponding circular orbit. Since Ln+i is a polynomial, the valui 
of R(n, /) for an elliptic orbit is a superposition of the iS’s for severa 
circular orbits, with relative weights determined by the coefficients o 
Ln+i 1 . Writing C for the nomalization factor immediately precedini 
R(n, l) } in equation (17), let us examine a few of the curves R(n, l 
for the case Z = 1. If we write p = r/a, or x = 2 Zp/n, which amount 
to choosing the radius of the first Bohr orbit as the unit of length, wi 
have the following table : / 


n 

l 

B(n, T) 

R(n, T) 

(i) K « 

1 

0 

- exp (ir) 

- exp (-p) 

1 

2 ^ 

2 

0 

(2® - 4) • exp (“ 2 ^) 

(2p - 4) - exp (^y) 

1 

Id 

2 

1 

— 6x * exp 

(-6 p) exp (jf') 

1 

24.12^ 

3 

0 

+ 6s — 6) exp 

3(-^ + 4p-6)ex p(^£) 

1 

9 • 6 ?2 ' 

3 

1 

24x(x ~ 4) exp 

Kl p )(i p _ 4 ) ' exp (ir) 

1 

9 • 2** • 24* 

3 

2 

— 12 Ox 2 exp 

-12°(|p 2 )exp(?) 

1 

9-2^ -120 5 



Fig. 1. — Radial wave functions of the hydrogen atom. 


If Z is not unity, the values of R(n, l) in terms of x are not alterec 
but we must put Zp in place of p throughout the table. A few of th 
curves i?(n, 1) are shown in Fig. 1. 





Hydrogen 1 2 S 


Helium 1 X S 



Hydrogen 2 2 S 
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The spatial distribution of the normalized functions is beautifully- 
shown in Figs. 2, which were kindly supplied by Dr. It. M. Langer and 
Miss Geraldine Walker. All of them are for energy levels in which 
the quantum numbers l and m are zero so that the distribution of 
is spherically symmetrical. At any point in the diagram, the brightness 
is proportional to the value of ^*. In the original photograph for 
the state 1$, that is, the normal state, for which n = 1, l = m = 0, 
distances are proportional to r/a 0 , the radius of the first hydrogen orbit 
being represented as 3 cm. The scales for the states 200 and 300 are 
five times and ten times smaller, respectively. The intensity in the 
photograph of 2S is multiplied by 50 in comparison with IS; the intensity 
scale in the brighter diagram for 3/S is 500 times that of 1$, while the 
other diagram for 3S is a much lighter print which gives a better idea 
of the smallness of in comparison with the values for IS. The 2/S 
distribution serves also as an approximate representation of for the 
lowest term of lithium, taking only the valence electron into account. 
Similarly, the 3/S distribution is similar to the normal state of sodium. 
The diagram for the normal state of neutral helium, which also possesses 
spherical symmetry, is included for the sake of comparison with IS of 
hydrogen. The length scale is about the same in these two diagrams, but 
the intensity at the center of the helium distribution should be nearly 100 
times as great as in the diagram for IS. At r = 1.5a 0 , the two are about 
equal, which shows that the radial rate of decrease of i p\p* is very rapid for 
helium, corresponding to its small external field and inert chemical nature. 


4. THE RELATIVISTIC HYDROGEN ATOM 
The energy levels of the relativistic H atom have been found by 
Schrodinger, 1 Fock, 2 and Epstein. 3 The formula obtained is similar 
to that of Sommerfeld except that the azimuthal quantum number takes 
half-integer values, due to the neglect of electron spin. We shall give a 
treatment similar to the derivation given by Epstein. From Chap. 
XV, equation (104), the amplitude equation is 




47T 2 

c 2 h- 




2 r 4 _ 


ZfJ- 


* = 0, 


(19) 


with S = me 2 + E. The solution is exactly like that for the non- 
relativistic case, except that the coefficients are altered in the equation 
for the factor in ^ which depends on r, namely, 


d 2 R 2 dR 
dr 2 r dr 


4t A g __ m 2 c 4) \ ? 7r2 ^ 2 ^ 
h 2 c 2 ^ m c } + 


XV - 1(1 + l) 


1 “Abhandlungen,” 12 and 87. 

2 Z. Physik, 38, 411 (1926). 

! Proc. Nat. Acad. Sci., 13, 94 ( 1927 ). 


R = 0. (20) 
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a 2 is Sommerfeld's fine-structure constant (Chap. V, equation (30)). 
We treat equation (20) in the same way as equation (3), using the 
substitutions 


x = 2r 


and 


A 2 c 2 


(£ 2 — m 2 c; 


• 

=. 4 ) , 


( 21 ) 


R = x x e~ x/2 F(x), 

where the exponent X is + [(J + M) 2 - Z 2 a 2 ]F The equation to 

determine F is of the same form as equation (5) if we write A = 2(X + 1), 
and' 


4ir 2 Ze 2 8 

““Pc 2- 


47T 2 

Pc 2 


(£ 2 - 



1 

2 




As before, n' must be an integer or zero, and, finally, the energy values 
are given by 


1 + 


E 

me 2 


1 + a 2 Z 2 (n' + * + 




( 22 ) 


This agrees in form with Sommerfeld's empirically verified equation, but 
the combinations n f + A and l + A appear in place of his n'and k. 
The denominator of the first term in E corresponding to the Balmer 
formula, is n' + l + 1 = n which takes the values 1, 2, • • • , just as it 
should, but the first-order relativity correction of a spectral term is 


RZ 4 a 2 / n 3\ 

\T+Ji “ 4 / 


(23) 


The correction for the effect of electron spin was carried out by Heisenberg 
and Jordan and also by Richter. Their result for the first-order correc- 
tion was given in Chap. V, Sec. 17. 

Richter solved the problem by perturbation methods, using wave 
mechanics. The unperturbed motion corresponds to a spherical electron 
moving about the nucleus and simultaneously rotating, the two motions 
not affecting each other. Thus, an acceptable function can be obtained 
for this unperturbed problem by taking the product of a \p function for 
the simple H atom (Sec. 2) and a \p function for a rotating rigid body. 
The first-order perturbation of the energy can be obtained by the method 
of Chap. XV, Sec. 22. 

Darwin and Gordon 1 have obtained the general formula for the 
hydrogen energy levels on the basis of Dirac's theory of the electron. 2 
The result is identical with Sommerfeld's formula, given in equation (34) 
of Chap. V. The radial number can assume the values 0, 1, 2, . . . 
The azimuthal number Jc of Sommerfeld's theory is replaced by l + 1, 
where l = 0, 1, 2, • • * n — 1, n being the total quantum number. 

iProc. Roy. Soc., 118 , 654 (1928); Z . PhysiJc, 48 , 11 (1928)., 

2 Proc. Roy . Soc. f 113 , 621 (1927). 
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A quantum number corresponding to the electron spin does not appear 
explicitly in this formula, so that it does not predict the complete scheme 
of X-ray energy levels. 


5. THE ZEEMAN EFFECT OF HYDROGEN 

We have already found the energy levels of the normal Zeeman 
effect in Chap. XV, by a very simple method. That method is unsuited 
for the study of the acceptable functions and for obtaining higher approxi- 
mations, so we shall attack the problem here ab initio. It is one which 
has received much attention. Heisenberg and Jordan 1 obtained the g 
formula by means of matrices. Epstein 2 treated the problem of the 
normal effect by obtaining the energy of a system composed of the atom 
and the apparatus which produces the field. This procedure is advanta- 
geous, for it is capable of showing the nature of the interaction between 
the atom and the magnetic field. For example, it is well known that 
when a quantum jump occurs there may be an exchange of angular 
momentum between the atom and the field producing mechanism, 
as well as a contribution of angular momentum to the radiation field. 
This indicates that we might expect a difference between the energy of a 
quantum and the decrease of .energy of the emitting atom, because of a 
possible interchange of energy between the atom and the magnet. The 
calculation of Epstein shows that the correct result is the same as that 
obtained by neglecting the reaction of the atom on the field — that is, by 
treating the field strength H as quite independent of the behavior of the 
emitting atom. Brillouin 3 has also treated the problem in wave mechan- 
ics, and we shall give a derivation not very different from his. * Although 
we speak of the hydrogen atom, the method can be applied to any atom 
if we neglect electron spin. In the wave equation (114) of Chap. XV, we 
substitute the values of the vector potential components for the case of a 
uniform magnetic field parallel to the 2 -axis, as derived in Appendix 
VIII, Sec. 1. They are 

. Hy , Hx A ■ 

A x = -~-j Ay = A z = 0, 

2 2 


and we easily, find that equation (114) reduces to 


1 d 2 W . 4 Tie/H W $ cM\ 
c 2 dt 2 he y 2 d(p c dt J 


47 r 2 | 

l 2 "' 


m 0 2 c 2 — 



W = 0 . 


(24) 


(We have neglected 2A, 2 in the last term because we only wish a result 
correct to the first power of H . This corresponds to the assumption 
used in the classical theory of the Zeeman effect, that the force due to the 


1 Z. Physik, 37 , 263 (1926). 

2 Proc. Nat. Acad. Sci 12, 634 (1926). 

3 BriXjLOXJIN, J. de Physique , 8, 74 (1927). 
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magnetic field is small compared with the Coulomb attraction between 
electron and nucleus.) We now assume that 

8 = m 0 c 2 + E 

and use these relations to remove the time from equation (24). Further, 
we drop all terms which arise from the variable mass of the electron, 
arriving at the equation 

' <» 

This can be satisfied by a wave function which depends on <p through a 
factor exp irrup , just as in the absence of the field, so dp/d<p = imp. 
Also, by Larmor’s theorem the only change in the distribution when 
the fidld is applied consists in a uniform precession L which makes it go 
faster or slower, according to its sense of rotation. Only the time factor 
in 4 r is altered, so p must remain unaltered. Let Eo be the energy in the 
absence of the field, and let E = E Q + A E. Then equation (25) reduces 
to 

Af + - V)t - = 0- (25a) 

The first two terms vanish because p is the wave function for the unper- 
turbed atom, so the remaining two terms must also vanish, which will 
occur if 

TT JL 

A E — me- A = mLh (26) 

47rm 0 c 

in exact agreement with the result of the older theory. Finally, we have 
for the wave function in the presence of the field 

= >& oe -WmLt' ( 27 ) 

If relativity modifications are taken into account, 1 equation (27) is 
replaced by 

(26a) 

which agrees with a result of Pauli 2 obtained by the use of ordinary 
mechanics. Terms in H 2 have been calculated by Hill and Van Vleck. 3 


AE = mLh( 1 + — , 
y m 0 c 2 


6. SELECTION PRINCIPLES 

Consider two states of the hydrogen atom, having the quantum 
numbers n 2 , h, m 2 , and m, h, mi, respectively. Let the frequency which 
is emitted in a transition between these terms be v%i. In order that 
the intensity of the line v 2 i shall vanish, the terms in the components of 
the electric moment having this frequency must be zero. We neglect the 
motion of the nucleus and treat the problem by equation (90) of Chap. 

1 Ruaek, Phys. Rev., 31, 533 (1928). 

2 Z. Physik., 31, 373 (1925). 

3 Phys. Rev., 31, 715 (1928). 
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XV, together with two similar equations for the y - and ^-components 
•of the electric moment. Writing M x , M y , and M z for the terms which 
concern us, and neglecting the exponential time factors, we have 
M x = ^ejx\p(n2hm2)^(nilimi)dv — e$x\l/(nilimi)^*(n2hni2)dv. (28) 

Remembering that x = r sin & cos <p, we find that M x is proportional 
to the real part of 

H f^(r)P t ^ m ^(cos d)e im 2 *Ri(ryPi i , mi (co$ 9)e~ im i*(r sin 9 cos <p) 

r 2 sin 6drddd(p , (28a) 

where the limits are such that the integral extends over the whole q space. 
We write down similar expressions for M y and M Z) and proceed to consider 
the integration with respect to <p. The three integrals for the x,y y and z 
coordinates are, respectively, 

/*2ir [ COS cp | 

I exp [iimz — mi)(p] • sin <p \ dtp. (29) 

Jo ( 1 J ■ 

The first two were treated in Chap. XV, Sec. 18, and give rise to a finite 
result only if Am = ±1. The third vanishes except when Am = 0. 
Now if Am = ±1, on carrying out the integrations over 9 and r in 
equation (28a) we arrive at values similar to those of Chap. XV except 
that er is replaced by another expression dependent on the quantum 
numbers, and M z = 0. Therefore, the radiation emitted will be circu- 
larly polarized with the axis of polarization along OZ. On the other 
hand, when Am = 0, only M z has a finite value and the radiation is 
linearly polarized with electric vector parallel to OZ . Thua, we have 
derived the selection rule for m and the polarization rule, in agreement 
with the results of Chap. V. 

Now we consider the integration with respect to 9, restricting our- 
selves to the cases in which Am = ±1 or 0. There are two integrals 
to be considered, corresponding to the x - or y- and to the 2 -component 
of the electric moment, respectively. They are, 

JP^Ccos 0)P !imi ( cos 6) { g“Y C0S e } dO. (30) 

Eckart 1 has shown that these integrals lead to the selection principle 

A l = ±1. 

7. THE FIRST-ORDER STARK EFFECT 

The problem of the first-order Stark effect, neglecting relativity, 
has been solved independently by several physicists. 2 Schrodinger 
has given two proofs, one by a separation-of-variables method, and the 

1 Phys. Rev., 28, 927 (1926). 

2 Epstein, Phys. Rev., 28, 695 (1926); Fock, Z. Physik, 38, 242 (1926); Schkod- 
ingek, Ann. Physik, 80, 437 (1926); Wentzel, Z. Physik, 38, 518 (1926); Epstein and 
Wentzel obtain also the second order terms. 
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other by a method similar to that of Bohr. We shall follow the former 
procedure. The wave equation is 


+ 


(nw'X 


E +T 


Ze 2 


eFz = 0, 


(31) 


if the field is directed along the positive z-axis. We transform to para- 
bolic coordinates 1 Xi, X 2 , v, such that 

(Xi — X 2 ) 


x = cos <p, y = VX 1 X 2 sin <p, z 

After multiplication by (Xi + X 2 )/4, equation (31) takes the form 


(32) 


A 

d\ 




+ ■ [e (\ ! + xo + 2Ze 2 - ^F(X x 2 - X 2 2 ) i = 0. 

Assuming the solution, 

\js = X(Xi)F(X2)$(¥ 5 ), 

we find that 

<£ = exp ( imp ), m = 0, 1, 2, • • • , 
and that the equations for X and Y are 

eF\ x 2 


(33) 

(34) 

(35) 


d 

dXx 


(. dX\ , / 2ir 2 m 0 '\ / 

\ Xl axi/ + V rj’V 


-f- FXi -f- Ze 2 — /? • 


m 2 A 2 


D 


+ 


/ 2 x 2 W_n\ 

Vi* / 


eFX 2 


- FJX 2 "H .Ze 2 ~t - jS — 


8x 2 m ( 


Qz = 0, (36) 
^t-)t = 0. (37) 

0A2/ 


87T 2 m 0 Xl 

m 2 h 2 


d\ 2 \ d\2 

p is a constant introduced by the process of separating variables, and our 
problem is to determine pairs of values of E and p which will make X 
and Y acceptable functions. The last two equations both have the 
form 

Si 


where 


!(»!) + ( 


By 2 + Ay + 2B +. - / = 0, 


vr 


(38) 


v 


„ _ 7r 2 moeF ,, 2ir 2 m 0 E D _ T 2 m(Ze 2 + ft), _ r< 

D = =F F ’ A = — *—» 5 = A*—? 0 . , . 

The upper signs refer to the equation for X, and the lower to the equation 
for Y. We commence our study of equation (38) by solving the wave 
equation for the unperturbed atom, obtained by letting D = 0. We 
transform to new variables L, x, such that 


= 2y(- 2 ^)",/= e-^y^L(x), 


(39) 


1 These definitions are adopted in agreement with Schrodinger, instead of those 
used in Chap. V, See. 12, because the computation of the energy perturbation is 
simpler in terms of Xi and X 2 ; Xi = £ 2 , X2 = ’?“• 
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and find that L obeys the equation 


xL" + [(m + 1) ~ x]U + 


B 


(m + 1 ) 


(—A) 1 '* 


L = 0, (40) 


which is identical in form with the equation (5) for the unperturbed 
H atom, although the meaning of the variables and the coefficients is 
quite different. Just as before, we seek for the values of the coefficient 
of L which make / an acceptable function. If we write 

B __ (m + 1) 

(-AfA ~ 2 


= fc, 


(41) 


then we must make k — 0, 1, 2, • • • in order that / may be an acceptable 
function. When k takes one of these values, then L is the mth derivative 
of the (m + k)th Laguerre polynomial (Appendix IV, Sec. 7), which is 
represented by the symbol L m m+k (x ). To see the significance of k 
we give B the value appropriate to equation (36), and put k = k h 
obtaining, 


7 r 2 m 0 (Ze 2 — p) 
~ A 2 (-Z)^ ' 




(42) 


Again, we give B the value which it has in equation (37), and put k = k 2 , 
with the result 


Tr 2 mn(Ze i + /3) 
A 2 (-A)« 


= k 2 + 


(to + 1) 

fjj— r- 


(43) 


Adding, and solving for the energy constant which appears in A, we have 
E = ~Jk[ + As + 

It is found that k\ and k% take the same range of values as the parabolic 
quantum numbers introduced in equation (65), Chap. V, while the m + 1 
of this computation plays a role similar to that of the equatorial quantum 
number of equation (65). According to equation (35), the zero value 
of m + 1, which is analogous to the equatorial number in the older 
quantum theory, is automatically excluded in wave mechanics, although 
a special consideration was required in order to obtain this result by the 
old mechanics. 

We now determine the change of E when the field F is applied, which 
results in changing equation (40) to the form, 

* L " + [<m + - ‘I 1 *' + Mb - ^ + 8FS)*] i 

= 0. (45) 

The first step is to determine the change in the value of B/(—A)''‘- which 
results from the addition of the term containing F. Since we know 
experimentally that the contribution of this term to E will be small 
compared with E itself, we use the approximate value of —A obtained 
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from equations (42) and (43) in evaluating the perturbation term, -with 
the result, 

Dx^ ( \ 

&T-Ay* = Tl,i \64r 4 m 0 w) = + cFx ^ (46) 

n is the total quantum number and c is an abbreviation for the quantity- 
in parentheses. The ambiguity of sign arises from equation (38). The 
addition of this term changes the allowed values of B/{—A) Vi , and the 
magnitude of the change may be determined by applying the perturba- 
tion theory of Chap. XV, Sec. 22 to equation (45). Before doing so, it is 
convenient to multiply equation (45) by e~ x x m . then corre- 

sponds to the energy £ of Chap. XV, Sec. 22, while the term, +cFx 2 , 
replaces the perturbation of the potential energy, which was denoted by 
XF in equation (117) of that section. If S k is the perturbation of 
corresponding to Xe* in Chap. XV, then in place of equation 
(41) we have 

= — 2 * + Sk - (41a) 

Then by equation (122) of Chap. XV, we have 


S h = ±cF : 


f* 00 

i r 


*x m+ \L m „+ k (x)Ydx 


r* x: 

I x m e~ 


X [E m m+k (p&) ] ^dx 


(47) 


E = 


Schrodinger shows that the result of integration is 

8k “ ±cF(m 2 + 6 mk + 6fc 2 +• 6 k + 3 m + 2). (48) 

Just as before, we write down equation (41a) two times, putting k = k x 
and fc 2 , and B = T 2 m 0 (Ze 2 T 0). Solving these two equations for E, 
the result is 

~2ttWV ( 3 h 2 F \ „ , N 

W (i iPSaz/* ( *' - ll> 

in exact agreement with the Epstein-Schwarzschild formula. 

The above calculations give us a second form for the acceptable 
functions of the unperturbed hydrogen atom, which is not identical with 
equation (17). This ambiguity arises from our neglect of the relativity 
correction, which makes the unperturbed atom degenerate. Using the 
Balmer formula for E in equation (39) we have 


(49) 


x = 


Xi X2 
or — , 
na na 


as the case may be, where a is the radius of the first Bohr orbit. With 
this notation, we find from equation (34) that the acceptable functions 
(not normalized) are, _ 

exp (imp ) . (50) 


\p(k h h,m) = (Xi\ 2 ) m / 2 exp 


2na 
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MATRIX MECHANICS 

« 

1. THE VIEWPOINT OF MATRIX MECHANICS 

In the search for the true laws of atomic dynamics, Heisenberg 1 
introduced a new method of attack. Instead of attempting to find 
models operating in accord with Newtonian dynamics which would 
yield the correct energy levels, he abandoned all idea of atomic models, 
and sought to obtain general postulates which would lead to known 
relationships between quantities which can be observed. It seems 
useless to speak of the amplitude or the phase of the motion of an 
electron within the atom. Essentially, the amplitude, phase, state 
of polarization, and frequency of the emitted light are representative 
of the type of quantities which should be the subject matter of a reasoned 
atomic theory, for predictions about them can be tested directly. The 
reader will understand that the adoption of such a viewpoint does not 
deny the usefulness of models as an aid in research. In the last analysis, 
the atom must be described in terms of space and time, if it is described 
at all. The new theory indicates that we need not trouble to describe 
it, and furnishes rules for calculating the observable quantities character- 
istic of the atom without bothering about the coordinates and velocities 
of its particles as functions of the time. In principle, such a program 
can be carried through. In practice, the mathematical difficulties are 
often great, for the calculations are not carried out with ordinary algebra. 
The equations of the theory consist of relations between sets of numbers 
called u matrices” instead of single numbers . We have said that the 
results of Schrodinger’s theory are identical with those of Heisenberg’s — a 
fortunate circumstance, because it means that the numbers forming 
the matrices for an atomic system can be obtained by simple integratioil, 
if we have quantized the atom by means of wave mechanics. 

2. TWO-DIMENSIONAL MATRICES 

In beginning our study of Heisenberg’s theory, we shall consider 
systems with one degree of freedom. We saw in Chap. VI, using the 
old dynamics, that the intensities of spectral lines yield us relative 
values of the amplitudes of the various harmonics in the electric moment 
of the atom. Often it is convenient to deal with these amplitudes 

1 Z. Physik, 33, 879 (1925). 
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• • • as though they were the amplitudes of ideal virtual oscillators 
associated with the atom. Now, consider the classical problem of the 
radiation from an oscillator having one frequency and a single coordinate 
q expressed by a Fourier series, 

q = '2Ake* riPkH ’ i *k (1) 

where the A’s are supposed to be complex quantities of such a character 
that the whole series is a real quantity. Such will be the case if 

A~ic — Ak*j 5-k = — 8js 9 ( 2 ) 

for then the sum of the two terms, 


Aj c e 2irivJci+is lc and A^k0 2iriv( '~~ k)t+is ^k ) (3) 

is real. 

Similarly, if we study the radiation from an aggregate of quantized 
systems, we may consider each monochromatic spectrum line as coming 
from oscillators each of which is characterized by an amplitude, a phase, 
and a factor containing the frequency. Let the energies of the stationary 
states, as yet unknown, be E h E 2 , etc., and let v(nm) denote the fre- 
quency emitted in the transition from the nth to the rath state, calculated 
from the relation E n — E m = hv(nm). Let A(nm) be the corresponding 
amplitude, which is assumed to be constant, and b(nm) the phase. 
Then, wherever we would deal with the quantities of equation (2) in 
the corresponding classical problem, we shall need the quantities 

in Heisenberg’s theory. We leave the question open whether the sum 
of these quantities is useful in studying the atom, for the theory deals 
only with the set of quantities (4), and not with their sum. It will be 
convenient to write 

q(nm) as A(nm)e is( - nm) 

whence, 

q{mn) s= A(mn)6 i3(W7l) . (5) 

In analogy to equation (2) we assume that 

A (m/i) = A *(nm) 9 
5(mn) = 


Then, 
Further, 
so that 


q(mn) 

hv(nm) 

v(nm) 


— q*(nm). 

= E n ~~ E m) 

— — v{mn). 


(6) 

(7) 

( 8 ) 
(9) 


The absolute value of q(rm) is equal to the absolute value of q(mn), 
and therefore, 

\q(nm )\ 2 = q(mri)q*(mn) — q(nm)q*(nm). 

Now, it is convenient to order the quantities 

g(nm)e 2 ’ ri " (rlm)i 
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in a square array, having an infinite number of rows and columns, which 
is called the matrix q. This is expressed by writing 


q(ll)e 2 * iP< - n)t q(12)e 2 ™u 2)t • ■ ■ 
q(21)e* Ti ' ,( -* 1)t q(22)e Uiv W )t • • • 


= <?• 


( 10 ) 


A matrix is not a single quantity, like a determinant, but simply a set 
of quantities. The array is often referred to as the coordinate q, because 
it may be considered as a generalization of the set listed in (3), which 
gives us the means of calculating the classical coordinate q. As we 
have said, however, matrix theory does not deal with the sum of the 
matrix elements of equation (5), so the application of the name “coordi- 
nate” to the matrix must be regarded as a convention. Corresponding 
to any other variable encountered in classical theory, such as a momentum 
'j we shall need to introduce a matrix p, which is an array of the type 

p(ll)e 2 ’ ril ' {11)( p(12)e 2Ti ' ,( - 1 ®‘ ■ • ■ 

yj(21)e 2,rij ' C21)< p(22)e 2iri " (22)i ... 


For brevity, it is customary to omit the exponential factors in these 
matrices, and to refer to the quantities q(nm) or p(nin) as the elements 
of the matrices. The matrix q is usually written as the square array 
of the quantities q(nm), and it must be understood that this is always an 
abbreviation. The same is true for other ma trices. 

A matrix is called “Hermitian, ” after the French mathematician, 
Hermite, if the element in the nth row and mth column is the complex 
conjugate of the element in the mth row and nth column. The matrices 
considered m atomic theory have this property, by virtue of equations 
(5) to (9) The requirement that a matrix shall be Hermitian is some- 
what ana ogous to the requirement that a physical quantity shall be 
real in ordinary mechanics. 


3. MATRIX EQUATIONS 

Heisenberg’s guiding thought was that the separate elements of these 
-matrices are to play a role -in atomic dynamics analogous to that played by 
the separate terms of the corresponding Fourier series in ordinary mechanics 

^nbTcScnl T the dynamical laws b y which these elements 

can be calculated? Before answering this, we must examine the nature 

of the equations occurring in ordinary physical theory. These equations 

onsist of relations between numbers expressing the magnitudes of 

physicai quantities. When we write q = /(f), we mean that on putting 

a particular value of t in /(f) we obtain a number which is the value 

in a \ Et tKat tim6 ‘ We are •' USt as wel1 off if we proceed 

m a more general way, as follows: To every physical quantity we 



Sec. 4] THE LAWS OF MATRIX ALGEBRA 577 

assign an auxiliary quantity, or parameter, or, more generally, a group 
of parameters. The parameters belonging to t will be T h T 2 , etc., and 
those belonging to q will be Q u Q 2 , etc. These parameters need not’have 
the slightest resemblance to the values of t or q, but there is to be a 
set of equations 

fi(Qb ■ • • Ti, • • • ) = 0, • • • , T i, ■ • • ) = 0, etc. 

sufficient in number to give us the values of all the Q’s when all the 
T’s are specified, and such that on using the T’s appropriate to a given 
value of t, the Q’s we calculate will be those we have correlated with 
the value of q at that time. The equations of atomic dynamics are 
of this kind. The concept of an electronic coordinate is replaced by 
the set of elementary oscillations of equation (10), but we do not write 
down equations which contain explicitly the elements of the coordinate 
matrix of equation (10) and of other matrices. The equations are connec- 
tions between matrices, between sets of numbers considered as entities. 
Of course, they imply relations between the individual elements, but the 
passage to these relations is analogous to the arbitrary way in which 
we pass from the Q’s to the value of q in the illustration above. Often 
it is said that a matrix is a generalized coordinate; that somehow we 
have been wrong in our microscopic theories when we suppose that the 
state of a physical variable can be specified by assigning a single number 
to it. It is more general to consider a matrix simply as a symbol belong- 
ing to a physical variable. Then it is not surprising when we find that 
the discussion of relations between matrices requires the use of a gener- 
alized algebra. The reason for this will become fully comprehensible 
to the reader only after he has had a little practice in dealing with this 
algebra, and has studied the connection between wave mechanics and 
the mechanics of matrices. Then it will be seen that every matrix 
equation at first sight so artificial — is really an expression of a definite, 
easily understandable physical law. 

4. THE LAWS OF MATRIX ALGEBRA 1 

1. Equality of Matrices.— -By equality of two matrices we mean 
that each element of one is equal to the corresponding element of the 
other. 

a — b implies that a(l 1) = 5(11), ainm) = b(nm), etc. (12) 

2. Addition. The sum of two matrices a and b is a matrix whose 
elements are the sum of the corresponding elements of a and b. 

a + b,= c implies that a(ll) + 6(11) = c(ll), a(nm ) + b(nm) = 

c(nm). (13) 

1 The word “matrix” is used by mathematicians in a broader sense than that in 
which it is used here. The elements do not necessarily contain an exponential factor, 
and the arrays considered are generally taken to be rectangular instead of square. 
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The reason for this convention is plain. Given two Fourier series, 
a = '2a k e 2wivkt , b = hb k e 2irivkt , 

the typical term in their sum has the coefficient a k + b k , so the same rule 
is assumed for matrices. The law of subtraction is similar. 

3. Multiplication. — In setting up the law of multiplication we are 
guided by the fact that the product of two Fourier series having the 
same fundamental frequency is also a Fourier series. 

For example, the product of the series a and b above is 

c — 'Zc T e 2 ' n ‘ iVTt 

where we easily verify that 


c r = Z k a k b T ^ k} k — oo/’. • ■ + oo, 

for each product term such as a k e 2rivkt b T - k e 2iriv ( T ~~ k)t reduces to a k b T „ k e 27rivrt . 
It is essential in atomic theory to retain this property for the products 
of matrices. We can arrange to do so by making the rule for multiplying 
two matrices the same as that for multiplying two determinants, rows by 
columns. The symbol for the product of a and b is ab and the typical 
element of such a matrix is ab(nm). The equation, 

k — oo 

ab = c, implies that ab(nm) = c(nm) = ^ a(nk)b(km) = 

k = l 

a(nl)b(ln) + a(n2)b(2m) + • • . (14) 

The time factor multiplying c(nm) is e for if the right side of 
equation (14) were written out with time factors included, the typical 
term would be 

a ( nk ) e 2Ki v{nk) % (km)e 2T iv(km) K 

This reduces to 


a (nk) b (km) e 27ri v ( nm ) * 


by virtue of the combination principle, which is assumed in this theory 

For the sake of thorough understanding let us illustrate further. The matrix a is: 
a(ll) a( 12) • - • a(Uc) • • • 

a( 21) a( 22) • • • a(2&) • • • 

a{nl) a(n2) * • • a(nk) • • • 

The matrix b is 

6(11) 6(12) • • • 6(lm) • * • 

6(21) 6(22) • • • 6 (2m) • • • 

6 (/cl) b(k2) * • • 6(/cm) 

The element of c standing in the nth row and the mth column is obtained by pick- 
ing out the nth row of a and the mth column of 6. Write their elements in two lines 
as follows: 

a(nl) a(n2) ... a(nlc) : . . 

Him) 6 (2m) . . . 6(/cm) . . . 


# 
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Then the nth, mth element of c is obtained by multiplying each pair in these lines, 
and forming the sum of the products as shown in equation (14). In summations of 
the type indicated in equation (14) we shall not indicate the range of values assumed 
by /c, whenever it extends from 1 to <*> . 

By equation (14), the typical element of the matrix ba is 

2b(nk)a(km) 

and this is not identical with the typical element of <zb, so that in general 
ab 7 * ba. This is expressed by saying that the commutative law of 
multiplication does not hold for matrices. If it happens that ab — ba> 
than a and b are said to be interchangeable or commutable (German, 
vertauschbar). 

4. Associative Law of Multiplication. — In forming the product 
abc it makes no difference whether we first obtain be and then abc, 
or ab and then abc . Expressed in symbols, 

[ab]c = a[bc\. (15) 


The truth of this is seen at once if we write out the product abc. Its typical element is 

2/2^ a(nk)b(kj)c(jm ) 
k j 


which can be written in either one of two ways: 

'^aCnk)bc(km) . where bc(krn) = lEjb(kj)c(jm) 

k 3 

or 

^ ab(nj)c(jm ) where ab(nj) = ^ a(nk)b(ki ). 


The reader should practice writing out such products until he can recognize at a 
glance the type of summation involved in any product. The principle used in the 
proof of the associative law is quite generally useful. It is simply the application of 
the fact that when we carry out a multiple summation, the final result is inde- 
pendent of the order of summation. 


5. Distributive Law of Multiplication. — Obviously, 

a(b + c) = ab + ac. (16) 

6. The Reciprocal of a Matrix; Matrix Division.— Division by a 
matrix is defined as multiplication by its reciprocal. To define the 
reciprocal we shall need a very important matrix called the “unit matrix/' 
and denoted by the symbol, 1. It is composed entirely of zeros, except 
for the elements of the principal diagonal, which are all unity. It is 
convenient to call the typical element 8 nm , where 8 nm is Kronecker’s 
symbol, which has the value zero if n ^ m, and the value 1 if n = m. 
The unit matrix is such that 

a 1— a, and la = a; 


(17) 
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for, al(nm) = 'Za(nJc)l(km ) = ^a(nk)b hm . The only term which survives 
in this sum is that for which k = m, namely a(nm). The proof of the 
second equation is similar. The reciprocal of the matrix a is a matrix 
a~ 2 such that 


a~ 2 a = I. 

If this equation is fulfilled then also 

(18) 

cs 

o 

i 

1! 

(19) 


In other words, the matrices a and a~ 2 can be commuted. This follows 
if we multiply both sides of equation (18) by ar 1 , obtaining 


a~ 2 aa~ 2 = la~ 2 . 

By equation (17) the right member is or 1 , so that the product of the last 
two factors on the left must be the unit matrix. 

7. The Time Derivative of a Matrix. — q is the matrix whose elements 
are the time derivatives of the elements of g . A similar statement 
holds for differentiation with respect to any parameter. By definition, 
the matrix q has the typical element 


d 

^[q(nm)e 2Tiv < nm)i ] = 2tt iv(nm)q(nm)e 27riP (nm) K 

In accord with our usual convention we leave out the time factor. The 
remainder of the expression is denoted by q(nm) which is purely con- 
ventional and does not imply that the constant q(nm) has a time deriva- 
tive. We have then 


q(nm) — 2 tt iv(nm)q(nm). (20) 

It must be noted that this is a property only of the type of matrices 
specified in equation (10), which contain the time only through the 
factor e 2iriv ( nm) K Further, 


d(ab ) 

dt 


ab + ab. 


( 21 ) 


Integration with respect to a parameter is the operation inverse to 
differentiation. Since the matrices discussed in quantum theory contain 
the time in an exponential factor, it is not possible to frame a definition 
for a definite integral with respect to time without destroying this charac- 
teristic of the matrix elements. There is no reason, however, why we 
should not consider arrays of indefinite integrals such as 

Jq(nm)e 2iriv ( nm)t dt, 

if it serves a useful purpose. 

8. Derivative of a Matrix with Respect to a Matrix.— The derivative 
of a matrix z/— where y is a function of an independent variable which 
is also a matrix, x— is defined in exact analogy to the derivative of an 
ordinary function: 


— = lim y(x + tt ) ~ gfr) 
dx 


a — »-0 


( 22 ) 
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where a is the matrix obtained by multiplying each element of the unit 
matrix by a constant a. That is, a(nm) — a5 nm . In forming the quotient 
in equation (22), it is immaterial whether the factor or 1 stands before 
or after the numerator in multiplication; for the typical element of this 
matrix is 

orKnm) = — (23) 

OL 

and this can be commuted with any matrix. To illustrate equation 
(22), let y = x . Then the typical element of dx/dx is 

lim ~[x(nm) + a8 nm — x(nm)] — 8 nm , (24) 

OL 


that is, all the elements of this matrix are zero except those on the 
principal diagonal. Likewise, 


dx 2 , \ ,. 1 

dx nwl = lun - 


]£[;r(n£) + «5„i][x(fcm) + — 2jx{nk)x(]cm) 

k k 

= lim- 1 x(nJc)a8km + ^ l x(km)a8 nk + a 2 ^d nk d kt] 

OL i. i. 


In the first summation, each term is zero except the one in which k — m, 
namely, x(nm)8 mm , or x(nm); and in the second summation each term 
is zero except that in which k = n, namely, x(nm)8 nn . Therefore, the 
result is 2 x(nm), and the corresponding matrix equation is 


The rule for the differentiation of a product is identical with that 
of ordinary calculus. To prove this we take y = fg in equation (22) 
and note that the numerator 


/(* + «) g(x + a) - f(x)g (x) 
can be rewritten in the form 


f(x + a)g(x + a) - f(x + ot)g(x) + fix + a)g(x) - f(x)gix). 


In passing to the limit the first two terms give rise to 



and the last 


two to 


g so that 
dx* 


d{fg) f dg df 

dx J dx T dx 


(25) 


Since any power of x can be considered as a continued product, we can 
use this relation to prove the formula 


dx n 

dx 


— nx n ~K 


(26) 


Applying this rule to the matrix power series representing any function, 
we see that all the usual derivative formulas hold true for functions 
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which can be represented by such series. The idea of partial differenti- 
ation is also formally identical with that of ordinary calculus. 

9. Diagonal matrices are those in which all the elements are zero 
except those along the principal diagonal, such as, 

Mi 0 0 ... 

0 M 2 0 ... 

0 0 M 3 . . . 

■ ■ ■ (27) 

The general element may be written M n 8 nn . A matrix of this kind is 
analogous to a constant in ordinary dynamics, for it has the property 

dM/dt = 0, 

If a matrix q is such that dq/dt = 0, this implies that 

2Tiv(nm)q(nm) = 0 

for. every pair of values of n and m. If all the energy values Ek are 
distinct then v(nm) cannot be zero unless n = m. In this case, 

q{nm) = 0 , n m, 

so that the matrix q is diagonal. If the energy values are not distinct 
this may be true, but is not necessarily so. We have proved, there- 
fore, that if the time derivative of a ' matrix q is zero in a non-degenerate 
problem, q is a diagonal matrix. 

Diagonal matrices enjoy many remarkable properties not possessed 
by matrices in general. The product of two diagonal matrices is also 
diagonal and the order of multiplication is immaterial, that is, ab — ba = 
0 if both a and b are diagonal. Further, if ab - ba = 0, and a is diagonal 
and is not degenerate , then b is also diagonal , for we have 

a(nri)b(nm) — b{nm)a(mm) = 0. 

Since a is not degenerate, a(nn ) is not equal to a(mm) when n is not 
equal to m; and so b{nm) must be zero, which proves that b is diagonal. 

10. An Alternative Expression of the Time Derivative. — Consider 
the diagonal matrix formed of the energy values E n , and let q be any other 
matrix. Then, forming the function' 

Eq - qE , 

we have for its nth, mth element, the sum of terms, 

'^E n 8 n j c q(1cm) — '^q(nk)Ek8j cm . 

k 

In the first sum, the only surviving term is that for which k = n and, in 
the second, the only survivor occurs when k = m, so we obtain 

(E n - E m )q(nm) = (Eq - qE)(nm), 
or, by Ritz’s principle, 

hv(nm)q(nm ) = (Eq - qE)(nm) , 
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so that by equation (20), 


h 

2iri 


q = (Eq - qE). 


(28) 


Obviously, q can be any matrix' whatever, for the proof does not require 
it to be a coordinate. 

11. Alternative Form for Matrix Derivatives. — We now prove that 
if f is a matrix function of two other matrices p and q, then, 

h a if 


and 


fq - qf = 


Pf~fP = 


2i ri dp’ 
h df 


(29) 


(30) 


27 ri dq’ 

provided that p and q satisfy the relation 

pq-qp = 

First, we note that equations (29) and (30) are satisfied when /is set equal 
to either p or q. Now we show that if they are true for any two functions 
F and G they are true for F + G and FG. The first statement is obvious. 
As to the second, we write 

FGq - qFG = F(Gq - qG) + (Fq - qF)G. (32) 

But by hypothesis 


(31) 


dG 


etc. 


G q-qG- j 
so that the right side of equation (32) reduces to 


h\/„dG j _ dF r\ = 

^2-iri )\ dp ^ dp ) \2wi J dp 

The extension to a product containing any number of factors is accom- 
plished in the same way. Now the only type of matrix functions with 
which we shall deal is that which can be expanded in series containing 
terms of the type q a 'p bi q ai p b2 . . . , and since we have shown that equation 
(29) is true when / is a product of this kind, it also holds for a series 
composed of such products. This completes the proof of equation (29), 
and that of equation (30) is similar. 

12. Some Convenient Rules of Computation. — Assuming equation 
(31), we obtain by induction the following results: 


pnq = q pn -f- 


(kK' 


q"P = pq n - ( 2S 


h 


m 


’ 71—1 


(33) 


13. The Permutation Theorem. — A matrix is said to be permuted 
when its rows are interchanged according to any plan we care to specify. 
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and when the columns are also interchanged in the same way. The 
permutation theorem is as follows : 

Every matrix equation F(x h x 2 , ••'•)= 0 remains true if all the 
matrices are subjected to the same permutation. 

To prove this, we need only show that if a and b go into a' and b’ 
as a result of this permutation, then the results of applying it to a -f- b 
and ab will be a ’ + b' and a'b', respectively. The proof depends on 
the fact that a permutation can be replaced by a suitable matrix multi- 
plication. Let us agree to replace 

1, 2, 3, . 

by the numbers 

ki, kz, k 3 , ... k n , .. . 

and let us form a permutation matrix, p, such that 

p(nm) = 1 if m = h„, and 0 otherwise. 

The matrix p obtained by interchanging rows and columns is such that 
: p(nm) = 1 if n = km, and 0 otherwise, 
and so the typical element of pp is 

%p(nj)p(jm). 

j 

This will be zero unless j = k n = Jc m , that is, unlfess n — m, in which 
case it is unity, and therefore pp = 1, so that p = p-i m 


Illustration— Consider the permutation of the numbers 1. 2, 3, defined by 

7. O * 7 ~ J 



0 0 1 

1 

0 10 

II 

1 0 0 
0 1 0 

II 

0 0 1 

1 0 0 


Returning to our theorem, we have 

pa(nm) = 2p(nj)a(jm) 
which reduces to the single term 

p{nk n )a(k n m) = a(k n m). 

That is, the element of pa standing in the nth row and with column 
is the same as the element of a standing in the &„th row and rath column, 
soothe multiplication has simply carried the fc„th row into the nth row 
Similarly, 

fflp~ 1 (nm) = a(nk m ) 

which means that this multiplication results in carrying the fc m th column 

into the position of the mth column. Applying both multiplications in 
succession, 

a! = pap ~ 2 , 
a f + b' = p(a + 


so that 
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Further, 


a'b' = pap~ 1 pbp ~ i - 


In the center p~ x p = 1, so the right side is pabp 
proof of our theorem. 


This completes the 


5. THE QUANTUM CONDITION FOR SYSTEMS OF ONE DEGREE OF 

FREEDOM 

We must now study the laws of atomic mechanics discovered by 
Heisenberg 1 and extended by Born, Heisenberg, and Jordan, 2 which 
enable us to calculate the values of the quantities q(nm) } p(nm), and 
v(nm). 

These amplitudes and frequencies are not variables; they are constant 
quantities, depending only on pure numbers and universal physical 
constants. They are infinite in number and we may expect that the true 
laws of atomic mechanics will yield an infinite number of equations for 
determining them. We may also expect that these laws will reduce to 
the ordinary dynamical laws in the region of high quantum numbers and 
small changes of the quantum numbers. 

In the old mechanics the amplitudes and phases of an atom are not 
completely determined by the equations of motion. They appear as 
constants of integration, and are assigned definite values by applying 
the quantum conditions. Similarly, in* matrix mechanics, we have a 
set of equations involving the p’s, q’ s, and r’s, together with h, which 
form a natural generalization of the quantum conditions. Heisenberg's 
assumption as to the matrix quantun^ conditions was based on a form 
of the ordinary quantum conditions used by Thomas 3 and W. Kuhn. 4 
If we write 

p = Sp y e 27ri ^, q = Xqie 2wivlt 

with the summations running from — oc to + °o } the integral I = §pdq 
takes the form 

/ = j 2)2/2? rivlpjqie^Wi+^dt. 

Jo 

The only terms different from zero are those in which j — — J, so that 

I = 2?r ijL/lpiqi. (34) 

Differentiating, 

2«X = 1. (35) 

1 Z. Physilc, 33, 879 (1925). 

2 Born and Jordan, Z. Physik, 34,858 (1925); Born, Heisenberg, and Jordan, 
Z. Physik, 35, 557 (1925). 

3 Naturwis., 13, 627 (1925). 

Physik, 33, 408 (1925). 
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For the case where p = mq, Thomas and Kuhn succeeded in generalizing 
equation (35) so that it held for all values of the quantum numbers. 
Their procedure was based on the correspondence principle and consisted 
in replacing each derivative by a suitable finite difference. Further, 
Heisenberg was able to construct a matrix function which may be con- 
sidered as a generalization of the result obtained by Thomas and Kuhn, 
without any restriction on the form of p. It must be understood that 
this procedure is purely an assumption, justified by the striking character 
of its results. The equation adopted by Heisenberg was 

h 

2 Vi = + l > n )v(n, n + l) - q( n , n - l)p(n - /, n)], (36) 

n being a quantum number. Terms which contain a negative index are 
to be set equal to zero, for they correspond to transitions involving non- 
existent terms. Writing n + l = h in the first product and n — l = k 
in the second, equation (36) becomes 

%lp(nk)q(Jcn) - q(nk)p(kn)] = (37) 

h Am k ' 

There is an equation of this form for each value of n, and the left members 
are evidently the diagonal elements of the matrix pq - qp. This sug- 
gests that we write . ° 

Pq- qP = (^)i, (38) 

as the quantum condition of matrix mechanics. This is the commutation 
relation v? hich tells us how much the product pq exceeds qp. It serves 
as an additional law of computation in matrix algebra, which enables us 
to obtain definite numerical results. 


b. I HE .ENERGY MATRIX 

. * n ® ec - 4 , we assumed that the frequencies occurring in the elements 
ot ah the matrices °f atomic physics obey the Ritz combination law, from 

t^^umbers ^ ^ frequency can be ex Pressed as the difference of 

E n — E m = hv(nm). 

tie numbers ar6 "‘"o' 1 to «■» elements of 

the matrix representing the energy. In ordinary mechanics the energv 

LXTterm 80 ^ S8ries Renting it reduces to a 

constant term. This constancy is expressed by the vanishing of the 

dX 0 Th’ S ° ^ Tu 0gy We reqUire “ matrix mechanics tha? 
, , * bls means tha t E is a diagonal matrix, if the energy 

notice ar W Ih thTI’ WhiCh f We ShaU aSSUme to be the case until further 
notice. With this clue, we form a diagonal matrix E with the constants 
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E n for its non-vanishing elements, and ask, how can we justify our 
action if we call this the energy matrix? This identification will be 
satisfactory if we succeed in finding analogues of the canonical equations 
of motion, involving a matrix function H(p,q) called the “ Hamiltonian 
function,” such that when the coordinates are suitably chosen the 
relations 


and 



(40) 


H = E, 


(41) 


are satisfied. The first of these will be referred to as the law of con- 
servation of energy. The second, when proved, yields the Bohr fre- 
quency condition, 

H n ~ H m = hv(nm ). (42) 


7. THE MATRIX LAWS OF MOTION; THE THEOREM OF ENERGY 

CONSERVATION 


We are now in a position to discuss the laws of motion. As we 
shall see, there is a close relation among (1) the quantum conditions; 
(2) the law dH/dt = 0; (3) equation (42); and (4) the laws of motion. 
Assuming (1) and (3) we can prove (2) and (4); assuming (1) and (4) 
we can prove (2) and (3), and other combinations are probably possible. 
Here we shall proceed according to the second plan, and shall begin 
by stating the equations of motion proposed by Born and Jordan. 
They are 


<1 “ 



dH 


(43) 


These equations are not differential equations; on the contrary, they 
stand for an infinite number of algebraic equations, each one of which 
has an infinite number of terms. H is a function of p and q , constructed 
by matrix multiplication and addition, and is taken as nearly similar 
to the energy function of classical theory as possible. For example, 

if the classical energy function is p 2 + pq, we take H = p 2 + ~ + 

™ The last term is split into two terms symmetrical in p and q , 

because in classical mechanics the product qp stands on an equal footing 
with pq. This is not true in matrix mechanics and in a certain sense 
the symmetri nation of the term pq serves to restore p and q to an equal 
footing. General rules for writing the matrix energy function from a 
knowledge of the classical energy function are given by Born and Jordan. 
They are rather complicated and since they are often equivalent to the 
requirement that H be symmetrical in p and g, we shall not pursue 
the subject further. 
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shall now prove equations (40) and (42). By equations (28), 
(43), and (29), we have 

K ^i) q = Et l~<lE = — Hq — qH, 

and similarly, 

Ep - pE = Hp- pH, 

whence, 

(£ - H)q = q(E - H), (E - H)p = p(E - H). 

That is, the matrix E - H commutes with q and p, and therefore with 
any function of q and p, so that 

and (E-H) H = h{E - H) 

EH — HE — 0 , 

but by equation (28), this means that 

dH 


dt 


= 0 , 


and H is diagonal. A typical element of equation (44) may be written 
q(nm)(E„ - E m ) =.q(nm)(H n - H m ). 

From this equation (42) follows at once, unless q(nm) = 0. 

exce P tional case occurs, we proceed as in the following examnle- Let 
5(34) be the vanishing element. If g(35) and *(46) are not zero, we get 

and by subtraction, 


H 3 - H s = y(S5), Hi - H s = y (45), 
#3 - Hi = „(34). 


system obviously splits into two (or more) parts which do not combine ’ 

8. THE HARMONIC OSCILLATOR 

The Hamiltonian for the oscillator is 

= |- + 2r*v 0 W- (45) 

It is assumed that we are dealing with a non-degenerate system— that 
is, E n is not equal to E m unless n = m. We have 


> p = — Ak 2 v 0 2 /iq, 


(46) 


“ ec ^nics, although the meaning of the equations is 
profoundly different. Let us differentiate the first of equations (46), 
obtaining q = p/^ and eliminate p , obtaining, 

q + (27tvq ) 2 q = 0. 
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This represents a double infinity of equations in square array. The 
equation in the nth row and rath column involves only the element 
q(nm) of the coordinate-matrix q. It is 

'q(nm) ■+ (27 vv^qinm) = 0, 
or, 

— 4rV(nra)<?(nra) + (2wvo) 2 q(nm) = 0, 
or, 

[v 2 (nm) — v^)q(nm) = 0. (47) 

From this we conclude that v(nm) — ±vq, provided that q(nm) is not 
zero. In other words, the frequency in the time factor of all non- 
vanishing elements of q is ±v Qm (This information is available only 
because of the simple character of the problem. At the corresponding 
stage in the solution of almost all dynamical problems we shall study, 
no similar conclusions can be drawn.) This is all that can be said about 
v(nm) and q(nm) by use of the equations of motion. The problem comes 
to a halt in similar fashion if we eliminate q from equation (46) and solve 
for p. This brings out clearly the r61e of the commutation equation 
(38) which plays the same r&le as the quantum condition in Wentzel’s 
treatment of Schrodinger’s theory (App. V, Sec. 3). It enables 
us to determine the size of the p’s and q’s, the result being in exact 
agreement with the amplitudes obtained by the methods of wave mechan- 
ics, introduced in Chap. XV, Sec. 17. The use of the matrix 1 on the 
right side of the commutation equation, rather than any other value, 
is responsible for results equivalent to those which arise from the nor- 
malization of Ar, 

In order to utilize equation (38), we substitute the value qix for 
p , obtaining 

£ h 

The typical element of this relation is 

^[2t riv(nk)q(nk)q{km) ~ q{nk) *2? riv(km)q(km)] = h(rwi) ^ 

That is, 

v(nk ) — v(km)]q(nk)q(km) = — or 0, (48) 

according as n is or is not equal to m. The diagonal elements of equation 
(48) may be rewritten 

^v{nk)\q(nhy\ = (49) 

for —v (kn) -v(nk). This can be simplified at once. By equation 
(47), all elements in the n.th row of the q matrix vanish except two at 
most, having the frequencies 

v(nn') — vo, v(nn") = — v 0 = —v(nn'). 


St 


( 50 > 
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The level n’ is below n and n" above n, because v 0 is positive. Now 
equation (49) reduces to the form 

v(nn')\q(nn')\ 2 + v{nn")\q(nn")\ 2 = r(ran"){|g(»n")| 2 - 

\q(nn’)\‘ 1 ) = (51) 

We are now in possession of all the material needed for determining 
the elements of H. Remembering that p = / uq, H may be written 

+ 27T 2 Po 2 jU? 2 


and by the use of equation (20), we obtain 

H(nm) — 2r 2 ix^q{nh)q{km)[v^ — v(nk)v(km)}. (52) 

k 


The bracket in equation (52) reduces to 2v 0 2 so that 


H(nn ) = W n — 47rVi/ 0 2 [|g(nn , )| 2 -f" \g.(nn")\% (53) 

In the nth row of q, one of the two non-vanishing elements lies to the 
left, and the other to the right of the principal diagonal (if both exist), 
the first corresponding to emission and the second to absorption. Like- 
wise, each column contains at most two non-zero elements, one above and 
one below the diagonal. Our knowledge of the Planck oscillator makes us 
suspect that the non-vanishing elements correspond to transitions in which 
the quantum number changes by unity, so that for any n, these elements 

are q(n, n + 1) and q(n, n ~ 1). If this is so, the matrix q has the 
appearance 


0 

9(10) 

0 

0 


9(01) 0 0 

0 9 ( 12 ) 0 

9(21) 0 9(23) 

0 9(32) 0 


Let us assume for the moment that such is the case, and that the 
energy level numbered zero is the lowest level. Then from equation (51) 


r(01){l9(01)| 2 - |g(0, — 1)| 2 } = 

07 r Z ]JL 

Now, 9(0, -1) must be put equal to zero, because there is no level 
numbered minus 1, and p(01) = — v 0 so this equation becomes 


y °l ff(01 )l 2 = 8^‘ 

Substituting tins value of |g(01)| 2 in equation (53), we see that 


hv o 
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Now it is easy to obtain the other levels. Remembering that |g(01)| 2 = 
|g(10)| 2 , it follows from equation (51) that 

| 2 (12)|. - k(0Di> + ^ 

Similarly, 

\q(n, n + 1)[ 2 = | q(n + 1, n ) | 2 = (n + 1) (54) 

By using these values in equation (53) we find that 

E n = (n + H) hvo, (55) 

in exact agreement with the result obtained by wave mechanics. 

To complete our study of the harmonic oscillator, we discuss the 
values of the amplitudes. From equation (54), we may write 


q(n, n + 


1) = O + 1) 


Sw^JJLVq 


M 


e i8 n, 


(56) 


but nothing can be said as to the values of the phase constants. This 
is not to be considered a defect of the theory, for just as in the classical 
theory, the unobservable phase of the oscillator has no influence on its 
energy or the intensity of its radiation, both of which are to be considered 
as observable. The energy depends on the square of the absolute value 
of g, which does not involve the phase. 

It is interesting to compare the elements of the ^-matrix with the 
classical p’s. By equation (46), 

\p(nm)\ 2 = 4:T 2 /jL 2 v(nm) 2 \q(nm)\ z . (57) 


This is zero except when m = n ± 1, when we have 


|p(n, n + 1)| 2 + | p(n, n - 1)| 2 = pE n > 


This may be compared with the classical relation 2p 2 = p E, while after 
multiplication by the implied factor exp 2irivot } equation (56) is similar 
to the classical equation 



J being equal to nh. 


J 


H 


8tt 2 m^o 


exp (: 2irivot + id). 


In our treatment of the oscillator, we assumed that the numbers n', n, and n' f 
have consecutive values, that is, transitions occur only between adjoining levels. 
How can we prove that such is the case? First of all, each energy level can be entered 
in at least one direction, that is, for every level E n there is at least one levels such 
that q(nm) is not zero; there is at least one non-vanishing element in every column 
and every row of the q matrix. For if this were not true in the case of the nth row 
or column, the (nn) element of pq — qp } namely, 2[p(nk)q(kn) — q{rik)p(kn)], would 
vanish, contradicting the equation (38). 

Suppose the situation portrayed in the diagram of the matrix, g, is not correct, so 
that vo may correspond to a change of the quantum number greater Jbhan l. Begin* 
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ning with the lowest level, for there must be a lowest level, we construct a sequence of 
levels at intervals v 0 . The numbers belonging to the higher levels in this sequence 
are unknown for the moment, but we suppose at least one pair of them has numbers 
which are not consecutive. Similarly, there may be another level, (E 2 for example), 
which is not entered from below, on which we build up another sequence of levels, 
at ■ intervals . vo, and so on. Now consider the lowest term in one of these sequences. 
The proof given above shows that its energy is hv 0 / 2. But this reasoning applies to 
the lowest level of any of these sequences, so all of them must lie in the same position 
on the energy diagram. However, this violates the assumption that no two levels 
have the same energy, and so only one sequence of levels exists after all. Therefore, 
v 0 is the spacing between adjacent levels, which is what we set out to prove. 

Further, we assumed that the levels are numbered in the order of increasing energy. 
If this were not true, we could make it so by permuting rows and columns of all 
matrices in the . same way, until the lowest energy value occurs in the leading position 
in the E matrix, and so on. By Sec. 4, Part (13), this does not destroy the meaning 
of any matrix equations. In the remainder of our work with matrices, we shall 
suppose this detail attended to. 

9. QUANTIZATION OF THE ROTATOR 

There is no place in Heisenberg’s matrix scheme for the treatment 
of problems in which the independent variables continually increase; 
each element of a matrix must be considered as a generalization of a 
term in a Fourier series, and such a series is naturally fitted to represent 
an oscillation. Halpern 1 quantized the rotator in matrix theory by 
the use of a transformation which changes the energy function of the 
rotator into that of the oscillator. He recognized that the success of this 
expedient was a lucky chance, and it cannot be employed to reduce 
the general conditionally periodic system to a system of independent 
oscillators. In spite of the drawbacks of Halpern’s method, it will 
be of interest to outline his treatment of the rotator. 

The Poincare transformation, 

Q = ( cos <p, p = — (2 p v )H sin <p, 
will carry the function p^/21 over into 

rr _ (P 2 + q 2 ) 2 

SI * 

In classical theory this represents the product of the energy function 
for an oscillator with energy (2i77)^ and for a system which might be 
referred to as an “imaginary oscillator,” with energy (-2 HI)*. For 
use in matrix theory, we symmetrize this function, writing it as 

(P 4 + P 2 q 2 + q 2 P 2 + q 4 ) 

87 

The solution of this matrix problem is very simple, and yields the energy 
values (j + ^) 2 A 2 /8tt 2 7. 

l Z.Phy$ik } 33, 8 (1923). Sea also Tamm, ibid . 37 , 685 (1926). 
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10. SPECTRAL INTENSITIES IN THE MATRIX THEORY 

T ho calculation of t ho rolnf ivo intensities of spectral lines in the 
matrix theory is vory similar to the corresponding process of classical 
theory. The matrix component </(um) may he considered as the ampli- 
tude of a virtual harmonic oscillator of frequency v{nm). Multiplying 
by the electronic charge, we obtain the electric moment, and substitute 
it into the classical formula for the average rate of radiation by such an 
oscillator, ((’hap. VI, See. 1.) The Einstein probability coefficient for 
the transition w to m is defined by the relation 

A„ m h»(ntn) - /, ( 58 ) 

where / is the average rate of emission. This relation gives us a means 
of comparing the results of the matrix theory directly with experiment. 

11. MATRIX MECHANICS FOR SEVERAL DEGREES OF FREEDOM 

*1 ho extension of matrix mechanics to conservative systems having 
/ degrees of freedom is easily understood, for the underlying physical 
ideas are nearly identical with those outlined for the case of one degree. 
Dirac 1 and Horn, HoisenlsTg, and Jordan, 3 independently, discovered 
the appropriate generalization. A coordinate is expressed in classical 
mechanics by an /-fold Fourier series, having a typical term 

f /*i> ■ ' • »/ *'Xp |2ir<(&iW| A.'/w/)/j, 

There j H an /-fold infinity of such terms. On the other hand, the emission 
frequencies of a system with / degree* depend on the values of 2/ quanti- 
ties, namely, the quantum numlsTs of the initial state and those of the 
final state, and therefore may be written 

•*(« . . . m f ). 

instead of the /-fold Fourier series, in matrix theory we consider an 
aggregate of terms, 

m h • ■ • w*/) exp 2rtv(ni, . . , 71 $ j mi, . . , m/)t, 

which form altogether a matrix of 2/ dimensions. All the laws of Sec. 4 
hold without change if we replace the multiplication rule by the following 
rule involving /-fold summations: 

(«/>)(«), ■ • ■ Uj\ m u • • • m f) •» 

*£**4 

Zhilin,, • • ■ n/\k u • • • kf)b{k\, * * • k/i mi, • * • m/). (59) 

The multiplicity of summations makes the attainment of numerical 
results more complicated, but general theorems are usually no more 
complicated than before, This is partly due to the fact that a 2f- 

’ Proc, Roy. Site,, 109, M2 0025). 

*». Phyik, SO, 557 mM), 
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mi 

dimensional matrix can be rewritten as a two-dimensional one. F( 
example, the terms of a four-dimensional matrix are drawn up as follow! 


«(ii; 

11) 

a(ll; 12) • • 

• a(ll; 21) 

o(ll; 22) 

«( 12; 

11) 

a(12; 12) • • 

• a(12; 21) 

a(12; 22) 

o(21; 

11) 

a(21 ; 12) • • 

• a(21; 21) 

a(21 ; 22) 

a (22; 

ID 

a (22; 12) • • 

• a(22; 21) 

a (22; 22) 


We are dealing with an infinite checkerboard, each square being also a 
infinite checkerboard. If we have another such board, b, and apply tl 
multiplication rule of equation (14) we see that the single summatio 
involved takes in all the terms of the /-fold summation of equation (59 
The Hamilton equations are identical in form with the classic; 
ones, and the commutation rules are as folllows: 

prps - pspr = 0 , ( 6 ( 

qrq s - q s qr = 0, (61 

Prq s — ■ p s q r = 0, r not equal to s, (6$ 

Mr - q rPt = g-, (6 ; 

The reader is strongly advised to write out a few terms of the produc* 
involved in these quantum conditions, to aid in understanding win 
they imply. 

It is worth noting that the equations of motion and the commutatic 
relations do not suffice to prove the Bohr frequency condition whc 
the system is degenerate. As Born, Heisenberg, and Jordan have prove< 
the law of energy conservation dH/dt = 0 can still be obtained fro] 
these equations, but this does not show that H is a diagonal matri 
because the system may be degenerate. For example, if we are dealir 
with a system of two degrees of freedom it may occur that 

H(3, 10; 3, 10) = 3, 12; 3, 12), say. Then v(3, 10; 3, 12) = 0, 

and there may be a term H( 3, 10; 3, 12), for which the exponential tin 
factor reduces to a constant. The time derivative of this term is zer< 
as it should be, but it does not lie on the principal diagonal of the matri: 
This prevents us from proving the frequency condition as we did fc 
systems having one degree of freedom. For this reason, we take as oi 
fundamental equations the quantum conditions (equations (60) to (63) 
and the relation 

H = E = diagonal matrix. 

This assures the validity of the frequency condition in all cases. 

12. THE MATRIX ANALOGUE OF THE HAMILTON-JACOBI EQUATIO] 
Our matrix calculation of the energy and the coordinates of tb 
harmonic oscillator was made as simple as possible, but it will convinc 
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the reader that the study of more complex systems would be very difficult, 
if attacked by direct methods. In general, we are confronted with an 
infinite number of algebraic equations having an infinite number of 
unknowns. It is very important therefore, to introduce methods for 
simplifying matrix problems by transformation of coordinates. This 
term must be carefully explained, for the matrices q and p are not really 
variables, but simply aggregates of algebraic quantities. A transforma- 
tion is simply a set of matrix equations expressing the q’s and p’s in terms 
of an equal number of new coordinates and momenta Qi . . . Pf. 

For the present we restrict our study to problems of one degree of 
freedom. We saw in Chap. IV how the action function S serves to define 
a canonical transformation to new variables P, Q, such that the energy 
is a function only of the P’s, which are constant, while the Q’s are angle 
variables. We now introduce a matrix transformation which enjoys 
analogous properties, namely, 

P = SpS~\ Q = SqS~\ (64) 

where S is any matrix whatever. This transformation has the property 
that 

KPQ) = SfipqjS- 1 (65) 

where f{PQ) is obtained from f(pq) by replacing p and q with P and Q 
without altering the form of the f unction. Thus, if 

*<*) - %■ 

then 


H{PQ) - 


P 2 

2m' 


To prove equation (65) wo simply noto that if it is true for two 
functions / and g it is true for f + g and fg. Thus, 

f(PQ)ff(PQ ) - Sf(pq)S- 1 -Sg(pq)S ~ 1 - Sf(pq)g(pq)S~ I r 
since S~{S in the middle is equal to 1. The relation is true for p and 
q, by hypothesis and so it holds for any function. In particular, it shows 
that 



by virtue of equation (38). Any transformation in which equation (38) 
holds true for both the old and the new variables is called a “canonical 
transformation.” Similarly, in the case of problems of several degrees 
of freedom, a transformation is said to be canonical if both the old and the 
new variables obey the commutation rules of equations (60) to (63). 
Jordan 1 has proved that tho most general canonical transformation can 
be expressed in the form 

P k - SpuS - 1 ,Q k = S?*S- Z . 


1 Z. Physik, 37, 383 (1926). 
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We use equation (64) to solve mechanical problems by a perturbation 
method. Suppose we have an “unperturbed” problem for which the 
energy function is Ho{fioqo)> a diagonal matrix, and that we have found 
the elements of the matrices po and g 0 which satisfy equation (38). 
Let the energy function for the perturbed problem be 

H{poqo) = H 0 {poq 0 ) + \Hj(p 0> q 0 ) + \ 2 H 2 (po, qo) + * * • > (67) 

where H(poq 0 ) is not a diagonal matrix. We seek for a transformation 
p = SpoS' 1 , q = SqoS-i (68) 

such that the new Hamilton function H(pq) will be a diagonal matrix E . 
It will be understood that although H(pq) is the same function of p , q 
that H(p 0 qo) is of po, qo, the values of the elements of p , q are different 
from those in po, qo, and so H(pq) can be diagonal although H(poqo) is not. 
Our problem is to find S. We begin by assuming that 
S = 1 + \Si + \ 2 S 2 + * • , 



E — Eo + XEj + \ 2 E2 ■(■•••) 

(69) 

where all the E ’ s 

are diagonal. Multiplying the equation 


by S, we have 

SH(p 0 , q 0 )S~ I = E 


SH(po, q 0 ) = ES, 

(70) 


or, 

( 1 + \Si +.•••) (Ho H - XHi + • • * ) = ( Eo + ^E 2 -f* • • • ) 

(1 + \Si +■*••)• 

Multiplying out, and equating the coefficients of the various powers of 
X on both sides, we have 

H 0 = Eo (71) 

SiHo - HoSx + Hi = E u (72) 

S 2 H 0 -HoS 2 + H 0 Si 2 - SiH 0 Si + SjHx - HxSj + H 2 = E 2 , (73) 
and, in general, 

S r H 0 — Ho Sr + F r (Ho • • • H r , So, • • • S r -i ) = E r . (74) 
The equations for several degrees of freedom are similar, except that 
multiple summations replace the simple summations implied in the 
relations given. 

13. PERTURBATION THEORY FOR A N ON -DEGENERATE SYSTEM 1 

H 0 of equation (71) is a known diagonal matrix. Nominally, it is a 
function of the old coordinates, while we should like to express the final 
solution of our problem in terms of the new ones. Actually, however, 
its elements depend only on pure numbers and on universal constants, 
and Hi? is not changed by a transformation. Thus, the elements of 
Eo are not only equal to those of Ho, but are identical with them. We now 

1 We discuss non-degenerate and degenerate systems separately because certain 
equations are altered when several energy levels coincide. 
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proceed to equation (72). Although Ei is unknown, we have made the 
hypothesis that it is diagonal, and so the left member of equation (72) 
is also diagonal. This means that the diagonal elements of the left 
member are equal to the quantities Ei(nri), whatever they may be, 
while the non-diagonal elements vanish. To find the first-order per- 
turbation terms in the energy we simply write down the equations, 

'2S l (nk)H a (kn ) — ~2H 0 (nk)Si(kn) + H x (nn) = E x (nn). (75) 

H 0 (nk ) is zero except when k = n, since H 0 is diagonal, and the only 
terms which survive in the summations are 

Si(nn) Ha(nn) — H Q {nn)S\(nn), 
which cancel, leaving us with the relation, 

Iii(nn) = Ey(nn). (76) 

The matrix Hi is known from the statement of the problem, and so we 
have complete knowledge of the elements of E x . The first-order per- 
turbations of the energy are the diagonal elements of \H X . This is 
strikingly similar to the classical theorem that the first-order perturbation 
is equal to the average value of the perturbing potential taken over the 
undisturbed orbit (Chap. YI, Sec. 10). 

We now obtain Sr, in order to use it in equation (73) for determining 
E 2 . To do this, we write down the general element of equation (72): 

'ZSi(nk)Hti(km) — YIIo(nk)Si(km) + Hi{nm) = Ei(nm). (77) 

Because H 0 is diagonal, all terms in the summations vanish except those 
containing Si(nm). Thus, we have one linear equation, to determine 
each element of S x . Now our previous treatment of the diagonal terms 
of equation (72) shows that the equation containing an element Si(nn) 
fails to determine it, so we may take the elements Si(nn ) equal to zero. 
When n is not m, equation (77) reduces to 

Si(nm,)[Ho(mm ) — H o(roi)] + Thinm) = 0, 

whence, 

The method of deriving higher approximations is similar. We write 
the diagonal terms of equation (74), namely, 

2Sr(nk)H Q (kn) - 2lh (nk)S r (kn) + F r (nn) - E r (nn), 
and note that the two summations vanish for the same reasons as in the 
analogous case above; and so 

F r (nn) = E r {nn). (79) 

But the matrix F r is completely known, from the calculations by which 
preceding approximations were obtained, and so E r is known, since it is 
assumed to be diagonal. This result may be expressed in the form 

F r - E r , (80) 
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where F r is formed from Fr by setting all its non-diagonal elements 
equal to zero. F r is called the time mean of Ft for it is analogous to 
the constant term of a Fourier series, which is the time mean of the 
series. The equation for S T (nm) is obtained in the same manner as that 
for Si(nm), and leads to the result 

F T (7l7Yh){\ 8nm) 


S r (nm) = 


hv Q (nm) 


(81) 


where 8 nm is one if n = m and zero if n is not m. 

Now we are able to find p and q by using the values of S and S~ 7 
in equation (68). We easily find that 


S- 1 = 1 - AS, + \ 2 (S/ -&)•••, "(82) 

and so, writing q as a series in ascending powers of A, we get 
q = qo + A q% + • • • = (1 + AS, + • • * )qo 

[1 - AS, + A W ~ S 2 ) + . . . ]. 

Then qi ) qz, etc., are equal to the coefficients of A, A 2 , etc. on the right. 
We get 

qx = Sjqo — qoSi, 

qz = S 2 q 0 ~ qoS 2 + q 0 Sx 2 - SiqoSx. (83) 

The formulas for p , and for any function of p and q, are similar, by virtue 
of equation (68). 


14. SUMMARY OF PERTURBATION FORMULAS 
It will be useful to assemble the explicit formulas for the first- and 


second-order perturbation terms in £, q , and p. By equation (76), 
By equation (78), 


Si(nm) = 

By equation (83), 

qi(nm) = 


Ex = Hi, Ei(nri) = Hi(nn). 

^nm) 


h v<,(nm) 

'IIi(nk)qo(km) 'qa(nk) II x (km) 


(84) 

(85) 

( 86 ) 

vo(nk) hv a (km) ’ 

The prime indicates the omission of the term k - n in the first summa- 
tion, and k = m in the second, arising from the fact that Si(nn) = 0. 
By equation (80), 




hvo(nk ) 

V H i(nk)p Q (km ) 


2' hv a {km) 7 
_ 'sr\' , pa(nk)H i(km) 


E 2 = HoSi 2 - SiHgSi + SiHj - HjSi + H 2 , 

Ei(,nn) = X ^E 0 (nn)S 1 (nk)S 1 (kn) - StintyEoiktyS^kn) 

v + S^ntyHxikn) - H\{nk)Si(kn) | + H 2 (nn) 
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The first, second, and fourth terms cancel, and, therefore, 
Et{nn) 


//,(». 0 + 

hvn(nk) 


( 88 ) 


By (>quation (81), after reductions practically identical with those used 
in finding £>, 


Si(’irn) 


tls(nm) H\(nk)Ifi(km) _ /fi(nn)Si(nm)_ 


(89) 


hvn(nm) * ht> n (.nm)hvo(km) hvu(mn) 

By methods which will he understood after reading the next section, 
J. L. Dunham found that 


*8 a (««) - 2 X *8'i (wj) *8, (y'n). (90) 

These equations permit the evaluation of q 3 from (88), and formulas 
for pi, etc. are obtained on replacing q 0 by p 0 , etc. 


15. A CONDITION WHICH S MUST FULFILL ; SS* - 1 

W'e saw in Sec. 2 that it is important for all the matrices of atomic 
physics to be Hermit ian, a condition which corresponds to the classical 
requirement that any physical quantity must be real. Therefore, we 
must, ask whether the transformation of coordinates determined by 
equation ((18) is such that the new coordinates will enjoy this property. 
We have the following theorem: 

If a Ilermitian matrix x is subjected to the transformation 

X - SxS (91) 

then in order that X shall also be Ilermitian, S must obey the relation 

S§* « 1, (92) 

where $ iH called the transposed matrix of S and is the matrix obtained 
by interchanging the rows and columns of S, so that 

B(ntn) m S(mn), 


Proof. In proving this theorem, we need the fact that if x - yi, then S ~ Ip, 
which may lie shown as follows; 

Hnm) » f(mn) «■ Xy(mk)t(kn) — Xilnk)p(km) — kjj(nm), (03) 

Now, since x is supismed Hemntian, 

x - X*; 

that is, if transposition is followed by change of sign of i wherever it occurs, the matrix 
is restored to its original form. Similarly, if X is Ilermitian, vve must have X m X*. 
By transposition of equation fill > with due resjieet to equation (93), wo see that 

X - S -‘xS, 

and taking the complex conjugate of this we have 

X * * «■ 
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(S 1 means the transposed of S~*, not the reciprocal of §.) If this is to be identical 
with X, as we wish it to be, so that X will be Hermitian, we must have 

S^ 2 *xS* = SxS- 1 , 

by equation (91). This will be the case if 

S* = s- 1 , 

as the reader will verify; but SS~* = 1 , and so we must have 

ss* = i, 

which agrees with equation (92). 


As to our perturbation problem of Sec. 13 , the proof that equation 
(92) is satisfied when S = 1 + XSj is given by Born. 1 It shows that we 
must make Si (nri) equal to zero in order to fulfill this condition. 

16. ANHARMONIC OSCILLATOR 

The oscillator furnishes an excellent illustration of matrix perturbation 
methods. The theory of the oscillator with a small term \q 3 added to it's 
energy function was considered in detail in Heisenberg’s original paper on 
the new mechanics, and also by Born and Jordan. We write in equation 
(67) 

H(PoQo) = HoiPoQo) + (67 a) 

and recollect from equation (56) that 

\q(n, n - 1)| 2 - Cn (94) 

where 

c = 

87rVo 

Then, dropping the subscript zeroes, 

= q\nm ) = 22q(nj)q(jk)q(km). (95) 

Following Birtwistle, 2 we use the diagram below to show the only com- 
binations of values of j, Jc, m which contribute finite terms to equation 
(95): 


n: n 

S \ 

y- n — 1 n + 1 

, s / \ 

n — 2 n n - |- 2 

^ \ y \ J \ 

m: n — 3 n — 1 n + 1 n + 3 

Since the diagonal terms of Hi vanish, Ej — 0, and we proceed to compute 
the second-order perturbation of E from equation (88). By way of 
illustration, the only non-zero term in Hi(n,- n + 3) is the one for which 
j = n + 1, k = n + 2, namely, 

q(n, n + 1) q(n + 1, n + 2 )q(n + 2, n + 3). 

1 “ Problems of Atomic Dynamics,” p. 87. 

2 “The New Quantum Mechanics,” p. 97. 
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The term, Hi(n, n + 3)Hi(n + 3, n) in equation (88) is equal to 

\q(n, n + l)| 2 |<z(«. + 1, n + 2)| *\q(n + 2, n + 3)| 2 , 
or 

C\n + l)(n + 2) (n + 3). 

Similarly, we obtain Hi(n, n + 1), comprising the terms of equation 
(95) in which 

3 = n — 1, k = n, 
or 

j = n + 1, k - n, 
or 

j = n + 1, k = n + 2. 

Continuing in this way and substituting in equation (88), we get 
Jf,(n») - .CW+JOn + H) 

nvo 

and the energy perturbation is 

X 2 T? r ^ X 2 /i 2 (30w 2 + 30n + 11) 

\ 2 E2(nn) = in ~>o 2 yf * (96) 

64v 0 (27r 2 m^o) 3 v ' 

The result obtained by Bohr's theory does not contain the terms 30n + 

11. The divergence between equation (96) and results of Chap. XIX, 

Sec. 4, is due to the use of different potential energy functions in these 

two cases. Experiment agrees with a formula in which the additional 

energy is proportional to (n + J4) 2 . 1 


17. CONSERVATION OF ANGULAR MOMENTUM 

Consider a single electron with coordinates and momenta x , y\ z , 
px> py, Pz - The matrices representing its components of angular momen- 
tum are 

JM. X 5=5 Qypz PvQzf etc. (97) 

while the total angular momentum M is a matrix such that 

M 2 = M x 2 + M y 2 + M z 2 . (98) 

Under what conditions will M x say, obey the condition M x = 0, 
so we can state that the oj-component of angular momentum is conserved? 
Suppose H is of the form, 

H - T(p) + V(q). (99) 

Then by the Hamilton equations dqk/dt is a function of the p’s alone, 
and dpk/dt is a function of the q’s alone. But 

Mx * Qypz 4 " Qu 'pz PyQz “ PvQz (100) 

and each term in this reduces to a function of the ^’s alone, or of the 
q’s alone. By equations (60) to (63), all p’s commute among themselves 
and all q’s commute among themselves. Now, whenever the torque 
around the #-axis is such a function of the q’ s and p’s that the right side 
1 Muluken, Phys. Rev., 25, 259 (1925). 
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of equation (100) vanishes when considered as a classical equation, it 
will also vanish, considered as a matrix quantity, for its algebraic behavior 
is the same as in our ordinary calculations. What we have proved is 
this: If H is of the form (99), the conservation of angular momentum holds 
true under exactly the same conditions as in ordinary mechanics . The 
extension of this theorem to a system containing several particles is 
immediate if we simply write 

M x = "£f(QkyPkz Pky <Ikz)> (101) 

k 

where the summation runs over all the electrons. 

18. SELECTION PRINCIPLE FOR THE AXIAL QUANTUM NUMBER 

Consider a non-degenerate system for which one of the components 
of angular momentum is constant, say dM z /dt = 0. Then M z is diago- 
nal, and we can prove that for each electron, say the Ath, the following 
relations hold true: 

QkxM z M z Qkx == rl 

T% 

QkyMz JMzQky ~ <7 

QkzM z MzQkz — 0 . ( 102 ) 

Example . — To prove the first of these equations write out the left side in full: 
Qkx q lxPly + q kx q 2xP2y * * * ^kx^lx^ly ~ q kxP2x q 2y ~ ' 

~ q lxPly q kx ~ q 2xp2y<lkx + * * * P^ly^kx + P 2x q 2y q kx + ’ * * 

Any p y commutes with any q x , and the qfs commute among themselves. Thus, the 

first term in the second line can just as well be written —q kx q lx P ly > which cancels the 

first term in the first line, and so on, until we reach the pair of terms, 

q kxPkx q hy d" Pkx q kx q ky> 

which reduces to 

( Pkx q kx ~ q kxPkx) q ky> 

or, by equation (63), 

A. 

q ku2Tri 

The proof of the other equations is similar. 

Let us examine the meaning of typical elements of the relations of 
equations (102). We may single out for attention the particle for which 
k = 1, and shall denote its coordinates by x h y h and z lm Then, since 
M z is diagonal we have, 

JL 

Xi(nm)[M z (mm) — M z {nn)] — yi(nm) • 

2iri 

r 

yi(nm)[M z (mm ) — M z (nn)] = —xi (nm) • 

■ ** 2 Tl 

Zi(nm)[M z (mm) — M,(nn)] = 0, 


(103) 
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It will be understood that M z (mm) is an abbreviation, for the matrix 
M z has 6/ indices, n iy . . . n^f, mi, . . . ms/, if the system has / 
particles. The general element is 

M z (nij n a , * . . ; mi, mj, . . . ), 

and by M z (mm) we mean M z (m h m 2 , . . . ; mi, m 2 , . . . )• Just as 
we assume that the elements of the diagonal energy matrix represent the 
possible energy values of the system, so we assume that m 2 , 

. . . ; mi, mg, . • • ) is equal to the ^-component of angular momentum 

of the atom when the quantum numbers take the values m x , m 2 , ... 

The third equation tells us that in any quantum jump in which the 
angular momentum component M z changes, Zi(nm) — 0. This means 
that the ^-component of electric force in the emitted radiation is zero. 
Further, multiplying the first two equations, we obtain 

h 2 

[M z (mm) — M tt (nn)Y = 

so that in every allowed quantum jump of the kind under consideration 
M z changes by h/ 2x. Interchanging the members of the second equation 
and multiplying it by the first, we find that X\ = ±iyi* This means that 
the radiation is circularly polarized in transitions in which M z changes 
its value. Now consider transitions in which M z is unaltered. The first 
and second equations show immediately that xi (nm) = yiinm) = 0 in 
these transitions. However, Ziinm) may be finite, and if so, the radiation 
is linearly polarized with electric vector parallel to the z% axis. The 
conclusion is that the possible values of the 2 -component of angular 
momentum are of the form 

M z (nn) = (N + (^4) 

where C is a constant and N is an integer. 

It can be shown that 

]gAf.(»n) = + 0-0 (105) 

and that the number of values of N is finite when the values of all 
quantum numbers (except the axial quantum number) are specified. 
Now equation (105) means that the possible values of JV + C form a 
series symmetrical with respect to zero. This can be the case only if 

N + C takes the values 

... - 2 , - 1 , 0 , 1 , 2 , • • ■ 

or 

• • • —%> —H, Kj • 

so that N + C is identical with the axial quantum number. The proof 
is complicated and we shall omit it. This investigation is due to Heisen- 
berg, Born, and Jordan 1 who also derived the selection principle for the 

1 Log , ciU 



604 


MATRIX MECHANICS * 


[Chap. XVII 


inner quantum number and showed that it is either an integer or a half- 
integer. 

Heisenberg and Jordan 1 investigated the anomalous Zeeman effect 
by matrix methods, with the result that the Land6 g formula and the 
usual sum rules are obtained. 


19. THE HYDROGEN ATOM IN MATRIX MECHANICS 


The theory of the hydrogen atom was worked out independently by 
Pauli 2 and by Dirac. 3 In both 1 investigations the energy levels were 
found to follow the Balmer formula, furnishing strong support to the 
underlying theory. The computation of Dirac was based on an extension 
of matrix mechanics known as the “theory of q numbers.” (Secs. 26 
and 26.) The treatment by Pauli, even when simplified by restricting 
the problem to two dimensions, is too lengthy for inclusion here, but we 
shall give an outline of his reasoning, which illustrates an important 
general method of attack on matrix problems. 

First, it is assumed that in Cartesian coordinates the energy function 
is 

+ rfJpjjr doe) 

The equations of motion are 



Ze*x . p x 
(x 2 + y 2 )*’ x ~ etc - 


(107) 


and the variables x, y } p x > and p y must satisfy the quantum conditions. 
It is convenient to introduce the matrix r defined by 

r 2 = x 2 + y 2 , (108) 

and to prove that r and m 0 f satisfy the relation 

p T r — rp T = 1 —■ (109) 

Further, we define the angular momentum by the equation 

M = xpy - p x y. (ilO) 

It is apparent that matrix computations will be relatively simple 
as long as the matrices are diagonal, but when this is not the case, we 
become involved in a maze of infinite sums. We seek, therefore, to find 
as many diagonal matrices as possible. In this search we are guided 
by the fact that such matrices are analogous to constants in ordinary 
algebra. Therefore, we may expect that any dynamical quantity 
which is conserved, such as momentum or energy, will be represented 

1 Z. Physik, 37, 263 ( 1926 ). 

* Z. Physik, 36, 336 ( 1926 ). 

• Pros. Roy. Soc., 110, 561 ( 1926 ). 
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by a diagonal matrix. Now in the case of the hydrogen atom as treated 
by ordinary mechanics we know that the angular momentum is constant, 
and that its components parallel to the three axes are constant, so that 
we expect the matrix of equation (110) to be diagonal. Further, Leniz 1 
discovered a second vector which is constant in magnitude and direction 
in this problem. This is called the axial vector, 

A - (i)[Mv] + 5- 


That is, the components of A are 

Ax = (ze) {Mv * ~ MzV) + r etC ‘ (U1) 

By direct computation we can verify the fact that the major axis, a , 
of the Keplerian orbit and the energy can be expressed in the form 


a — 


M 2 1 
Ze 2 ix 1 - A 2 ’ 


TP — ZH ^ (\ — A 2 ) 

E ~ 2M 2 1 A) ‘ 


( 112 ) 


M 2 and A 2 denote the squares of the magnitudes of the vectors M and A. 
Now, we attempt to carry over this computation into matrix mechanics, 
remembering that z = 0, p z = 0, and that M z = M, since the motiofa is 
restricted to the xy plane. By straightforward processes of non- 
commutative algebra, we obtain the following relations: 


A,M - MA, - (A)a„, 

AyM ~MAy = ~(J^)Ax, ( 113 ) 

' A x (m, n) m ± 1, n) ± i A y (m, n; m ± 1, n) = 0, 

h zh MH ’ AA - ~ 

and / \ 

In these relations, the elements of M are known from the conclusions 
of Sec. 18 ; the elements of A x and A v can "be eliminated, and thus we 
determine the elements of the energy matrix. There is little point in 
going through the calculations, for the elements of any matrix can be 
computed by integration when the corresponding problem in wave 
mechanics has been solved, as explained in Secs. 20 to 24. 

In his paper on the H atom, Pauli also determined the effect of 
magnetic and electric fields, applied both singly and in combination. It 
is noteworthy that the selection principles are furnished automatically 

1 Physik) 24, 197 (1924). 
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by the theory through the vanishing of all components of the q matrix 
except those corresponding to transitions allowed by the classical selection 
rules. 

Wentzel 1 has used an alternative method to obtain the energy levels of hydrogenic 
atoms. It consists in searching for matrix variables which are analogous to the 
angle variables of classical theory. The angle variables w k and their conjugate 
momenta J k must obey the commutation relations and in addition they must be such 
that the equations of motion take the form 

K = = M)* (n*) 

Further, the matrices x , y , z corresponding to Cartesian coordinates must be repre- 
sentable as multiple Fourier series in the w h , with all the periods equal to unity, just 
as in equation (63) of Chap. IV. A typical term, exp 2'iri'2iri<w k , in such a matrix 
series is defined by using the series expansion of the exponential function. The 
method outlined for finding the angle variables is analogous to the solution of the 
Hamilton- Jacobi equation (Chap. IV). If the matrix action function is S, it can 
be shown that when q k passes around a cycle, the other coordinates being unaltered, 
the change in S is J k . Now the change in 5 can also be expressed in terms of the 
energy and other constants of integration, just as in ordinary mechanics. Following 
this plan, Wentzel obtains equations connecting these dynamical quantities with the 
matrices J k . Thus, when the J k ’s are determined by straightforward methods the 
values of the energy, angular momentum, etc. can be determined at once. 

20. THE CONNECTION BETWEEN WAVE AND MATRIX MECHANICS 

The discovery that wave mechanics is mathematically equivalent 
to the dynamics of Heisenberg, Born, and Jordan must be considered 
a great advance in the development of quantum dynamics. We owe 
this advance to Schrodinger 2 and to Eckart, 3 working independently. 
It clarified the situation by showing that the two rival theories were 
only different mathematical formulations of the same physical facts; 
but still more important, it furnished a method of calculating the elements 
of matrices by simple integration. The complete statement of the 
connection between the two theories will be much more intelligible if we 
approach the matter by studying a few simple illustrations. We shall 
suppose that a system of one degree of freedom — its constitution does 
not matter — has been quantized by the aid of wave mechanics, and that 
we know the eigenfunctions of the problem, which are properly normalized 
in accordance with equation (68) of Chap. XV. 

Suppose we wish to construct the elements of the matrix corresponding 
to any classical function u , which depends only on the coordinate q. 
We shall find that the elements of the mth column in the matrix correspondiiig 
to u are the coefficients u(nm) which appear in the expansion of u^n, 

1 Z. Physik, 37, 80 (1926). 

2 Ann. Physikj 79, 734 (1926). 

*Phys> Rev 28, 711 (1926). 
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in terms of the normal orthogonal functions k • In Chap. XV, Sec. 21 
we gave a method for expanding any function in a series of this kind. 
Briefly, the result was that if we write 

u^'n = ( 115 ) 

& 

the coefficients w(ftn) can be found by a process like that used to evaluate 
the coefficients of a Fourier series; that is, for any values of n and m 
we have 1 

u(nm) = Ju^f n ^ m dq. (116) 

If a; is a Cartesian coordinate, then for the case of a particle of mass 
mo, q = mo H x, in agreement with the convention of Chap. XV, Sec. 2. 
In this integration, and in all others in this chapter for which limits 
are not given, the summation extends over all physically possible values 
of q. We see that u(mn) = u*(nm) provided u is real, so that the array 
of these elements is Hermitian. 

To show that the quantities u(nm ) are the elements of the Heisenberg 
matrix belonging to the function u, we proceed in the following way: 
For any other function v , we have 

v'Vn = 2v(kn)^f k ; n = 1, 2, • • * , (117) 

which implies that 

v(nm) = JVl r n^ m dq. (118) 

If it is true that u(nm) and v(nm) are matrix elements, then the laws # 
of matrix addition and multiplication must be verified. That is, the 
nmth. element of the matrix u + v must be u(nm) + v(nm), and also 
uv{nm) must be equal to ^ u(nlc)v(km ). It is obvious that the first 

k 

condition is satisfied. As to the second, we may obtain uvinm) from 
the equation which defines it, namely, 

nv(nm) = fuv^r n *^ m dq. (119) 

In order to evaluate this integral we use the value of obtained from 
equation (117). As to u^ n *, we see from equation (115) that 

= 2u(n&)¥** 

Substituting in equation (119), we get 

22“ (nk)v(jm) jdq. (119a) 

h i 

But the last integral is equal to one when k = j, and is zero otherwise; 
therefore, the double summation reduces to a summation over a single 

1 This definition of u{nm) agrees with that used by Dirac and is dictated by our 
convention that S Jf n = fn exp (-2 riE n t/h). If we had adopted the positive sign for 
the exponent in the time factor, equation (116) would have taken the form u(nm) = 
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running index, let us say fc, and we have uv(nm) = ^u(nk)v(km) , which 

k 

shows that the elements under consideration obey the law of matrix 
multiplication. 

If we can discover a similar method of constructing the matrix corre- 
sponding to the classical function p, we shall then be able to find the 
matrix for any function of q and p ) by straightforward addition and 
multiplication. To do this, we specify that the characteristic functions 
used will be those obtained by solving Schrodinger’ s equation for the dynamical 
system under consideration. This restriction is essential to our purpose. 
For simplicity, we limit the discussion to the problem of a single electron 
in Cartesian coordinates. It will be proved that the matrix 

p x (nm) = e J \F n * dq (120) 

satisfies all the conditions of the problem. 

Proof. — It is known, that 

<i2i > 

because this integral is the difference of the values of at the upper and lower 

limits of integration. Each of these is zero by hypothesis, for no part of the system is 
located at infinity. Therefore, we may write equation (120) in the form 

!><””> <I22> 
This may be simplified by using the wave equations 

M n *+G(E n - V)* n * = 0; 

+ 0(E m — v)* m = o. 

Multiply the first by x^ m and the second by subtract, and integrate, obtaining 

J(a^ w A¥»* - x^ n *A^ m )dq = -G(E n - E m )Sx* n **mdq. (123) 

By partial integration it is found that the difference between the integrands in equa- 
tions (122) and (123) consists of terms which yield a vanishing contribution on 
integration. Therefore, 

p(nm) = m Q e~ l (E n — Err^fx^n^mdq — 2Tnv{nm)m^x{nm) , (124) 

in complete agreement with Heisenberg’s theory. 

The usefulness of Schrodinger’s matrices q and p depends on the 
fact that they obey Heisenberg’s quantum condition and satisfy the 
matrix law of motion (Sec. 23), so that they are actually identical with 
the Heisenberg matrices. 

21. CALCTJLATION OF THE MATRICES p AND q FOR THE OSCILLATOR 

To obtain the components of the matrix x for the oscillator, we apply 
equation (116) in the form 

x(nm) « fx^n^rndq. 


( 125 ) 
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r Fhe characteristic functions of the oscillator are derived in Chap. XV, 
Sec. 9, and when normalized may be written 1 


fin = 


/ 4?r 2 Vo 

CT 




e -v 2 /2 fj n ( v ) 


(2 n nhr >2 ) 


H\H 


The calculation of equation (125) can be attacked directly with the aid 
of the expressions for the Hermitian polynomials given in Appendix 
IV, but it is much easier to use a short cut due to Eckart. As we have 
seen, aside from the exponential time factor, x(mn) is the coefficient of 
in the expansion of xfi n . Fortunately, the recursion formula for the 
functions fi is 


Xfi n = 


f h 

k St 2 HqVq) 


\ M r 


fin-1 + (n + 1 )^ fin+l], 


H , 


(126) 


which gives us the expansion we desire. Only the coefficients | x(n, n — l)j 
and | x(n, n + 1)] are different from zero, and neglecting the time factor 
they take the forms 

» - i)i . w», » + 1) - 

in precise agreement with the results obtained by the calculus of matrices. 
Since the energy levels of the oscillator are also given by the wave theory, 
we have all the material needed for computing p{nm) from equation 
(124), The result agrees with equation (57). 


22. SCHRODIN GOER’S METHOD FOR CONSTRUCTING MATRICES 


We must now formulate rules for obtaining the matrix of any function 
F(p, #)• First, we rearrange the function, replacing it by what Schro- 
dinger aptly calls a “ well-ordered function.” Usually, the rearrangement 
merely consists in making the function symmetric, just as in our treat- 
ment of the proper form for the energy in matrix mechanics. 2 For 
example, the product pq 2 is rewritten in the form 


+ q 2 p)- 

From now on, we assume that the function has been so ordered. We 
expand the well-ordered function F as a series, according to powers 
of the p’s. We need consider only a single term of such a series/for 
example 

F = JprVsgvA (128) 


x This differs from the normalized function given in Courant-Hilbert, “Me- 
thoden der mathematischen Physik,” p. 77,- and in Chap. XV, Secs. 9 and 13, because 

our variable of integration is rrfex, instead of v. 

2 More general rules for symmetrization have been given by Heisenberg, Born and 
Jordan, Z. Physik , 35, 557 (1926); and by Hilbert, von Neumann, and Nordheim, 
Math Anmlen } 98 , 1 (1927). 
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where /, g and h are functions only of the q’s. It will be remembered 
(Sec. 20) that in forming the matrix component p x (nm) we take the 

integral of ']/«*£ This form for the integrand of equation 

dx 

d 

(124) was suggested by the fact that we replace p x by e in the energy 

function H, in order to obtain the wave equation. Similarly, in securing 
the matrix F, it is natural to construct the well-ordered operator 


F = ^ dq r dq s 9 dqt h " ' ' 

(129) 

Just as in equation (120), we form the integral 


Finm) = / -Fn*FAf m dv, 

(130) 


where F^ m means the result of applying the operator F to The 

Heisenberg matrix corresponding to the function F has the typical element 
F(nm) } given by equation (130). The proof is given in the following 
section. 


In. practice, little difficulty arises from using the symbol F to indicate both the 
function F and the operator formed from it; but the reader is advised to be on his 
guard. In forming the function F>k m , each differentiation is applied to all terms lying 

. \ , . . d(h* m ) 0 ( d(h<Sr m ) s 

to its right, so that we first take ' 


dq t 


d d(h* m )\ 

• then — ( g — - — )> 
dq« \ dq t ) 


and so on. 


It must be understood that in any problem of several degrees of freedom, the 
integral in equation (130) is multiple and that the real meaning of the equation is 


F(n% • * • n f ; mi • * • m r ) = / • • • Jsk*»i . . . nrF'kmi . . . mrdv. (130a) 

The differential dv is the element of volume in the q space used by Schrddinger and 
may be written in the form 

dv — pdqidqz • • • . 


Thus, in Cartesian coordinates, for the 1-electron problem, 

dv — m dxdydZ, 

o / 

so that p = m . 

As an illustration of equation (130), we may calculate the elements of the energy 
matrix for a problem of one degree of freedom. In such a problem, the energy func- 
tion can always be brought to the form 

Kp 2 + V(q) = H, (131) 


by suitable choice of coordinates. This function is already well ordered and the 
corresponding operator H formed according to equation (129) is 


so that 


Ffdf_ 

8tt 2 dq 2 


+ 'V, 


h*_ 

8tt 2 Cq* 


+ T'l'rn. 


= 



Sec. 23] SCHR0D1NGER AND HEISENBERG MATRICES 611 

Then by equation (130), the elements of the energy matrix are 

H (nm) = /*„* ( -Jf + V* n )dq. (132) 

Now is a function of E m and q , while S> n * is a function of E n and q . Substituting 
their values from the wave equation, and integrating, we obtain H(nm) expressed as 
a function of E n and E m . Fortunately, in this case we can avoid such labor, for by the 
wave equation, the quantity in parentheses is simply E m ^ mj and we have 

H(nm) .= jEm'I'n^mdq. (133) 

The ^’s are normal and orthogonal, so on the right side we have E n if n = m, and 
zero, if n is not equal to m. That is, H (nm) is a diagonal matrix with the energy values 
for its non-vanishing elements. A similar proof can be carried out for any conserva- 
tive system. 

23 . THE IDENTITY OF SCHRODINGER AND HEISENBERG MATRICES 

We wish to show that the expressions defined by equation (130) 
obey the matrix multiplication law. That is, if the matrices of F and G 
are constructed with the aid of equation (130) and if we also write out the 
matrix of FG by using equation (130), we wish to verify the equation 

FG(nm) = F(nk)G(km ). (134) 

k 

Written out in terms of integrals, this relation becomes 

^ n *F(hl' m dv = • ^k*Cn' m dv, (135) 

h 

where it is understood that in the first integral FGA' m is the function 
which results from applying the operator G to and then operating on 
the result with F. To prove equation (135) we write 

G'I' m = ^G(km)A' k , (136) 

k 

where G stands for the operator, not the function, on the left side. We 
now apply the operator F to both sides, obtaining 

FGAr m = ^FGCkm^k. 

k 

But since the operator F does not affect the constant quantities G(km) 
this is the same as 2 G{km)FA' k . Now we expand FA> k , arriving at 

FGA' m = '^G(km)^F{jk)%-, 

k 3 

and finally, 

§'F n *FGAr m dv = '^G(km)^F(jk)fAr n *A' 1 dv = ^G(km)F(nk), 
k i k 

for all terms of the second sum on the right are zero, except the one for 
which j = n, because the T’s are orthogonal. This result is identical 
with equations (134) and (135). 
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It remains to be shown that Schrodinger’s matrices obey the matrix 
quantum conditions and the laws of motion (Secs. 6 and 7 ) before we can 
assert their identity with the Heisenberg rhatrices. Let us consider 
the quantum condition for a system with a single variable, pq — " qp = €. 


The operator corresponding to pq — qp is e-^q — ge~ 


But 


0 , T v dAr m T 

r, - *■ 

so equation (130) reduces to 


( Pi l~ qv)(nm) = 

which equals h/2iti if n = m, and 0 if n is not m. The proof of the 
quantum conditions for a system having several degrees of freedom is 
similar. 

As to the matrix equations of motion, they can be written in the 
form 

eq = Hq - qH, ep ~ Hp - pH . (137) 

It will suffice if we prove that Schrodinger’s matrices satisfy the first 
of these relations, for the proof of the second is similar. Remembering 
that 

eq(nm) = (E n — E m )q(nm), 

we see that a typical element of the first equation in equations (137) is 


(E n - E m )q(nm) = (Hq - qH)(nm). (138) 

From the standpoint of Heisenberg’s theory this is obvious, but we 
wish to prove the corresponding equation for Schrodinger’s matrices 
that is, 

(E n — E m )q(nm) = fAr n *(Hq — qH)Ar m dv. (139) 

We have, 

HqAf m = HXq(km)Ar k = ^(fcm)//^. (140) 

The operator H may be placed after the quantities q(km) because they 
are constant and the operator does not affect them. Now the wave 
equation states that 

H^ k = Ei&h. 


In other words, the expansion of the function H'&k in terms of the wave 
functions reduces to a single term. Substituting this in equation (140), 
we have 


Similarly, 


HqAr m = Xq(km)E h Ar kr 
qH'S'm — qE m Af m ^ E m qAf mj 


so that the integral in equation (139) takes the form 
SA'n*2q(km)E k A'kdv - E m lA' Vl *qA' n dv. 
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In the first integral, the only surviving term is that for which k = n. 
It yields a contribution E n q(nm) to the result, and the second integral 
is Emg(nm), so the result is ( E n - E m )q(nm). 

24. THE WAVE MECHANICAL ANALOGUES OF CLASSICAL QUANTITIES 

In conclusion, we may note a few applications of equation (130). 
It furnishes the connecting link between the matrix and wave methods 
of calculating spectral intensities (Chap. XV, Sec. 17 , and Sec. 10 of this 
chapter). We see now that in terms of Schrodinger’s charge-density 
interpretation, eq(nm) is the electric moment of a part of the charge- 
density which oscillates with frequency v(nm). Much of Chap. XX will 
deal with laws governing intensities, obtained with the aid of equation 
(130), Further, equation (130) enables us to set up expressions which 
take the place of quantities occurring in classical mechanics. For 
example, we may write down at once the components of the kinetic 
energy matrix T. Taking the case of a single particle in rectangular 
coordinates, the classical value of T is 

2 + Pv* + Pz 2 ) 

and the operator T is 

h * ( d% j _ d l jl d *\ 

8 r*M\dx* + Jy* + dz* / 

so that 


T(nm) = ““g^TJ yS^A^'mdv. (140) 

8 , t *M 

By the wave equation, may be replaced by — - (E — 7)'F m , 
whence 


T(nm) = $'l' n *E n & m dv - ^ n *V^ m dv. 
or 

T(nm) 4* V(nm) = E m if n = m, 

= 0 if n m. (141) 

This is the analogue of the law of conservation of energy. 

More generally, if is of the form we define the kinetic 

energy in wave mechanics by the relation 

Tn - (142) 

and t.hc potential energy by 

V t - S**V*dv. (143) 

The subscript q serves to remind us that we are dealing with a quantity 
calculated by means of quantum dynamics. It is interesting to consider 
the value of T q + Using the wave equation (65) of Chap. XV, 
we find that 

T q + V q = ~<S** d ? t dv, 
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and substituting the values of the quantities under the integral, 

The only non-zero terms in this integral are those for which j — k, 
and so 


T q + V,= J (^c**** 



T + V = %c k c h *E h . 

k 

On the charge-density interpretation CkCk* is a measure of the strength 
of excitation of SF* in a single atom, and the right side would be the 
total energy associated with the system of waves. However, on the 
statistical interpretation, c*a* is the fraction of the atoms which reside 
in the fcth quantum state, so that either side of equation (32) represents 
the average energy of an atom. 1 


25. DIRAC’S FORMULATION OF QUANTUM DYNAMICS 


Dirac 2 has shown that the quantum mechanics of Heisenberg can 
be thrown into an especially convenient notation by using generalizations 
of certain quantities called “ Poisson brackets.” 3 These brackets make 
their appearance when we consider a transformation from the variables 
g, p to the variables Q, P. To simplify the notation, let us consider a 
single particle with Cartesian coordinates x , y, %. These coordinates 
are taken as the Q’s. Then the Poisson bracket of x and y is defined as 


k = 3 

Vl 

( dx dy 

dx dy \ 

( 144 ) 

A' 

i 

{dq k dp k 

d'pk dq k ) 

k = n 

Tl 

idFr dF\ _ 

dFj dFA 

( 145 ) 

A' 

i 

\dq k dp k 

dqk dp k J 


More generally, 


is the Poisson bracket of F r , F 8 and is written [. F r F 8 ]. This notation is 
incomplete, since it does not indicate the variables with respect to which 
F r and F 3 are differentiated, and so we shall speak of the Poisson bracket 
of F r and F 8 with respect to p and q, or with respect to other variables. 
Now the Poisson brackets of any set of p’s and g’s with respect to them- 
selves have the following simple properties; 


[VrP,] = 0, [q r q s ] = 0, (146) 

[ffrPs] = 1, when r = s-, but 0 when r s. (147) 

These relations are easily verified by the use of equation (145), using 
the variables p and q in the numerator. They are strikingly similar 


1 For other illustrations of the calculation of physical quantities as averages 
over the 4^* distribution, the reader should refer to Sommerfeld’s “Erganzungsband” 
pages 283-299, 

2 Proc. Boy, Soc 109, 642 (1925), 

8 See Whittaker, “Analytical Dynamics,” or Van Vleck, “Quantum Principles 
and Line Spectra,” 



Sec. 25] DIRAC’S FORMULATION OF QUANTUM DYNAMICS 615 

to the matrix quantum conditions and lead to the suspicion that the 
quantum conditions must reduce to them in the region of large quantum 
numbers. Dirac showed that this is actually the case. 1 We shall 
content ourselves with indicating the method. Consider the n, m element 
of the matrix q T p r — ptfr, namely, 

^[p r (nk)q r (km) — q r (nk)p r (km)]. 

k 

q(km) is a measure of the amplitude of the radiation emitted in jumps 
from the fcth state to the mth state. By the correspondence principle 
it must reduce to the amplitude of the harmonic of order k — m in the 
classical Fourier series for g, when we pass to the region of high quantum 
numbers. Similarly, a classical equivalent for p(nk) may be found. 
The Fourier series referred to are taken in the form 

SCri . . . Tn exp 2nd (jiWi + • ■ • ), 

where the w ’ s are angle variables, and the C’s are functions of the con- 
jugate momenta J i, . . . Jn • Finally, the sum of all the matrix elements 
is found to reduce to the form 


h W dq r dpr _ dq r dpA 
2ir i k \dWk dJ k dJ; c dWk) 


Now it is a fact that a Poisson bracket taken with respect to any set of 
variables is equal to the Poisson bracket of the same quantities taken 
with respect to any other set of variables, so if we like we may write 
this bracket as 

h y/ dqr dj) r __ dq r dpA 
27ri^\dq k dpk dpk dqjc/ 


and by equation (147), this is equal to h/2iri, as we should expect from 
inspection of the matrix quantum conditions. Accordingly, Dirac 

writes' r 

pq - qp = e[qp] 


( 148 ) 


and assumes that in the quantum theory pq - qp must be calculated by 
using this equation. Further, it is assumed that for any two quantum 


magnitudes A and B, 

BA - AB = e[AB). 


( 149 ) 


The Poisson bracket is supposed to be a function of the quantum p s 
and q ’ s which is formally identical with the corresponding Poisson 
bracket in the classical theory. Accordingly, in order to find the quan- 
tum analogue of any classical equation, we try to get it into a form which 
contains Poisson brackets, and then use equation (149). 

»Hto proof is reproduced in Birtwistle’s “New Quantum Mechanics,” p. 70. 
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For example, if F is any function of the p’s and q’ s, 
™ y^/ OF . dF . \ 

* ' iw* + s?*)’ 

and by Hamilton’s equations, this is the same as 

P = V ( '<&_ <>K _ ^ = rrrrri 


(150) 


This is in a form such that it can be taken over directly into the new 
mechanics, with the understanding that [FH] will then have the meaning 
explained in equation (148). For example, 

ep = e[pH] = Hp — pH, 


in agreement with equation (28). We therefore write 

eF = HF - FH. (151) 

This important relation is often called the “law of motion of F.” 


26. DIRAC'S THEORY OF q NUMBERS 

In Dirac’s theory of q numbers, it is assumed that we must work 
with quantities called q numbers, instead of our usual numbers, which are 
called c numbers. The essential distinction is that the variables used for 
the study of a dynamical system do not satisfy the commutative law of 
multiplication, but obey the matrix quantum conditions. Dirac 1 
states that at present no one can form a picture of what a q number is 
like. We operate with them until we arrive at the value of any dynamical 
quantity which is desired. A special assumption is then introduced, 
by which results in terms of c numbers can be derived from results 
involving both q and c numbers. Only in the case of oscillating systems 
do the q numbers take the form of matrices. The importance of Dirac’s 
viewpoint is due to the fact that the matrix quantum conditions and laws 
of motion can be satisfied by entities of a much more general type than 
matrices. In fact,, the equations themselves define the properties of the q 
numbers , and if we were confronted with them we should have no idea 
that matrices enjoy the properties which they express. In the case 
of non-periodic motions, the use of q numbers may enable us to solve our 
problem while the attempt to use calculations in which matrix elements 
appear would end in failure. We shall not give illustrations at this 
point, for much of the following chapter is devoted to development 
of the method of q numbers. 

1 Proa . Roy. Soc 110, 561 (1926). 



CHAPTER XVIII 


GENERAL THEORY OF QUANTUM DYNAMICS 

1. HEISENBERG’S PRINCIPLE OF INDETERMINATION 

In this chapter we shall be concerned with the so-called transformation 
theory of quantum dynamics, which was developed independently by 
Dirac 1 and by Jordan . 2 It represents the most general formulation 
of the problem which we possess, and includes the previous forms of 
quantum mechanics as special cases. In order to appreciate the trans- 
formation theory and the statistical interpretation (Chap. XV, Sec. 16 ) 
which completes it and gives it power to deal with physical problems, 
we must consider the nature of the questions which we try to answer 
in a dynamical problem. In classical mechanics, the problem is very 
definite: given the initial positions and velocities, what will be the state 
of the system at any later time? Quantum mechanics, on the other 
hand, proceeds by setting up an equation for a quantity called P, which 
governs the distribution of P over all space and at all times. The 
very fact that this equation is usually differential shows that causal 
law is involved in the determination of P. That is, the conditions 
at a given instant completely determine the conditions at the next 
instant. There are no extraneous factors, and there appears to be 
no room for probabilities or uncertainties. It seems strange, when 
the work is done, to say that P is not a quantity characteristic of an 
individual system; that on the contrary PP* serves to describe the 
average behavior of a great number of systems. This situation applies 
to electrodynamics as well as to mechanical problems, for we customarily 
apply Schrbdinger’s equation to systems which contain light quanta. 

Much light is thrown on this situation by a discussion of the nature 
of physical measurements which we owe to Heisenberg 3 and Bohr . 4 
They consider the question of what meaning can be attached to the 
position or the velocity of an atom, or of an elementary charged particle; 
let us say an electron. Now, the ^-coordinate of an electron is really 
defined by describing an experiment which we may perform in order to 

iproc. Roy. Roc., 113 , 621 (1927), and later papers mentioned in the bibliography 
at the end of this chapter. 

1 Z. Physik, 40, 809 and 44, 1 (1927). 

*Z.PhyriK>, 43,172 (1927). 

* Nature, 121 , 580 (1928); Naturimsenschaften, 16 , 245 ( 1928 ). 
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measure it. 1 For example, we may allow light to fall on the electron, 
and observe the scattered light with a suitable optical apparatus (Fig. 
1). The smallest length interval which can be distinguished is of the 
order of the wave length of the scattered light. If we wish to make 
our measurement of x highly precise, we must use light of very small 
wave length; in fact, to illustrate his point, Heisenberg speaks of using a 
“ gamma-ray microscope ” for detecting the scattered quanta. The use * 
of short wave lengths brings with it a limitation of the accuracy with 
which we can know the x-component of the momentum at the instant 
when x is measured. This is due to the recoil of the electron, which 
becomes greater as the wave length of the light becomes shorter. Simple 
v formulas derived by considering the 

Compton effect (Chap. Ill, Sec. 16), 
show that the change in momentum of 
the electron is of the order h/\ o, aside 
from a factor which is of the order of 
unity, and which depends on the angle of 
scattering; X 0 is the wave length of the 
incident quantum. This statement must 
be modified when hvo/mc 2 becomes com- 
parable with unity. If we write C(p x ) 
for the change of p x caused by the meas- 
urement of x, we have, 

h 
Xo 

This quantity is also a measure of the uncertainty A p x in our knowledge 
of the momentum at an instant t , so that 



C(p.) 


( 1 ) 


A p. S (2) 

AO 

Therefore the product of the uncertainty in our measurement of position, 
namely X, and this uncertainty in the momentum is h. 

It may be worth noting that in this example we have neglected 
the uncertainty of our knowledge of the direction from which the scattered 
quantum came to the microscope. If a is the angle subtended at the 
electron by the diameter of the microscope objective, then the smallest 
resolvable object is of the order X/sin a , rather than X. The momentum 
of the scattered quantum is h/\ and its direction is uncertain by the 
amount a, so that the possible error of its momentum is of the order h 
sin a/X. The product of the two uncertainties is h , as before. 

1 This operational point of view has been emphasized by J. S. AMEs'for many years 
in his lectures on dynamics, and has been charmingly presented by Bridgman in his 
book, “The Logic of Modern Physios ” 
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Perhaps the reader will feel that if the dynamics of the collision 
were investigated in more detail we should be able to follow the value 
of p* as a function of the time. The point is that the consequences 
of such a calculation cannot be checked by any experiment which has been 
devised up to the present time. We can study the final state of the 
system, but not the course of the scattering process. Assuming that the 
collision process occurs over a finite range of the coordinate x and over a 
finite time, t\ to tz, we do not know what point of the range is obtained 
by our calculation for the value of x , nor do we know at what instant 
in the interval U — h the electron will be at a given point. 1 * * * * Further, 
in connection with equation (2), there is an error involved in speaking 
of A p x as the uncertainty of the momentum at a definite instant, because 
of the errors inherent in our time measurements. 

To sum up, when we measure the ^-coordinate of the electron with 
an error of the order of Ax, the value of p x is changed by a quantity 
C(p x ), such that 

Ax • C(p m ) ^ h, (3) 

and further, 

Ax • A p x ^ h. (4) 

It was recognized by Heisenberg that relations similar to equations (3) 
and (4) must hold true for every measurement which we make, a truth 
which is referred to as the u uncertainty or indetermination principle,’ 7 
and which may be stated as follows: 

If a coordinate q is measured loith an error of the order A q, the uncertainty f 
A p, of the conjugate momentum introduced by our measurement is such that 

Aq ‘ Ap ~ h ; ( 5 ) 

and conversely , if p is measured with an error of the order Ap, as a con- 
sequence q is altered by an amount Aq, such that equation ( 5 ) is satisfied. 

To illustrate the latter statement, let us consider how to measure the momentum 
mv of an electron moving parallel to the x-axis. This may be done by allowing a light 
quantum to fall on the electron from the direction of the positive x-axis.. Let the 
quantum be scattered through 180° so that it returns along the positive x-axis. If it is 
received in a spectrograph, the momentum may be determined by measuring the 
change in wave length due to the Doppler shift. From the usual equation for the 
Doppler shift, 

Q = 4 ( 6 ) 

X c* 

1 Indeed, many physicists will go so far as to say that we cannot attach any phys- 

ical meaning to the instantaneous value of p x , t , or x during the scattering process. 

This is justifiable, providing we say that a quantity must be measured in order to 

have physical significance. The point is, we have no physical method for checking up 

on our ideas about the details of the collision. 
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On the theory of light quanta, we may think of the Doppler shift as caused by a 
change in the energy and momentum of the quantum, due to the recoil of the scatter- 
ing electron. 1 In the present case, let the electron be at the origin when it encounters 
the quantum, say at the time t - 0, and let their interaction persist for a time r. If 
the electron had not suffered collision, it would have been at the position vt when t — 
r, but due to its recoil it moves with a smaller average velocity, say v — At/, where 
mAv is of the order of 2 hv/c, the vectorial change of momentum of the quantum. 
Therefore, the change of x , or uncertainty of x , due to the collision is 


Ax ~ 


h VT 

me 


(7) 


We now consider the error Av involved in measuring the velocity, which depends on 
the excellence of our wave-length measurements with the spectrograph. In equation 
(6), the percentage error of 5X will be large compared with that of X, so that Av/c == 
A(<5X)/X. Assuming that the spectrograph has extremely great resolving power, the 
value of A (5X) will be determined by the natural width of the spectrum line. Return- 
ing for a moment to the terminology of classical theory, A(6X)/X will be equal to the 
wave length divided by the length of the wave train, that is, to X/cr. Therefore, 


C Cr 

and 

A(mv) ^ — - (8) 

r 

Combining equations (7) t and (8), we have Ax • A (mv) ^ h, in agreement with the 
uncertainty principle. 

Other illustrations of the uncertainty principle have been given by Darwin, 2 
Ruark, 3 and Kennard. 4 * Further, Ruark 6 proved that in certain types of measure- 
ment, at least, there is an upper limit to the accuracy with which an individual 
coordinate or momentum can be measured. Independently, Flint and Richardson 8 
assumed that such an upper limit exists on the basis of certain relativistic considera- 
tions. They consider several applications connected with Heisenberg’s uncertainty 
principle, and further, they arrive at the value 98 as an upper limit to the number 
of the chemical elements. 

Ruark’s argument depends on the fact that the measuring device is affected by its 
encounter with the measured object, as Bohr 7 has emphasized, and can be understood 
from a simple illustration. Let us measure the ^-coordinate of an electron by allowing 
it to scatter a light quantum, at about, 90°, the quantum passing to a suitable receiving 
device. If we wish to have high precision, the wave length of the scattered quantum 
must be small. To make it small, we decrease the wave length of the incident quan- 
tum, but beyond a certain point this procedure will not be effective, for the scattered 
wave length cannot be made smaller than the increase in wave length due to the Compton 
effect, which is h/mc for the scattering angle 90°. Similarly, if the detecting device 
is a particle which is allowed to collide with the electron, its de Broglie wave length, 
hjmv, cannot be made as small as we like after the collision. A detailed examination 

1 Schrodinger, Physilc, Z., 23, 301 (1922); Dirac, Proc. Camb, Phil Soc ., 22, 
432 (1924); Ruark, Phil Mag., 3, 1051 (1927). 

2 Proc. Roy. Soc., 117, 258 (1927). 

s Phys. Rev., 31, 311, 709 (1928); Proc. Nat Acad. Sci., 14, 322 (1928). 

*Phys. Rev., 31, 344 (1928). 

* Loc. tit., Proc . Nat Acad. Sci . 

6 Proc. Roy. Soc., 117, 637 (1928). 

7 Tram, of Volta Centenary Congress at Como ( 1927 ); Nature , 121 , 580 , ( 1928 )* 
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of the problem, using relativistic dynamics, shows that the momentum of the scattered 
particle cannot be made as large as we please, for reasons similar to those encountered 
in the case of the light quantum. Electron diffraction effects (Chap. XXI) limit the 
accuracy of measurement to a quantity of the order hjmv . 

On the basis of Newtonian mechanics these effects are not encountered. Doubling 
the velocity of' the incident particle will always double that of the scattered particle, 
and the wave length of the de Broglie waves can be decreased without limit. Thus, the 
existence of a limit of accuracy in length measurements is connected with the physical 
impossibility of velocities greater than that of light, and, therefore, is a consequence 
of relativistic dynamics, together with the fact that the de Broglie wave length is 
h/mv. 

The smallest interval of time which can be distinguished in experiments on an 
electron is found to be h/mc 2 . The smallest possible uncertainty of a derived . 
quantity such as energy or angular momenum is easily found by using the relations 

_ h _ h 
AXmin ~ me ’ min ” me 2 

Heisenberg has pointed out the connection of the indetermination 
principle with the matrix quantum condition. He states that the 
inexactness of our measurements expressed by equation (5) makes it 
possible that pq should be different from qp, so that the quantum con- 
ditions may be valid; further, that if it were possible in any way to carry 
out more accurate simultaneous determinations of p and q than those 
allowed by equation (5), quantum mechanics would become impossible. 
His trend of thought is that p and q are to be considered as rational 
generalizations of the coordinates and momenta, used in classical mechan- 
ics, so that we must modify our ideas of the significance of a coordinate, 
even in the case of large-scale dynamics. According to his view, a 
coordinate is always a matrix. In large-scale experiments, this fact is 
concealed from us by the imperfections of our instruments and by the 
overlapping of energy levels in large systems, due to their natural width. 
For these reasons we are contented with expressing a coordinate by a 
Fourier series, rather than a matrix, and the matrix quantum condition 
goes unnoticed. 

These views of the physical meaning of matrices are quite different 
from those developed in Chap. XVII, Sec. 3. Tq many investigators, 
a matrix is merely a mathematical auxiliary, useful in helping us to get 
the possible values of a physical quantity, but itself devoid of physical 
meaning and incapable of appealing directly to our senses. This view 
has been discussed by Hilbert, von Neumann, and Nordheim. 1 However, 
the matter need not detain us here. The important point for our 
present purpose is the aid which Heisenberg's principle gives us in 
understanding the statistical interpretation of quantum mechanics, 
already outlined in Chap. XV, Sec. 16. His treatment of this matter is 
so helpful that we shall give a rough translation of his remarks. He 
says, 

i Math. AnnaUn } 98 , 1 (1927). Especially pp. 1-3. 
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We do not assume that the quantum theory is an essentially statistical theory, 
as opposed to the classical, in the sense that only statistical conclusions can be 
drawn from data which are given exactly. The well-known experiments of 
Geiger and Bothe speak against such an assumption (Chap. Ill, Sec. 17). On 
the contrary, in all cases in which relations exist in the classical theory between 
quantities which are exactly measurable, we have correspondingly exact relations 
in the quantum theory (for example, the laws of conservation of energy and 
momentum). But in the formulation of the causal law, namely, “If we know 
the present exactly, we can predict the future, not the conclusion, but the 
premise, is false. We cannot determine present conditions with the completeness 
postulated by the classical theory. Therefore, all our observations represent 
only a selection out of a much broader range of possible observations, which 
cannot all be carried out simultaneously, and with any desirable accuracy, 
because of the limitations imposed by the principle of uncertainty. 

2. THE FUNDAMENTAL PROBLEMS OF QUANTUM MECHANICS 

Consider the motion of a free electron along the x-axis. If we 
determine its position at time t = 0, its velocity is altered by the inter- 
action with the device for measuring position. Since the velocity is 
indeterminate, the position after the passage of a certain time interval r 
is also indeterminate. Let us suppose now that the experiment is 
repeated with a number of electrons. Due to the uncertainty of our 
measurements of position, we cannot specify the original position of 
each electron. However, we can draw a distribution curve, D Q (x) 
such that D Q (x)dx is the fraction of the electrons for which the measured 
^-coordinate lies between x and x + dx. At time r, we have another 
distribution curve D(x). The width of the peak of this curve is due to 
two causes: (1) the dispersion of the original positions, and (2) the 
dispersion of velocities. The problem confronting us is this: Given 
the initial distribution of positions, what will be the final distribution? 
More generally, we may ask the following question in the case of a 
system with several degrees of freedom: 

When the distribution curve for each of the coordinates is specified 
at time t q, what is the probability that the coordinates will lie in the 
ranges qi to q x + dq x , g 2 to q 2 + dq 2) etc., at a later time £? 

The reader who feels disappointed that the information sought 
in solving a dynamical problem on the quantum theory is statistical, 
and that the course of the individual system is not followed by our 
equations, should console himself with the thought that we seldom 
need any information other than that which is given by the quantum 
theory. It will not do, however, to close our eyes to the fact that this 
situation may be altered by the advance of our experimental knowledge. 

By comparison with Chap. XV, Sec. 16, we see that if Born's statistical 
interpretation is to be upheld, the function D must be identical with SFSF* 
The problem outlined above reduces to the question of solving the wave 
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equation (65) of Chap. XV, and choosing the constants c n and c E in the 
general solution, 

A' = 2cvF n + fcE^EdEj (9) 

in such a way that at time t 0 the solution reduces to the prescribed 
initial distribution curve I) o(x 0 ). However, this does not give all the 
information which we may desire. Often, we wish to know the distribu- 
tion curves for quantities other than the coordinates— the momenta, for 
example — and it may happen that we wish to comparff these curves, 
not at different times, but for different values of some other variable or 
parameter. This leads us to generalizations of the function A? and of 
Schrddinger's equation, which enable us to solve all these problems. 

3. PROBABILITY AMPLITUDE FUNCTIONS 

Before introducing these more general probability functions it will 
be well to make a systematic statement as to the statistical interpretation 
of the ^ function, equation (9). In Chap. XV, Sec. 16, we spoke of 
this function as belonging to an aggregate of independent atoms, or 
electrons, as the case may be. For example, it was stated that for 
electrons moving along the r-axis, ArA'*dx is a measure of the fraction 
which lies between x and x + dx. However, it is better to tjiink of 
performing the same experiment a number of times on individual electrons 
cfr atoms, just as in the illustration of Sec. 2. Strictly , Ar^dx is the 
fraction of such a group of experiments in which the coordinate lies between 
x and x + dx. The use of the Sk function to describe the properties of an 
aggregate of atoms or electrons is justified only when they do not interact. 

In the case of quantized atoms, having the wave function 
we may classify the individual systems not according to position but 
according to energy, if we like. Following Born, the fraction of the 
atoms in an aggregate which are in the nth quantum state is proportional 
to CnCn*. As Darwin 1 says, the distinction between the two types of 
classification is best appreciated by considering the analogy to light. 
The intensity of light can be regarded in two different ways, either by 
measuring the density of electromagnetic energy at a point and so giving 
the intensity at that point, or else by making a spectral analysis, ,not 
now at a point but in a region of space, and determining the distribution 
of energy in the spectrum. 

After Pauli, # n (/£ n , q) is called a “probability amplitude/' partly 
because it may be thought of as analogous to the amplitude of the 
electric vector in an optical problem. Now suppose that any dynamical 
variable F^p, q) is given a fixed value y; what is the probability Pixy, 
PEf) that another variable Flip, </) shall lie between rc 0 and £ 0 + dx 0 ? 
In giving the answer to this question, Jordan 2 assumed that there is 

1 Proc. Roy . Soc., 117, 258 (1927). 

a #. Phmik . 40, 809, and 44, 1 (1927). 
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always a Junction <p(xy, Fi Ft), called the probability amplitude 9 l such 
that 

<p(xy, Fi F 2 )<p*(xy, Ft F 2 ) = P(xy, Fi F 2 ). (10) 

Preparatory to finding the function <p, we shall write down some very 
reasonable conditions which it is assumed to obey: 

I. The first assumption is expressed by equation (10). 

II. The probability that for a given value of F x — let us say x — the 
function F 2 sMll have a value between y and y + dy , is given by the 
same expression, Pixy, F x F 2 ), which was used in equation (10). That is 

P(xy, F x F 2 ) = P(yx, F 2 Fi). (11) 

III. If Fi is identical with F 2 , and F 2 is given the specified value y ) 
the probability that x shall equal y must reduce to certainty. That is, 

Pixy, Fi Fi) - 1 if x = y , 

= 0 if x y. (12) 

IV. We now consider the rule for the composition of probabilities, 
which is essential to all that follows: Suppose F i is given the value x. 
In addition to the above definitions let us agree that <p(yz, F 2 F 3 ) is the 
probability amplitude for a value of F z between z and z + dz, when 
F 2 — y . 2 At first sight we should expect that 

P(xz, F x F z )dz = [fP(xy, F 1 F 2 )dyP(yz, F 2 F z )dz. (13) 

The basis for such an equation would be as follows: When F x = x , then 
the probability for F 2 to lie in the range y to y + dy is the first factor in 
the integrand multiplied by dy ; but when y has a value in this infinitesi- 
mal range, the probability for F z to lie in the range between z and z + dz 
is the second factor times dz. The probability for both of these condi- 
tions to be satisfied should be the product of the two factors if the separate 
probabilities are independent; and integrating over all possible values of 
y we should obtain equation (13). However, the assumption is made in 
quantum mechanics that the probabilities considered above are not usually 
independent. ( They may be independent in special cases.) Just as we 
have interference phenomena in optics which make it proper to add the 
amplitudes rather than the intensities of the individual wave trains making 
up a natural beam of light , so in quantum theory we must compound the 
probability amplitudes. Therefore , we replace equation (13) by the relation 

<p(xz, F X F Z ) = J<p(xy, Fi F 2 )<p(yz, F 2 F z )dy. (14) 

V. It is assumed that the probabilities depend only on the functional 
nature of the quantities F 1 (p q) and F 2 (p q), that is, on their kinematic 

1 The notation used here is that of Hilbert, von Neumann and Nordheim* 
Math. Annalen, 98, 1 (1927). 

2 It must be understood that <p does not denote the same function which it did in 
equation (10). A change of the mechanical variables F inside the parentheses means 
that we are dealing with a new function. 
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connection, and not on special properties of the mechanical system 
under investigation, such as its charge or the form of its energy function. 

At this point it is advantageous to simplify the notation somewhat. 
We write 

S(F 1} F>) 


in place of <p(xy, F1F2), leaving out the particular values of Fi and F2 
which are considered. Thus the Schrodinger function ^/ n (E n , q) gives the 
probability distribution of q when E has the value E n , and is written 
S(E n , q ) ; if we wish to indicate the value of at g 0 , we write 

S(E n , #o). 


4 . THE PROBABILITY AMPLITUDE S(p, q) 

We shall illustrate these remarks by considering the probability 
amplitude S(p, q), where q is a coordinate and p is the conjugate momen- 
tum. Let us suppose that p is given a definite value. It was assumed 
by Jordan that all values of q are equally probable. That is, for any 
value of p, 

S(p, q)S*(p , q)dq = C 2 dq } (15) 

where C is a constant. This equation is to hold for each and every value 
of q. The value of C is determined by writing an equation which states 
that some value of q is certainly occupied, that is, 

SS(p,t)S*(p,q)dq = C*Jdq - 1. (16) 

This shows that C 2 is the reciprocal of the range of values of q. If 
the range is infinite, C — 0 , which means that the probability for q 
to lie in any finite range is zero. In such a case, this method of nor- 
malization must be abandoned . 1 We now write S in the form A exp 
iB , where A and B are real. We can determine ' the form of B by con- 
sidering the special case of a particle moving freely along the #-axis. 
If the momentum is held constant, the energy is also constant, and 
S(p, q) must be the same as S(E, q ). 2 But S(E, q) is simply the appropriate 
solution of Schrodinger’s equation, exp 2 irip x x/h. Now, by Assumption 
Y in Sec. 3, the functional form of S(p z , x ) will be the same in any problem, 

1 The difficulty is one of our own making. Strictly speaking, quantities which can 
take infinite values should not be used in physics. See Ruark, Bull. Amer. Phys. 
Soc., 4 , 1, 15 (1929). 

2 This is physically obvious, but can be proved mathematically by considering a 
special case of equation (14), namely, 

S(p\ q) - fS(p*, p')d'p'S(p'j q ] ). 

S(p*, p') is zero except when the variable of integration p r is equal to p because when p 
is sharply determined so also is p 2 . Thus the quantity on the right is simply S(p, q), 
multiplied by some constant. 
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as long as we do not alter the geometrical significance of p x or x . 


fore, we write 


S(p x , x) = exp 


2 iriptX 


There- 

'(17) 


without any restrictions. More generally, it follows from the develop- 
ments in Sec. 15, that for any conjugate pair of variables, 


S(p,q) = exp 


27 ripq 

~T~’ 


(18) 


In accord with Assumption II, Sec. 3, S(p, q) can be interpreted in an 
alternative way, namely, $(po, g)S*(po, q)dpois the probability that p shall 
lie between po and po + dpo, when q is sharply determined. 


5. THE UNCERTAINTY THEOREM 

We are now in a position to prove a remarkable theorem due to 
Heisenberg, 1 which expresses a portion of the content of his principle 
of indetermination. This theorem is not as broad as the principle, 



for the former deals only with a special type of distribution curve. 
Suppose we have measured a coordinate q a number of times, and 
have obtained the value q by taking the mean of the observed values. 
Let us assume that the probability of the coordinate lying between q 
and q + dq is 

(« - ?) 2 i 


Pdq = exp 




dq. 


(19) 


The error curve P is shown in Fig. 2. If q x is the value of q — q at 
which the curve has fallen to 1/e times its maximum height, and m is the 
mean error then 2 m 2 = qp. Following a widespread custom, we shall 
speak of q x as the precision of a measurement, although q x is really a 
measure of the lack of precision. 

Now, it is convenient to consider a probability amplitude S(ij, q) } 
such that SS* — P, y being some parameter which is held constant. 
It will not be necessary to specify the nature of rj. S can take the form 

'Z. Physik,* 43, 172 (1928). 
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py>e lR , where R is a real function, and guided by our study of matter 
waves, we choose a value of R which depends on q through a sine (or 
cosine) factor: 


Siv, g) = c exp 


(g ~ g) 2 _ 2t vpjq - q) 
2qS h 


( 20 ) 


where c is a constant and p is a value of p measured with the precision 
pi at the same time as q. Then the general assumption (14) shows that 

Siv, p) = JlSfo, q)S(q, p)dq. (21) 

The uncertainty theorem now to be proved states that 


Pxg! = 


( 22 ) 


By equations (18) and (20), 


S(r,, p) .= 




exp 


(g ~ g) 2 _ 2ripjq 
2 qi 2 h 


q) , 2rtpg' 

^ h 


dq. 


The factor, exp (2ripq/h), is constant and can be included in c. This 
leaves us with 

“2 «(p - p)g (g 


Siv, V ) = cj 


exp 


- g) 2 \7 
dq : 


h 2qi 

To bring this to an easily integrable form we multiply by a suitable 
factor in front of the integral sign, and divide by it inside, obtaining 

"2 7rt(p — p)g 2gi 2 x 2 (p — p) 2 " 


S 07 , p) = c exp 


h 2 


f r-n T ( V / 2gl7r(P ~ ¥>)i _ .( < Lrj).Y 

J 6XP L“\ h V2gx/J 


dq. 


The limits of the integral are — <*> and + 00 , so its value does not depend 
on p, p, q 7 or q . Introducing the quantity pi, defined by equation (22), 


v) = const, exp 


Therefore, 


(P - P) 2 + 2 rnjp ~ p) g 


2P! 2 


h 




Sir,, p)S 


*iv, p) = const, exp 


(23) 


(24) 


This shows the significance of pi; it is the precision of p, which proves 
our theorem. 


6. INTRODUCTION TO THE TRANSFORMATION THEORY 

As an approach to the transformation theory of Jordan and Dirac, 
we take up afresh the problem outlined at the beginning of Sec. 2 . At 
any time t a , let the coordinate q and the momentum p of a number of 
typical systems be measured. We shall write q Q and p 0 for typical values 
of q and p measured at this time. As a result of the uncertainty involved 
in determining q 0 , Si v, go) will be appreciable over a certain range of 
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values of q 7 and, similarly, S(rjj po) will be appreciable over a certain 
range of p values. Of course, these systems are spoiled for further 
study by the process of measurement, but we are at liberty to suppose that 
we have a similar aggregate of systems which are not subjected to 
measurement, but which would give the same values of $(?/, %) and 
S(n, Vo) if they were measured. At a later time t, systems in this group 
which may be supposed to have had their representative points in a 
range q G to q 0 dq 0 will have moved to another range, q to q -b dq. 
In general, the latter range will be larger than the former, for the uncer- 
tainties of the momenta will cause the representative points of the various 
systems to scatter. 

Assuming that S(rj, qo) is given, our problem is to calculate the value 
of jS(ry, q) at time t. In the case of systems with several degrees of 
freedom, we begin with the values of a distribution function S(jji 7 
V 2 , ; qi f q 2 , . . . ) at time t 0 , and desire to find S at a later time t. 

In general, the region over which the values of S are appreciable will 
spread out, just as in the one-dimensional problem. 1 

In the following discussion, our equations and terminology will 
refer to the one-dimensional case, for the extension to a number of 
degrees of freedom is obvious. We have the equation, 

S(i), q) = JS(v, qo)dqoS(qo, q), (25) 

and everything hinges on our ability to obtain S(qo, q), which is often 
called a transformation function for reasons now to be explained. It 
is often convenient to speak of the relation between the initial and final 
values of a variable or a group of variables as a transformation equation. 
Thus, if we are dealing with a particle in uniform motion, the relation 

x — Xo + v(t — to) 

sets up a correspondence between the initial and final positions. Again, 
we may transform n variables Xi, . . . x n , to new values X \ , . . . x n f , 
by the equations 

Xi ' = OiiXi + CLi 2 X2 + • • • dinXny 1 — 1 • • ' U. (26) 

The aggregate of the quantities a*/, drawn up in square array, is called 
a “ transformation matrix.” It is a simple and natural step to introduce 
the idea of transforming a continuous range or field of values, instead 
of a finite number of variables. The equation (25) is an illustration. 
If we write it in the form, 

S(ri, q) = S(q, qoi)S{v, qoi)dqoi + S(q, qo^S^, qo^dqn + * • v> 
its similarity with equation (26) is quite evident. One such equation 
can be written for each value of q, so that the scale of values of q replaces 
the discontinuous scale of values of the subscript i. We may imagine 
a square field with a vertical scale of q values, and a horizontal scale 

1 However, Flamm, Physilc, Z., 29, 927 (1928), has considered solutions of the wave 
equation which are propagated without change of form. 
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of go values. There is a value of S(q, g 0 ) for each point of the field. 
The aggregate of these values is quite analogous to that of a ii} and is 
also called a “ transformation matrix.”. The function S(q, go) is a 
transformation function, for it furnishes the connection between the old 
and new values of S(rj } g). There are two essentially different ways to 
obtain this function. One depends on a generalization of the theory 
of matrices invented by Dirac, 1 and the other, due to Jordan, 2 * * * * * is based 
on the theory of operators. 

On both theories, the derivation of the equations for determining 
transformation functions is rather complex, though not inherently 
difficult. Considerations of space prevent a detailed treatment by both 
methods. We shall follow the method of Dirac. The subject matter 
of the next few sections has many interrelated aspects, and the reader 
must not be disappointed if he finds that he does not fully appreciate 
it at a single reading. 

7. DEFINITION OF CONTINUOUS MATRICES 8 

Dirac’s theory is based on the extension of the idea of a matrix 
explained in Sec. 6, which makes it possible to write down a matrix 
corresponding to a non-periodic coordinate or any other dynamical 
variable. In general, only periodic (or conditionally periodic) systems 
have discrete quantized energy values, while non-periodic systems, such 
as the hydrogen atom with its electron on a hyperbolic orbit, have 
continuous ranges of energy values. In Chap. XVII matrices were 
defined only for systems with discrete states, for each row or column of a 
matrix is associated with a particular value of the quantum integral 
Jj or of the energy, if the system is not degenerate. We may say that 
the rows and columns are numbered according to the values of J. The 
rows or columns of such matrices may be said to form a denumerable 
infinity, for they can be brought into one-to-one correspondence with the 
integers. It is a natural and easy extension to think of matrices which 
have a non-denumerable infinity of rows and columns. We suppose 
there is a row or column for every number in the real continuum or in a 
portion of that continuum; that is, the rows or columns can be put 
into one-to-one correspondence with the points of a straight line, or 
a segment thereof. As before, we may number the rows according to 
the values of J, which is now a continuous variable. It is also convenient* 

i Proc. Roy . Soc., 113, 621 (1926). 

a Following earlier work of Born and Wiener, Z. Physik , 36, 174 (1926), of 

Eckart, Phys< Rev., 28, 711 (1926), and of Schr^dinobr, Arm . Physik , 79, 734 (1926), 

the operator theory was developed in full generality by Jordan, Z. Physik , 40, 809 

(1927) and 44, 1 (1927). 

8 In addition to Dirac’s papers, the reader should consult an excellent rdsum6 by 

Hennaed, Z. Physik , 44, 326 (1927). 
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to consider matrices, in which a portion of the rows and columns are 
discrete and the remainder continuous, for, in general, we are confronted 
with a spectrum of energy values which has both discrete and continuous 
parts. For example, the q matrix for the hydrogen atom is divided into 
the domains indicated in Fig. 3. We number the rows and columns 
according to energy values, rather than values of /, simply for con- 
venience. In A } both rows and columns are discrete. The first row 
and column belong to the lowest quantum state, the second to the 
two-quantum state, and so on. The typical element q(nm) exp 2Tiv{nm)t 
represents the radiation amplitude due to transitions between the nth and 
mth orbits. In region B, the initial state lies in the region of hyperbolic 

orbits, the final, in the quantized 
orbits; in C, the reverse is the 
case. In both these regions an 
element is related to the inten- 
sity of the continuous spectrum 
at the corresponding wave 
length. Region D belongs to 
transitions between hyperbolic 
orbits. 1 

8. GENERALIZED MATRIX 
ALGEBRA 

We must now study the alge- 
braic laws to which generalized 
matrices are subject, restricting 
the discussion to one degree of 
freedom. The definition of the 
sum of two matrices requires no change. The typical element of A + B 
is the sum of the typical elements of A and B. As to multiplication, in 
place of the law 

AB(nm) = A(nk)B(km ) 

k 

we may write 

AB{J n J m ) = X A (JnJ k )B(J k J m ). (27) 

h 

Here J n stands for the quantum integral having the value nh } and it is 
assumed that the quantities J n are the diagonal elements of a diagonal 
matrix J. This notation makes it clear that each row or column is 
associated with a particular value of J. In close analogy with equation 

1 The reader may be disturbed by the impracticability of writing down all the 
elements in the. continuous or semicontinuous regions of such a matrix, due to the 
fact that they arc infinite in number. We must content ourselves with being able to 
write a typical element. In some cases even this is impossible, except by the use of 
special symbols, as we shall see in Secs. 9 and 10. 


~Rhc 


\E 

L_ 



1 

1 

A 1 

B 


Ellipse — *». Ellipse 

1 

1 

Hyperbola Ellipse 


1 

1 

1 

a i 

D 


Ellipse -^Hyperbola 

j 

Hyperbola Hyperbola 

f 

( 

1 

t 

1 



Fig-. 3. — Continuous and discrete matrices of the 
hydrogen atom. 
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(27), the typical element of the product of two continuous matrices is 
defined as 

AB(J'J ") = SA(J f J)dJB(JJ"). (28) 


In the more general case where there is both a discrete and a continuous spectrum, 
equation (28) must be replaced by such expressions as 

AB{J'J ") = ^A(J'J k )B(J k J") + fA(J'J)dJB(JJ"). (29) 

h 

Jk assumes all values in the discrete range and J all values in the continuous range* 
Ordinarily, we shall write only the integral, with the understanding that every formula 
can be generalized to include the discrete range as well. Strictly, equation (29) is 
not dimensionally correct, because of the additional factor dJ in the integral, having 
the dimensions, of action. We get around this by assuming that the integral is 
always divided by a number having the value unity and possessing the dimensions of 
action. 

#* 

9. DIRAC’S 8 FUNCTION 


In the Heisenberg matrix theory, we often have use for the Kronecker 
symbol 8(nm) } which is equal to 1 when n = m, and otherwise is equal to 
zero. For example, a typical element of the energy matrix is 

E(nm) = E n 8(nm). (30) 

The advantage of such a notation 
is that it combines in a single 
equation information which 
otherwise would have to be writ- 
ten out in two separate equa- 
tions, as follows: 

E(nm) = E n if n = m, and 0 

if n is not m. 

Dirac's 8 function is a gen- 
eralization of the Kronecker 
symbol. It has the properties 
8(x) = 0 if x is not 0, (31) 
and 

8(x)dx = 1. (32) 


I 



Fig. 4. — Illustrating Dirac’s 5 function. 


For many purposes it is better to consider 8(x) as the limit of a sequence 
of even functions $(#), like those shown in Fig. 4, as we allow the symmet- 
rical peak to approach infinite height and narrowness, and all ordinates 
outside the peak to approach zero, while f<P(x)dx is always equal to 1. 
Further, we suppose that 8 (x) obeys all relations with other symbols 
which hold true for <£(#) in the limit. The advantage of considering 
the sequence of functions $($), is that by their aid we can set up defini- 
tions of various functions of 8 (x), and can deduce the properties of these 



632 GENERAL THEORY OF QUANTUM DYNAMICS [Chap. XVIII 

functions. For example, S'(x) is defined as the limit of the first derivative 
of <$(z), and so we have the properties 

S(-x) = S(x) (33) 

S'(-x) = -S'(x). (34) 

If f(x) is any regular function of x, we have 

j f(x)o(a - x)dx = f(a); (35) 

for the only finite contribution to the integral comes from the terms 
in the neighborhood of x = a, the integrand being zero elsewhere. 
Therefore, the integral may be replaced by 

f(a)f8(a - x)dx = /(a)/ S(x - a)d(x - a) - 

as we see from equations (32) and (33). Using integration by parts 
it is also easy to show that 

ff(x) a n (a - x)dx = /"(a). ( 36 ) 

Further, putting /(*) = S(x - b) in equation (35), we have 

JXa — :r)5(a: — b)dx = S(a — b). (37) 


10. THE UNIT MATRIX 

Dirac’s S function is indispensable in discussing the properties of 
continuous matrices. We require it, for example, in setting up the unit 
matrix. By definition, this matrix must be such that its product (either 
before or behind) with any matrix A is equal to A. Writing out a 
typical element of the relation 1A — A, we require that 

If we put = SHJ'J)dJA(JJ") = A{J'J"). (38) 

+v , . + 1U 1 {J'J) = KJ'J) (39) 

this integral becomes 

5KJ'J)dJA{JJ") 

and by equation (35), this is simply A (/'/"), so that equation (38) is 
satisfied. If we are dealing with a problem of several dimensions, the 
argument is similar and we define the unit matrix by the equation 
1(JY, J 2 , • • • J„'; Ji, J 2 , • • • J n ) = 5 (J , ; — /j) 

SW - J,) ■ ■ ■ S(J n ' - J n ). (39a) 


11. INTERPRETATION OF THE ENERGY MATRIX 

_ Let us recall the way in which the quantized energy values were 
obtained m Heisenberg’s matrix theory. The details of the mathematica 
method are sufficiently explained in Secs. 5 to 7 of Chap. XVII. Briefly 
the problem consists in finding Hermitian matrices which satisfy the 
following conditions : 

1. The quantum conditions (Chap. XVII, Sec. 11). 
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2. The matrix equations of motion. 1 * 

3. The Hamiltonian function must be represented by a diagonal 
matrix. 

When such matrices are found, an assumption must be made in 
order to interpret the results. It is natural to consider a matrix element 
standing in the nth row and nth column as belonging to the nth quantum 
state. Accordingly, it is assumed that the diagonal elements of the energy 
matrix represent the possible values of the energy. 

This idea is carried over almost without change into the theory 
of continuous matrices. We seek to find a transformation to new vari- 
ables, such that the conditions above will be satisfied. When such a 
transformation has been found, the possible energy values are assumed 
to be the non- vanishing elements of the diagonal energy matrix, which 
now may be either discrete, or continuous, or a combination of the two. 
A word of explanation as to condition (3) is necessary. When we say 
the energy matrix is diagonal we mean that 

E(J'J") = (40) 

where E' = E(J'). A similar equation is used in defining any diagonal 
matrix. This is all very satisfactory, but we wish also to obtain the 
possible values of other physical quantities, and this requires us to 
consider transformations which are more general than those used in 
Chap. XVII. 

12. TRANSFORMATIONS OF CONTINUOUS MATRICES 

It will be recalled (Chap. XVII, Sec. 12) that when a set of discrete 
matrices p, q, obey all the conditions mentioned in the preceding section, 
we may apply the transformation 

p = SpS~ 2 , Q = SqS- 1 , 

where S is an arbitrary matrix not containing the time, and then the 
matrices P, £>, will also obey these conditions. Further, if / is any 
function of p and q, we have from equation (65), Chap. XVII, 

v F = SfS~*, , (41) 

where F is obtained from f(pq) by replacing p and q with P and Q y 
leaving the form of the function unaltered. All these theorems hold 
true for continuous matrices, and we wish to examine the form assumed 
by a typical element of equation (41). Let us agree that matrices 
expressed in the old system of variables will be numbered according to 
the values of an index j. Then we have 

F(jT) = nSU , ji)djtfUi3i)d0t8~ 1 Ud")- (42) 

1 In Chap. XVII, the equation of motion for a typical variable x was taken to be 
ex = Hx — xHy 
Hx - xH . 


but if x involves the time, this must be replaced by e( x 


_ Bx\ 
~ dt J 
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The integration variables j\ and j 2 run over all possible values of j. It 
would be more elegant to number the matrix F according to the values 
of the quantity J defined by the relation 

J = SjS-K 

Now j is a diagonal matrix, by hypothesis, and on working out a typical 
element of this relation, we find that J = j. This means that J f = /, 
J" — j ", and so on. Therefore equation (42) may be rewritten in the 

more satisfactory form 

• 

F(J'J") = (43) 


Now as Dirac remarks, this transformation does not go far enough. 
We can make any permutation of the rows of the new matrices and 



Fig. 5. 


the same permutation of their 
columns, without violating 
any of the conditions in the 
0 preceding section. This the- 
l orem was proved in Chap. 
X XVII, Sec. 4, Part (13). As 
./ a consequence, there is no 
one-to-one correspondence 
between the rows or columns 
of the old and new matrices. 
It is essential to grasp the 
broad possibilities of such 
permutations in the case of 
continuous matrices— possi- 
bilities which are not encoun- 
tered with discrete matrices. 


To make this clear, let us consider any discrete matrix, A . If we 
carry out one and the same permutation on the rows and columns 


of A, the number of elements in a given area of the matrix is 
unchanged. The situation is not so restricted when .we come to con- 


tinuous matrices. Let one of these be represented by the scheme in 
Fig. 5, with all positive energy values, as shown by the continuous 
scales of J values. So long as we avoid duplication, we can shift or 
distort the system of rows according to any prearranged plan, the 
columns being treated in exactly the same way, of course. Or, if we 
prefer, we may shift or distort the scheme of numbering, and arrive 
at the same result. For example, suppose that we write J = x 2 . 
We can write opposite each value of J the corresponding value of x, 
and then the matrix is said to be numbered according to the variable x. 
In general, the connection between the two systems of numbering will 
be much more complicated, for we usually wish to number the matrices 
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according to the values of some quantity X, which is represented by a 

diagonal matrix when expressed in terms of the new variables P, Q. 

Because of this situation, Dirac rewrites the equation (43), so as 
to make it apparent that the quantity on the left simply denotes the 
matrix F, numbered in terms of such a variable X. Further, since 
F is the same function of the new variables which / was of p, q, there 
is no reason why we should not denote it by /. The result of these 
changes is that equation (43) takes the form 

= nsiX'tidjifUdMtS-'U**"), (44) 

= HS{X'J l )dJ l f{J l J i )dJ i S-\J*X"). (45) 

This brings out the fact that the functions S{X, J) and X) are 

numbered partly according to the values of X and partly according to the 
values of J. The rows of S(X, J ) are numbered on the X scheme, and 
the colu mns on the J scheme, for example. We shall speak of such 
matrices as mixed matrices. 

In discussing such transformations, there is no reason why we should 
restrict ourselves to consideration of the functions S(X, J). When we 
have passed to the X scheme of numbering, we can repeat the process, 
obtaining matrices which are numbered according to the variable Y, 
and so on. The general problem is to pass from a scheme where the 
variable A is a diagonal matrix, whose values are used in numbering both 
the rows and columns, to another scheme where the matrix X is diagonal, 
and serves the same purpose. Therefore, we consider equation (45) 
in the still more general form 

}{X'X") = ffSiX'aJdaJia^daiS-Kc^X"). (46) 

From this point onward, a variable of integration running over all values 
of A will be denoted by a, and one which covers all values of X by £. 
The principle is that we indicate a variable of integration by a Greek 
letter analogous to the English letter under consideration. 

If we are dealing with a problem having n degrees of freedom, instead 
of X we have a set of functions X h X 2 , . . . X n , all of which are diagonal. 
The very fact that they are diagonal tells us that they do not involve f, 
and that they commute with one another. These are the only conditions 
which need be fulfilled in order that we may consider the X’a as canonical 
coordinates. The momenta belonging to them will be called Yi . . F„. 

13. MATRIX METHOD FOR OBTAINING THE POSSIBLE VALUES OF ANY 

PHYSICAL QUANTITY 

We now have most of the mathematical apparatus necessary for 
finding the possible values of any dynamical quantity, F(X, F). We seek 
a transformation which will make F(X, F) a diagonal matrix, and assume, 
just as in the case of the energy, that the diagonal elements are the 
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possible values of F(X, Y). At the start, this matrix is numbered in the 
X scheme and it will be supposed diagonal in the A scheme of labeling. 
The variables X , Y are supposed to be known, and we seek a trans- 
formation function S(X, A) which will carry all our matrices into the A 
scheme, by the use of equation (41) and the equations (42) to (46) 
which it implies. The next few pages are devoted to finding a differential 
equation for the transformation function S(X f A). We shall state the 
result at once. If the reader desires he may omit the complicated proof 
in Secs. 14 and 15, and pass at once to the discussion in succeeding 
sections. 

It is found that the functions S(X, A) are identical with the probability 
amplitudes used in the statistical interpretation of wave mechanics. The 
equation which they obey is a generalization of the ivave equation , and 
may be stated in the form 

F^X rj A r ) — F(A r )S(X r} A r ). (47) 

F(A r ) is a brief way of writing F(X rj Y r )(A h A 2 , . . . A n ;A h A 2 , . . . 
A n ), which is allowable because F is diagonal in the A scheme, by 
hypothesis. Schrodinger’s equation is a special case of equation (47), 
obtained as follows: Let F s H; X r = q T ; Y r = A; A r = n r h - h times 
the quantum number belonging to the rth degree of freedom,* n r is 
supposed continuous in the region of continuous energy values. Further 
F(A r ) = E(n r ). Thus we obtain, 

/ h d \ 

H \ qr ’ 2 Ti dqrY^’ *0 = B(n r )S(q r , n r ). (47a) 

When there is only one degree of freedom and therefore only one quantum 
number n, this becomes 

H ( q> 2 hi = E (47?;) 

These equations are identical with that of Schrodinger. Of course, S 
depends on E, and so we may write S n (q ) = S(q, E n ), but this is not 
desirable because the variables of S are supposed to be those which are 
used in labeling the matrix F in the old and new schemes. Strictly 
speaking, the quantities n r h are the labels to be used in the A scheme, 
in which H is diagonal. This discussion makes it clear that Schrodinger’s 
t functions are the elements of the transformation matrix which enables 
one to transform any matrix from the scheme in which rows and columns 
are labeled according to values of q, to a scheme in which H is diagonal 
and the quantum numbers n r (continuously variable) are the labels 
of the rows and columns. 

In conclusion, it must be noted that equation (47) may not be valid 
when F is not expressible as a sum of powers of X r and F r . Other 
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equations of a still more general character must be used when we are 
dealing with mixed matrices, or when F is not algebraic. 1 

14. AUXILIARY RELATIONS FOR THE PROOF OF THE GENERAL 

WAVE EQUATION 

We now consider the proof of equation (47). We shall require several 
transformation equations corresponding to the relations 

S- 1 f(X)S = f(A), f(X)S = Sf(A) and S~*f(X) = f(A)S~', 

where f(X) and f(A ) indicate a matrix function f(X T , Y T ) expressed in the 
X and A schemes, respectively. They are as follows: 

SSS~KA'^)dU<i^)d^S(^A") = f(A'A"), (48) 

ffCX'ZWSttA") = SS(X'a)daf(*A") m f(X'A "), (49) 

SS-KA’OdmX") = SJ(A'a)d*S-KoiX'') m f(A'X"). (50) 

We shall also need explicit formulas for the quantities Y r , which 
are the momenta corresponding to the X r . These variables must satisfy 
the relations 

YrX r - X r Yr = el, 

YrX s - X s Yr = 0, 

X r X s - X s Xr = 0 , 

YrYs - YsYr - 0. (51) 

The third of these is true because it was assumed (Sec. 12) that the X’s 
commute among themselves. It is easily verified that the other three 
equations can be satisfied by writing 

YriX'X ") = eS(X/ - Xi'O • • • KX'r-l - X"r-l)8'(Xr' ~ X r ") 

8(X ' r+ 1 - X'Vi) • • • 5(X/ - XX). (52) 

For a problem of one degree of freedom, equation (52) reduces to 

Y{X'X ") = e8'(X' - X"). (52 a) 

We s h all confine our attention to proving that this value of Y satisfies 
the first equation of (51). Dirac's paper 2 may be consulted for the 
verification of the remaining relations. Remembering that X(X'X") = 
X'8(X' - X"), and using equation (52a), we have 

(FZ - XY)(X'X") = eJ{S'(X' - &d(( S(( - X") - 

X’8(X' - mm ~ X")}- (53) 

We integrate the first term by parts so that it becomes 
e/5(Z' - ~ X")l 

1 Dirac, Proc. Boy. Soc.j 114, 243 (1927). 

2 Loc. cit. 
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On performing the differentiation indicated, and combining terms, 
equation (53) takes the form 

- {)«(* - x") - (X' - &8(X' - *)«'(« - 

The first term yields the contribution 

e8(X' - X") 

to the integral, in accordance with equation (37), and since this is the 
result we want, it only remains to prove that the second term contributes 
nothing to the integral. This is actually the case, because (X 7 — £) 
<5(X 7 — £) is zero. The first factor vanishes if £ = X', and the second 
if £ is not equal to X 7 . To sum up, the typical element of YX — XY 
is e<5(X 7 — X"), which is to say, the matrix is equal to <= times the unit 
matrix. 


15. PROOF OF THE GENERALIZED WAVE EQUATION 


In order to obtain a proof of the generalized wave equation (47), 
we shall require some alternative expressions for the matrices X, Y, 
and f(X, Y) when they are expressed in the mixed form, with X as the 
horizontal and A as the vertical label. These expressions will be obtained 
by using equation (52a). We begin by finding explicit formulas for 
Y{X'A") and X(X'A' f ). By equations (49) and (52a) we have 

Y(X'A") = JF(X 7 £)d£$(£.4/ 7 ) 

= e/5 7 (X 7 - £)d£S(£4 77 ). 


By equation (36), therefore, 

Y{X'A") 


dS(X'A") 
€ dX' 


(54) 


In n dimensions the proof is quite similar and yields the formula 

U z'*r-.**gp. 


(54a) 


Remembering that X(X'X 77 ) is diagonal, we also find from equation 
(49) that 

X(X'A /f ) = jX 7 $(X 7 - £)d££(£X") = X'S(X'A")j (55) 
the generalization to n dimensions being 

X r (X 7 A") = X/£(X 7 A"). (55 a) 

In similar fashion we can show that 


F{X r ){X'A") = jZ(Z/)5(Z/ - \)dmA") = F(X r f )S(X'A"). (56) 

Strictly speaking we should write £(Z/4 r ") in this relation, but this 
more cumbrous notation scarcely seems necessary. 

However, when we have a function of both the X’s and Ps the mixed 
representation of this function is of a different character. We suppose 
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that this function F(X r , Y r ), is rational and integral in the quantities Yr, 
a very necessary restriction. We shall show that 


F(X r , Y r )S(X'A") = f(x./, e (57) 

so that the elements of the matrix F in the (XA) scheme of labeling 
are given by the result of applying an operator to. the function S(X'A "). 
To prove this theorem we only need to show that if the theorem is true 
for any two functions fx and/ 2 , it is true for their sum and their product. 
(We know it is true for any X and F, by equations (54a) and (55a), 
so we can show it is true for X r Y s , X T 2 , etc., and can then pass to other 
functions step by step.) The case of the sum is obvious. As to the 
product, we have, 


/l(X„ Y r )MX ri Y r )(X'A ") 

= Y r )(X'a)da S~K*&d&(X r , Y r )(U ") 

= e d ^^(X>a)daS-HM)d^ €„ e ^jS(M"), (58) 

and by the definition of a matrix product, this is the same as 




This is the result desired. In similar fashion we may show that 

F(Xr, Yr)S-'(A'X ") = F(x T '%«£-g-y^S- l (A'X''). 


(59) 


Let us now examine equation (57). By equation (49), the left 
member is equal to 

JS (X'a)daF{otA ,r ). 

If we now require that F shall be diagonal in the A — A scheme, we can 
show that equation (57) reduces to the generalised Schrodinger equation ; 
for, when F is diagonal, the above integral takes the form 


f8(Xr m )daF(a)8(a - A"). 


The integrand vanishes except when a - A", and the integral is equal to 

IS(X'A”)F(A")t(a - A")da ~ S(X r A'')F(A"). (60) 

Further, equation (57) holds true for every value of the X r and the A r . 
Therefore, we may omit the primes and double primes, which, up to 
the present, have emphasized the fact that we were attending to a 
particular matrix element, standing in the place for which each X r 
takes the numerical value X/, and A r takes the value AJ . This means 
we are at liberty to deal with the function S(X rj A r ) instead of a special 
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value of that function, S(X r 'A r '). Therefore, taking account of equation 
(60), equation (57) may be rewritten in the form 

F(x r ,e~jS(X r , A r ) = F(A r )S(X r> A r ) 

and this agrees with the generalized Schrodinger equation (47). 

We have not yet proved that the transformation function S(X r , A r ) 
has the same meaning as the probability amplitude of Sec. 3. It seems 
best to postpone this proof until we have studied special casqs of equation' 
(47). 

16. THE FREE MOTION OF A PARTICLE 

We now proceed to illustrate the use of the generalized wave equation. 
First, we take up the train of thought begun in Sec. 6, and find the 
transformation function S(go, q) which applies to the motion of a free 
particle, following a treatment by Heisenberg. 1 The solution of the 
problem is begun by writing down the energy function in terms of q 
numbers, which are nothing more than continuous matrices. We 
have H ~ p 2 /2m , and the equations of motion are 

mq — p, p = 0. (61) 

The solution is 

Q “ + Qo] P = Poy (62) 

where po and qo denote the momentum and the position at time t == 0. 
The time is treated as an ordinary number. On forming the value of 
pq — qp, it is found to be identical with p 0 qo — qopo, so that the problem 
will be solved if we can find continuous matrices, q 0 and po , which obey 
the quantum condition. But in order to write down the possible values 
for qo, we must arrange the system of labeling so that qo is a diagonal 
matrix, and then apply the interpretative procedure outlined in Sec. 13. 
Now, po cannot be diagonal in this scheme of labeling, for if it were it 
would commute with qo, and the quantum condition would not be obeyed. 
We see from equation (62) that q is not diagonal since it is equal to a 
matrix which does not enjoy this property. Therefore, if we wish to 
obtain the possible values of g at the time t, we must transform all our 
matrices into a scheme of labeling in which q is diagonal, so that the 
interpretation process can be applied to it. However, our line of advance 
will be somewhat different. We know from experience that q can take 
all possible positive and negative values and shall not trouble ourselves 
to rediscover this fact by carrying through the process indicated. Our 
real interest lies in the probability function S(rj, q) of Sec. 6 , which gives 
the distribution of an aggregate of particles in the one-dimensional 
q space, corresponding to an arbitrary distribution S(r), g 0 ), rj being any 
1 Z. Physik, 43, 172 (1927). 
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parameter which is held constant during the motion. As' in Sec. 5, 
we take the original distribution to be a Gaussian error curve, that is, 

S(v, qo)S*( v> g 0 ) = c exp [ «J3) 

and find the distribution curve at time t by equation (25), namely, 
Sir), q) = JS(r) qo)dq 0 Siqo q). 

The problem is to find S(q 0 , q), and this is identical with the typical 
element of the transformation matrix which carries us from the scheme 
in which qo is diagonal to the scheme in which q is diagonal. To get 
this function we apply equation (47), with the following values for the 
general symbols appearing therein: 

X is simply q Q , and F is q itself, while A is also q. 

This shows that Y is p 0 , and when F is expressed in terms of q Q and p 0 

it takes the form F(X } Y) = -—Jpot + qo • Therefore, the operator 

( d €t 0 

Xj m dq~o anc ^ ec l uation (47) takes the form 

m ~~dql ~ + q ° S( - q °’ = qS ( q °> «)• (64) 

In this equation t is treated as a constant. It has the solution 


S(qo, ff) = C exp i~j:!(q - Qo)dq\ 


(65) 


where c is a constant of integration. Substituting this in equation (25), 
and using equation (20), we have 


To evaluate this integral we write 

a _ ^ 

p ‘lirmq^ 

and then the exponent takes the form, 


(go — go) ! 
" 2 qj 


dqa. 


( 66 ) 


h {K 1 + 'p)~ 2q { qo + K 9 ~ “«)] + *° ! 


2g t 

The term in go 2 can be absorbed into the constant factor, and then the 
integration shows that 

tf>o 


Sir,, q) = c exp 


m 


i$q 




2gi 2 (l + P*) 


(67) 
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From this we calculate the probability distribution, 


S(n, q)S*(rj, q) = c exp 

This formula shows that we are dealing with a Gaussian distribution 
of the representative points of the particles, symmetrical around the 

position — + q~ 0 , which would be the position actually occupied by each 
m 

point if the motion were treated by classical methods. The spread of 
the distribution is greater than that of the original one in the ratio 
1 + /3 2 . These features are quite generally encountered in the problems 
of quantum mechanics. The center of gravity of the distribution obeys 
Newton’s equation for the corresponding classical motion, and there is a 
progressive spread of the “packet” as time goes on. 

Several other simple problems have been treated by Heisenberg 1 in 
quite similar fashion, and Kennard 2 has solved the problem of a particle 
in a homogeneous electric or magnetic field, as well as that of the harmonic 
oscillator. Darwin 3 has also studied a number of problems by this 
method. He treats the motion of a free electron in two and three 
dimensions, the motion of an electron in an atom, the Stern-Gerlach 
effect, and the motion of a spinning electron. Interesting mathematical 
methods for the solution of such problems are also developed in, his 
paper. There are two later papers by Darwin 4 which deal with such 
problems from the standpoint of an improved system of wave equations 
introduced by Dirac. 6 Unfortunately, we cannot consider Dirac’s 
equations here for reasons of space, although they open the way to the 
solution of many important problems. The exact form of the equations 
is still under discussion. 6 

17. THE MEANING OF THE TRANSFORMATION FUNCTION 

In Sec. 13 we stated without proof that the transformation function 
S(X, A) is identical with the probability amplitude for X when A. is held 
constant. We now demonstrate the identity of these functions, using a 
method due to Dirac. 7 Consider a system having an energy function 
which does not involve the time, and let a perturbation depending on 
the time be applied, so that the new characteristic functions will involve 

1 Loc. tit. 

2 Z. Physik, 44,326 (1927). 

3 Proc. Roy. Soc., 117, 258 (1927). 

4 Proc. Roy. Soc., 118, 654 and 120, 621 (1928). 

6 Proc. Roy. Soc., 117, 610 and 118, 351 (1928). 

6 Eddington, Proc., Roy. Soc., 122, 358 (1929); Temple, ibid. 122, 352 (102;)). 

iProc. Roy. Soc., 113, 621 (1927). 


?i 2 (l + (3 2 ) . 


(« 8 ) 



Sec. 18] 


INTERPRETATIONS OF THE WAVE FUNCTION 


643 


the time. To find the transition probabilities induced by the perturba- 
tion, we may follow Born’s method (Chap. XV, Sec. 23). We first 
obtain the unperturbed functions, let us say \p(E 0 , q) and the perturbed 
functions yp{E, q). 

If we expand the new wave functions in terms of the old ones we 
have 

q) = KE, Eo)dEtf(E Q , q), (69) 

where the coefficients c(E, Eq) are also functions of the time. It is 
then assumed that \c(E } Eo)\ 2 is a measure of the probability that an 
atom in the state E 0 will pass to a state with energy lying between E and 
E + dEj due to the perturbation. More generally, it is not necessary 
that the energy should appear in the wave functions. They could 
contain any other convenient parameter for distinguishing the various 
functions. Now, the transformation functions obey the relation > 

S(g, E) = jS(q Eo)dE Q S(Eo E). (70) 

The formal similarity of this equation with the preceding one, and 
the fact that similar equations hold for all dynamical variables, suggests 
that we can identify S(X, .4) of the matrix theory with the probability 
amplitude S(X, A). Now the only conditions which must be satisfied 
by the probability amplitudes are those outlined in Sec. 3, and we can 
verify that all of these are obeyed by the transformation functions, 
which completes the proof. 


18. CONNECTION OF THE CHARGE-DENSITY AND STATISTICAL 
INTERPRETATIONS OF THE WAVE FUNCTION 


We see from Chap. XV, Sec. 16, that if we write 

p = (71) 

and 

with similar equations for % and s„ then these four quantities obey the 
equation of continuity, 

d E 4. dfl * + 3s » + ds i = o (73) 


We understand now that this equation expresses the conservation 
of probability, rather than the conservation of charge. In Chap. XV, 
Sec. 15, we introduced a factor e, the charge of the particle under con- 
sideration, so that fpdv was equal to «. This factor is not included above, 
for pdv represents the probability that the particle shall lie in the element 
dv; the integral of this quantity over all space must be equal to 1, which 
represents certainty, unless we wish to violate established custom. 
We may call p the density of probability. Ordinarily, its value at any 
point will alter in the course of time, and the vector s represents the flow 
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of probability density through unit area perpendicular to its direction, 
in unit time. Equation (73) tells us that the probability in a closed 
region can increase only if there is a flow of probability s through the 
boundary of the region. 

Now, instead of considering a single particle, let us deal with an 
aggregate of particles which do not influence each other appreciably, 
e.g.j a beam of atoms rather than one atom. Then p is a measure of 
the average number of particles in dv, provided that dv can contain a 
number of particles large enough for statistical treatment without 
violating any of the conditions of the physical problem. In such a 
problem the direction of s must be that of the mass motion of the particles, 
and the magnitude of s must be proportional to the number of particles 
crossing unit area normal to s in unit time. Therefore, if the particles 
are charged, we see that Schrodinger's s is a measure of the current 
density, and p is a measure of the charge density. The normalization 
of these quantities in Chap. XV, Sec. 15, was carried out in such a way 
that s represents the average current due to the motion of a single particle. 
This convention is useful, and we shall use the quantities 


p = — e'&'Ir*, s x 



(74) 


. rather than those in equation (72). The minus sign is introduced because 
the charge of the electron is negative. 

The above treatment refers to the one-electron problem, i.e., a 
problem with three degrees of freedom, and the flow of probability 
is a flow in ordinary space. In the general case, the flow takes place 
in the space of q f s. Schrodinger 1 showed, however, that we can obtain 
a sort of projection of this flow on the three-dimensional space in which 
the coordinates are those of the pth electron, as follows: If we form the 
integral, 

Pp z=JW*dx i • • * dzp-idx^! • • • dz n , (75) 

in which only the coordinates of the pth electron are present, the others 
having disappeared in the process of integration, then p p is the probability 
that the coordinates of the pth electron shall lie in the element dx p dy p dz p , 
while the coordinates of the others take any values whatsoever. Similarly, 

% - (s |)/i (**H - *§£)*• • • • •••*=■ < 7 « 

is a measure of the flux of probability in the x p direction. We should 
expect that the charge density and current density for the pth particle 
would obey an equation of continuity, and such is the case. We can 
easily verify that 

| . dSy p . ds Zp ___ 

dt dx p dy p dz p 
1 Ann. Physikj 81, 109 (1926). 


( 77 ) 
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The statistical velocity v of a stream of electrons in the three-dimensional 
space, x p , y PI z V) is defined by the equation 


or 

in the one-electron problem. 


PpVpi 

« = pv, 


(76a) 

(766) 


19. THE UNIDIRECTIONAL BEAM OF ELECTRONS; RADIAL CURRENT OF 

ELECTRONS 1 


We now apply these ideas to a beam of electrons moving in the 
direction of the positive #-axis. If T is the kinetic energy, and p the 
momentum, the wave equation is 


S+^TV-O, 

with the solution 

^ = (78) 

where a is a constant. The time factor is exp (—27 riEt) where E — T + 
me 2 , and need not be considered further. 

By equation (74), we expect the charge density and the current 
density in the beam to be 


p = — expft* = ~-e|a| 2 . 



S v = 8» = 0 . 



(79) 


As we should expect, the current is parallel to the negative £-axis, since 
the charge of the electron is negative. From equation (76a) we obtain 
the statistical velocity of the charges, namely, 


It f ollows that 


_ Sv __ P m 

(80) 

p m 


T mv/ 

' 2 ’ 

(81) 


These results predict every feature of the statistical behavior of a uni- 
directional electron beam, provided we can overlook effects due to 
mutual repulsion. To consider these effects, we should have to write 
a wave equation containing the coordinates of all the electrons in the 
beam. We could no longer write V = 0, but should use the potential 
energy of the entire system. 


1 In connection, with Secs. 18 to 21, the reader should consult a general resunoA on 
the subject of aperiodic motions in wave mechanics, by Wbntzku, Physik, Z, t 29, 321 
( 1928 ). 
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The case of charges emitted from a spherical electrode with uniform 
velocity is similar. If we seek for a solution of the wave equation in 
polar coordinates which possesses spherical symmetry, then we may 
neglect all terms in A \p which contain partial derivatives of \p with 
respect to the angular coordinates. The result is 



and is found to be ~~~ ~ 2 ~- By equation (76a), the velocity is v r = 

p/m, and T = mv r 2 j 2 Of course, the d- and ^-components of current 

density are zero. 


20. BORINS THEORY OF COLLISIONS 

The interaction of material particles can be treated by the methods 
of wave mechanics. The development of this subject began with a 
paper by Born 1 on the interaction of an electron with an atom. This 
dealt with the problem in general terms and showed that the main 
features of critical potential experiments are reproduced qualitatively 
by the theory. The existence of critical potential^ is predicted, and 
it is shown that one can obtain the space distribution of electrons which 
have suffered collision. The probability of each type of collision as a 
function of the voltage, and the effective cross-section of the atom for 
electrons of any velocity can also be obtained. In practice, the com- 
putations are involved and we must usually content ourselves with a 
first approximation to the solution. However, this is not necessarily 
a disadvantage, for it often happens that the first approximation is good 
enough for all practical purposes. Born 2 has carried through the cal- 
culations for the hydrogen atom. No data on the angular distribution 
of electrons which have collided with hydrogen atoms are available 
for comparison, for obvious experimental reasons. Possibly Born's 
computations yield a first approximation to the behavior of simple atoms 
like those of the alkalies, but this is by no means certain. The best 

1 Z. Physik, 38, 803 (1926); preliminary note, ibid. 37, 863 (1926). 

2 “Nachrichten Ges. der Wissenschaften zu Gottingen,” p. 147 (1926). 
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proofs of the validity of the theory come from its application by Wentzel 1 
to the spatial distribution of photoelectrons and the scattering of alpha 
particles. In the case of alpha particles, he showed that the first approxi- 
mation to the solution of the problem leads to precisely the classical 
distribution formula (Chap. II, Sec. 16) which has been so well verified 
by the experiments of Rutherford and his colleagues. 

Several approximation methods are now available for the solution 
of collision problems. For a discussion of these and detailed references 
to the literature the reader may consult Wentzel’s 2 r&umd. Here we 
shall describe a procedure which is essentially that of Born. Matters 
are simplified if we consider atoms, all of which are in a single quantum 
state. The generalization necessary when this is not true will be easily 
carried through by the reader. The argument is unchanged except that 
we must replace the wave function appropriate to a single state by one 
which includes a term for every state which is present. Let the undis- 
turbed atom be in a state of energy E n , the wave function being u n , 
and let its potential energy be V Q (xi } yi, . . . s»). Further, let the 
bombarding electron have the wave function exp % rip X0 x Q /h m e %kx *, 
when it is far removed from the atom. When the bombarding electron is 
closely coupled with the atom let the additional potential energy due 
to their interaction be W The function V% depends on the coordinates 
of both the bombarding electron and the atom. The total potential 
energy is V ■* V 0 + Fi, and the total energy of the system is E = T + 
E n , where T *= p« 0 */2m and is the initial kinetic energy of the bombarding 
electron. If Vi were zero (no interaction), the wave function for the 
whole system would be 

= au n e ikx °, (86) 

a being the normalization factor for e ikx K We suppose that u n is already 
normalized. The wave equation to be satisfied when there is interaction 
is 

+ G(E - V)p = 0. (87) 

Tho boundary conditions are these: at infinity the wave function shall 
behave like a plane dc Broglie wave, in so far as its dependence on 
Xo, y 0t and * 0 is concerned, while it shall obey Schrodinger’s boundary 
conditions for an isolated atom (Chap. XV, Sec. 6 ) when considered as a 
function of X\, . . . z n . 

We solve the problem by successive approximations, writing 

\p = Po + 'Pi + Pz + ■ • ■ • (88) 

\pi may be supposed to contain the first power of some small parameter; 
■pn, the second power; and so on. The method of attack is exactly like 
that in Chap. XV, Sec. 23. We substitute equation (88) in the wave 

1 Z. Phyrik, 40 , 574 and 590 (1926). 

* Physik. Z., 29 , 321 (1928). 
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equation and equate all the terms which contain the same power of th® 
parameter to zero. In this way we arrive at the following equations: 
o + G(E — Vo)\p 0 = 0 
h^i + G(E — Vi)i x .= GV xif'o 

*h = G(E - Vo)t> = GViik-i. (89) 

In solving these equations it is assumed that \pi> etc., all vanish for 
infinite values of all the coordinates, including x 0 , y a , and z 0 . If these 
conditions are satisfied, then the boundary conditions for \p itself will 
also be obeyed. Born pointed out that the convergence of this process 
is assured only when V x vanishes more rapidly than l/r 0 2 at infinity, r 0 

, b , e “ S * stailce from the origin to the point y a> z 0 . Therefore, 
the method is not suitable for the problem of scattering by an inverae 
square center of force or by an ionized atom. (See the next section, 
owever, for a description of the way in which Wentzel overcame this 

t“nv That ? P r g the “ eth0d t0 the scatterin « ^ alpha particles.) 

VamSh w re rapidIy than W equations 
of the undisturbpfi eve + l0pmg JJJ* ? nCtlon ** 111 & scries of wave functions 

wiU depend 

~ ^ frmUm + JfrEU E dE. /0Q\ 

‘ he coefficients/.^ and/,, obey the differential 

= G ^ V ^~^dx x • ■ • dz n m % 

Tb ^ nBlrE ' ~ GlVl4/r - lUE ' d ^ <J>yff 

The coefficients k nm and k nB have the significance, 

k\ n = G (T +, En ~ E m ),\ 

Tt, , . . nE ‘ GW 4- E n — E'), I v®*/ 

being a particular value of TP in 4-1^ 

TZ ? -r* 


:: ! 


(91) 


(92) 


symbol A 0 ; it indicates + JL 4 . J 2 a 
rem +K . , dx ° 2 <tyo 2 ^ dz 0 2 \ ° n the ri ght Side of equation 

in the atom Tsappelro^Stegmtion’ ^The **? C f °° rdin , ates of Petioles 
can be written down bv standard m +v, j S0 ut,10n °f equation (91) 

< v, ✓ for .he ,irr- ^ 

- -iiw, m 

with a similar expression for f „• r ' an A j 

ongin to the points x', y’ z ' an V„ r ° denote th e vectors from the 
\ r > _ r y °> *«» respectively, so that 

1 r “l - <* - *•>> + <v - + ( , _ 2i) , 


( 94 ) 
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When we have substituted the values of f rm and f r s into equation 
(90), and \p r in turn into equation (88), the solution is complete, and we 
may proceed to interpret the results. We shall confine our attention 
to the first approximation function \pi, although the reader must be warned 
that this is not justifiable in some cases. Ordinarily, we are interested 
only in the value which \p assumes when r 0 is large, that is, when the 
bombarding electron has moved away to a considerable distance. Con- 
sidering only large values of r 0 , then, we can neglect r' in comparison 
with r 0 in the denominator when carrying out the integration of equation 
(93) to obtain the development coefficients, for all the important con- 
tributions to the integral arise from volume elements in the immediate 
neighborhood of the atom. Also, we can simplify | r' — r 0 | in the 



exponent. Figure 6 shows that for large values of r 0 this is approxi- 
mately equal to ro — r' cos a, a being the angle between r' and r 0 . 
But r' cos a is equal to (nr'), the scalar product of r f and a unit vector 
n in the direction of r 0 , so that 

| r' — r () | ^ r 0 — ( nr' ). (95) 

Taking the factor e iknmrQ /r Q outside of the integral, writing out the 
value of $i m , as given by equations (91) and (86), and remembering that 
G = 8? r 2 m 0 //i 2 , we have 

f lm = -Vfi exp [ilex' - ihnm(nr')]u n u m dv, 

' r ° 7 /Arf o\ 

= ( JClnm, (96) 

where dv = dx'dy'dz'dx , • • • dz n . Finally, substituting equation 
(96) and the analogous formula for f lIS into equation (90), we get the 
value of . 

2 p ik nm r 0 £ h nlf 0 . 

a nm — - — u m + fa n E — - — u B dE. (97) 

ro ro 

m 

Let us consider the meaning of a typical term in the summation 
of equation (97). Such a term is the wave function for the system 
composed of an undisturbed atom in the mth quantum state and an 
electron passing away from it radially with an energy which can be read 
out of the definition of h nm . As we see from equation (92), this kinetic 
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energy is T — (E m — E n ). This makes it possible to explain the prin- 
cipal qualitative facts in regard to collisions of electrons with atoms. 
If n = m, we have an elastic collision. The atom remains in the state 
n r ^ n is not m, we must distinguish two cases. In the first, T is less 
than E m — E n , and k 2 nm is negative. This means that k nm is imaginary 
and the exponent in equation (96) is negative, so that drops off 
very rapidly as r 0 increases. Such exponentially decreasing contributions 
to the stream of deflected electrons will not be observed. The positive 
exponent is ruled out, since it would require very large charge density 
at large values of r 0 . In the second case, T is greater than E m — E nf 
k nm is real, and we have a stream of particles which have lost the energy 
E m — E n . This makes it clear that excitation must set in rather sharply 
when T = E m - E n . 

The reader can carry through a similar argument for a typical term 
under the integral sign in equation (97). Such a term corresponds to an 
atom in one of the states for which E is greater than zero, the bombarding 
electron having the energy T — (E — E n ). 

The fraction of the electrons which undergo a certain type of inelastic 
collision and are deflected so as to pass through the arbitrary point 
** is obtained very simply by using equation (85) to calculate 
the radial current density associated with each term of equation (85). 
It is apparent that we may use \pi instead of \[/ 0 + yf/ x in equation (85). 
The term \f/o corresponds to the unidirectional stream of undeflected 
electrons. The result is found to be 

h 

= 2 7rmo ro 2 ' 2/enm l a,l ’ n | 2 fhnE\ a nE\ i dE) , (98) 

where it is to be understood that the sum includes only terms for which 
E m — E n is less than T, and the integral, only terms for which E — E n 
is less than T. All terms which do not satisfy these conditions will 
be rapidly decreasing exponential functions of r„. The conclusion is 
that k nm l<w| 2 is a measure of the number of electrons which have lost 
energy E m — E n and have been deflected in a direction specified by our 
choice of the point x 0) y 0 , z„. The dependence of a nm and a nE on the 
direction of the radius vector r 0 gives us the angular distribution of the 
scattered particles. To get the total number of electrons which have 
suffered a loss of energy E m - E n and have been deflected in any direction 

w atsoever, we must evaluate lb nJ »|Unm| 2 , and then integrate over the entire 
sphere. 

21. WENTZEL’S TREATMENT OF THE SCATTERING OF ALPHA PARTICLES 

Because of its simplicity, the scattering of charged particles is chosen 
as an example of the above method. 1 If we think of the scattering center 
1 Wentzel, Z. Physih, 40, 590 (1927), 
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as a bare nucleus, then Vq of the preceding section is equal to zero, and 
all the potential energy of the system is represented by Vi, which is 
equal to Z f Z f, e 2 /r f if Z'e and Z u e are the charges on the two particles. 
However, we meet with divergent integrals if we attempt to use this form 
for Ti. Therefore, Wentzel replaced it by the assumption 

where R is a distance of the order of magnitude of the atomic radius. 
In our final result .it will appear only in a term which may be neglected, 
and, therefore, its value is of no importance. This assumption may be 
considered as an approximate way of taking account of the screening effect 
of the outer shells of electrons. It provides us with one of the simplest 


y/ 



possible models of a neutral atom. We now proceed to evaluate equation 
(96) . The wave function for a fixed scattering center is simply a constant 
multiplied by a time factor, and is equal to e °, where fc 2 = GT } T 
being the kinetic energy of the bombarding particle. The expansion 
of reduces to a single term, namely, yfa = f\E • This state of affairs 
is due to the assumed immobility of the scattering center, which has only 
a single energy state for the purposes of our problem. We have, therefore, 

h = exp + ikx' - ik(nr')\dv. (100) 

To carry out the integration we transform to polar coordinates p, 6, <p, 
with the axis 0 = 0 lying parallel to the bombarding stream, as shown 
in Fig. 7. Further, for the sake of easy comparison with Wentzel’s 
results, we write (no r') for x' , no being a unit vector in the direction 
of the incident beam. Then x' - (nr') becomes the scalar product of 
n - no and r', which is equal to \n - n Q \ p cos 6. The angle between 
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the unit vector* u »unl n„ i* the angle of scattering, ' ', 
simply 2 wn <> 2. TIiiih equation ( 11HI) reduce* to 


H 


, f Ur i iwmtfZWiA /** r " 

* V - A), i. 1 

ftfip Hill $dlht*p * 
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' C/," 


t 1*1! 


Now /t in 2«r, X, where X in the wave length of the ineuietil i|c ilmghc 
waves, k<> kti in of the order of magnitude H X I or swift alpha particle*. 
X in small compared with l( , j»n*| no the term emit inning /»' may !«• omitted 
from equation (Itil), except when very small scattering angles ure under 
consideration. '1‘he ratio of the charge density in the scattered l«*»i» 
to that in the primary Imam in prujsirfinnnl to 
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It 


(1112) 


Thin in the distribution ileriveil hy classical metlm.li,, which mgn«es with 
the results of Rutherford's experiments on the scattering of alpha 
part idea hy light atom*, 

28. NEWTON'S EQUATIONS IN WAVE MECHANICS 

Khrenfeat 1 ha* obtained a remarkable net of equations similar to 
Newton’s law of motion, which govern* the motion of the center of 
gravity of the wave group representing a particle, Since he stated 
these equation* only for a single degree of freedom mid did not give the 
fieri vat ion, liturrk* Iiiih written out the ptunf for any system which 
alleys the wave equation. For simplicity we consider n system with a 
amgle variable, such a* n particle moving along the /.axis The center 
of gravity of the probability distribution has the coordinate, 

A ** J ***,// " j '*+*</*. 

becaiiM* the denominator is normalized ami is equal to ntte 
the momentum of the wave group ns 

pi* 

1 1 /' 


/’ 




I tn.’t) 

W r define 


turn 


for when /• is thus defined, we find by using the wave equal inn an i 
carrying out a simple integration by parts that 

wi.Y - /* 


1 I'hymk, 4B, Iftfl ■ ptg7i. 
3 /'%* h'-v ,31, f»;t;t ) Mi’S' 
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Now, we can show that the law of motion of the center of gravity is 


mX — P = ^ (105) 

Differentiating equation (104) with respect to t, we have 

p = (JL\ C(**l w + ** .**' \ dx 

F \2Tri )j \ dt dx + V dxdt f 

We replace d'W^/dt and d^/dxdt, by their values obtained from the wave 
equation (65), Chap. XV, and P reduces to 

/***(- s)* - 1?/ ("* s - ** 

On integrating the last term by parts, the second integral becomes 



d^dV* 
dx 2 dx 


d<V d 2 W*\, 
dx dx 2 ) dX ' 


The indefinite integral is ; this vanishes at infinity by hypothesis, 

so the integral is zero, and equation (105) is verified. If we are dealing 
with a large-scale problem, in which the distances involved are very large 
compared with the effective width of the wave group, we can replace the 
right side of equation (105) by the value of — d V/dx at the center of grav- 
ity, multiplied by This integral is unity, and so we obtain 

the Newtonian equation of motion, 


mX — — 


dV 

dx 


If we deal with a system of particles instead of only one, we have for the 
pth particle 

m v X p = JW*^- (105a) 

there being similar equations for Y v and Z v . The extension to still 
more general systems offers no difficulty. This makes the connection 
of wave and Newtonian mechanics very clear. 1 

1 SchrOdingee ( Naturwissenschaften , 14, 664 (1926)), suggested another type of 
connection between wave and ordinary mechanics. Using the linear oscillator as an 
example, he showed that we can obtain a solution of the wave equation for the oscillator 
which corresponds to a high and narrow peak, moving to and fro over a limited portion 
of the x-axis with simple harmonic motion. This solution is formed by taking an appro- 
priate sum, of a vast number of wave functions corresponding to high quantum 

numbers. Schrfldinger found that the desired result is attained if we put c n * A*/2»n !, 
A being any large positive number. Heisenbekg ( Z . Physik , 43, 172 (1927)) has 
pointed out that this method is not suited to furnish a connection between atomic and 
large-scale phenomena except in the case of the oscillator. 
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23. THE HYDRODYNAMIC INTERPRETATION 

Since the probability density and the probability .flux obey the 
hydrodynamical equation of continuity, it is natural to expect that 
changes in the distribution of dbl'* will be similar to the motion of a 
perfect liquid. Madelung 1 developed a hydrodynamical interpretation 
of wave mechanics on this basis. The situation has been treated as 
follows by Kennard. 2 If we write 

= Re 2irid / h , (106) 

the components of the probability flow, equation (72), can be rewritten 
in the form, 

s x = - etc. (107) 

m dx 


The analogous expression in the case of a perfect incompressible fluid 
flowing with velocity u would be s x — pu XJ so that the velocity of an 
element of the field of. probability may be taken as 

Ux= 'hfx’ etc -> (108) 


which shows that — d/m is analogous to a velocity potential in hydro- 
dynamics. The law of motion of an element of probability is shown by 
Kennard to be 


duj = _dV h 2 A J._ em 

dt dXj 8tt 2 dXj *4 nirR dx T 2 ’ 

, T => 1 


(109) 


where now we are dealing with a system having n degrees of freedom. 
This shows that each element of the probability moves in the Cartesian 
space of each particle as that particle would move according to Newton's 
laws under the classical force plus a “ quantum force' 7 given by the term 
containing In in equation (109). This point of view is often useful. 


1 Z. Physik, 40, 322 ( 1927 ). 

2 Phys. Rev 31, 876 ( 1928 ). 
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NON-HYDROGENIC ATOMS AND MOLECULES IN THE 
NEW MECHANICS 


1. HEISENBERG’S THEORY OF THE TERM SYSTEMS OF HELIUM 


There are two striking facts about the spectral terms of helium, 
which must be explained by any successful theory of this atom. The 
orthohelium and parhelium terms do not combine, and the interaction 
energy of two magnetic electrons is much too small to explain the difference 
between corresponding terms in these two systems. It was recognized by 
Heisenberg 1 that the cause of both these phenomena is a sort of resonance 
action between the two electrons, which would be described on an orbital 
theory by the statement that the two electrons interchange places, so that 
we can no longer speak of one electron as being more tightly bound than 
the other. In terms of the wave theory, this may be expressed by saying 
that the wave equation is symmetrical in the coordinates of the two elec- 
trons. Before entering on a study of the energy levels and spectral 
intensities of helium, we shall examine a much simpler problem of the 
same general type, considered by Heisenberg, namely, that of two coupled 
harmonic oscillators. We shall designate the coordinates of the oscil- 
lators by Xi and x%. If the coupling forces were absent, the energy of 
the system would be the sum of the energies of the two oscillators, ■ 
separately. Such a system is degenerate, for if the quantum numbers 
of the oscillators take the values a\ and a 2 , respectively, we have the 
same total energy as though the quantum numbers were interchanged. 
This may be referred to as “ exchange degeneracy.” If the coupling 
forces give rise to a term \xix* in the energy, the Hamiltonian becomes 


H 


Pi 2 , i 2 

2 m 2 


P± 

2 m 


0)*{JiX2 Z 


+ \%l% 2 , 


( 1 ) 


H being the mass and u/2ir the frequency which either oscillator would 
possess in the absence of the other. The usual method of solving vibra- 
tion problems of this type is to seek for normal coordinates and x 2 , in 
which the energy is a sum of squares, namely, 


H = 


'Ell 

2 y* 


+ 


I V 2 
2 T 2p 


'2 


+ 


2 /2 


* Z. Phyaik, 38, 411 (1926). 


SS5 


( 2 ) 
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In the present problem, the transformation which accomplishes this is, 

xi = A(si + * 2 ), x 2 ' = T(*i - x 2 ), (3) 

2 2i 

and 

oji 2 — co 2 + X, CO 2 2 = co 2 — X. (4) 

H is obviously the sum of the energies of two fictitious oscillators of 
mass n, with coordinates x\ and x 2 . If only the first of these is excited, 
both of the actual oscillators move in the same phase, while if only the 
second is excited, they move in opposite phases. The quantized energy 
values may be represented in Fig. 1, which is an ordinary energy diagram. 
The quantum numbers of each term are written beneath the dot or cross 
which represents it. Now it is easy to show that the terms indicated 
by dots do not combine with those indicated by crosses. The electric 
dipole moment is proportional to X\ + % 2 , and so only the first fictitious 
, oscillator possesses a moment. In transitions which give rise 

Jo \ ' ' to radiation the quantum number of this oscillator must 

^ 31 \ \ change by 1. Further, we would expect the quantum number 

h 22 13 secon d oscillator to remain unaltered, for it possesses no 

20 + j 2 dipole moment. However, there are higher terms in the 

*0 11 • classical expression for the rate of radiation, proportional to 

• Q 01 homogeneous functions of xi and x 2 of the second and higher 
degrees. These functions must be symmetric in x x and x 2 , 
IG * * since the two oscillators play similar parts in the radiation 
process. On transforming such a function to the new variables, it 
will contain only even powers of x 2 . To illustrate this, suppose one 
of these symmetric functions were to contain the first power of x 2 . 
By equation (3), it would contain x x — x 2) and this is not symmetric, 
but antisymmetric in X\ and x 2y changing sign when these two 
quantities are interchanged. In accordance with the correspondence 
principle, the absence of odd powers of x 2 in the expressions determining 
the radiation means that the quantum number n 2 can change only 
by zero or by an even integer in a transition. Therefore, we must 
expect weak lines corresponding to transitions from the first column to 
the third, from the second to the fourth, etc., in Fig. 1, but a change from 
one column to the adjoining one will not occur. Thus the term scheme 
is divided into two non-combining parts. As Heisenberg remarks, this 
rule is valid even in collision processes, since the probability of a transition 
due to collision is dependent on the perturbation due to the bombarding 
particle, and any such perturbation can be considered as producing a 
combination of dipole, quadrupole, and higher moments in the system. 

So far our remarks about the decomposition of the terms into two 
non-combining systems have been based on the older quantum theory, but 
they may be rigorously derived by means of the new mechanics, without 
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detailed knowledge of the wave functions. Indeed, the results obtained 
hold true for any two systems of precisely similar constitution which 
are brought together, if the perturbation terms are symmetric in the 
coordinates of the two systems. Heisenberg 1 outlined a proof which 
depends on the matrix perturbation theory of Chap. XVII, See. 13. 
However, we shall present the corresponding proof in wave mechanics; 
and shall begin by outlining perturbation theory. 

2. SCHRODINGER’S PERTURBATION THEORY FOR DEGENERATE 

SYSTEMS 2 

A problem in wave mechanics is said to be “ degenerate ” when there 
are several wave functions which belong to a single value of the energy. 
Let there be a wave functions, 

<f>k 1> • **■» ( 5) 

belonging to the energy E 0 k, and let us suppose they are normal and 
orthogonal, not only among themselves, but with respect to all the other 
wave functions. When a suitable perturbation is applied to the system 
we have a distinct wave functions, each one belonging to a distinct 
value of the energy. It is essential to know whether each one of these 
functions can be considered as arising continuously out of one of the 
functions of equation (5). In general this will not be the case, and the 
reason may be seen by looking at the question from the standpoint of 
Bohr’s theory. Consider a hydrogen atom with inner number three, 
for example, in the absence of an external field. We may arbitrarily 
choose a set of seven standard configurations of the atom, let us say the 
seven positions which it could take up if a magnetic field were applied 
along the X axis. Each one corresponds to a wave function of the unper- 
turbed system. If a magnetic field directed along the F-axis is applied 
to the atom, it can take up any one of seven quantized positions in which 
the component of angular momentum along the F-axis is a multiple of 
h/2r. If the field is removed, the atom will be left in one of these posi- 
tions, which will not agree with the standard configurations first con- 
sidered. However, each of the standard configurations can be made 
to agree with one of the actual configurations, in which the atom is left 
on removing the field, by a simple rotation. In order to pass to a descrip- 
tion in terms of wave mechanics, almost no change is necessary other 
than to replace the words “configuration of the atom” by “wave func- 
tion.” In view of what has been said, it is not very surprising to find 
that when we are given any set of perturbed wave functions, 

( 6 ) 

1 Loc. at, The proof is given in detail by Birtwistle, “The New Quantum 
Mechanics, ,, p. 220, 

* Ann, Physik , 80, 437 (1926); also, “ Abhandlungen,” p, 85, 
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we can always find linear combinations of the (p’s, namely, 

’/'Oftl = Tkl&li + (pk2^l2 +•■•'+ <Pkctfila, 

^Qk2 — ( Pkl$21 "4" <Pk2&22 + * * * + <pkocfi 2ct, etc. (7) 

such that \pici will pass continuously into fei, into ^ 2 , and so on, 
when the field is removed. 

In equation (7), there is a restriction on the transformation coeffi- 
cients fikh- The original wave functions <p k h were normalized and orthogo- 
nal, and the functions used in their stead should also have these 
properties. From equation (7), 

S'l'Qkh x l'*l)kh dl) = ^ hf <Pka<P*kbdv. ( 8 ) 

a b 

On the right, each integral is either one or zero, according as a — b, 
or a 7 * 6. Accordingly, the sum reduces to and this must obey 

a 

the relations 

• ■- { 0 if * * ft' } ’ 

in order that the unperturbed functions \p Q kh may be normal and orthogo- 
nal. These relations are simply the condition that the transformation 
of equation (7) shall be orthogonal. The only way in which the per- 
turbation theory for degenerate systems differs from that of Chap. XV, 
Sec. 22, is that the appropriate set of unperturbed characteristic functions 
must be found in the process of solving the perturbed wave equation. 
We take this equation in the form 

Ai + C(E -V- \F)* = 0, <7 = (10) 

just as in Chap. XV, Sec. 22. \F is the perturbation of the potential 
energy, X being essentially proportional to the strength of the perturbing 
field. We proceed to solve this equation by assuming that the perturbed 
energy and the wave functions are given by 

Ehh = Erne + \e k h, 

fikh = 'I'okh + ^Vkh + * • • , ( 11 ) 

formulas which are analogous to equation (119) of Chap. XV. We 
neglect powers of X higher than the first, and obtain the equation for 

Vkh : 

A Vfch + C(E ok — V)vm ■— C(F — tkh^okh- (12) 

In Chap. XV we proved that the right member of the perturbed wave 
equation must be orthogonal to the corresponding solution of the unper- 
turbed wave equation. In the present instance, the correct form of this 
theorem is that the right member must he orthogonal to each of the a wave 
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Junctions belonging to the original energy value E 0 &. This is expressed 
by the equations, 

J(F — €kh)\f/*Qkh<pbidv = 0 , i — 1, 2, • * * a. (13) 

If we substitute the value given in equation (7) for kh the result is 

Y/^aJ (F - ikh)<Pka*<Pkidv = 0, i = 1, 2, • - - a. (14) 

CZ 

Now ekh is a constant, and the integrals multiplying it are either zero or 
one, since the <p’ s were so chosen as to be normal and orthogonal. Now, 
let us write 

' SF<pica*<Pkidv = Fait (15) 

and let us put e in place of em and fi a in place of fi ha , since no misunder- 
standing will arise from so doing. Then the equations (14), written out 
in full, will take the form 

fii(F n ~ e) + fid? 12 + * * * + fiaF i a = 0 , 
fi\F<n +■ ^2(^22 — €)+•••+ ficxF 2a = 0, 

filFetl 4 “ fi%F, a2 + * * * + fia (F aa ~~ e) = 0. 

Considering these relations as equations for the fi’ s, they are homogeneous 
and of the first degree. In order that the 6’s may have values other than 
zero, the determinant of the coefficients must vanish, that is, 

F 11 — e F 12 F la 

F 21 F 22 “ € . ... F 2a 

Foci F oc2 F act € 

This is an algebraic equation of degree a, which serves to determine the 
a possible values, Ekh, arising from the characteristic value E q j c when it is 
split by applying the field, in accordance with equation (11). Having 
determined one of the roots of equation (17), we substitute it in equation 
(16), obtaining a system of consistent equations from which a set of 
ratios of the fi ’ s can be determined. The actual values of the constants 
fi are then assigned with the aid of equation (9), giving us complete 
knowledge pi the unperturbed wave function \f/ 0 kh to which will 
approximate when the field is removed and E kh approaches E 0 k. To find 
the perturbed wave function \pkh, we proceed just as we did in Chap. 
XV, Sec. 22, with a few minor changes. In place of equation (123) of 
Chap. XV, we have 

Vkh == VjhiTji' (18) 

3 i 

The summation index j runs over all energy values of the unperturbed 
system; when k is given a definite value, i runs from 1 to a, so that we 
include all wave functions belonging to the energy value E o*,. Similarly, 


- 0. (17) 
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we expand the known function (F — ekh)^okh appearing in equation 
in the form 


where 


(F — ekh)'pQJch = ^ ^ Ckhipki , 
k i 

Ckhi = !(F — eieh)^Pokh(phidv. 


( 12 ) 

(19) 

( 20 ) 


On using equations (18), (19), and (20) in the wave equation, the result 
is 



( 21 ) 


The value j = k is omitted in the first summation. Taking h = 1, 
2, . . . a in succession, we obtain from equation (21) a set of a per- 
turbed wave functions. This completes the solution of the problem. 


3. THE ENERGY LEVELS OF HELIUM 


The determination of the energy levels of helium is now only a matter 
of applying the theory of Sec. 2. The wave equation is 

A*+g(e + ^- + = 0 , ( 22 ) 

where G = mC = Sir^m/h 1 2 , au, y X) and z x are the coordinates of the first 
electron and x 2 , y 2 , and z 2 those of the second, referred to the nucleus; 
Ti and r 2 are the radii vectores of the two electrons and r n the distance 
between them. Further, A has the significance 


At + A 2 = ~ + 


dxi 2 dyi 


+ 


+ 


a 2 1 

dz? 


Approximate solutions of equation (22) can be obtained in eeveral 
different ways, depending on the type of “unperturbed” motion which 
is chosen as a starting point. In making a qualitative study of the 
term system, it is convenient to follow a treatment given by Somrrierfeld. 2 
The unperturbed system is obtained by neglecting the term e 2 /r u 
in the potential energy, and thus it consists of a helium atom in which 
there is no interaction between the two electrons. The wave equation 
for the unperturbed system is 

W + g(Si + E 2 + ~+ = 0, (23) 

where E x and E 2 are the energies associated with the first and second 
electrons, respectively. Since the two electrons are independent, the wave 


1 Since the differentiations In are taken with respect to the actual coordinates 
instead of the quantities m^x i, m^x 2f etc., we must use G in our computations wherever 
C appeared in Sec. 2. 

2 u Supplement to Atombau,” p. 267. 

m 
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function for the atom is the product of two hydrogen wave functions. 
Let us suppose that these two functions are the ones appropriate to the 
nth and mth quantum states, respectively. Then their product may be 
written 

^(nm) = finOtl) Vly (*^2j 2/2 j ^2), 


° r 

<PCnm) = ^n(l (24) 


We can readily verify this by substituting equation (24) in equation (23) ; 
for the resulting equation is found to be separable, and the equations 
for ^n(l) and are 


Ai^(l) -f (?(li - A +- fW) = 0, (25) 

A2V'™(2) •+- + A 4* — )>A»»(2) = 0, (26) 


where A is a constant introduced in the process of separating the varia- 
bles. In accordance with Chap. XVI, Sec. 1, we write 


Ei — A = — 


Rhc 
n 2 J 


E 2 -)- A 


Rhc 

m 2 


(27) 


Wherever the energy — Rhc/n 2 appears in the nth wave function of 
hydrogen, we must write Ei — A in ^*(1), and E 2 + A must replace 
— Rhc/m 2 in ^ w (2). However, the wave function 


<Pdnn) = i'm.ixi, 2 / 1 , 2 / 2 , ^), 


or 




(24') 


is also a solution of equation (23), corresponding to the same total energy 
as equation (24). When using equation (240 we replace equation 
(27) by 


Ei-A- E, 

m 2 


. A Rhc 
+ A - —n*’ 


(27') 


with the understanding that A does not necessarily have the same value 
which it had in equation (27). Here we have a typical case of exchange 
degeneracy, except when both electrons are on equivalent orbits. When 
this occurs, <p( nm ) is the same as <p(m,n), so there is only one wave function 
instead of two. 

We are interested chiefly in states for which one of the quantum 
numbers is unity, and shall now restrict the discussion to such states. 
The energy levels may be numbered by giving the quantum number 
k of the second electron. In order to be in agreement with the notation 
of Sec. 2 we might write 

<pu = $ i(1)^a(2), (pk2 — ^(l)^i(2), 

but even this notation is unnecessarily complicated. Since we shall 
speak only of the wave functions belonging to a given, although arbitrary. 
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F “-J 

F 12 = J 

C e 2 

1 T 12 

'-J 

[* ~V2*<pidv, F 22 = J 

f e 2 

<p2*(p 2 dv. 

f ^12 j 


value of k we may leave the subscript k out of all the formulas of Sec. 
2 . Accordingly, we put 

<pi = ’Ai (1)^(2), <p 2 = ^/ c (l)^i(2), (28) 

and proceed to study the effect of the perturbing term e 2 /Vi 2 . In accord 
with equation (7), any linear combination of the wave functions <pi 
and <p 2 is also an acceptable wave function. We write a typical linear 
combination in the form 

\p0 = Pl<pl + @2<p2j (29) 

and for a typical perturbed wave function, we write 

^ = + v. 30) 

If we put X = 1 in (10), we have 

f = — ■ ; 

T 12 

We calculate the quantities of equation (15), which are as follows: 


(31) 


In equation (31), dv means m z dxidy\dzidx 2 dy 2 dz 2 , and the integrations 
extend over all real values of the six coordinates. Further, the integrand 
of F ii is obtained from that of F 2 % by simply interchanging the coordinates 
of the two electrons. This shows that Fn is equal to F 22 . It is convenient 
to arrange matters so that F 12 is equal to F*i. If it turns out on inte- 
grating equation (31) that Fn is equal to Re^, where R and <p are real, 
then we go back to equation (28) and redefine <p 2 as e~ i<p times its original 
value. We shall assume that this has been done, so that F i2 and F 2 i 
are real, and therefore equal. To find the perturbation of the energy, 
we need only form the equation (17), 

F 11 € F n 

F 2 I F 22 ■ 

and in accordance with what we have just said this reduces to 

(Fn - = F\ 2 , 

so that 

€ = F n ± F 12 . (33) 

Let us choose the upper sign in this equation. Substituting the value 
of e in the first equation of (16), we have, 

Pi( —F 12) + P2 F 12 = 0 , 

or 

Pi — ft- 

Similarly, if we take the lower sign in equation (33) we get 

Pi = -ft- 


= 0, 


(32) 
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Therefore, the two unperturbed wave functions which are approached 
by the perturbed functions when e 2 /Vi 2 tends to zero are 


and 


toa = Pl((pl + <P2) } 
to a = — <P2)- 


The subscripts s and a indicate that one of these functions is symmetric 
and the other antisymmetric, in the coordinates of the two electrons. Since 

both functions must be normalized, we find that and, therefore, 

to* = + ¥>*)» (34) 

to CL = 2^(<Pl ^ 2 )* (35) 


The term system is now seen to be of the kind depicted in Fig. 2. 
The normal state (7c = 1) is single, but for any other value of k there 
are two states with energies differing by 2 F ]2 . The 
states which are symmetric in the positional coordinates are P \ °\ * °\ 

the parhelium terms, and the antisymmetric ones are the g t + j j 

orthohelium terms. To show this, we need only note that . + { 

for the normal state <pi = (p 2 and toa — 0. The absence of 5 [ ^ ^ + 

an antisymmetric function for the normal state explains /4 32 J 3 
the fact that there is no IS state in the orthohelium sys- 3 L & 22 

tern. The reason why each orthohelium term appears as a J 2 
singlet rather than a triplet is that we have neglected the ^ 2 
electron spin. 

We can show, following Heisenberg, 1 that the parhelium and ortho- 
helium terms do not combine. Consider a transition from a symmetric 


state (parhelium) with the wave function ^(<Pi + 9 *)n to an anti- 
symmetric state (orthohelium) with the wave function 

The intensity of the radiation is determined by the element M (1, n; 1, m) 
in the matrix for the electric moment. Considering the x-component 
of the moment, we require the value of the integral, 


J = |/($l + X 2 )(<Pl + <Pt)mdv. (36) 

Obviously, the value of J is not altered if we interchange x\ and x 2? y i 
and y 2) etc., leaving the functional form of the integrand unaltered. 
However, letting #2 stand for x 2 , 2 / 2 , H and Xi for xi, y 1 , Zi, we have 

<pl(x 2 , Xi) — <p 2 (x 2 , Xi) = ~[<pl(x 1 , Xi) — <p2(x h Xi)] 


1 Loc. cit. 
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and so the value of J obtained by the interchange may be rewritten as 

J = + x d(<P 2 + <pi)n[<P2(xi, x 2 ) — <pi{xi, x 2 )]dv. (37) 

On adding equations (36) and (37) we have 2J = 0, which proves our 
assertion. This result is not altered when we use \p 0 + v instead of 
and when higher approximations are taken into account. 

We now consider the effect of electron spin on, the term system, a 
problem which was also solved by Heisenberg. 1 First, let there be no 
interaction of the two electrons, and let them be placed in an externa] 
magnetic field. If m x and m 2 are the magnetic quantum numbers and 
m = m i + Too, we have the following four cases; 


Case 

Mi 

m% 

m 

Wave function 

I 

H 

X 

1 

= <K H)fa H) 

II 


-X 

0 

'kn = iA( M)'A( ~\'z) 

Ill 

-X 

X 

0 

fai = H) 

IV 

-X 

-H 

-1 

*ir = K-XM-X) 


Each electron may take up one of two possible orientations and its wave 
function will be designated by \P(m x ) or f(m 2 ), as the case may be. In 
the fifth column of the table we have the wave functions for the pair of 
electrons. The first and fourth states are not degenerate but the second 
and third have the same energy and may be derived, one from the other 
by interchanging the two electrons. When we consider the interaction 
of the spins as a perturbation, two perturbed states of different energies 
and having different wave functions arise from cases II and III. The 
calculation of the energies is quite similar to that carried out above. 
The quantities F n , etc., are evaluated, using the wave functions of the 
rotator in equation (15), and we have e = Fn + Fn, just as before. 
When the interaction term vanishes, the perturbed wave functions reduce 
to two functions, one of which is symmetric and the other antisymmetric 
in the quantum numbers m x and m 2 , namely, fa + fa t and fa - fa x . 
Thus we have three symmetric functions, fa fa + fa h and fa and 
one antisymmetric function, fa — fa x . The symmetric functions 
correspond to triplet states, while the antisymmetric function represents 
a singlet state. The reader will readily verify the fact that the magnetic 
quantum numbers corresponding to these four wave functions are the 
correct ones for singlet and triplet terms. 

We now obtain the wave functions for the entire system, neglecting 
the interaction between the spins and the translational motion. There 
are eight possibilities, as follows: 

1 Z. Physik, 39, 499 (1926). 
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Symmetric Group 

(<P\ + <P2)'I'L 

(<P\ + <Pi) (’/'ll + ’/'III) 

(^1 + <Pi)tlV 

(<?1 — <p%) (til — tin) 


Antisymmetric Group 

G pi — <ps)^i 

(vu — ^ 2 ) (’/'ii 4- ’/'in) 

(<Pl — <pz)tlV 

(<pl + <P2) (til — till) 


he states of the first group are said to be symmetric in the sense 
. interchange of the two electrons leaves the magnitude and sign 
vave function unaltered. Similarly, all the states of the second 
tre antisymmetric. If the first group were realized in nature, 
parhelium terms, which have wave functions* of the type <pi + <p 2 , 
be triplets, and the orthohelium terms would be singlets. In 
ry 7 the reverse is true, and we must conclude that only the anti - 
~'ic terms occur . 

5 very interesting to see how the term system of helium can be 
3 d by considering the symmetry and other simple characteristics 
r ave functions, without detailed knowledge of their form. Similar 
rations were applied by Heisenberg 1 to the terms of other atoms 
molecules. 

shall not describe the detailed calculations which are necessary 
r to determine the helium energy levels, but shall confine our 
>dl to the methods of various investigators and the results which 
Ben secured. Heisenberg 2 used a method, which is essentially 
Sec. 2, to calculate the energy-differences of the orthohelium and 
xxn terms 2 P, 3D, and 4 F. The order of magnitude of the cal- 
differences is in agreement with the data. In view of the diffi- 
.entioned at the beginning of this section, such agreement must be 
red encouraging. For the sake of a better approximation Heisen- 
es a model which differs somewhat from that considered above, 
ists of a nucleus surrounded by a spherical shell of radius r 0 , 
g a charge — e, so that an electron inside the shell will move under 
3 e ZcVr 2 , while outside it will experience the force ( Z •— 1 )e 2 /r 2 . 
mergence of this model from reality is removed by including terms 
perturbation energy to make the total potential energy the same 
given in equation (22). The function of the shell model is simply 
>le us to make a start with wave functions which approximate 
truth more closely than the ones considered at the beginning of 
stion. Heisenberg’s model is not suited for the calculation of the 
state. Likewise, Unsold 3 showed that the use of equations 
24), etc., does not give a good approximation. Slater 4 attacked 


^hysik, 41, 238 (1927). 

Physik, 39, 499 (1926). 

Physikj 82, 355 (1927). 
c. Nat. Acad. Sci 13, 423 (1927). 
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the problem in a somewhat different way. In his method, one of the 
electrons is held fast, while the other moves in the field of two fixed 
centers of force. The energy values depend on the distance between 
the two centers. The next step is to determine the motion of the second 
electron in a central field which is chosen on the basis of the results 
obtained in the problem 1 of two centers. Finally, the Schrodinger 
perturbation method is applied to determine the interaction of both 
motions. Kellner 1 has used the approximation method of Ritz 2 in 
order to calculate the lowest term of helium and the lowest terms of the 
helium-like ions of lithium, beryllium, boron, and carbon. In the case 
of helium he was able to push the calculations to the fourth approximation 
before encountering serious difficulties. His value of 77.840 volts 
corresponds to a first ionization potential of 23.75 volts, which may be 
compared with the experimental value of 24.46 volts. The Ritz method 
has also been used by Finkelstein and Horowitz. 3 

Hylleraas 4 has greatly advanced the solution of this problem by 
adopting new variables, namely, the distances n and r 2 from the nucleus 
to the two electrons, and the distance r 12 between the electrons. When 
this is done, the successive approximations converge rapidly. Hylleraas’ 
value of the ionization is less than 0.002 volts higher than the spectro- 
scopic value, a result which shows beyond question that the wave- 
mechanical method of attack on this problem is essentially correct. 



4. THE DIATOMIC MOLECULE 

We shall now use the methods of wave mechanics to study the energy 
levels of a molecule consisting of two massive particles, mi and m 2 , 
with coordinates x h y h z h and x 2 , y 2j z 2 , respectively. The potential 
energy is assumed to be a function only of their distance apart. 

A beginning in the solution of this problem was made by Schrodinger 5 
and it was solved in detail by E. Fues. 6 In accord with Chap. XV, Sec. 
6 the wave equation is assumed to be 


where 



Ai\// , A 2 i// 87 t 2 
mi m 2 h 2 


(E- V)f = 0, 


av , av 

dyi 2 + dzi 2 


and 


A V = 


av , av 

dx 2 2 ^ dy 2 2 


, * v 

dz 2 2 


(36) 


Let £, i), f be coordinates of the center of mass, defined by the relations 
(mi + m 2 )|- = miXi + m 2 x 2 , etc. and let x, y, z, be the coordinates of 


1 Z. Physik, 44, 91 and 110 (1927). 

2 Details of the Ritz method are given in Courant-Hilbert. 

*Z. Physik, 48, 118 (1928). 

4 Z. Physik, 54, 347 (1929) and earlier papers mentioned therein. 

5 “ Abhandlungen,” p. 51. 

6 Ann . . Physik, 80, 367 (1926). 
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m 2 referred to m h so that x = x 2 — 3i, etc. By transformation, or by a 
direct application of the fundamental principles on which equation (36) 
is based, we find in these new coordinates that it becomes 


L + W + W) + M _ 
■h m\de v dr 2 / ^ ^ 


mi + 


Here jjl is the reduced mass, 


V)f = 0. (37) 


mim' 2 •. A f dV , dV , dV 

— — : > and A\[/ = + 

mi + m 2 oar oy- 4 


dz 2 


This equation splits into two parts when we assume 

'P ~ f(% i Vi Vj r)> 

E = Et -f- Ei. 


and write 


E t represents the translational energy of the molecule and E { its internal 
energy. 

The equation for g is 


+ *g, §*?) + .h*M = o. 

mi + m\d^ dri~ d$ 2 J A 2 


(38) 


We obtain exactly this equation if we consider free motion of a particle 
of mass mi + m 2 . The condition that g shall be finite through the whole 
of space, without being identically zero, can be satisfied whenever E t 
is either positive or zero, but cannot be satisfied if E t is negatr e. This 
means that the molecule can move with any velocity. Further, the 
energy E which enters into the formula E n — E m = h v is seen to include 
the energy of translation of the whole molecule. 

Let us now study the function / which describes the behavior of the 
molecule as seen by an observer moving with the molecule. / obeys the 
equation 

Af + G(Ei — V)f = 0. (39) 

Since V depends only on r, the distance between the two masses, the 
equation is separable in polar coordinates r, d, <p, exactly as in the case 
of the hydrogen atom or the two-dimensional rotator. If we put 


then 


/ = R(r)Y(6<p), 

Y - P jm ( cos d)e im v, 


(40) 

(41) 


where j = 0 or a positive integer and m is always g j, so that / depend^ 
on 6 and <p as described in Chap. XV, Sec. 8 . The only change arises 
from the different form of the potential energy, occurring in the equa- 
tion for R. Before writing this equation we shall use another inde- 
pendent variable, related to r by the equation, p = r/r 0 , in which ro is 
the equilibrium distance of the nuclei in the classical analogue of this 
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problem, when the molecule is not rotating. Then, writing I = pr 0 2 , 
we have 


1 d JR 


P 2 dp\ dp 


+ 


■&r 2 I 


(E t 


ys i(i + 1) 
; P 2 


R = 0. 


(42) 


We introduce a new dependent variable, 


F = P R, 

and then equation (42) becomes, 


cPF 
dp 2 + 


8 t t 2 I 

h 2 


(E { - 7) - 


i(i + i) 


F = o. 


(43) 


Now a choice of the law of force must be made. Fues carries through 
the solution for two different laws: 

(1) The potential energy function is supposed to be of the form 
used by Kratzer (Chap. XII, Sec. 4), namely, 

V = C ~ (2^o ) 2 /(j - + c 3 (p - l) 3 + c 4 (p - l) 4 + • ■ • ^ (44) 

where pq is the frequency of vibration of the nuclei for zero amplitude. 
Kratzer constructed this function assuming that the molecule has a 
polar binding but since it is applicable only in the region where p differs 
only slightly from 1, it may be taken as an arbitrary potential energy 
function. We let the value of V for p = 1 be D, so that, 

D = C — %(2tv q ) 2 L (45) 

(2) Expanding equation (44) in terms of (p — 1) ; we secure 

F = (7 — 2 1 + M(27t^ 0 ) 2 /((p — l) 2 + c 3 '(p — l) 3 + 

where C/(p “ 1)4 + ‘ ‘ ‘ ^ 46 ) 

cz = 2c 3 + 2 and c 4 ' = 2c 4 — 3. 

This is the most general form of the potential energy function for an 
anharmonic oscillator. In using this form for the potential energy it is 
convenient to use £ = p — 1 as the variable instead of p. 

We proceed to solve equation (42) using the value of equation (44) 
for the potential energy. First, we must determine the meaning of the 
constant C. When the distance between the nuclei is very great the 
force must approach zero. This means that at great distances the for- 
mula (44) is not valid. c 3 and c 4 are no longer constant, but must 
approach zero, and then V„ = C. Since we choose arbitrarily to make 

V » - 0, C - 0, and from the value of C given by equation (45) we get 

D = — (2irvo)^ 


( 47 ) 
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Now we introduce the abbreviations 

, 87 r 2 I(Ei + D ) 

A = -1 u = 

h 2 

and equation (42) becomes 
F" + 


Air 2 Vo I 


d 2 F 

dp 2 ’ 


(48) 


a +A‘ 

u 2 


1 + 1 

2 ^ P 


2p : 


2 + ^(p 


1) 3 + c 4 (p ~ 1) 4 + 


j(j + 1) 


F = 


0. (49) 


The problem is now to determine the values of -4 for which R (that 
is, F/p), remains finite, single-valued, and continuous throughout space. 
The problem must be solved by perturbation methods, and Fues adopted 
the procedure of Schrodinger (Chap. XV, Sec. 22). The terms con- 
taining cz and c 4 are considered as perturbation terms and are omitted 
in obtaining an approximate solution. The characteristic functions 
thus obtained are of the form, 


F = p*e~ h >Ll n (2bp). 
In this equation n is a positive integer or zero, 


(50) 


1 1 

a = 0 ± - 
2 u 


-Q. 


1 + u 


V 2 

a), 




h = 


1 + u 2 




(51) 


and Lk+n denotes the polynomial given in Chap. XVI, Sec. 2, in connection 
with the theory of the hydrogen atom. In the present problem k is 
not an integer, as the corresponding parameter 21 + 1 was for hydrogen. 
The discrete energy levels are given by 


E = E t — D + hv 0 (n + |) + g llj(j + |) ' (52) 

This is the ordinary band spectrum formula, with half -quantum numbers 
for both rotation and oscillation, in agreement with experiment. 

This spectrum corresponds to certain negative values of A — i.e., 

positive values of b. In addition, there is a continuous spectrum of 

characteristic values, which occurs when A — — s > 0, so that the expo- 

nent in e~~ hp becomes imaginary. By equations (47) and (48) this reduces 
to Ei > 0, or E — Et > 0. This result shows the existence of unquan- 
tized states in which the molecule must be considered as dissociated. 
For example, if two’ swiftly moving atoms pass by each other without 
uniting, we are dealing with states of the kind considered here. Since 
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Ei may change in such an encounter, this means that a continuous 
spectrum is emitted in such processes. 

The computation of higher approximations is lengthy, and we shall 
simply give the result obtained by Fues. It is, 


E = E t — D — 

+ hv o 


(2tvq) 2 1(7 ,7 . , 3 

2 ( v 4 Cs 8 Cs 4 Ci 


■) 


( n + Of 1 " 1T (1 + 2cs) (/ + 0 _ 


+ 


h*U + M) : 


8tt 2 J 

h 2 


1 - uHj + t 


( n+ i) 

8tt 2 / 


15 


3 + 15c,j -j- — C3 2 + 3 c 4 


■) 


(53) 

This is essentially the formula of Kratzer, Chap. XII, except that 
half-quantum numbers occur instead of integers. The assumptions 
made in Fues’ calculations are such that the result is valid only for 
quantum numbers which are not too great, just as was the case in deriving 
Kratzer ’s formula. 1 


As mentioned above, Fues’ result obtained by using the value of 
equation (46) for the potential energy gives energy levels identical with 
the above (except for slight differences in the small correction terms 
containing u 2 ). But this identity holds true only for the discrete spec- 
trum. When equation (46) is used and terms in c 3 and c 4 are taken into 
account, there is no continuous spectrum of characteristic values, in 
disagreement with fact. This point is important, for it indicates that the 
wave functions appropriate to the first form for V (generalized Laguerre 
polynomials) should be used in preference to those of the second form of V 
(Hermite polynomials) in calculating band spectrum intensities. 

The selection rules for m and j are the same as those for m and l 
of the hydrogen atom, respectively, since the functions P, ra (cos 6) and 

are , the same for both - . In Chap. XVI, Sec. 6, it was shown that 
these selection rules are: A j = +1 and Am = ±1. Fues showed that 
the vibrational quantum number may change by +1, ±2, ■ • - and 
that the values of the Einstein probabilities are 


h < n '> 4(n', j') n", j ") = P 0 


n ~ i 1 j'-, n ”, j")Y 
n"Y Sc 3 ~~ 

where An = n' - n>>, j is the larger of f and j", and P 0 is the permanent 
electric moment. Since u is a small number of the order of 10~ 2 ; the 

1 4 s seated in Chap. XII, Sec. 9, the formula (53) holds very well even for values of 
the vibrational quantum number only slightly less than that for which the molecule 
dissociates. Morse (Washington Meeting of the Am. Phys. Soc., 1929) derived an 

cZ ri X TV hl ? g !Tn thiS f0rm 4t exactly ([ with no hi S her terms - (See footnote 
Chap xm, Sec. 7 and Condon and Morse, “Quantum Mechanics,” McGraw-Hill 
Book Company, Inc., New York (1929). 
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This change of variables brings the equation (55) to the form of the 
hypergeometric equation, 

t( 1 — + [t — ( a + P + = 0? (59) 

where 

y = l + d,* = d -±l + j + 1, and/3 = d -+* - j. (60) 


It follows from the definition of d and s that y — 1 — d ^ 0, and that 
« + |3 — 7 = s>0, and that these quantities take only integral values. 
The only solution of the hypergeometric equation which makes 0 an 
acceptable function in the region 0 ^ t ^ 1, that is, in the region 0 ^ 
0 ^ 7 r, is the hypergeometric series, 


X = F(a, p, y, t) = 1 + 


a At + 

7 


*(a + 1)0(0 + 1 ) „ , 

2!y( T + 1) 


( 61 ) 


and then only if either a or p is equal to a negative integer or zero; in 
this case the series will terminate and be finite for all values of t in the 
required interval. 

Since a and 0 enter symmetrically into both the differential equation 
and its solution, it makes no difference which one is submitted to the 
restriction that it shall be negative or zero; so we take 


a = — p, V “ 0, 1, 2, * * • . 


Then from equation (60), 

0 = p + d + s + 1, 

i - + V, («2) 

and thus j is a positive integral number or zero. — ^ — is equal to the 

greater of the two numbers |X| and \m\ and thus j is equal to the larger of 
these plus p. Solving equation (56) for the energy we have, 

+ (c - i) x ’]' (63> 

This energy formula differs from that of classical theory (Chap. XII, 
Sec. 24 ) only through the occurrence of j(j + 1 ) in place of j 2 . The 
magnetic quantum number does not appear in the energy formula, since 
the system is degenerate in the absence of an external field. 

The wave function is, therefore, 

f = 0(0) exp + imx ) 

= Nt^O- - ty^Fi-p, 1 + + s + v> 1 + d, t) 

exp (i\<p + imx) > (f&) 
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where N is a normalization factor. The element of volume in the 
coordinate space in which ds 2 = 2 Tdt 2 is, 

AC Vl sin 6ddd<pdx or AC y *2dtd(pdx, 
and we choose N in such a way that 


m i 


yp\p*AC l/i 2dtd(pdx = 1. 


Integrating over <p and x gives, 

8t 2 N 2 AC' a 


J: 


JV 2 = ■ 


(65) 


Q 2 dt = 1, 


where 0 as a function of t can be secured from equation (64). Carrying 
out this integration and solving for N 2 , we have, 

(1 + d + s + 2 p)(d + s + p)\(d + p)] 
Sw 2 AC^p\(df)Ks + p ) ! 

The particular hypergeometric series which we use in this case 
is known as the “Jacobian polynomial” which is, 

F( — p, 1 + d + s + p, l + d, t) = F(a, (3, y, t ) 

V ( iv^»( (i + s + ? ) + r ) W! t r (•Rill 

- 2, ( - D C/ (d + s + p)!(d + r) 1 4 ’ (6M) 


where 


Cf 


p(V ~ 1 )(p - 2) 


(p - (r — 1)) 


r! 


and Co” = 1. 


By comparing this with equation (61), it will be seen that the two are 
identical for the particular values of a, (3, and y appropriate to our problem 
and this shows that the series terminates at r = p. The preceding equa- 
tions give us all the material needed for writing out the value of i p for 
any combination of quantum numbers. 


Example: Let j - 4, X =» 2, m - 1. We have then d=\-»i = l, s=X + 
m = 3, p = j - — ^ = 2. Then, 

F - 1 - 7i + 

e = i - ohf, 

v 81 

4ir 2 AC^’ 

- *<» = i(^yw - i) ? -(l - 7i + f p) oxp (i2(o + ix). 
Changing the sign of X docs not change the energy, but changes the wave function to 
= *P 4-2i - i(^)' i30tW(1 - ~ \ + ¥'0 exp { ~ i2tp + ix) ■ 


The probabilities of transition can be calculated in the usual way 
by forming the matrix elements for the electric moment. If the molecule 
has a permanent electric moment with components JV, -fV> P* or, 
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if the transition includes an electronic-vibrational transition with these 
components of electric moment relative to the moving system of coordi- 
nates, the matrix elements of the components of electric moment parallel 
to the fixed X , F, Z axes are proportional to 

Pzij'Vm' ) Py'yPz', 6, <P, x)> 


and two similar equations for P y and P z v P X (P Z ' } P y r } P z ', 6, <p, x) is 
given by equation (95) in Sec. 9 by substituting electric moments for 
coordinates in that equation, and dv equals the generalized element 
of volume, AC Yz sin ddddpdx- This has been done by Reiche and 
Rademacher 1 and Kronig and Rabi, 1 but we shall merely give the results 
as calculated by Dennison 2 using matrix mechanics. These amplitudes 
are especially important for they give the relative intensity of the 
rotational lines not only of the symmetric top molecule, but also of the 
diatomic molecule, since the latter differs from the former only in having 
a small moment of inertia about the figure axis. The permitted tran- 
sitions are those for the following possible changes in the quantum 
numbers : 

Aj = ± 1, 0; AX = + 1, 0,‘ Am = +1, 0; 
there are thus twenty-seven possible types of transitions with X and m 
taking the values, 

— j < X <; j and —j<m< j. 

Since the energy does not depend on m nor on the sign of X, many of 
these transitions will give identical frequencies in the absence of an 
external field and thus the intensities will be proportional to the sum 
of the squares of the amplitudes over all possible values of m and ±X. 

The results of the calculation for the field-free lines are as follows: 


c?(2j + 1)X 2 

jU + 1 ) 

c2 (l - X 2 ) 

3 

c(3? ± DU + \)U - x + l) 
jU + i) 

c(J + x)(j + x - l) 

3 

c(i - x)(j - x + l) 

3 


f - j" 

V - X" 

0 

0 

±1 

0 

0 

±1 

±1 ' 

±1 

+ 1 

+ 1. (66) 


j and X in these formulas refer always to the larger of f and ?' or X r 
and and in the last two formulas the two upper or two lower signs 
of A j and AX are to be taken together, g / is the quantum weight 
of the initial state and c is a constant multiplied by p 4 . 

1 Loc. cit. 

» Phys. Reu. t 28 , 318 (1926i. 
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The relative intensities of the lines of case a diatomic molecules 
are also given by these formulas by replacing X by i. They do not 
include the further restrictions required by the symmetry properties 
of the complete wave functions which will be discussed in Sec. 9. The 
amplitudes are not changed appreciably by the X-type doubling so that 
these formulas apply without change to the singlet system of levels 
and it will be found that they agree exactly with the formulas derived 
from the sum rules of Chap. XX, Sec. 8. 


6. STARK EFFECT AND ZEEMAN EFFECT OF THE ROTATIONAL SPECTRUM 


The heavy symmetric top considered in Sec. 5 is doubly degenerate- 
Since m may take all the values — j, • • • 0, • • • j, there are 2 j + 1 
wave functions which have the same energy for any particular values 
of j and X. It is also possible to change the sign of X without changing 
the energy of the molecule, so that altogether there are 2(2 j + 1) wave 
functions for each energy state. These will give different values for 
the energy, only if the proper perturbing fields are present. The degener- 
acy in m is removed by an electric or magnetic field. An illustration 
of the removal of the degeneracy in X will not be given, but a very similar 
case in the theory of diatomic molecules having X > 0 will be discussed 
in Sec. 9. 

Reiche 1 has investigated the first-order Stark effect, while Manneback 2 
has calculated both the first- and second-order terms. The model 
used by Reiche consists of an electric (or magnetic) dipole attached 
to the symmetrical molecule discussed above, with its moment g. directed 
along the axis of figure. This introduces a potential energy term, 

V = — j u,F cos 6, 


in equation (54) if the field is applied along the axis 0 = 0. The per- 
turbation of the .energy is calculated by Schrodinger’s perturbation 
method for degenerate systems (see Sec. 2). The term in F, giving 
the first-order, Stark ( eff ect, is found to be 


Ai E 


juFXm 


(67) 


by the aid of formulas developed by Radomacher. In the special case 
j = 0, there is no change of energy proportional to F. Reiche 3 had 
previously solved this problem in terms of the Bohr theory. The present 
result differs from the older one only through the presence of j(j A- 1) 
in place of j 2 . It is worth noting that the shifts predicted by equation 
(67) could easily be observed in the visible spectrum provided that 


1 Z. Physik, 39, 444 (1926). 

2 Physik, Z., 28, 72 (1927). 

2 Ann. Physik , 68 , 668 (1919). 
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rotational and electronic energies are additive and that the model used 

r e ‘ ^ /* = 18 , then at 5,000 A., the splitting in a field of 

from the Tf ' '***** W ° UM be ° f the 0rder of °' 1 1 for the transition 
from the state 3 = m = X = 1 to the state 3 = m = X = 0. This 

splitting is independent of the moments of inertia of the molecule and 
serves as a direct measure of its electric moment. 

The term in F 2 was obtained by Manneback both in wave and in 
meZntlT™' E 1 * °’ * he rMU “ 0f by wave 


V 

where 


h 2 /8r 2 A ' m > X ) ~ $0' + 1, m, X)], 


(68) 


If j = 0, then, 


$(j, m, X) = Cf ~ - X 2 ) 

(23 - l)(2j)*(2j + !)• 


AoE — — 


1 p 2 F 2 


6 W/StAA' 

The result by ordinary mechanics when j ^ 0 is, 


Ao_/f - 


n 2 F 2 


..J-h- 

8s 2 [ 


, m 2 + X 2 


VmX Y 

V 


(69) 


h 2 /8ir 2 A 8 3*[- - j'2 > ~ v \j* J V 

S l3d W °iZo m wIdge‘ o^bott Tb iZ'Tl C ° mPare<1 "“ h “ e ’ “ “ 

osculate the dielectric constant of a <h>le gl“ to 

to that of "the Starv 6 ° f diatomic molecules is similar 

Mu Uten and So bee " **"” by Kemble/ Kemble, 

Jz f d Crawford2 and by Kronig 8 ; it is necessary to include a 
potential energy term in the ».« equation for the symmetric top) 


V — (\ + 2 v)nH cos 0, \x = 


eh 


kirmc 


tetion i ^,3!“ “, agne,iC m0me " t Msun,ed to be in the 
direction the etrt’ *£?£ [ the St ^ 

apply to the case o molecule only. The additional'tenn in 


API - O'- + 2<r)iimH 


(674) 


This formula predicts 2j + 1 levels for a given value of j and that these 

— b — 6 C ° S f together as we g° to higher values of 3. It is difficult 
to test this theory because of the many closely spaced lines of bandspectm 


‘ “Mdecukr Spectra,” Chap. VII, Sec. 6. Old theory. 
Phys. Rev., 30, 438 (1927). y 

1 Phys. Rev., 81, 195 (1928); Z. Physik. 45, 557 (1926) 
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and because the closely spaced levels at large j values are difficult to 
separate. It is therefore necessary to calculate the intensities as well 
and thus predict the centers of gravity for the Zeeman patterns for large 
values of j . 

The most detailed experimental study of the effect is that on the 
Angstrom GO bands ( X S —> 1 n) by Kemble, Mulliken, and Crawford . 1 
This work includes the Zeeman effect of a number of P-, Q- and P-lines of 
these bands. The experiments confirmed the theory on three points: 
the separation of the outside components is proportional to the field 
strength and agrees quantitatively with the predicted values; the fine 
structure observed was that predicted by theory; and in low fields the 
intensities agreed with the values calculated by Kronig . 2 In higher 
fields the intensities of components displaced symmetrically on each 
side of the original line are not equal. In the Q-branch lines the lower 
frequency parallel components are more intense than the higher frequency 
components and this asymmetry decreases with increasing running 
number of the line. Kronig showed that this was to be expected due 
to a change in intensity with increasing field strength. The data on 
this point for lines of other branches is not conclusive. 

7. THE HYDROGEN MOLECULE ION 

The hydrogen molecule ion presents a three-body problem which 
can be solved by the separation of variables providing we assume that 
the protons are stationary. This problem was solved by Pauli 3 and 
Niessen 4 using the old quantum mechanics, but no agreement with the 
experimental values was secured. The problem has been attacked, 
using wave mechanics, by a number of authors ; 5 Burrau used the sepa- 
ration of variables method, while the others used different perturbation 
methods. 

The hydrogen molecule ion has nine degrees of freedom, and it is 
therefore necessary to specify nine coordinates. Three of these will 
fix the position of the center of mass of the system, three the motion 
of the protons relative to the center of mass, and three the position 
of the electron relative to the protons. The first three coordinates 

1 Loc. cit. and Crawford, Phys. Rev., 33 , 339 (1929). See also the work of Hul- 
thIsn (“ Dissertation,” Lund (1923)) on the ZnH, CdH, and HgH bands and of 
Watson and Perkins (Phys. Rev., 30 , 592 (1927)) on AgH, A1H, ZnH, and MgH 
bands. 

2 Loc. cit. 

3 Ann. Physik , 68, 177 (1922). 

4 Diss. -Utrecht (1922); Ann. Physik, 70 , 129 (1923). 

5 Burrau, Kgl. Danske Videnskahernes Selskah. Medd, VII, 14 (1927); Wang, 
Phys. Rev., 31 , 579 (1928); Finkelstein and Horowitz, Z. Physik , 48 , 118 (1928); 
Condon, Proc. Nat. Acad. Sci., 13 , 466 (1927); Pauling, Chem. Rev., 6, 190 (1928); 
Guillemin and Zener, Proc . Nat. Acad . JSai., 15 , 314 (1929); Wilson, Proc . Roy , 
Soc., 118 , 617 (1928), 
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may be .neglected immediately because the wave equation including all 
these coordinates will split into two parts, one of which will describe 
the motion of the center of mass and will be of exactly the same form as 
that, of a free massive point moving with uniform velocity (Sec. 4 ), 
while the other will describe the internal wave function and fix the 
internal energy. The second set of three coordinates, which fix the 
distance between the protons and the direction of the line joining them 
in space may be neglected for the moment because we do not intend 
to consider the rotation of the nuclei. We shall fix the distance between 
the protons later by applying the condition that the energy of the mole- 
cule must be a minimum. This last is approximately equivalent to 
quantizing the vibration of the nuclei in a zero vibrational state. This 
method is permissible for Born and Oppenheimer 1 have shown that 
the first approximation to the solution of the structure of molecules is 
secured by solving the problem of the electron motion relative to the 
nuclei considered as stationary. 

The Schrodinger equation for the electron relative to two nuclei 
each of charge +e, fixed an arbitrary distance apart is, 


3V , 

dx 2 " l " 


dV 

dy 2 


+ ^ + g(e + ^ + 


ri 


Ti 



(70) 


where x, y, and z are the coordinates of the electron relative to axes fixed 
to- the line of nuclei, n and r 2 are the distances of the electron from the 
first and second nuclei, respectively, R is the distance between the 
nuclei and G = 8 ir 2 m/h 2 . We introduce the elliptic coordinates 


+ r 2 

R ’ 



(71) 


and take as the third coordinate the azimuth <p about the line of nuclei. 
The potential energy of the electron is then 


V = -i- _ L _ __ 


4e 2 £ 


(72) 


r i r-z R ( — t; 2 ) 
and the transformation equations for x, y, and z are, 

z = 2^’ x ~ 2 ~ ~ 15 2 ) cos <P> y - ~ 1)(1 ~ v z ) sin <p. 


In the new variables the wave equation becomes, 


d 

d\ 




'3* 


dr\ 


'dr, 


+ 


1 


$ 2 - 1 ^ 1 - r, 2 


dhp 


+ 




i = 0. (73) 


Ann. Physik, 84, 457 (1927); See Condon and Morse, Quantum. Mechanics,” 
McGraw-Hill Book Company, Inc. (1929), for a presentation of this work. 
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i// is to be an acceptable function throughout space, that is, for all -values 
of the -variables satisfying the relations, 

1 ^ ”, -1 ^ n < 1, 0 ^ <p ^ 2tt. (74) 

This equation is separated if we set, 

Xp = X(£)Y(t)) exp OV), X = 0, 1, • • • 
and the equations of X and Y are then. 


d 


«’ - ) + { 0e ’ B5 + e ( E - s) + r^r> 


+• -4 


X 

= 0 , 


(76) 


and 


d 

dr] 




{°( e - s ) t' s+ w 


X 2 


+ AF=0. (76) 


4 is the constant introduced in separating the variables. It is convenient 
to introduce the constants, 

-, 2 \ 


= g(e - 


■\- and e = Ge*& = — > 


4 


<2 q 


(77) 


where a 0 is the radius of the first Bohr orbit of hydrogen. 

In solving equations (75) and (76) for the case of the normal state, 

Burrau adopted the following method : There will be no nodes in the 

wave function of the normal state of the ion and, therefore, X may be set 

equal to zero and further we know the wave function will be positive 

* 1 dX , 1 dY 

and <r n ~ ~ 


at all points. New dependent variables 07 -g ^ 
are first introduced, which reduce the equations to the form, 


and 


dcj 


= <X( 


.2 _ 


7 ^ 2 — 2(e — <7 j ) £ X 


d<r„ 


4- 


1? - 1 

7U 2 + 2<r,ij — A 


Y dr) 


(78) 


(79) 


dr, ' 1 - 7 2 

There are three arbitrary constants in these equations, y, e, and A. 
Equation (79) is used to secure the relation between 7 and A, and then 
equation (78) to secure the relation between 7 and «- In addition, we 
use the condition that the energy as a function of R must be a minimum 

to fix the values of y, «, and A. _ 

When 17 = ±1, the denominator of equation (79) becomes zero 

and thus if cLcJdr, is to remain finite, the numerator must also become 
zero. This fixes the values of <r, at these two limits as, 

<r,(l) = Y%{A - y) and <r,( -1) = ~ h)- ( 80 ) 

Moreover equation (79) requires that <r„( -H) = ~ ^( smce xt . 18 
invariant to a change of sign of both <r, and v, that is, <r„ has opposite 
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signs on the two sides of the plane rj = 0 and it must therefore be zero 
at this plane. <r, is therefore expanded as an odd power series near r) = 0 
and in another power series near rj = 1. Both series converge fairly 
rapidly at 17 = J'jj and the values of A and y which make the two series 
converge to the same value at this value of 7? are determined by trial. 
In this way, pairs of values of A and 7 are secured which give A as a 
function of 7. 

Similarly o-j is expanded in an ascending power series in (£ — 1) 
and in an inverse power series in £. Knowing A as a function of 7 
from the previous calculations, these series permit a calculation of 
7 as a function of e, that is, the distance between the nuclei, and for each 
value of 7 it is possible to calculate the energy from equation (77). 
In this way a plot of energy against internuclear distance can be 
made and the energy and internuclear distance. for the minimum of this 
curve are the values of these quantities for the normal vibrationless 
state of Hi + . The minimum value of E was found to be 16.29 + 0.03 
volts. From the shape of the curve of E plotted against R in the region 
of the minimum, Burrau found that the vibration frequency of the 
nuclei was about 2,250 cm.- 1 , which gives for the nuclear vibration 
energy in the lowest state, y 2 hv = 0.14 volts and thus the observable 
ionization energy of H 2 + is calculated to be 16.15 + 0.03 volts. 1 

en ergy of dissociation of the hydrogen molecule is approximately 
4 38 volts, 2 and this, together with the calculated value for the energy 
of the hydrogen molecule ion gives 15.31 for the ionizing potential of 
the hydrogen molecule. The observed values for this ionizing potential 
he at about 16 volts. The discrepancy is probably due to the fact that 
the experimentally determined ionizing potential of the molecule is not 
that for the removal of an electron from the hydrogen molecule in its 
lowest state to form the hydrogen molecule ion in its lowest state. Some 
vibrational energy is probably given to the nuclei of the hydrogen mole- 
cule ion at the same time that the electron is removed (see Chap XIII 
Sec. 7 ). Birge ( loc . cit.) secures 2,247 cm.- 1 for the value of v, from band 
spectra which corresponds to 0.277 volts. The agreement between the 
calculated and observed values is as good as can be expected. 

. Flgur f 3 shows a P lot of the energy of the normal hydrogen molecule 
ion as_a function of the distance between the nuclei as given by Burrau 
and Fig 4 shows the plot of the value of y in an arbitrary median plane! 

Unsold, Pauling, Finkelstein and Horowitz, and Guillemin and Zener 
have applied perturbation methods to solve the problem of the hydroeen 
molecule ion, and have secured values which are in approximate agree- 

Xcoi! u? 12 ( S 1928) 16 ' 22 VOltS dUe t0 an err0r in caleulati0n ’’ see Bibge, Proc. Nat. 

40 , Immef 700 ' ^ A ° ad ' ^ 12 ’ 238 (1926); DlEKE and Hoffield, 2. Phyeik, 
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ment with those of Burrau. The method of Guillemin and Zener is 
especially interesting, since it gives the wave function as well as the 
characteristic energy values . 1 

Though the wave functions for the hydrogen molecule ion in all 
its states have not been calculated, it is possible to see where the nodes 



Fig. 3. — The energy of as a func- Fig. 4. — The charge density for H2 + . ( After 
tion of R. ( After Burrau.) Burrau.) 


of these functions will appear, and to see how they will change as the 
two nuclei are brought infinitely close together to form a united He + 
ion. The quantum number X gives the number of nodal planes passing 
through the line of nuclei corresponding to constant <p, and as the two 
nuclei are brought close together these nodal planes become the meridian 



Fig. 5. — The nodes of He + , H 2 + , and H. 


nodal planes of the united atom, and X becomes equal to the atomic 
quantum number m. There can be no change in the number of these 
nodes in this process. The nodes corresponding to constant £ are 
ellipsoids of revolution and become the radial nodes of the united atom, 

1 See Condon and Morse, “ Quantum Mechanics,” McGraw-Hill Book Company, 
Inc. (1929) for a review of these perturbation methods. 
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while the nodes for constant ?j, which are hyperboloids of revolu-' 
tion, become the latitudinal nodes. Thus the ellipsoids become spheres, 
the hyperboloids cones and the planes remain planes. The numbers of 
ellipsoidal and hyperbolic nodes may be designated by and n,, respec- 
tively. The left side of Fig. 5 illustrates this change for the cases 
n ( = 1, n, = 1, X = 0, and n* = 1, n v = 2, X = 0. 

. These diagrams represent, only the nodes in an arbitrary plane through 
the line of nuclei and if rotated about this line the lines will generate 
the nodal surfaces. The l quantum number of the united atom is equal 
to m + «,( = X + n „) and the total quantum number is n = n s + n v + 

It is also of interest to consider the changes in the nodal planes 
and thus the quantum numbers as the nuclei are separated to a great 
distance. This separation results in two identical wave functions 
one about each nucleus, characteristic of the hydrogen atom in one of 
its steady states if the problem is solved using parabolic coordinates, 
say J, v , and v . Since the wave function of the hydrogen molecule 
ion is normalized so that the total negative charge is that of one electron 
each of these separated wave functions will be normalized so that the 
total charge is only one-half the electronic charge. This means that 
the electron remains near one nucleus for a time, then passes to the other 
for a time and then back again, etc., so that on the average it spends 
one-half the time on each. When separated a short distance the prob- 
ability of such a “jump” is very small. Thus the hydrogen molecule 
ion separates into one atom and a proton, but the probability of the electron 
going with one nucleus is equal to its probability of going with the other. 
Ihe nodes of constant <p and of constant £, i.e., X and n h will not change in 
this process of separation; X becomes the m quantum number and n e 
becomes n«', a quantum number conjugate to a parabolic coordinate of 
e hydrogen atom. On the other hand, there is a reduction of the 
number of nodes of constant r, except in the case that this number is 
zero. If n, is odd, one of the nodes is the median plane perpendicular 
to the line of nuclei and as the nuclei are separated, this node disappears- 
the nodes on one side of this plane become nodes in a parabolic coordinate 
of the one atomic wave function and those on the other side nodes of 
the second atomic wave function. If n, is even, no node is lost, but half 
of the nodes go to each atomic wave function. Thus the number of 
parabolic nodes, n„ > in each atomic wave function is - 1) if n 
is odd, or if n, is even. This decrease in the quantum number 
when a molecule separates into atoms is called “demotion” of the quan- 
tum number and the increase in the number of nodes in the reverse 
process, that is, the formation of a molecule from atoms or ions, is called 
promotion” of the quantum number. These changes for II 2 + are 
illustrated at the right in Fig. 5 and a little study of these diagrams 
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and the possible nodes will convince the reader that the changes must 
occur in this way. Following the rules of this and the preceding para- 
graph, it is possible to correlate the energy levels of H 2 + with the levels 
of the hydrogen atom in an electric field and these in turn with the field- 
free levels, 1 and also with the terms of He+. This is given in Fig. 6. 
This correlation between the H 2 + and the H + H+ levels was given by 
Hund. 2 

Two levels of H 2 + approach each Stark effect level of the hydrogen 
atom \ one of these has even and the other odd If the coordinate 



Fig. 6. — Correlation of He + , H 2 + and H + H + states. 

of the electron is changed from 17 to — 17, Y (1?) changes sign if n n is odd, 
but does not change sign if n, is even. Thus 

Y( v ) = m-v), _ ( 81 > 

where /? equals 1 if n„ is even, and — 1 , if n, is odd. Considering the 
reverse process, the two atomic wave functions can interact in .two ways 
in one of which a node is formed between them (antisymmetric) and 
in the other of which no such node is formed (symmetric). This will be 
illustrated further by the hydrogen molecule in the following section. 
All the levels of H 2 + given in the figure may not be stable; in particular 
the antisymmetric states will probably be unstable, since promotion 
always occurs with a consequent increase in energy when these are formed 
l See Kramers, Z, Physik, 3, 199 (1920). 

»Z, Pftgsifc, 40 , 742 (1927). 
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from H and H + . In more complicated molecules these relations are 
not so simple due to the interaction of the electrons in such molecules. 
If this interaction could be neglected, the wave equation could be sepa- 
rated in elliptical coordinates and all the arguments in this section in 
regard to demotion and promotion of quantum numbers could be used. 
To a first approximation this is true for many molecules, and the for- 
mation of more complex molecules from atoms has been discussed in 
this way (Sec. 8 ). 


8. THE STRUCTURE OF THE HYDROGEN MOLECULE 


Heitler and London 1 solved the problem of the hydrogen molecule 
by applying the perturbation theory of wave mechanics. The wave 
equation is 

Aii/' “H 0 




_d * 
ctai 2 


a 2 


a 2 




d 2 3 2 d 2 r = 8 x 2 m 

+ A 2 ' 


(82) 


where Xx, y 1} z u x 2 , y 2 , z 2) are the coordinates of electrons 1 and 2, R is the 
distance between the nuclei, r i2 that between the electrons and r a i, 
r a 2 , n h and r b2 the distances between electrons, 1 and 2, and nuclei, 
a and b, as indicated by the subscripts. The zero order approximate 
solution is secured by suitable combinations between the wave functions 
of the separate unperturbed hydrogen atoms in the lowest energy states. 
Two arrangements of electrons and nuclei are possible: (1) electron 1 
may be on nucleus a and electron 2, on nucleus 6; this gives 



for the unperturbed atomic wave functions; (2) electron 1 may be on 
nucleus 6 and electron 2 on nucleus a and thus the unperturbed function 
may be as readily, 


V' 7T \ a 0 J 


exp 


\ a «r 


and \pi h 


= _m 

7T\^0 




(84) 


When the atoms are a great distance apart and the arrangement of 
electrons and nuclei is that given in (1), 

e 2 e 2 e 2 e 2 
R " r ri 2 r fl2 n i 


becomes negligible and the product \pi a \[/ 2 b is a solution of equation (82) ; 
but when the arrangement is that given in (2), 

e 2 ^ e 2 e 2 e 2 

R ■ r n Tax n 2 


iZ. Physik , 44, 455 (1927). 
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becomes negligible and \p 2 a \p i b is a solution of equation (82). The 
energy in both these cases is 2 E 0 where E 0 is the energy of one hydrogen 
atom in its normal state. This is a case of double exchange degeneracy, 
for either the nuclei or electrons can be interchanged. The most general 
solutions of equation (82) when the nuclei are widely separated are 
therefore linear combinations of the two wave functions \Ri a ^ 2 6 and 
namely, 

^10 = + Pl2'l'2 a 'Pl b , + i^22^2 a ^l 6 . (85) 

We require that ^ i 0 and \pm shall be normal and orthogonal, namely, 
that *dv, and $4/m\pm*dv shall equal 1 and that J^iotAiio *dv 

shall be zero. These give three relations between the coefficients, 

0 2 n + /3 2 12 + 2PnPi2S = 1, (3*2! + 0 2 22 + 2/S 21 /8 12 8 = 1, (86) 

and 

fill fiil 4" 012022 + (011022 + fiufi2l)S = 0, 

where 

S = S\pi a \f'2 b 4 / 2 a 'l'l b dv. 


The subsequent application of the perturbation theory of Sec. 2 shows 
that jSn = fin and 0 2 1 = —022 and therefore the two unperturbed normal 
and orthogonal wave functions are 

*pl0 — (2 + 2S)~^(\l/i a \p2 b + ^2 a ^l b )j 

and 

hio = (2 - 2S)^^^2 b - t2 a ii b ). (87) 

The first is symmetric in both the nuclei and electrons for an interchange 
of either does not change its sign, while the second is antisymmetric 
in both the nuclei and electrons since an interchange of either would 
change its sign. These symmetric and antisymmetric wave functions 
are similar to those of H 2 + except that only single exchange degeneracy 
is present in the latter case, that is, only the nuclei can be exchanged. 
We next assume two solutions of the perturbed wave equation (82), 

= ^io + vi f \pn = i/'no + viij (88) 


and assume that the corresponding characteristic energy values are, 
Ei = 2Eq + €i, En = 22?o + €ii, (89) 

respectively. Substituting these in equation (82) and remembering 
that 

+ g(e o ■+ = 0 

and that there are three similar relations for \p 2 b , $ i 6 , and ^ 2 ®, equations 
for and vn are secured. These are 

(2±2 S ) -#{ A + G(2E 0 - A- B-O }vi(or v„) = G{(A — ei,(or en)) 

(\pi a \p2 h ± ^2^1 6 ) ± jB^2Vl 6 + C\^i a ^2 b l> (90) 
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“ Z SC eqUa ‘ ,0 “ ,OT - “ d « “ d ** — e 


A = i* + 1 2 B 
r« ^ " 


»•«! n, 2 


, and (7 


T a 2 


gene »d e.l ™t‘ b °e ?“ , (90 > >™ «*W their "inhcrnc 
..■homogeneity cut ZIJZ *° ***■> fa and The 

«* to L if I JT Tf« V J 18 ortil ogonal to and that for 

previously used in securing *the ^ We derive these relati °ns 

and fe/ The it 'T« the "Z °f ‘ ,0rma ° f *» 
ti shall also be orthogonal to L and tb “ogeneity of the equation for 
to fa. give two equator T *£?£* *° ^ 


where 


E\ -f- E* p Tp 

1 ~ 1 +1T’ and £ » = ~JNZ-£f 


a - + < 92 «> 

/ (926) 

"TX X \ . e8e inte g ra -ls have been evaluated as 

f /^fe\V/^\ \ Un ^ 10n8 0f b y Heitler and London* ' 

rHlt® f and by Sugiura.^ is the mean value 

\ ^~-^y\\yEy J ° the Potential energy of the system and , 

^ ^ . I , v ^ H Slmilar t0 such a mean energy taken in 

the classical way; as a function of R it : 
f \ nas a slight minimum and would lead to 

/ /XXjIIlX\\ u S lght attra ction of the two atoms. E 2 

\ fif S n ° cIassical analogue, and is due to '. 
T V^^I5^/7T ^ esonance phenomenon, that is, to 

/ ™ e two electrons exchanging places; it 
x. s' ecreases rapidly with decreasing R and 

^ ^ causes strong attraction in the symmetric 

Fig 7 -The l , ^ a * d . Strong re P uls ion in the anti- 

;.;ii?.5rss. ? sr^V*"* « and « h ‘™ te " 

flection. 6. stable molecule. plotted m Fig. 15 of Chap. XIII; they are 

The values of «, and * ^ 2 and lower 2 3 2 states, respectively. 

and the wave equations solved h +g W SU ^ stituted in equation (90) 
electron ***%£££ ^ 

have been calculated hv T AT1 j™ , ? to Ml and Ws*- These 

arbitrary plane through the ^ “ 

i Loc. tit. nuclei, in the antisymmetric case, 

* Z. Physik, 45, 484 (1927: 

J £. Physik, 46, 476 (1928). 
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a node forms at the median plane and following the reasoning of the 
preceding section would give a 2 P state of the united helium atom. 

Kemble and Zener 1 have applied the method used by Heitler and 
London to the interaction of a normal hydrogen atom and a hydrogen 
atom in its 2, 0 and 2, 1 states. They find sixteen possible wave func- 
tions. Though the computations are too involved to report here, one 
important point in regard to attraction and repulsion between atoms 
must be mentioned. In the case of the excited states of H 2 , the unper- 
turbed wave functions may have two types of symmetry: they may be 
symmetric or antisymmetric in the electrons, just as in the case of the 
neutral helium atom (Sec. 3) ; or they may be symmetric or antisymmetric 
in the nuclei. The solutions symmetric in the electron coordinates 
exclusive of the spin give the singlet levels, while the antisymmetric 
solutions give the triplet levels just as in the case of helium and for the 
same reasons. This antisymmetry does not lead to the formation of a node 
at the median plane perpendicular to the line of nuclei and thus no promotion 
of the electron quantum numbers occurs. Both antisymmetric (triplet) 
and sy mm etric (singlet) states of H 2 for which the energy decreases as 
R decreases can occur and the triplet states are the more stable. Anti- 
symmetry in the nuclei, i.e., a change in sign of the wave function when 
the nuclei are interchanged, leads to the formation of a node at the median 
plane and thus to the promotion of the electron quantum numbers and 
strong repulsion. Symmetry in the nuclei is thus more important than 
symmetry or antisymmetry in the electrons in determining whether two 
hydrogen atoms will attract or repel each other. These symmetric 
properties will be further discussed in Sec. 9, where the rotation and 
vibration of nuclei and their spins will be included. 

The second-order approximation in the solution of the wave equation 
will take account of the polarization forces between atoms and probably 
will lead to a slight attraction at large distances, that is, to the Van 
der Waals attraction between atoms and molecules, even in the case of 
the antisymmetric solution. This will be of importance in the case of 
readily deformable atoms. 

9. THE SYMMETRY PROPERTIES OF DIATOMIC MOLECULES 

In the preceding sections we have considered the symmetry properties 
of the wave functions of H 2 and H 2 + assuming that the nuclei are station- 
ary. In this section we shall discuss the problem for molecules containing 
many electrons and having like or unlike nuclei which are assumed to be 
rotating in three dimensions, and vibrating relative to each other. The 
facts presented are due principally to Hund, 2 Kronig, 3 and Wigner and 

1 Phys. Rev., 33, 512 (1929). 

2 Z. Physik, 42, 93 (1927). 

2 Z. Physik, 46, 814; 60, 347 (1928). 
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shall follow the general ‘mathematical method of 


Witmer; 1 

^The Cartesian coordinates of the electrons of the molecule with 
reference to fixed axes will be taken as x u y i, Zi, . . . x n , y n , *« • • • 
and those of the nuclei as X u F, X* F, and F The potential 
energy obviously does not depend on the position or onentationof^the 

molecule in space. By introducing the reduced mass, y = 
and fixing the position of one nucleus relative to the other by the 
coordinates X, Y, Z, where X = Xi - Xz, Y = Yi - Y%,Z Zi Z 2 , 
the translation of the center of mass is eliminated from the problem in 
the usual way. The coordinates of the nuclei are given by the equations, 

Mz - Tr Mi 


Xi = X, 


r,X t =-X- r 


” Mi + Mz 

similar relations hold for the Y- and ^-coordinates. The wave equation 
for the internal degrees of freedom is then 


I - X A * ^ $ v ^ 

\m ‘ 7 M n 

where-An is the Laplacian operator for the nth electron and equals 

d 2 , d 2 , d 2 ls Jl _l 4r, + and E is the Ei e en_ 

x— 2 + &T 2 + An Q 9X2 dY dZ 

wert. Three other coordinates can be eliminated from the potential 
energy by referring the electrons to a frame of coordinates X , Y 
Z', described relative to the fixed axes by the Eulenan angles 9, <p, 
and x Without loss of generality we take the ^ -axis as the line of nuclei 
so that X' = 0 F = 0, and Z' = R, the distance between the nuclei, 
and the Z'-axis so that the first electron lies in the Z'X' plane and has 
its x\ coordinate greater than zero; the coordinates of the first electron 
in the X f Y ! Z r system are therefore Xi , 0, The Eulenan angles 
are then defined as in Chap. XII, Fig. 30. (x is used instead of * to 
avoid confusion with the symbol for the wave function.) To secure the 
wave equation in the new coordinates it is only necessary to transform 
equation (93) from the coordinates, x h y h Si, ■ . . x*, 2/«> 2 », • - • x > 
Y, an d Z to the coordinates xi, Zi , . . . %n, Un, Zn R, 9, <f> 

The potential energy may be regarded as consisting of three terms, 
the potential energy of electrons and nuclei, the mutual potential energy 
of the electrons and the mutual potential energy of the nuclei; these 
may be designated V SN , V ES and 7™ respectively. The first of these 

is ’ =~ y [— + — V 

X-i 1 r*i r„ 2 


^ = 0, 


(93) 


EN 


1Z. Physik , 61, 859 (1928). 
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where r»i and r n2 are the distances of the nth electron from the first and 
second nuclei, respectively, and are given by the relations, 


and 


r n i = + y n ' 2 + 

= [ x n ' 2 + y n ' 2 + 


[Zn' ~ R 

(zn + R 


M 2 

Mi + M 

M 1 

Mi + M 



This potential energy function has the important property to be used 
in the following discussion that it is unchanged by a change of signs of 
all the z”s, if, and only if, both the charges and masses of the nuclei are the 
same: it does not change in any case if the signs of all the a/’s or y” s are 
changed. The second term is 



where r nm is the distance between the nth and mth electrons and is 
r nn = [(*»' - x m 'Y + (: y n ' - yjy + (zf - zj) 2 f\ 

This term does not change if the signs of all the a?' J s or y n s or z n s are 
changed. Finally, 

rr Z t Z 2 e 2 
y nn = — — • 

Thus 

7 = V(Zx',Zi', • • * Xn, Un J 2n, • * • R), ( 94 ) 

and is unchanged by a change of sign of any of these variables except 
the z n s, and it is unchanged by a change of sign of all the z n s, if, and only 
if, the charges and masses of the nuclei are the same. 

The Laplacian operator for the electrons and nuclei can be calculated 
in the new coordinates by means of the transformation equations, 
x = a;' (cos <p cos x ~ cos 9 sin <p sin x) 


— y'( sin <p cos x + cos 9 cos <p sin x) + s' sin 6 sin x, 
y = a/ (cos <p sin x + cos 0 sin <p cos x) 

— y'{ sin <p sin x — cos 9 cos <p cos x) — s' sin 9 cos x> 

z = x' sin 9 sin <p + y f sin 9 cos <p + z r cos 9. (95) 


In these equations x, y ) z, and x f , y', z r may represent the coordinates 
of the electrons in the fixed and moving coordinates respectively or x, y } z, 
and z f may represent X, F, Z and Z f of the nuclei; X', F', and y% 
equal zero, and do not appear in these equations, so that there are as many 
equations as either new or old coordinates. This is an involved cal- 
culation which will not be given here. The resulting equation may be 
written, 


(ff o + H 1 + H 2 - E)* = 0, 


(96) 
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where 

H o = ^5 | y', z', <p,R) + - MR) 1 + V(x>, y\ z', R), (96a) ' 

m M j 

<96I>) 

H * = ib* y '’ z ' y e ’ <p,> x) ' ( 96c ) 

Ho is the Hamiltonian operator for the case of non-rotating nuclei 
in the coordinates x', y’, z 1 , <p, and R, Hi is the operator for the rotation 
of the nuclei, H 2 is the “cross product" operator which includes the 
Coriolis and centrifugal forces, and E is the Eigenwert. A(x', y', z’ , <p, R) 
is an operator, which contains the x n s, y” s, z" s and first and second 
partial derivatives with respect to them, the first and second partial 
derivatives with respect to <p but not itself, and R but no partial deriva- 
tives with respect to it; it is invariant to a simultaneous change in sign 
of <p and all the y” s with the other variables unchanged, and also to a 
change in sign of all the z"s with the other variables unchanged. The 
change in sign of <p and the y” s is equivalent to reversing the sign of 
“rotation” of the electrons, the change in sign of the y” s being necessary 
in order that the electrons “rotate” in the same order so that there is no 
change except in the sign of ‘ ‘ rotation . ” MR) is the differential operator 

for the vibration of the nuclei and equals ^ A(0, <p, x) 

is the differential operator of equation (54) with the term containing A/C 
omitted. 

If we neglect H s , we can assume two solutions of equation (96), i.e., 

= /x« y', z', R)Qj\m exp i(\ip + mx), (97a) 

f 2 = y', z', R)Qi-\ m exp i( -\<p + mx), (975) 

where /x and /_x are functions of the coordinates indicated and the 
electronic, vibrational and rotational quantum numbers; e 3 xm( 0 ) 
exp i(A<p + mx) is the function of 9, <p, j, X and m given in equation (64) ; 
and ©j— xm (6) exp i(-\<p + mx) is the same function with the sign of X 
changed. Substituting equations (97a) and (97 b) in equation (96) and 
neglecting H 2 , we find that /x and /_x satisfy the equations, 

{^ A( < V’> ± X ’ R) + i A(i2) + % E ~ 8xW (i0 ' + 1} " V) ” 

V(x',y',z',R) j-/±x(s',y', z', R) = 0, (98) 

and that e,-\ m (0) and 6,-xJM) satisfy the equations, 

{A(0, ±X, m) + j(j + 1) —X 2 } • 0j±x»»(0) = 0- (99) 

In these equations, (98) and (99), A (a/, y\ z', X, R) and A (0, X, m) are 
respectively the operators A(x', y' , z' , ip, R) and A (6, <p, x) with d/d<p, 
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3 2 /3<p 2 , d/dx, and d 2 /c>x 2 replaced by Ik, — X 2 , im, and —to 2 , respectively, 
and A(x', y', z', — X, R) and A(0, —X, to) are these operators with the 
sign of X changed. j(j + 1) — X 2 is a separation constant and is the 
Eigenwert of equation (99). We take as the unperturbed wave functions 
two linear orthogonal combinations of the solutions, ft and ft, namely, 

ft = Pi [f\(x',y', z', R)6p, m (d) exp i(\<p + mx) + y', z', R) 

exp i{ -\<p + mx)], (100a) 

and 

in = fti [MM, y', z', R)Oj\ n (6) exp i(\<p + mx) - /-xOft y' , z' , R) 

0,'_ Xm (0) exp i( -kip + mx)]; (1006) 

the ft and fti are normalizing constants. The energy values for ft 
and in are equal, if the Coriolis and centrifugal forces are neglected, 
but this degeneracy is removed when these are included. The inclusion 
of H 2 in the wave equation is now taken care ol by the usual perturbation 
methods (Sec. 2) ; the characteristic energies of ft and in are no longer 
the same, if X 0, and this causes the appearance of the X-type doubling. 1 
Each of these functions still has the (2 j + l)-fold space degeneracy 
which can be removed by a perturbing external electric or magnetic 
field. 

There are two transformations of coordinates for which the wave 
equation (96) is invariant and therefore for which the functions ft and ft i 
either remain unchanged or change only their signs. The first applies 
only to molecules with, like nuclei and the transformation consists only 
in interchanging the nuclei. This transformation can be defined by the 
equations, _ 

x =x', y = —y', z — —z’, R = R, 

6 = T — 6 , Ip = TV — ip , X =7r + X- * (101) 

By following the transformation by means of Fig. 30, Chap. XII, or 
by substituting in equation (95) the reader can easily verify for himself 
that the effect is only to interchange the nuclei and leave every electron 
at its original position. A wave function is said d to be antisymmetric or 
symmetric in the nuclei, if it, respectively, does or does not change its sign 
in this transformation. The differential operator of equation (98) is 
invariant to this transformation and the potential energy is also invariant, 
if the nuclei have equal charges and masses and, therefore, in this case, 
f\(x', y', z', R) = pf\(x', y', —z!, R), p = ±1. (102) 

If p = +1, the median plane, z i = z 2 = • ■ • z„ = 0, is not a node, 
while if p = — 1, this plane is a node. 

In addition we have the relation, 

U(x', y', z', R) = Mx', -y', z' , R), (103a) 

1 See Kronig, loc. tit .; Van Vlecic, Phys. Rev., 33 , 467 ( 1929 ); Muelikion, Phys , 
Rev., 33 , 507 ( 1929 ). 
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which can be proven as follows. Substituting —y' for y' inequation (98), i 

using the positive sign for X throughout and remembering that 

A(x', -y', z', R) = A(x', y', z', X, R), 
or 

AO', y r , z', -X, R) = AO', ~y', z', \ R), 
and also that 1 

70 ', ~y'> R) = 70 ', y', z', R), 

we obtain the equation, 

jiib'. -x, ® + 0®) + y (#(,+ «-*■)- , 

70', y', z', R) | • /xO', -y', z', R) = o. 

The operator of this equation is that of equation (98) using — X and thus 
- y s', 22) can differ from /_x(rc', y f , z\ R) only by an arbitrary 
constant factor which can be chosen as 1 so that equation (103a) follows. 

In the special case that X = 0, this arbitrary constant must be either \ 

+ 1, or —1, so that 

/oO', y', z', R) = ±/oO', -y', Z r , R), (1036) 

for otherwise there would be two functions fa and fai for only one . 

characteristic energy value. Either fa or fax is zero, if the negative or 
positive sign, respectively, of equation (1036) applies. Further 

exp iX(7f - <p) = ( — l) x exp i\<p, (104a) 

exp im(j + %) = ( — l) m exp imx, (1046) 

which can readily be seen and 

0ixm(7r- 6) = ( _i),-x-«.0._ Xm ( 0 ), (104c) 

which is easily proven to be true by direct substitution of r — 0 for 9 
and — X for X in the expression for 0 from Sec. 6. It is now evident 
that fa is symmetric or antisymmetric in the nuclei, if 

(— l) y = 1 or —1, respectively, (105) ) 

and fax is symmetric or antisymmetric in the nuclei, if 

/3 (— 1 )j+> = l or —1, respectively. (106) 

Thus, as j increases, the levels are alternately symmetric and anti- 
symmetric in the case of either ipi or fax and for a X-type doublet 
(X 5^ 0) with a given value of j, one of the levels is symmetric and the ■ 

other antisymmetric. These results were first derived by Hund. 1 

In addition to being invariant to the transformation equations (101) 
the wave equation (96) is invariant to another transformation of coordi- 
nates regardless of whether the nuclei are like or unlike. This trans- 
formation is defined by the equations, 

x = x', y - -y\ z = z',R = R, 

6 = 7r — 6, Ip => ’far — <p, x = ir + X, 


1 Loo. c it. 


( 107 ) 
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and the reader can readily verify, as before, that this transformation 
amounts to a reflection of all electrons and nuclei in the origin of coordi- 
nates, i.e.j the center of mass. Wigner and Witmer 1 have designated 
the wave functions which do or do not change sign in this transformation 
as negative or positive respectively. Using the same methods as before, 
we find that \pi is negative or positive, if 

. (— iy~ x = —1 or +1, respectively, (108) 

and i/'n is negative or positive, if 

(■— l)/-A+i = —1 or +1, respectively. (109) 

To secure the possible types of energy levels it is only necessary 
to give 13 and the quantum numbers their possible values and substitute 
these in equations (105), (106), (108), and (109). In particular, if 


Un/jke Nuclei Like Nuclei 



Fig. 8. — The terms antisymmetric in the nuclei are underlined, while symmetric 
terms are not. Positive and negative terms are indicated by X and |, respectively. The 
subscripts + and — at the right refer to the sign of /?. 

X = 0, either \[/i or is zero, depending on whether the + or — sign 
of equation (1036), respectively, is to be used and either equations (106) 
and (109), or equations (105) and (108) give the possible types of levels. 
If \pi is not zero, the rotational levels with even j are the positive levels 
and if is not zero, the rotational levels with even j are negative 
levels. These two types of states have been called the 0 and 0 ; states 
or the 2) and 2' states, respectively, by Wigner and Witmer. The 
possible types of levels are shown in Fig. 8. 

In the case of molecules with like nuclei, the interchange of the 
nuclei does not change the positions of the electrons, so that x, y , and z 
and thus the components of the electric moment, P x =? Xex, P y = 2ey, 
and P z = 2ez do not change sign in the transformation of equation (101) 
and therefore, taking P x as an example, 

iPx'Pn^mdv, 


1 Z. Physik, 61, 859 (1928). 


( 110 ) 
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is zero unless and \p m are either both symmetric or both antisymmetric 
in the nuclei. Otherwise, if the product of \p n and \p m is positive in one 
element of volume, there is another element of volume in which the 
product is equal in magnitude, but opposite in sign to the product in 
the first element of volume and when the integration is extended over all 
space the result will be zero. Thus only symmetric states combine 
with symmetric states and antisymmetric states with antisymmetric 
states with the emission of light. Further this rule should hold in col- 
lision processes. Any perturbing potential due for example to collisions 
with other molecules or the walls of the vessels must be symmetric with 
respect to an' interchange of the nuclei. Letting P be this perturbing 
potential, the integral fP^n^^dv will be zero unless and are either 
both symmetric or both antisymmetric in the nuclei. This conclusion is 
also in agreement with the experimental facts (Chap. XII, Sec. 22). 

The integral of equation (110) is zero, if the two wave functions are 
either both positive or both negative, x , y , and 3 and therefore P xy 
P V} and P z change sign in the transformation of equation (107). It is 
necessary, therefore, that either or \p m of equation (110), but not both, 
shall change sign in this transformation, if the integral over all space 
is to be greater than zero. Thus negative terms combine with positive 
terms or vice versa. This rule is obeyed very well by known band 
systems. The Qu is and Q 2A2 b branches of OH described in Chap. XII, 
Sec. 21 are exceptions to this rule perhaps due to its breakdown by the 
electric fields present in a discharge tube. 

So far, we have considered the case of singlet systems only, that is, 
the resultant spin of the electrons is assumed to be zero. If the electron 
spin is not zero, it is necessary to differentiate between Hund’s cases 
a and b (Chap. XII, Sec. 16). (We shall not discuss Hund’s other 
cases, since these occur rather seldom.) In case b the electron spin is 
oriented relative to the ft, which replaces the j of the preceding para- 
graphs. The spin does not change the symmetry properties of the mole- 
cule nor the rules governing the intercombinations of symmetric and 
antisymmetric, or positive and negative states. The effect is to split 
each of the levels shown in Fig. 8 into a multiplet; if s = each level 
splits into two of like symmetrical properties which have the same ft, 
but f s differing by one, and if s = 1, into three of like symmetry prop- 
erties with the same ft value, etc. This splitting is due to the small 
coupling energy between the magnetic moment of the electron and that 
due to the rotation of the molecule. 

2 states belong to case b, but, if X ^ 0, the states may belong to 
either case b already discussed" or to case a. The correlation of case a 
and case b states, when s = J4, has been given in Chap. XII, Sec. 16 
and Fig. 20. Hund 1 and Yan Vleck 2 have carried through this correlation 

1 Loc. cit. 

2 Phys. Rev., 33, 467 (1929). 
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of the case a doublets for both normal and inverted doublet levels. If we 
imagine a coupling force between s and X which decreases to zero and 
then changes sign, it is possible to carry the normal doublets over into the 
inverted doublets adiabatically. Throughout this change, the symmetry 
properties relative to both the transformations of equations (101) and 
(107) do not change; the terms remain symmetric or antisymmetric, 
positive or negative, and the selection rules applying to combinations 
between these types of terms are exactly as stated above. 

10. THE ROTATIONAL STATES OF H 2 AND He 2 

The electrons of H 2 in its normal state are symmetric in the electron 
coordinates and antisymmetric in the electron spins so that the electron 
wave function is antisymmetric in the electrons including the spin 
just as in the case of the normal helium atom. The normal non-rotating 
hydrogen molecule is symmetric in the nuclei since there is no “ hyperbolic 5 ’ 
node and thus /3 of equation (102) is equal to 1; also X is zero and the 
character of the rotational states shows that the positive sign of equation 
(1036) must be used, i.e ., the state is a 2) state and not a 2' state. There- 
fore according to equation (105) the rotational states are symmetric, 
if j = 0,2,4, • • • and antisymmetric, if j — 1 , 3, 5, * • * . In addition, 
it is necessary to consider the proton spins, whose wave functions are 
entirely similar to those for the electron spins considered in Sec. 3; 
there are three symmetric and one antisymmetric nuclear spin functions 
with energies which are very nearly equal. We have the rule that only 
the wave functions completely antisymmetric in the protons including 
the spins occur in nature- Then's for j = 0,2,4, • * • must be multiplied 
by the antisymmetric spin function and the ^’s for j = 1, 3, 5’ • * • by 
the three symmetric spin functions to secure wave functions which are 
completely antisymmetric in the nuclei. Thus the levels with odd j 
will have three times the probability of those with even j so that the a priori 
probabilities of the states are 2 j + 1, if j = 0, 2, 4, * * • and 3(2 j + 1), 
if j = 1, 3, 5, * • • . These a priori probabilities of the steady states 
are in agreement with the heat capacity of hydrogen (Chap. XII, Sec. 22). 

A similar application of the rules for symmetric and antisymmetric 
levels and for positive and negative levels to the higher states of the H 2 
molecule gives exactly the arrangement of levels illustrated, for example, 
in Chap. XII, Fig. 28. Since the symmetric levels have only one-third 
the probability of the antisymmetric levels both in the initial and final 
electronic states, the intensities of the lines emitted in transitions between 
them are less than those of lines due to combinations between the anti- 
symmetric states. This accounts for the alternating intensities of these 
bands. Similar alternating intensities observed in other molecules 
with like nuclei are due to the presence of nuclear spins. Kronig 1 

1 Naturwis. 16, 335 (1928), 
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concludes that the nitrogen nucleus has 1 unit of spin from the fact 
that the relative a priori probabilities of the two sets of states are in the 
ratio of 1 to 2, The intensity data on chlorine (C1 36 -C1 35 ) show 
that the relative a priori probabilities are approximately 1.4:1, while 
the C1 37 -C1 35 bands do not show alternating intensities. 1 Fluorine 2 
probably has alternate levels with a priori probabilities of (2 j + 1) and 
3(2 j +1). If so, the F nucleus has a spin of Yi unit. 

That the helium nucleus has no spin, is proved by the entire absence 
of one set of rotational levels of He2. Without knowing more about 
the nuclear wave function, we cannot say whether it is the states with 
wave functions symmetric in the nuclei or antisymmetric in the nuclei 
which are present. Alternate lines of the bands of the O2 molecule 
consisting of two atoms of mass 16 are also entirely absent, but all the lines 
are present in the bands of the 0 2 molecule consisting of one atom of mass 
16 and another of mass 17. 3 In this case the nuclei have the same charges, 
and different masses, and thus the potential energy of equation (94) 
changes with the change in sign of the z n s and the wave function changes 
in other ways than sign in the transformation of equation (101). For this 
reason all states of the O16-O17 molecule exist in nature. 

1 Elliott, Proc. Roy . Soc. 123 , 629 (1929). 

2 Gale and Monk, Phys. Rev., 33, 114 (1929). 

3 Giauque and Johnston, J. A. C. S ., 51, 1436 (1929). 



CHAPTER XX 


SPECTRAL INTENSITIES 

Part I. Intensities in Line Spectra 

1. INTRODUCTORY 

The study of the relative intensities of spectral lines entered on a 
new stage of development in 1924, and interest in the subject has grown 
very rapidly since that time. It had been known for many years that 
the ratio of intensities of the D-lines of sodium is 2:1 under conditions 
where they are not self-reversed. In 1923 and 1924, Dorgelo 1 measured 
the intensities of a number of lines, mostly in the spectra of metals 
of the first and second groups, using the methods of photographic photom- 
etry, and showed conclusively that the intensities of lines belonging 
to the same multiplet often stand in the ratio of simple integers. Since 
that time the subject has been actively investigated by Ornstein and 
Burger and their colleagues at the University of Utrecht, and by a number 
of other investigators as well. Formulas have been obtained which 
give the relative intensities of the lines in a normal multiplet as a function 
of the initial and final quantum numbers of the emitting atom. Further 
it has been shown that integral intensity ratios are encountered in Zeeman 
patterns, and formulas which accurately represent these intensities are 
known. Duane and Siegbahn and others have studied intensity laws in 
X-ray line spectra, with the result that in a general way the intensities 
follow the theoretical formulas developed for optical line spectra. 

Before describing experimental results, it will be well to study the 
factors on which the intensity of a spectral line depends. Consider 
an assembly of N atoms of which N i are in the lowest quantum state, 
iV 2 in the second, etc., and let A nm and B nm be the probabilities of spon- 
taneous and forced transitions, respectively, from the ^th to the mth 
state, p being the density of radiation per unit interval of frequency 
at the frequency v. The increase of the energy of the radiation field in 
time A£, due to transitions from n to m, is assumed to be 

A Bnm ^ [Anta ”*{~ fJxvAt. (1) 

Similarly, the loss of energy due to absorption processes in which an atom 
passes from m to n is assumed to be 

— A E mn = B mn pN m hvAt . 2 (2) 

1 Z. Phyaik, 13, 206 (1923); 22, 170 (1924). 

2 These assumptions were recently called in question by Schrddinger on the basis 
of the expression for the average ^-coordinate of an electron given in equation (82) of 
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In the infra-red region the second term in equation (1) may be com- 
parable with the first, but in the visible and ultra-violet regions, the 
second term is negligible, under the conditions usually encountered in 
terrestrial sources. However, this term cannot be neglected when we 
deal with sources at the high temperatures encountered in astrophysics. 
In the remainder of this chapter we shall suppose that the Bp term can be 
neglected. The quantities (1) and (2) are proportional to the measured 
intensities of emission and absorption lines, provided that self-reversal 
does not occur, and so we are chiefly interested in the relative values 
of AnmNnhv , or of BmnpNmhv. Now the value of p depends on the 
conditions of the experiment, and as we showed in Chap. Ill, Sec. 4, 


Anm &7rTlV^ * 

Bnm (P (]m 



(3) 


where g n and g m are the statistical weights of the levels n and m, respec- 
tively. By using these relations, absorption measurements can be 
connected with measurements of intensities in emission. Only a small 
fraction of the lines in any spectrum can be studied in absorption, and 
we shall be mainly occupied with the relative values of AnmNnhv for 
various spectral lines. Now, in accordance with equation (30) of Chap. 
VI and Chap. XVII, Sec. 10, we have 

A n Jiv = ^-P 2 (nm), (4) 


where P 2 (nm) is the nm element of the matrix representing the square ot 
the electric moment. In order to arrive at relative experimental values 
of P 2 (nm) for comparison with the results of theory, the factor v A must 
be taken into account. In the case of narrow multiplets this correction 
may be omitted. It is quite customarily used in discussing results for 


Chap. XVI, Sec. 16. On multiplying this expression by the electronic charge we 
have a quantity which Schrodinger interpreted as the electric moment corresponding 
to the if/ distribution there considered. If this interpretation were correct then the 
intensity of the radiation emitted in transitions from the nth to the mth state would 
be proportional to c n c n *c m c m *. On the statistical interpretation c n c n * is proportional 
to the population of the nth state, and c m c m * to that of the mth state, so the inten- 
sity should be proportional to the product of these populations. When this hypothe- 
sis was put forth there was no clear cut experiment which could decide the question. 
Ordinarily, the number of atoms removed from the lowest state by excitation processes 
is only a small fraction of the total number and so the population of the lower state 
may be treated as constant. 

If this interpretation were correct, the relative intensity of two lines arising from 
the same higher level should change if we alter the relative populations of the lower 
levels; furthermore, the change in the relative intensities should be the same as that 
of the relative populations. This has been subjected to experimental test by Gaviola, 
(Nature, 122, 772 (1928)), using a fluorescence method. His work shows conclusively 
that the population of the final state ha§ np influence on the intensity of a spectral line, 
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lines which are widely separated, although it is known that this correction 
is not always valid (Sec. 3). In what follows, we shall ordinarily assume 
that the v A correction has been made. It remains to consider the relative 
populations of the initial levels. There are two especially simple cases in 
which the populations are definitely known. First, if the atoms are in 
thermal equilibrium, we have 

3V» g n exp (— E n /kT) 

N m g m exp {—E m /kT) 


This case is realized when we are dealing with furnace spectra of atoms 
and with the rotational states of molecules. Second, if the excitation is 
sufficiently chaotic, as in the case of certain arcs and sparks where atoms 
in all states and electrons having a wide range of velocities are present, 
we have, 

N n g 7t 

m bn 


( 6 ) 


Ordinarily, an attempt is made to arrange the experimental conditions so 
that equation (6) is satisfied, and, if this is the case, the intensity is 
determined by the product 


that is, 


Inm — g nA nm hv j 
In»« g n v*P\nm). 


(7) 

(7a) 


2. THE SUM RULE OF H. C. BURGER AND DORGELO 

The following rule was proposed by H. C. Burger and Dorgelo 1 
for the case of narrow multiplets: 

The sum of the intensities of all lines of a multiplet which come from a 
given initial level is proportional to the quantum weight of that level; and 
the sum of the intensities of all lines of a multiplet which end on a given 
final level is proportional to the weight of that level. 

Let us apply the second part of this rule to the sodium Z)-lines. Here 
there is only one line arising from each of the initial levels 2 i Py i and 
2 2 fV„ and the rule states that the ratio of their intensities must be the 
ratio of the weights of these states. The weight of a state of quantum 
number j is 2 j + 1, and so the intensity ratio should be 2:4, which 
agrees with experiment. Similarly, the first part of the sum rule applies 
to the sharp series doublets of the alkalies, and predicts that their 
intensities will also be in the ratio 2 : 4. Measurements by Dorgelo on the 
carbon arc spectra of these metals show that the predictions of the sum 
rule are well verified for certain sharp series doublets. Some typical 
data are given below. Where several values of the intensity ratios 
are given, they correspond to different sets of experiments. 

> Z. Physik, 23, 25S (1924). 
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Element 

Lines 

Classification 

Observed intensity 
ratio 

Na 

f 6,160-6, 154 

2 2 P-3 2 $ 

100:49 


1 6,160-6,154 

2 2 P-3 2 $ 

100:50 


5,802-5,782 

2 2 P-5 2 £ 

100:49-54 

K. 

5,802-5,782 

2 2 P-5 2 $ 

100:48-52 


[ 5,802-5,782 

2 2 P-5 2 $ 

100:52-55 

K 

5,339-5,323 

2 2 P-6 2 $ 

100:47 


It would appear from these data that the intensity ratio of a subordinate 
series doublet or triplet is independent of the initial level. Further, 
it is well recognized that the intensity ratio is 2: 1 for the first principal 
series doublets of the alkalis. However, several investigators have 
found deviations from the predicted ratio for the higher members of these 
principal series. Recently, the whole subject has been reinvestigated by 
Sambursky. 1 His results refer to the four elements Na, K, Rb, and Cs. 
The data for Rb and Cs cover a larger number of lines than those for 
Na and K. They show that the ratio has the value two for the first 
series member, in agreement with previous work, rises to a maximum of 
25 at the doublet 1 2 >S-6 2 P in the case of cesium and to the value 
5 for 1 2 S-6 2 P in the case of rubidium. After this it falls again. It 
appears, then, that the sum rule must be considered as an approximation 
even in the simple cases considered here. In the sections which follow, 
we shall encounter other instances in which it is not valid, but on the 
whole it is a useful guide. Its range of validity is somewhat similar 
to that of LandPs g formula, that is, it applies chiefly to normal multiplet 
spectra. 

Dorgelo has found that the sum rule is approximately obeyed by the 
sharp series triplets of Mg, Ca, Zn, and Cd. For these triplets the 
intensities should be in the ratios 5:3: 1. Further, the theoretical ratios 
8: 6:4 and 10: 8: 6 are verified for certain triplets in the sextet and octet 
systems of manganese. 

Taylor 2 has examined the potassium doublet 1£-3.D, which contains 
the forbidden line I 2 8j4-3 2 Z)$$, using several different sources. In a 
carbon arc which was packed with a mixture of carbon and potassium 
carbonate, the ratio of intensities at low carbonate concentrations 
approximated to %, in good agreement with the sum rule. He made 
further experiments on the way in which the intensity of the forbidden 
lines increases with rising current and vapor density. He state's that the 
results are in accord with the hypothesis that the forbidden lines are 
brought out by the action of ionic electric fields. However, the evidence 
for this is purely qualitative-. 

1 Z. Physik, 49 , 731 (1928). 

*Phil. Mag., 5, 166 (1928k 
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The real usefulness of the rule is better shown when we consider the 
composite doublets of the diffuse series. Table 1 refers to these doublets. 
The final levels are marked at the left and the initial levels at the top, 
while a letter to represent the intensity of each line is inserted at the 
appropriate place in the body of the table. 


Table 1 


1 


2 2 Dl4 


2 1 

a 

b 

4 

2 *P W 

0 

c 

2 


1 6 

4 

I 


Since the transition 2 2 P Vl -2 2 D ii is forbidden, we write zero for the 
intensity of this line. To find the intensities of the other three lines, 
we have the following conditions: The sum of the lines coming from 
2 is to the sum of the lines coining from 2 2 D y , as 6 is to 4, or 

a __ 6 

?T+~c ~ i’ 


and likewise, 


a +J> 4 

c 2 


so that a/c = 9/5, b/c = 1/5. Since the scale on which our results are 
expressed is immaterial, we take a = 9, b = 1, and c = 5. This result 
was subjected to experimental test by Dorgelo. 1 The means of his values 
for the cesium lines 6,212, 6,217, and 6,010 are in the ratios 9: 1.17: 5.05. 

In cases where the sum rule is obeyed, we can draw certain conclusions 
as to the transition probabilities. Considering an emission process, let 
j and j' be the inner numbers of the initial and final states, respectively. 
The sum of the intensities of the three lines emitted in transitions from j 
t 0 + i, j, and j - 1 is proportional to g h according to the sum rule. 
If A is the factor of proportionality, we have 

gjAjj-i + g,Aj,j + dAi, /+i = 

or ‘ 

^ Aj,f — A ; (8) 

and similarly, the second part of the rule leads to the relation, 

X ffi'Aj,]' = (Ji’A', (9) 

j + 1 

A' being independent of j'. This equation may be rewritten in the form, 

X Bj,r = B, (10) 

j — 1 

where B is independent of j', by making use of the relation, 


Aj,? — 


8 Trhv^n 


(ID 


i PhysiL Z., 26 , 766 (1925). 
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3. INTENSITY RATIOS IN NORMAL MULTIPLETS 

In general, the sum rule does not suffice to give us the intensity 
ratios of the lines in a normal multiplet. Before the discover^ of the 
new mechanics, the correct formulas for multiplet intensities were found 
with the aid of the correspondence principle, by Kronig, 1 Russell, 2 
and Sommerfeld and Honl. 3 The model used by these investigators was 
the simple vector model considered in Chap. VI, Sec. 6 and in Chap. X. 
A charge characterized by the quantum numbers l and $ moves in a plane 
orbit with frequency a >£, and the normal to the orbital plane precesses 
around the resultant j of l and s, with frequency co 3 \ The direction of j 
may be taken as the 2 -axis, and for our present purpose the orbit may be 
supposed circular, as seen by an observer rotating with the orbital plane. 
We resolve the circular motion into a linear oscillation parallel to the 
2 -axis and two circular oscillations in opposite senses in the xy plane. 
The amplitudes of these oscillations are obtained by calculations of 
the kind employed in our study of the Zeeman effect on the basis of the 
classical theory (Chap. V, Sec. 10 ). We shall briefly recapitulate the 
results, adapting the notation to the present problem. First, consider 
the motion parallel to the 2 -axis. If C is the amplitude of the circular 
motion in the orbital plane, and 6 is the angle between l £nd j, the ampli- 
tude of tho oscillation parallel to the 2 -axis is C sin d and its frequency 
is Since does not occur in the frequency of this oscillation, the 
corresponding transitions should obey the rules A l — ±1, Aj — 0. In 
similar fashion we find that the frequencies co z ± and ? -co z ± ^ are 
present in the motion in the xy plane. The corresponding transitions 
obey the selection rules Al = ±1, Aj=±l. The intensities Z +lj ' 
1 O’ and T ~ l of the harmonics corresponding to the various transitions 
are proportional to the entries in the following table: 


AL = +1 

Z-floc /^(l + COS 0) 2 


7<i oc sin 2 6 
7-i oc J.£(i — cos d)‘ 


A j = +1 
Aj = 0 
Aj = — 1 

A simple sum rule is obeyed by these amplitudes. For given values 
of Al, and of l and s, the sum of the intensities belonging to the three 
possible values of Aj is independent of 6. Now, 


7+i“ M(1 — cos 0) 2 
7 0 o: sin 2 6 

7_i a 3^(1 -f cos 0) 2 (12) 


cos 6 


l 2 + j 2 


2 jl 


(13) 


and so this sum is independent of j, and the above mentioned sum rule 
is simply the sum rule of Burger and Dorgelo, Consider now a spectral 
line emitted m a transition from Z to l + Al, j to j + Aj. By virtue 


1 Z. Physih, 31, 885 (1925); 33, 261 (1925). 
2 Proc. Nat. Acad. Sd., 11, 314 and 322 (1925). 

7 rv v 7 7 , , N ' 


J — CIUU J . 

m 3 S ? tZ h r 'J?I , Preu t*' Akad ‘ der Wissenschaften, p. 141 (1925); see also Honl, Ann. 
Physik, 79, 273 (1926). 



704 SPECTRAL INTENSITIES [Chap. XX 

has measured more than thirty multiplets of Til and Till. All these 
authors demonstrated that the theoretical intensity ratios cannot usually 
be obtained unless precautions are taken to subordinate the effects of 
self-reversal. Harrison applied corrections to his data to eliminate 
intensity reductions due to this cause. His correction is based on the 
assumption that the amount of self-reversal in a line belonging to a narrow 
multiplet is proportional to its intensity. To give a better idea of the 
type of data obtained we reproduce the measurements of Frerichs for a 
quintet DD' multiplet of chromium, in Table 2. The wave length of 
each line is given in the body of the table with the calculated intensity 
below, as well as the average measured intensity, in parentheses. The 
intensity of the strongest line is arbitrarily set equal to 100. 


Tajble 2 


j 

8 D’ 

4 

3 

2 

1 

0 


4 

3,919.3 

100(100) 

3,941.6 

20.0(24.5) 




■ 

~3~ 

3,886,9 

20.0(23) 

3,908.9 

46.0(46) 

3,928.8 

26.7(32) 



5 D< 

2 

~ 


• 3,883.4 
26.7(36.5) 

3,903.1 

16.7 (about 19.5) 

3,921.2 

23.3(21) 






3,885.4 

23. 3( <27) 

3,903.3 

3.3 (about 3) 

3,916.4 

13.3(13.7) 


0 




3,894.2 

13.3(13.7) 



The line 3,885.4 is assigned the value <27, because a faint line is 
superposed on it; in the case of 3,903.1 and 3,903.3, only the sum of their 
intensities was measured. As far as agreement with the formulas is 
concerned, this multiplet is neither very bad nor very good. Much 
closer agreements are encountered in the data of Harrison. The extent 
to which the intensity formulas are verified may be judged from the 
following summary given by Harrison: . 

Of all the multiplets measured in Til, 58 per cent were found to obey the 
intensity formulas to well within 5 per cent, and evidence was obtained in favor- 
able cases which indicated that exact agreement could be expected when line 
separations were small. In Till, 62 per cent of the multiplets measured were 
normal. In Til, of the 42 per cent abnormal multiplets, 71 per cent of the lines 
were normal, while 16 per cent were abnormally weak and 13 per cent abnormally 
strong. For the ionized atom, of the 38 per cent abnormal multiplets, 61 per cent 
of the lines were normal, while 21 per cent were abnormally weak, and 18 per cent 
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abnormally strong. Of all the lines measured, 86 per cent appeared to obey the 
intensity formulas, while 7.6 per cent were too weak and 6.4 per cent were too 
strong. 

Harrison further states that in agreement with the results of Frerichs 
for selected multiplets of elements in the iron group, no certain correlation 
was found in titanium between departure from the intensity formulas and 
from Land4’s interval rule. When intercombination lines occur, the 
intensity rules considered in this section must be modified, and some 
departures from the intensity formulas can be explained on this basis. 
Another cause of departure, 'encountered in the case of wide multiplets, 
is the insufficiency of the v 4 correction. While Ornstein, Eymers, and 
Coelingh 1 found that this correction brings the sharp and subordinate 
series lines of the barium spark spectrum into exact agreement with the 
intensity formulas, it is far from valid for the sharp series resonance 
lines of thallium, at 5,350 and 3,776 A., according to measurements of 
Ornstein and H. C. Burger. 2 In still other cases, neither of these causes 
can be invoked, and it must be concluded that the intensity formulas 
are not suitable to describe the facts. 

4. INTENSITY RATIOS OF RELATED MULTIPLETS; INTERCOMBINATION 

LINES 

Consider all the lines which are emitted in a transition from n r , 
l' to n"j V'. These lines belong to systems of different multiplicities. 
They form several ordinary multiplets, and include a number of inter- 
combinations as well. We shall refer to such an aggregate of lines as a 
group of related multiplets. An extension of the sum rule which enables 
us to obtain a certain amount of information about the relative intensities 
of lines in related multiplets was. proposed by Ornstein and H. C. Burger, 3 
By way of example, we consider a group of multiplets of ionized oxygen 
studied by van Wijk. 4 The initial states are 2 P and 4 P and the final 
states are of the same character. In Table 3, we give the wave lengths 
©f all the lines which arise from the combinations of these levels, and 
which do not violate the selection principles. The wave lengths are 
accompanied by arbitrary symbols, used by van Wijk to identify the 
lines. In such an array, according to Ornstein and Burger, after applying 
the v A correction the sum of the intensities of all lines arising from a given 
initial level is proportional to its weight , and the sum of the intensities 
of all lines involving a given final level is proportional to its weight . In 
the example under consideration, there are no inter combination lines* 

1 Z, Physikj 40, 403 (1927). 

2 Reported by Oknstein, Physik , Z., 28, 688 (1927). 

3 Z. Physik , 40, 403 (1926). 

4 Z. Physik , 47, 622 (1928). 
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Table 3 



Final Levels 

‘‘P'A 

•p* 

“P Vl 


'P’A 


•p* 

3,954, d x 

3,983, d 2 




> 


3,945, d% 

3,973, d 4 




03 







la 

<P Vl 



4,326, 9i 

4,346, q% 


13 

4 P*A 



4,317, g 3 

4, 337, Qi 

4,367, </b 


*Pn 




4,320, q& 

4,349, q 7 


and this rule reduces to a statement of the sum rules for the doublet 
multiplet and the quartet multiplet, separately, together with additional 
relations which predict the relative intensities of the two multiplets. 
That is, the sum of the intensities in the first two columns, forming 
the doublet multiplet, should be proportional to the sum of the weights 
of 2 Pi/ 2 , and 2 P%, while the sum of the intensities of lines in the quartet 
multiplet should be proportional to the sum of the weights of 4 Py 2 , 
4 P H , and 4 P^. As a matter of fact, the intensity rules of Sec. 3 are 
fairly well obeyed within each multiplet, and the ratio of the total 
intensities of the multiplets, after applying the v 4 correction, was found 
to be 1.9 when the source was at 50 cm. pressure, and 2.1 when it was 
at 18 cm. The situation is more complicated when the intensity of the 
intercombination lines is appreciable, for in this case the intensity rules 
of Sec. 3 cannot be expected to hold within the individual multiplets. 
Ornstein and Burger have studied the diffuse series of mercury, where 
the intercombination lines occur with considerable intensity. Appli- 
cation of the extended sum, rule to the group of four lines near 3,650 
(2 3 P-3 3 D and 2 3 P-3 1 D) gave a result in excellent agreement with experi- 
ment. However, in the case of certain helium lines, definite failure of 
the rule was observed. Pauli 1 suggested on theoretical grounds that 
for triplet and singlet terms the ratio of intercombination lines to ordinary 
lines should be proportional to (hv/AvY, where 8v is the total separation 
of the outside terms of the triplet, and Av is the distance of the singlet 
term from the center of gravity of the triplet. This rule was tested by 
Ornstein and Burger for the first four diffuse series groups of mercury, 
with excellent results. However, the rule was not verified in another 
case which they studied. 

We now consider another type of generalization of the intensity 
rules. Kronig 2 has given formulas for the relative intensities of the 
three multiplets emitted in the transitions l to l + 1, l to Z, and l to l — 1, 

1 Geiger-Scheel Handbuch der Physik, Vol. 23, p. 255. 

2 Z. Physik , 33, 261 (1925). 
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when the azimuthal number of only one electron undergoes a change, the 
quantum numbers of the others being unaltered. The formulas are 
complicated and we shall not reproduce them here. In general, they 
predict that the intensities of multiplets belonging to a triad should 
be in the ratios of small integers. Harrison 1 has tested these formulas 
by measuring the relative intensities of titanium multiplets. By way 
of example, we consider a triad of multiplets arising in transitions from 
the co nfig uration ZdHp to the configuration 3d 3 4s, and designated 
by Harrison as Nos. 128, 172, and 209. They are of the types W-^G, 
sF- s F', and & F- & D. The wave-number separations are so large that 
we must consider not only the r 4 correction but also the Boltzmann 
factor, e~ hr/kT , of equation (5), in order to arrive at the squared amplitudes 
which occur in the intensity formulas. The effective temperature of the 
source must be known in order to obtain the Boltzmann factor. Harrison 
found that a temperature of about 10,000°K. gave the best agreement 
between theory and experiment for a number of multiplets. Assuming 
this value of the temperature, the relative squared amplitudes for the 
three multiplets under consideration were found to be 

89, 70, and 48 

while the values required by Kronig’s formulas are, 

90, 70, and 50. 

Indeed, these formulas are confirmed, at least qualitatively, in six of 
.the eight cases studied in which they apply, regardless of the assumed 
temperature of the source. 

6. INTENSITIES OF ZEEMAN-EFFECT COMPONENTS 

The classical theory of intensities in the Zeeman effect, based on the 
correspondence principle, is very similar to that in Sec. 3 . We consider 
an orbit which precesses around the lines of force with the velocity of the 
Larmor precession, and find the amplitudes of the various harmonics 
in the motion. The intensities of the transitions corresponding to these 
harmonics are indicated in the table, in which & is the angle between 
the lines of force and the normal to the orbit. 


A? = 

+1 

0 

~1 

Am — +1 

K(1 +COS 0) 2 

Yi sin 2 6 

H( 1 — COS 0) 2 

0 

H sin 2 9 

cos 2 6 

H sin 2 9 

-1 

Ha - cos oy 

Y sin 2 Q 

Ha + cos0) 2 (16) 


i J. O. S , A. and R. S. I., 18, 287 (1929): 
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If we write cos $ = m/j, where m is the magnetic quantum number 
for the initial state, these formulas give us intensity values which should 
be a rough measure of the actual intensities. Ornstein and Burger 1 
proposed the following sum rule for the transition probabilities in the 
Zeeman effect. Fixing our attention on a single multiplet line for which 
the initial inner quantum number is j, we consider all the transitions 
from a magnetic energy level with quantum number m. The sum of the 
probabilities for all these transitions is the same for all choices of m; and, 
similarly , the sum of the probabilities of all transitions ending on a magnetic 
level m, j, is the same for all choices of m. That is, 

A(m , j; m + 1, j*) + A(m, j ; m, j') + A(m f j ; m - 1, f) = 

C(j,j '), (17) 

A(m + 1, j; m, j') + A(m, j ; m, j') + A(m — 1, j; m, j') = 

D(j, i'). (IB) 

In these equations C(j,j '), and D(j, j') are independent of m, and j' 
can take any one of the values j + 1, j } or j — 1. *We can show by 
summing over all values of m that 

(2 j + 1 )C(f, j ) « (2 |f + l)D(i, /)• (19) 

Honl, 2 and Kronig and Goudsmit 3 solved the problem of obtaining 
exact expressions for the Zeeman-effect intensities by utilizing the 
following considerations. The expressions (16) suggest that the correct 
expressions should be quadratic functions of m. If this is assumed and if 
it is also required that the sum rule shall be valid and the Zeeman pattern, 
as a whole shall be unpolarized, we have just enough equations to deter- 
mine the intensity formulas. The results are as follows: 

A j = +1: 

Q/j j i 2) 

A(m, j ; m + 1, j + 1) = 2(j + l)(2j + 3) (j ~ + m + 2 )(i + m + 1), 

A (m, j ; m, j + 1) = + i). - m *), 

A (m, j ; m - 1 ,j + lj = ^ ~ ™ + 2)(j - m + 1). 

A j = 0: 

A(m, j; m + 1, j ) = ~ m)(j + m + 1), 

A(m, j; m, j ) = . 

A(m, j; m - 1, j ) = + m)(J - m + 1). , 

■ i Z. Physik, 29, 241 (1924). 

* Physik, 31, 340 (1925). 

3 Naturwis., 13, 90 (1925); also Kronig, Z. Physik , 31, 885 (1925). 
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Aj = -1: 

A{m, j; m + 1 , j - 1) = - l) (j ~ ~ m + 

A(m, j; m,j - 1) = - 

A(m,j; m - l,j - 1) = — -jy C? + U + m — 1). (22) 

The dependence of these formulas on m has been verified by Heisen- 
berg and Jordan 1 using matrix methods. The details of the computation 
will not be given here, since they have been conveniently summarized 
by Birtwistle. 2 The formulas have now been well confirmed for a 
number of lines in low fields. Ornstein, Burger, and van Geel 3 studied 
the first sharp triplet of zinc, and van Geel 4 extended the observations 
to systems of other multiplicities. His results for the triplet 2 3 P — 2 3 S 
of mag nesium are typical of the type of agreement which is obtained. 
The theoretical and measured intensities for the components of these 
three lines are given in the following list. Parallel components are 
enclosed in parentheses; the calculated intensity is written above the 
experimental value in each case. The results for the three lines are 
expressed on the same scale and the total intensities of the lines are in the 
ratios required by the sum rule. 

5,167 A.: 2 (4) 2 

23 (46) 23 

5,172 A.: 3 3 (6) (6) 3 3 

38 34 (75) (71) 38 33 

5,183 A. : 1 3 6 (6) (8) (6) 6 3 1 

? 37 76 (75) (100) (72) 76 37 ? 

Van Geel 5 has found that the intensity formulas hold true for the Zeeman 
effect of the intercombination line 2 3 P 2 - 3 1 D 2 of mercury, at 3,663.28 A. 
Further he has studied the intensities in the partial Paschen-Back effect 
of the first diffuse triplet of magnesium, 6 comparing the results with a 
theory worked out by Kramers, and independently by Miss Mensing. 7 

6. INTENSITIES IN THE SPECTRUM OF HYDROGEN 
The data presented up ; to this point are not suited for a test of the 
new mechanics, for deviations from the formulas might be blamed 
on the insufficiency of the model. A definite test can be made by 
studying intensity relations in the spectra of hydrogenic atoms. 

1 Z. Physik, 37 , 263 (1926). 

2 “The New Quantum Mechanics,” Chap. XV. 

*Z. Physik, 32 , 681 (1926). 

■*Z. Physik, 33 , 836 (1925). 

6 Z. Physik, 47 , 615 (1928). 

6 Z. Physik, 39 , 877 (1926). 

■’ Z. Physik, 39 , 24 (1926). 
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Numerous investigations of the Zeeman effect of hydrogen have 
shown that under suitable conditions of excitation the normal triplet 
is unpolarized and the two perpendicular components are of approxi- 
mately equal intensities. Since this result is predicted by the classical, 
theory, the correspondence principle, and the new mechanics as well, 
it is not adapted for distinguishing between these theories. However, 
the Stark-effect intensities are well suited for this purpose. The first 
estimates of intensities in the hydrogen Stark-effect patterns were made 
by Stark himself. 1 Kramers 2 compared these estimates with values 
calculated by the correspondence principle, obtaining a fair agreement, 
in general, although there were some striking discrepancies. The 
Stark-effect intensities of the first four Balmer lines have been computed 
on the new mechanics by Schrodinger 3 and by Epstein, 4 with results 
which are not in agreement. The method used by both these authors 
is to calculate the components of the polarization matrix in the way 
explained in Chap. XY, Sec. 17. The mathematical details of the two 
treatments are quite different. Schrodinger uses the wave functions 
given in equation (50) of Chap. XVI, while Epstein uses expressions 
involving hypergeOmetric functions. In both cases, the unperturbed 
wave functions are employed. It is stated by Sommerfeld 5 that W. 
Zimmermann 6 has reconsidered the problem, using wave functions which 
contain the first power of the field strength. His computations indicate 
a slight asymmetry of the intensity pattern, but this is too small to be 
observed at the field strengths used in the laboratory; aside from this, 
Zimmermann's results agree with those of Schrodinger. Tests of the 
theoretical intensities have been made by Foster and Chalk 7 and by 
Mark and Wierl. 8 Foster and Chalk used the Lo Surdo method while 
Mark and Wierl employed the light from a beam of canal rays, subjected 
to strong fields in the space behind the cathode of a discharge tube. 
The auxiliary field could be applied either parallel or perpendicular 
to the direction of the beam. By filling the space behind the cathode 
with nitrogen at low pressure, Mark and Wierl obtained patterns due 
only to the atoms in the canal-ray beam, while light coming from atoms 
at rest was obtained by filling this space with hydrogen and using nitrogen 
canal rays. Most of Foster's results are in strikingly good agreement 
with those of Schrodinger. With a few exceptions the same is true of the 
results obtained by Mark and Wierl when studying the parallel com- 

1 Ann . Physikj 48, 193 (1915). 

2 Det Kgl Danske Vidensk. Selsk. Skr., 3, 287 (1919). 

3 Ann. Physikj 80 , 437 (1926). 

*Phys. Rev., 28 , 695 (1926). 

6 “ Wellenmechanische Erganzungsband,” p. 193. 

6 Unpublished. 

7 Proc. Roy. Soc., 123 , 108 (1929). 

8 Naturwissenschaften 16 , 725 (1928); Z. Physik , 53 , 526 (1929). 
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ponents of Ha, H/3, and Hy from moving atoms, with the field 
perpendicular to the direction of motion. However, they showed 
conclusively that in the type of tube which they employed, the theory 
does not apply to the perpendicular components, as obtained from moving 
atoms which are excited by collisions, from resting atoms, or from moving 
atoms which are emitting spontaneously in a high vacuum (Abiding- 
leuchten). This is well shown by the parallel components of H/3, which 
lie at eight and ten times the quantum unit of frequency difference 
(Chap. V, Sec. 13 ). Schrodinger’s value for the ratio of their intensities 
is 1.06, while Foster and Chalk obtain 1.04. Mark and Wierl get 1.10 
for the light emitted by moving atoms due to collisions, with the field 
perpendicular to the beam, and 0.85 for the light from -atoms at rest. 
They suggest that some of these discrepancies may be due to the Stark- 
Lunelund effect, that is, the polarization of the light emitted by a beam 
of moving atoms in the absence of a field. It is perhaps natural to expect 
that the theoretical ratios will be more closely approximated under 
the conditions encountered in the discharge itself than in a beam of 
canal rays. As emphasized earlier in this chapter, the populations 
of the upper states will be in the ratios of their statistical weights only 
if the excitation is sufficiently chaotic. Further experiments will be 
required to elucidate the matter. 

It is of interest to consider the theoretical decrease of intensity 
along the spectral series of hydrogen. The relative intensities of the first 
four Balmer lines were obtained by Schrodinger, by summing the intensi- 
ties of the Stark-effect components. He also gives explicit formulas 
for the intensities of the Lyman and the Balmer series, communicated 
to him by Pauli. They are as follows, n being the total quantum number 
for the initial orbit : 


Lyman series: I (ft, 1) = 
Balmer series: I (ft, 2) = 


2 7 (n 4- l)2n— 1 


ft (ft + l ) 2rt+1 
2 7 (n - 2) 2n “ 3 
n{n + 2) 2w+3 


(15n 4 - 32n 2 + 16). 


(23) 

(24) 


We shall not give the derivation, as it is carried through by Sommerfeld. 1 
The results have been extended to the Paschen series by Sugiura. 2 
It is well known that the relative intensities of the Balmer lines are very 
sensitive to changes in the source, and data obtained in the laboratory 
are not likely to check the computed intensities, except by accident. 
It would seem that measurements on stellar spectra would afford the 
best opportunity for a decisive test. Bongers 3 has measured the Balmer 
series and found that his results are represented by 



( 25 ) 


1 Wellenmechanische Erganzungsband, p. 94. 

2 JW. de Phys. (6), 8,113 (1927); Z. Physik , 44, 190 (1927). 

3 Dissertation, Utrecht, (1927). 
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where n and n 0 are the quantum numbers of the initial and final 
states, respectively. This is in striking contradiction to the 1/n 3 relation 
required by equation (24) for large values of n. 

In order to obtain approximate expressions for the intensity dis- 
tribution in the series of the alkali atoms, one may evaluate the intensities 
for the various fine structure components of hydrogen. These partial 
series have been calculated by Kupper, 1 the results being in good agree- 
ment with data of Trumpy. 2 However, Miss Bleeker 3 has measured 
the subordinate series of K, Rb, and Cs, and has found it possible to 
represent her results by the formula 


I = 


c(n — n a y 
n 12 


(26) 


Her formula is also well obeyed by several subordinate series of mercury. 

There are two factors, the temperature and density, which may 
ordinarily be neglected in considering the intensities of the higher series 
members, but which are of imoortance in considering the conditions 
in the stars. Under equilibrium conditions the number of hydrogen 
atoms in the states of total quantum number n is 


!V„cc2n 2 exp[|^(l-l)], (27) 

where 2n 2 is the a priori probability of these states and the exponential 
is the Boltzmann factor. Since 2n 2 approaches oo as n becomes large 
and the exponential factor remains finite, the number of atoms in the 
higher quantum states becomes very large and in fact all the atoms should 
be in the infinite quantum state. Urey 4 and Fermi 6 suggested that a 
certain amount of space is excluded due to the “volume” occupied by the 
atoms and that this volume increases with the quantum number in such 
a way that the number of atoms in the nth state approaches zero as n 
becomes infinitely large. The volume of an atom is not easily defined or 
approximated, but this effect is certainly present. Density of the gas 
does not explain the deviation of Bonger’s formula from the theoretical 

ormula and it appears that this effect can only be of importance in stellar 
spectra . 6 


7. INTENSITIES OF X-RAY EMISSION LINES 


The intensities of X-ray lines emitted by a solid target bombarded 
by electrons of a given energy depend on many factors beside the proba- 

1 Ann. Physik, 86, 511 (1928). 

2 Z . Physik , 42, 327 and 44, 575 (1927). 

3 Z . Phys. Chem 120, 63 (1926). 

4 Astrophys. J., 49, 1 (1924). 

6 Z. Physik, 26, 54 (1924). 


6 For an elegant treatment of this subject see Fowler 
Chap. 14. Cambridge Press (1929). 


u Statistical Mechanics,” 
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bilities of transition and it is often very difficult to correct for these 
extraneous factors in order to estimate the probabilities as calculated 
from theory. Both the absolute and relative intensities change with 
the voltage on the X-ray tube; absorption in the target is especially 
important for the longer wave lengths; and in many cases it is difficult 
to separate all the lines of a multiplet so that the intensities can be 
estimated separately. Considering the many difficulties in interpreting 
the experimental results, the agreement with the theory for the intensity 
of multiplets presented in the preceding sections is as close as could be 
expected in some cases, but in others there appears to be definite dis- 
agreement between theory and experiment. We shall discuss the relative 
intensities of lines of the same multiplet for the most part. 

Sommerfeld 1 pointed out the essential similarity of the X-ray doublets 
and the optical doublets and showed that the experimental facts then 
available were in approximate agreement with the rules of Dorgelo 
and Burger and in particular that the intensities of the Ka i and Ka 2 
lines were approximately in the ratio of 2:1 and that the La x and La 2 
lines had approximately the relative intensities 9 : 1 as required by these 
rules. Duane and Siegbahn 2 and their coworkers early investigated 
relative intensities in the X-series lines. The Ka i and Ka 2 and the 
Kfii and Kj3s lines are two doublets of the 2 P — 2 S type and in accordance 
with the theory of Secs. 2 and 3 should have relative intensities of 2: 1 
in both cases. Duane and Stenstrom found a ratio of 2:1 for the Ka x 
and Ka 2 lines of tungsten and Duane and Patterson a ratio of 1.93:1 
for these lines of molybdenum, while Allison and Armstrong secured a 
ratio of 2.1:1 in the fourth order and 2: 1 in the fifth order for the Kp i 
and KPi lines of molybdenum. Siegbahn and Za'fiek secured for the 
intensity ratios of the Kai and Ka 2 lines of Cu, Zn, and Fe, 100: 51.2, 
100:50, and 100:49.9, respectively. These doublets are emitted in 
transitions from the same excited level, namely the K level, to the Lu 
and Liu, or the Mu and Mm, so that the relative intensities should 
measure the relative values of the A nm coefficients for these transitions. 
Moreover, the coefficient of absorption of the target for these wave 
lengths will be small, since they lie on the long wave-length side of the 
X-absorption limit and far to the short wave-length side of the L-absorp- 
tion limits. This makes the agreement with theory espe cially satisfactory. 

The most complete investigations of intensities of the L-series lines 
are those of Allison and Armstrong, 3 Allison 4 and Jonsson, 5 who have 

1 Ann. Physik, 76, 284 (1925). 

2 See Lindh, Phys. Zeit., 28, 95 (1927) for detailed references to the earlier 
literature. 

8 Phys. Rev., 26, 714 (1925). 

< Phys. Rev., 30 , 245 (1927); 32 , 1 (1928). 

% Z. Physik, 46, 383 (1927). 
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investigated lines of tungsten, thorium, uranium, silver, palladium, 
rhodium, molybdenum, and a few other elements. The results of these 
measurements for a number of X-ray multiplets are given in the follow- 
ing table: 


Lines 

73:72 

£3 :/S* 

75 :/?6 

V'l 

Pi-cti'az 


Transitions 

Li -> Nn,iu 

Li — *• Mu,iii 

Ln,m — »■ N~i 

Ln.m — » JlLi 

Lii,nr~>Afiv,v 


Relative intensity, theory:. . . 
Relative intensity, observed: 
Agi 

100:50 

100:50 

100:61 

100:64 

100:65 

100 : 70 

100 : 60 

50:100 

50:100 

55:100 

60:100 

56:100:11 

59:100:12 

59:100:12 

61:100:13 

62:100:13 

48:100:11 

62:100:12 

49:100:11 

Pd 1 



Rh* 



Mo 1 




Wi.. 

100:74 

36:100 

(0:1.4) 

(0:1.6) 

46:100 

50:100 

46:100 

Th2.... 

XJ2 

100:107 

100:98 


1 Jonsson, loc . cit.; Allison and Armstrong's data on tungsten are in approximate a* 
those of Jonsson. 

sreement with 


2 Allison, loc. cit. 


These examples show the character of the agreement between theory 
and experiment; in the case of the P\, oti, and <*2 lines which form a 
2 P— > 2 D triplet, the agreement is very satisfactory; on the other hand, 
the experimental and theoretical intensity ratios of the y a and y 2 , and 
of the p 3 and /3 4 lines do not agree nearly so well; there is a consistent 
trend toward greater intensity of the weaker component until in U the 
theoretically weaker line has actually become the stronger of the two. 

Wentzel 1 has calculated the relative intensities of the different 
X-ray lines with different values of n and l for the initial and final states 
using quantum mechanics. Allison and Jonsson have found only 
approximate agreement between their data and the theoretical 
predictions. 

Part II. Intensities in Band Spectra 
8. THE SUM RULE APPLIED TO BAND SPECTRA 
In the case of atomic spectra it was possible to neglect the exponential 
Boltzmann factor in considering intensities of lines, because under the 
usual conditions of excitation the populations of atoms in different 
states are proportional to the quantum weight. In the case of band 
spectra this is not true and the exponential factor of equation (5) must 
be retained. For this reason the sum rule of Burger and Dorgelo as 
stated in Sec. 2 does not apply to the relative intensities of band-spectrum 
lines. The intensity of a band line is proportional to the Einstein proba- 
bility constant and the number of molecules in the initial state 

/oc - If = hv (.nm)A nm g n exp (28) 

1 Naturwiss 14, 621 ( 1926 ). . 
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It is usual to call A n mg n the intensity factor, and using the customary 
symbols we shall write it A (/,/') (2/ + 1) for the transition from the 
f to the j n state, ’since 2/ + 1 is the weight of the f rotational state. 
The question arises as to whether an “effective temperature” can be 
assigned to a discharge which is not in equilibrium and whose temperature 
is therefore not defined. This will be discussed in Sec. 11, where it is 
shown that experimental data are consistent with the inclusion of the 
exponential factor in equation (28). 

The sum rule as applied to band spectra is : 

The sum of the intensity • factors, A(j j") (2/ + 1), over all values 
of j" 'permitted by the selection rules with j' constant , is proportional to the 
quantum weight of the j' state and the sum of these factors over all permitted 
values of f holding j" constant is propor- 
tional to the weight of the j" state. This 
statement is evidently equivalent to that 

°f See. 2. 3 s 7 9 

Fowler 1 and Dieke 2 first applied jo / 2 3 4- 

these rules to molecular spectra. Their Fig< 

application can be illustrated by the 

intensities of a l 2 -► band. We represent A(f, j”)(2f + 1) for the 
lines of the P branch by Ui, m 2 , . . . u,- ... and for those of the R 
branch by w h w 2 ■ ■ ■ W; . ■ ■ The transitions are shown in the diagram, 
Fig. 1. Then the sum rule requires that 

Ui = g a c, wi + u 2 = gic, w 2 + u 3 = g 2 c, ■ ■ ■ , 

Wi = goc, wi + W2 = gic, uz + = g 2c, • • • , 

or 

Ml = M>1 = goC, Ui = Wi = (£ 7 i — go)C, ■ ■ • . 

Since g } = 2j + 1, we have 

Ui = Wi = c, Ut = Wz = 2c, ■ ■ ■ ; 

then . ■ ■ 

(2 j + 1 )A(j, J ~ 1) = cj and (2 j - l)A(j - l,j) = cj, (29) 

where j is the larger of j 1 and j" in all cases. 

This makes the lines symmetrically placed relative to the missing line 
equal in intensity except for the exponential factor of equation (28). 
This factor gives an P-braneh line a slightly greater intensity in absorp- 
tion and less intensity in emission than the P-branch line of the same 
running number; this can be easily seen by considering the diagram and 
the relative values of the energies of the initial states for the two lines 
in the cases of absorption and emission, respectively. The constant 
c is P 0 2 (2irvy/Zc 3 hv, where P 0 is the electric moment due to the changes 
in electronic or vibrational quantum numbers in the case of electronic 

’ Phil. Mag., 49 , 1272 ( 1925 ). 

2 Z. Physilc, 33 , 161 ( 1925 ). 
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or vibration rotation bands or to a permanent electric moment of the 
molecule in the case of pure rotation bands. 

9. THE INTENSITY FACTORS FOR CASE a MOLECULES 1 

Just as in the case of complex atomic multiplets the sum rule does 
not suffice to fix the relative intensities, it also cannot fix the relative 
intensities in more complex bands than those of the 1 h — type. 
It is necessary to derive these relative intensities from a more extensive 
theory of the emitting molecule. The model which we use is the cus- 
tomary gyroscopic model having, in general, a resultant angular momen- 
tum about the line of nuclei equal to t( = X + <r) in quantum units. 
The relative intensities for case a were derived by London and Honl 2 
using a modification of the method of Sommerfeld and Honl described 
in Sec. 3. Since these relative intensities have been derived by applying 
matrix and wave mechanics to the heavy symmetric top as described 
in Chap. XIX, Sec. 5, we shall not give the older calculations. To write 
down the relative intensities for the molecules of the case a type, it is 
only necessary to note that a diatomic molecule is a symmetric top with 
a small moment of inertia about the figure axis. The dependence 
of the wave function on 6, <p, and x will be the same whether they fix 
the position of the rotating nuclei in the first case or the rotating electrons 
in the second, though the dependence of the energy on X in the one 
case and i in the other is quite different. The i is equal to the sum of 
X and cr; it appears from experimental data that At = AX, that is, <r 
does not reverse its direction relative to X in a permitted transition, 
and that it is i rather than X which must be used in equation (66) of 
Chap. XIX to secure the proper A's. 

The intensity factors in the symbols appropriate to this problem 
are : 


c2(2i + iy 
j(j + 1) 
c2<y - y 

^ o 

1 

C — L 1 

0 



j 

±i 

0 

o(2j + 1 )(j + t)(j — i + 1) 

0 

i 1 

i(J + l) 

c(i + 00' + i — i) 
j 

i 1 

i 1 

c(j - 00 -i + i) 

3 

+ 1 

+ 1 


where the j and 6 occurring in these formulas are the larger of the initial 
and final values of these quantum numbers. The reader can easily verify 

1 See Chap. XII, Sec. 15 and Fig. 19 for the model interpretation of this case 
2 Z. Physik, 33, 803 (1925). * ' ‘ 
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the fact that these intensity factors are in agreement with the sum rule 
of Sec. 8 ; this is also evident in the case of the special examples given 
below. 

To illustrate the theoretical intensities expected for this type of 
molecule, we shall use transitions of the TI — ► and 2 n — > 2 n types; 
the intensity factors are given in the following tables for these two cases: 



r % % 7 A 2 n:>4 

8 12 16 

% 8 m 

\ \ 

% 12 

1 it IB l A 

7 A 16 

[PlBlA (QlAlA 
lPlAl5 \QlBlB 
Al — AX = 0 

The weights are doubled (gj = 2(2 j + 1)) in this table and the intensity 
factors, equations (30), are so normalized that the sum rule gives the 
doubled quantum weight. We do this because corresponding to each 
value of j there are two states, if X 0, one positive and one negative, 
in the sense of Chap. XIX, Sec. 9, i.e A and B states each of which has a 
weight of 2 j + I. The branches, in the symbols used in Chap. XII, are 
given at the ends of the diagonals. In the case of the l U — » 1 S' transition, 
the Q branch gains in intensity relative to the P and R branches as j 
increases, while the reverse is true in the case of the 2 n — > 2 II transitions. 
This decrease in intensity of the Q branches in the latter case is very 
rapid. These Q branches are observed in the NO bands of Fig. 1, 
Chap. XII which are of this type, but decrease rapidly in intensity as j 
increases, in agreement with theory. 
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10. THE INTENSITY FACTORS FOR CASE b MOLECULES 
The arguments used in deriving the intensity factors for these mole- 
cules can best be understood by considering the models of Chap. XII, 
Sec. 15, and Fig. 19. Disregarding the s of case b for . the moment, 
it is seen that the precession of t about j in case a is entirely similar 
to the precession of X about k in case b. Thus the amplitudes of the 
electric moment in case b, if k did not precess about j, should be the same 
as those of case a and are given by equation (30) with k and X replacing 
j and i, respectively. Since k precesses only very slowly about j, these 
amplitudes will not be appreciably changed by this precession. 

On the other hand, the precession of k and s about j is entirely similar 
to the precession of hand s about j in atoms; k is the resultant of all 
“orbital” angular momenta of electrons and nuclei just as l is a similar 
resultant in the atomic case and s has the same significance in both. 
Thus, the 'relative intensities of all lines emitted for a certain value of Ak 
and different values of A j are given by equations (15) for the atomic 
case, if we replace l by k in those formulas. Therefore, in order to secure 
the relative intensities for a given value of Ak, it is only necessary to 
multiply the appropriate factor of equations (30), with k and X replacing 
j and i in these formulas, by the appropriate factor of equations (15), 
with k replacing l of those formulas. The formulas so secured must be 
further multiplied by a normalizing factor. The loosely coupled s 
vector cannot change the total intensities for a given Ak appreciably. 
Therefore, the normalizing factor is secured by making the sum of all the 
intensities for a given Ak over all permitted values of A j equal to the 
intensity required by the formulas for case a with k and X replacing j 
and or, what is the same thing, we require that the sum of the factors 
of equation (15) for a given Ak over all possible values of A j multiplied 
by the normalizing factor shall equal 1. These normalizing factors 
have been secured by Mulliken 1 for doublet systems, i.e., s = M, and 
are: 

4£2 j, if Ak = +1, 

and 

{2k + l) 2 ’ lf Ak = °‘ ( 31 ) 

To secure the correct intensity factor for any transition we have only to 
multiply the three appropriate factors, from equations (15), (30), and 
(31). 

Example. — We ask for the intensity factor for a P Q U branch of a 2 n — > 2 2 band for 
which A j = 0, A ft = -1, and AX = 1. For this branch j' = h' + j" = k" - ]/ 2 
and, since j' = j", k" - k' + 1, and the k appearing in the formulas is equal to k 
therefore, we must substitute j = k - % in the formulas. We multiply the first 

1 Phys. Rev., 30, 138 and 785 (1927). 
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factor of equation (31) by (7c — X)(&. — X + 1 )//c, secured from equation (30) by 
substituting k and X for j and &, and by (2j + T)P(j)Q(j) /4j(j -j- 1 )/c, secured from 
equation (15) by substituting k for l. Then substituting j = k — ■ and simplifying 
we get, 

gi A(j, x, k — i;i, x - i, ft) = 

The results of these calculations are given in Table 4. 


Table 4 


Branch 

Intensity factor 

X", k") 

j f ~ j" 

X' - X" 

ft' - ft" 

Ri 

Pi 

c4(ft + l)C* 2 - X 2 ) 

± 1 

0 

±1 



k(2k + 1) 


P 2 . .. 

c4(ft - 1 )(ft 2 - X 2 ) 

±1 

0 

±1 



k(2k - 1) 

R Qn 

PQ l2 

c4(7c 2 - X 2 ) 

0 

0 

±1 


k( Ak* - 1) 


Qx 

c4X 2 (2fc + 3) 

0 

0 

0 



(k + 1)(2 k + 1) 



c4X 2 (2fc - 1) 

0 

0 

fl 



k(2k + 1) 


Q R 12 

<2P 21 

c4\ 2 

±1 

0 

0 


ft (ft + 1)(2 k + 1) 

Ri 

Pi 

c2(ft - X)(* - X + 1)(* + 1) 

±1 

=F1 

±1 



ft(2ft + 1) 

R% 

P 2 

c2(ft - X)(ft - X + l)(ft - 1) 

±1 

=F1 

±1 


ft(2ft - 1) 

R Qn 

PQ n 

c2{k - X)(* - X + 1) 

0 

T 1 

±1 


lc{ 4ft 2 - 1) 

Pi 

Px 

c2(k + X) (7c + X - D(7c + 1) 

±1 

=F1 

±1 



7b(2fc + 1) 

Pi 

P 2 

c2(fc + X)(ft + X — 1 )(ft - 1) 

±1 

T 1 

±1 



k{2k ~ 1) 

*Ql2 

*Q S1 

c2(k X)(7b -J- X — 1) 

0 

• T 1 

±1 


ft (4ft 2 - 1) 


Qx 

c2(ft + X)(ft - X + I) (27c + 3) 

0 

=F1 

n 



(ft + l)(2fc + 1) 

V 


Q%. 

c2(ft + X)(ft - X + l)(2ft - 1) 

0 

T 1 

0 



k(2k + 1) 

«P al 

^Pl 2 

c2(Jc *4" X) (7c - - X ~f- 1) 

f 

X 1 'l 

o 



7c (ft + 1)(2 ft + 1) 

{+1 

=F1/ 



In these formulas k and X refer to the larger of the initial and final 
values of these quantum numbers, and the upper and lower signs to the 
branches given in the first and second columns, respectively. Each of 
the symbols of the first and second columns represent in general two 
branches; each P or R branch may be either an AB or a BA branch 
and each Q branch either an AA or a BB branch. All these branches will 
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not be classified as one band for the change of X is accompanied in general 
by a large change in the frequency emitted. For any given value of X', 
the intensity factors given would be for three separate emission bands 
for which AX = 0, +1, and —1, respectively. There will be twenty 
possible branches in each of these bands, if X ^ 0 for both electronic 
states. If X = 0, for one state, this number is reduced to ten, since we 
assign the letter .4 to 2 states, and thus all branches designated by a 
symbol with a subscript B for this state do not appear. If X = 0 in 
both states, there are only six branches with intensities given by the 
first three formulas. In this case, A states combine with A states in the 
P, R , and Q branches due to the fact that according to the theory of Chap. 
XIX, Sec. 9 the states are alternately symmetric and antisymmetric, 
positive and negative, and thus these transitions are possible. 

We have now considered the intensities for case a and case b bands 
in which both states are either case a or case b. There is also the inter- 
mediate case in which one state belongs to case a and the other to case 
b or in which one state or the other is case a for small j and case b for large 
j. In such bands the intensities will not follow the formulas of this 
section and the preceding one exactly. Weak branches may appear 
representing the permitted transitions of both types. The CaH bands 
described in Chap. XII, Sec. 20 belong to the case b type, while the water 
bands of Chap. XII, Sec. 21 belong to the intermediate type. The 
intense branches of the water bands are those for A j = A/c = 0, ±1, 
which are permitted by the selection rules of case b and are equivalent 
to A j = 0, ± 1 and At = AX = — 1 when j is small so that these strong 
branches also obey the selection rules for case a. 

11. TEMPERATURE AND THE INTENSITIES OF BAND SPECTRUM LINES 

The selection rules and relative intensities discussed in Secs. 8, 
9, and 10 are known to be qualitatively correct, but exact comparison 
between experiment and theory is not easily made because of the impor- 
tance of the exponential factor in equations (5) and (28) and the diffi- 
culties of measuring precisely the intensities of lines so close together as 
are those of band spectra. Recently, Ornstein and van Wijk 1 and 
Kapuscinski and Eymers 2 have measured the intensities of the negative 
nitrogen bands (N 2 + ) and of the mercury hydride bands, respectively, 
and find that it is possible to assign an “effective temperature” to 
the emitting gas and that the intensity factors derived above are in 
agreement with their data. 

The N 2 + bands studied are due to a 2 2 — ► 2 2 transition and, accord- 
ingly, the intensities are given by the first three factors of Table 4 with X 
equal to zero. The band consists of six branches which group themselves 

1 Z. Physik, 49, 315 (1928). 

*Z,Phy&ik, 64, 246 (1929), 
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however into an R and a P branch each consisting of close triplets. The 
intensities of these close triplets added together is equal to 4 ck, where 
k is the larger of k' and k", i.e., k = k' for the R branch and ’k = k" 
for the P branch. 1 Then, according to Table 1, the intensities of these 
triplets will be 

and 

+ 1) exp (-^, 13 ^ -)' 

where A is a constant which is different for different values of k due 
to the alternation of intensities in the band. If then (log I R )/k and 
(log Ip)/(k + 1) are plotted against k{k + 1), straight lines should 
result. Two such lines are secured on one of which lie the points for 
even k and on the other the points for odd k. The two lines are parallel 
and their slope gives a value for the effective temperature. The separa- 
tion of the lines along the axis of (log I R )/k must be equal to log A (even) / 
A (odd) and this difference gives A (even) /A (odd) = 2. Thus the 
quantum weights of the even levels are 2(2 j + 1) while those of the 
odd levels are 2j + 1. 

The similar experiments on the HgH bands ( 2 II-» 2 2) do not give 
such, an exact straight-line relation between the energy and log I divided 
by the intensity factor. In this case, the exponential factor of equation 
(28) is only approximately correct. The intensity factors agree with 
the predictions of the theory for the intermediate type between case 
H and case 6. 2 

1 Bee Chap. XII, Bee. 20 and Figs. 22 and 25 for a detailed description of this type 
of band. 

2 Bee Hill and van Vlkck, Phys. Rev., 32, 250 (1928), for these intensity formulas. 
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DIFFRACTION OF ELECTRONS AND ATOMS BY CRYSTALS 


1. INTRODUCTION 

Davisson and Kunsman made the discovery that when electrons 
impinge on polycrystalline metal surfaces the fraction scattered at an 
angle 8 with the normal to the surface does not decrease uniformly as 
6 increases. On the contrary, if the fraction scattered at the angle 8 
is plotted as a polar graph, the curve usually has several lobes or pro- 
jections. A classical theory of the effect, outlined by Davisson and 
Kunsman, was based on the idea that a given electron might pass through 
the force-fields of the atoms in the crystal in a variety of ways. Its 
deflection would depend on the distance of closest approach to a nucleus 
and on many other factors, so that a definite test of the theory would lie 
beyond our present resources. The results seemed likely to remain 
unexplained, until Einstein 1 discussed de Broglie’s matter waves, in 
1924 and 1925. He emphasized the idea that if particles possess a 
wave-like character, diffraction phenomena should be associated with 
their motion, and the ordinary laws of motion will not be obeyed. Now 
we have seen (Chap. XV, Sec. 20) that the velocity of the waves associ- 
ated with a free particle is E/mv , where E is the energy and mv the 
momentum. The frequency is E/h , and therefore, the wave length is 


Diffraction phenomena may be expected when one particle passes another 
within a distance of the order X, or when it falls on a lattice structure 
with spacings somewhat greater than X. In equation (1), the wave 
length is in centimeters, but if we agree to measure it in Angstrom units, 
then for the electron we obtain 


X = 


Angstroms, 


(2) 


where V is the potential difference through which the electron must fall 
in order to attain the velocity v. This shows that moderate voltages 
correspond to wave lengths of the proper size for appreciable diffraction 
at a crystal grating. Elsasser 2 suggested that the results of Davisson 

1 Sitz. Ber. d. Berliner Akademie (1924) and (1925). 

2 Naturwmenschajten , 13, 711, 1925; 16, 720 (1928). 
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and Kunsman 1 might be explained as due to electron-diffraction. Today, 
we know this interpretation of the original experiments of Davisson and 
Kunsman is incorrect, but it furnishes a satisfactory explanation of a 
considerable body of data accumulated since April, 1925, when Davisson 
and Germer made a very significant discovery. 2 At that time they were 
investigating the distribution-in-angle of electrons scattered by a target 
of polycrystalline nickel, which has a face-centered cubic lattice. Due 
to an accident it became necessary to heat the target to high temperatures 
in vacuo. Distribution curves obtained after heating were radically 
different from earlier ones in that the lobes had increased in number and 
in prominence. This alteration proved to be due to a recrystallization 
of the target during the prolonged heating, such that its face was altered 
into a mosaic composed of about ten large single crystals. Systematic 
experiments were then undertaken, in which the area of the target 
bombarded was known to belong to a single crystal. 

It will be useful to state the main results of this investigation, so 
that the reader may better understand the trend of the experimental 
work. In the words of Davisson and Germer, when the direction of 
bombardment is normal to the crystal face 

... strong beams are found issuing from the crystal, but only when the 
speed of bombardment lies near one or another of a series of critical values, and 
then in directions quite unrelated to crystal transparency. The most striking 
characteristic of these beams is a one to one correspondence which the strongest 
of them bear to the Laue beams that would be found issuing from the same 
crystal if the incident beam were a beam of X-rays-. Certain others appear to be 
analogues, not of Laue beams, but of bptical diffraction beams from plane reflection 
gratings — the lines of these gratings being rows of atoms in the surface of the 
crystal. Because of these similarities between the scattering of electrons by the 
crystal and the scattering of waves by three- and two-dimensional gratings, a des- 
cription of the occurrence and behavior of the electron diffraction beams in terms 
of the scattering of an equivalent wave radiation by the atoms of the crystal, 
and its subsequent interference, is not only possible, but most simple and natural. 
This involves the association of a wave length with the incident electron beam, 
and this wave length turns out to be in acceptable agreement with the value 
h/mv of the undulatory mechanics, Planck’s action constant divided by the 
momentum of the electron. 

Davisson and Germer have steadily continued their work, with results 
which confirm and extend this statement. 

Further, G. P. Thomson has studied the diffraction of electrons by a 
large number of substances, using methods which are similar to the 
powder method and the Laue method of obtaining X-ray patterns. 
Electrons are accelerated by a voltage of the order of 15,000 to 60,000, 
and are caused to pass through a thin foil. Rings are obtained on a 

1 Phys. Rev., 22 , 242 (1923). 

2 Nature, 119 , 558 (1927). 
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photographic plate placed some distance behind the foil, the radii being 
in striking agreement with those calculated on the hypothesis that the 
electrons behave like X-rays having the wave length h/mv. Similar 
experiments have been made by Rupp, using electrons of much lower 
voltages, and he has also found it possible to obtain electron spectra 
by allowing a homogeneous, well-defined beam of electrons to fall on a 
ruled grating. Further, Davisson and Germer, and also Rose, have 
detected beams which are analogous to the reflected X-ray beams 
obtained with a Bragg spectrometer. The reflection of atoms from 
crystals has been studied by Ellett and Olson and by T. H. Johnson, 
who obtain specularly reflected beams. "We now describe these investi- 
gations in more detail. 

2. DAVISSON AND GERMER’S APPARATUS 

Figure 1 shows the metal parts of the electron-diffraction tube used 
by Davisson and Germer, 1 while Fig. 2 is a cross-sectional view. In 


Fig. 1.— Electron diffraction apparatus of Davisson and Germer. The Scales TS and 
CS show respectively the azimuth of the target and the angular position of the collector. 
CL is the collector lead wire. 

Fig. 2, F is the filament and G is a series of diaphragms, for producing 
a narrow beam of electrons. This beam falls normally on the target T, 
which can be rotated about an axis parallel to the beam. On the right, a 
weight hangs down from the axle carrying the target, so that it may be 
l Phys, Rev. x 30, 705 (1927); Germer, J. Chem. Ed., 5, 1041 (1928). 
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rotated by changing the orientation of the whole evacuated tube. C is a 
double walled collector which receives diffracted electrons. It is enclosed 
in a metal cylinder for protection from electrostatic effects, and is mounted 
on an arm which passes through a narrow slit in the wall of the cylinder. 
The arm may be rotated on an axis perpendicular to the plane of the 
diagram. The angle between the incident beam and the scattered beam 
is called the “colatitude,” and is denoted by 0, while the position of the 
axle carrying the target is specified by an azimuth <p. Provisions are 
made for placing the collector at any desired potential. Usually, the 
potentials are so chosen that only electrons which have suffered a small 
loss of velocity are recorded by the galvanometer. The ratio of collector 
to bombarding current is of the order 10- ! under these conditions, so 



that by using bombarding currents of the order of 1 microampere, 
collector currents are obtained which are easily measurable with a 
sensitive galvanometer. 

3. LAUE BEAMS OF ELECTRONS FROM A NICKEL CRYSTAL 

We now describe the diffracted electron beams which are obtained 
when a beam impinges on the (111) face of a nickel crystal. The geome- 
try of the beams and the crystal will be easily understood from Fig. 3 
where the cube is supposed to represent a crystal with its face cut parallel 
to the crystallographic axes. One corner is then cut away, exposing 
a (111) face. In Fig. 4, we are looking down on this face. The atoms in 
the surface layer are indicated by the circles marked 1 and those in the 
second and third layers by the circles 2 and 3. The fourth layer is 
identical with the first and so on. The receiver is often set in one of 
the azimuths marked A., B , and C. This being done, the collector is 
moved through the whole range of colatitudes permitted by the appara- 
tus. Let us suppose that the receiver is in the A azimuth and that the 
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voltage of the bombarding electrons is chosen to be 36. If we plot the 
currents to the receiver in a polar graph, as a function of 0, we obtain 
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Fig. 3. — Above, curves showing development of diffraction beam in the A-azimuth. 
Below, variation of intensity with azimuth at colatitude 50°. 

the curve shown at the left in Fig. 3. 1 On repeating the process with 
increasing voltages, a peak is developed on this curve at the position 


\©-r@/ 
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^ Jo t "° 1 

Fig. 4. — Arrangement of atoms in a (111) plane of nickel. 

6 = 50°. It reaches maximum development at 54 volts, and dies away 
again if we pass to higher voltages, as indicated in Fig. 3. By setting 
1 Davisson, Bell System, Tech. Jour., 7, 90 (1928), 
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the receiver at 6 = 50°, and moving it in azimuth, a curve like that 
at the bottom of Fig. 3 is obtained. The peak thus outlined would be 
represented as a spur in a three-dimensional polar graph. The spur is 
repeated in each azimuth of the type A, as we should expect from the 
threefold symmetry of the crystal about the normal to the (111) face. 
The smaller maxima in the azimuth curve are due to another set of three 
spurs which reach their strongest development in colatitude 44° at 
65 volts. The sharpness of some of these spurs and the precision with 
which they may be located will be appreciated from Fig. 5, which shows 
the variation with voltage of a set of beams occurring at 8 — 55° in the 
A azimuths. These data are fairly typical; thorough exploration has 
resulted in the discovery of many such sets of spurs. When the .first 
extended account of this work was published, 1 thirty such sets of beams 
had been found at bombarding potentials less than 370 volts. Six 



Pig. 5. — Variation with voltage of the second order spurs at 6 * 55 0 in the .A -azimuths. 


of these were due to adsorbed gas and were not found when the crystal 
was thoroughly baked out. Concerning the others, Davisson and 
Germer say, 

Of the twenty-four sets due to scattering by the gas-free crystal, twenty are 
associated with twenty sets of Laue beams that would issue from the crystal 
within the range of observation if the incident beam were a beam of heterogeneous 
X-rays, three that occur near grazing are accounted for as diffraction beams due 
to scattering from a single (111) layer of nickel atoms, and one set of low intensity 
has not been accounted for. 

Eight sets which might be expected to occur were missing, but the 
intensities of all of these should be small, by analogy with X-ray diffrac- 
tion patterns. A partial list of space-lattice beams is presented in 
Table 1. 

We now consider the interpretation of a typical spur, for example the 
one discussed above. The voltage at which it is most pronounced corre- 
sponds to an electron wave length of 1.67 JL If white X-rays were to fall 
on the crystal in the same direction as the incident electrons, a series of 
wave lengths would be selected for diffraction by the most heavily popu- 
lated planes. In the azimuth A the wave length 2.87 A. would be dif- 
fracted by (100) planes and would appear at colatitude 70°. Similarly there 

* Rhys, Rev 30, 705 (1927). 
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Table 1 


Azimuth 


111 


100 


110 


Voltage V 


35 volts! 
54 
106 
174 
181 
248 
258 
343 
347 
37 
65 
126 
143 
170 
188 


Wave 
length in 
vacuo, X 


Colati- 
tude in 
degrees, 
0 


Order 


Miller 

indices 


(2.05) . 
1.670 
1.190 
0.928 
0.910 
0.778 
0.763 
0.662 
0.658 
2.02 
1.520 
1.093 
1.024 
0.940 
0.894 


(72) 

50 

28 

22 

55 
44 

<20 

34 

62 

71 

44 

28 

56 
46 
43 


220 

331 

442 

553 

551 

662 

664 

773 

771 

311 

422 

533 

531 

642 

642 


Refractive 
index & 


Grating 
poten- 
tial, E 


1.118 

1.128 

1.038 

1.036 

1.036 

1.032 

1.022 

1.068 

1.123 
1 . 047 
0.979 
1.075 
1.024 


+ 13 
+ 11.5 
+ 13 
+ 13 
+ 19 
+ 15 
+15 
+48 

+ 16.5 
+ 11 
- 7 
+26 
+ 8 


would be beams of wave length 1.49 1. at 44° and 1.13 i. at 33°. These 
X-ray beams would be expected to .be quite prominent. Now, a set 
of electron beams having an equivalent wave length of 2.87 A. would 
have a velocity below the limit which can be conveniently observed with 
the apparatus, but a set of beams with equivalent wave length 1.49 
A. arising from the (331) planes should be easily detected. No beams 
a f\ f °+ d at ^e positions predicted by Bragg’s law, and it is con- 
cluded that the beam having wave length 1.67 i. is the one in question 
Dimilar discrepancies between the position of X-ray beams and corre- 
sponding electron beams are found in practically all cases, and it is now 
understood that this is due to the fact that the equivalent wave length 
of an electron inside the crystal is not the same as its wave length in 
vacuo. It may be said that the crystal has a refractive index for electron 
waves, since the electron is accelerated as it approaches the crystal, 
due to the fact that the space inside is at a different average potential 
from the space outside. Leaving this for later consideration, we shall 
discuss the results m Table 1. It is important to realize that all these 
If 0btained from a surface grating having the same spacing 
« x , ? S tbe atoms ln the (HI) surface of the nickel crystal. The 
effect of the underlying layers of the crystal grating is to change the 
intensities of some of the beams which would be obtained from the first 
+7 7+ extin guish them due to interference between the contributions 
°, 6 dlffer + layers - Tlie Presence of several layers also has the effect 

of limiting the wave lengths which can be diffracted to any one of a 
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discrete set of wave lengths, just as in the case of X-rays. All these 
facts are clearly brought out by the following demonstration given by 
Davisson, which shows that the wave length of each electron beam can 
be calculated from the plane grating formula, using the diffraction 
angle which is actually observed outside the crystal. This is true regard- 
less of the fact that the crystal possesses a refractive index greater than 
unity. In Fig. 6, let us suppose that radiation of wave length X falls 
on a crystal at normal incidence. If the wave length inside the crystal 
is X', then the index of refraction ju is equal to X/V. Consider that 
portion of the beam which is diffracted by the planes shown in the 



Fia. G. — Diffraction by a crystal with refractive index differing from unity. 


figure, the angle of incidence on these planes being 0 . By Snell's law, 

X _ sin Q[ ( . 

V sin 20* w 

If d is the interplanar spacing, and D the spacing of the surface rows then 


d = D sin 0, 

and by Bragg’s law 

nX' = 2d cos 9 = D sin 20. 

Multiplying equation (3) by this equation we have 

n\ = D sin Q f (4) 

which is the equation appropriate to a plane line grating of spacing D. 
Although the diffraction beams do not obey the simple Bragg condition 
rik = 2d cos 6, they satisfy equation (4) very well. It should be remem- 
bered, however, that this formula cannot be applied indiscriminately. 
The only wave lengths which may occur in it are those allowed by the 
Bragg reflection condition. For example, beams occur at different 
voltages in the A and B azimuths because the plane gratings that make up 
the crystal are not piled exactly above one another. The lateral shifts 
of the gratings in these two azimuths are different. This means that the 
phase relations between the elementary beams emerging in the A azimuth 
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are not identical with those in the B azimuth, so that the conditions 
for the production of a strong beam are satisfied at different voltages 
in these two cases. 

The accuracy of measurement attained by Davisson and Germer in 
their first papers was such that calculated and observed values of the 
wave length might differ by 15 per cent. Later, 1 the apparatus was so 
improved that wave-length measurements based on diffraction beams 
and computed by equation (4) should not be in error by more than 1 
per cent. This encouraging advance indicates that the method might 
be made sufficiently precise to be useful in the measurement of h. 

4. G-. P. THOMSON’S EXPERIMENTS 

G. P. Thomson 2 has made extensive studies of the diffraction of 
electrons shot through foils of celluloid, gold, aluminum, and platinum. 
From de Broglie’s law and the simple geometry of Thomson’s apparatus 
one can see that the diameter D of any ring in the diffraction pattern 
obtained should vary inversely as the square root of the voltage applied 
to the tube. If the voltage V is high, it is necessary to take the 
relativity correction into account, and we then expect that the quantity 
DV'A(l + 7 e/1, 200 me 2 ) will be constant. Thomson has -improved the 
technique of this method so that the mean error of a set of observations 
is little more than 1 per cent. It can be shown that corrections due 
to the refractive index of the metal foil are negligible for voltages of 
the magnitude used in these experiments. A typical set of data referring 
to celluloid is given below: 


V (volts) 

D (centimeters) 

DV>i{ 1 + Ve/1,200 me*) 

50,000 

0.85 

195 

42,500 

0.90 

189 

36,000 

1.00 

193 

30,500 

1.05 

186 

23,200 

1.25 

193 

21,000 

1.30 

190 

16,800 

1.47 

191 

16,100 

1.48 

189 

11,500 

1 62 

175 

9,800 

1.86 

185 



Mean 189 


The value of the spacing of the reflecting planes deduced from 
experiments of this kind is in good agreement with X-ray measurements, 
as the following tabulation (in Angstrom units) will show: 

1 Proc. Nat. Acad. Sci., 14, 317 (1928). 

2 Nature, 122, 279 (1928); Proc. Roy. Soc., 117, 600 (1928) and 119, 651 (1928); 
Phil. Mag., 6, 939 (1928). 


Sec. 5] RUPP'S DIFFRACTION EXPERIMENTS 731 


* 

Al 

Au 

Pt 

Cathode rays 

4.035 

4.20 

3.89 

X-rays 

4.043 

4.064 

3.913 



In a rough way, the intensities of the rings parallel those to be 
expected in the case of the corresponding X-ray experiment. In some of 
Thomson's experiments the pattern resembles a Laue picture instead of a 
system of rings. As might be expected, such patterns are produced by 
the presence of large single crystals in the film. 

Thomson has obtained the important result that the velocity of the 
diffracted electrons differs by less than 1 per cent from that of the 
incident beam. This indicates that the electron is to be considered as 
colliding with the crystal as a whole, and not with individual free electrons 
in the crystal. This is analogous to the well-known fact that diffracted 
X-ray beams do not show the Compton shift. 

Thomson’s experiments have been continued by Reid, 1 who worked 
with celluloid. While Thomson used a spark gap to measure the voltage 
of his electrons, Reid used the method of electrostatic deflection, obtaining 
results which agree within 1 per cent with those of Thomson. In 
experiments of this kind it is essential that the films should be thin enough 
to prevent blurring of the pattern by multiple scattering. The celluloid 
films are made by dissolving celluloid in amyl acetate and are of the order 
of 5 X 10 -6 cm. thick; 

5. RUPP’S DIFFRACTION EXPERIMENTS 

Rupp 2 has extended the range of the foil method of studying electron 
diffraction to lower velocities, using voltages in the range from 120 to 
320. He has obtained patterns from foils of the following metals, the 
most complete set of data being those for silver: Al, Pb, Ni, Cu, Ag, 
Au, Cr, Sn, and Zn. Of these, the first six are face-centered cubic, 
while Cr is body-centered cubic, Sn is tetragonal, and Zn hexagonal. 
The foils were about 10~ 6 cm. in thickness, and were prepared by the 
method of Miiller in which the metal to be studied is evaporated on to the 
surface of a rock salt plate, which is then dissolved away. The apparatus 
is essentially a beta-ray spectrograph, which is placed in a magnetic 
field so that the paths of the electrons are circles. This has the advantage 
that electrons which lose any considerable portion of their velocity in 
passing through the film are deflected to one side and do not reach the 
central portion of the photographic plate. 

In general agreement with Thomson, Rupp has demonstrated a 
general parallelism between the intensities of the various diffraction 

i Proc . Roy. Soc 119, 663 (1928). 

Unn. Physik , 85, 981 (1928), 
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rings and the intensities of the corresponding rings in X-ray powder 
photographs for the same metals. More recently, he 1 has found it 
possible to obtain electron spectra by letting a homogeneous, well-defined 
beam of electrons fall on an optical grating having a constant of 8 X 
10~ 4 cm; 150-volt and 70-volt electrons were used. The accuracy 
obtained in wave-length determinations was of the order of 2-3 per cent. 
In these experiments it was found to be essential to use a grating ruled 
on metal, perhaps because electrostatic charges would introduce diffi- 
culties if the grating material were an insulator. 

6. KIKUCHI’S EXPERIMENTS ON DIFFRACTION PATTERNS OF SINGLE 

CRYSTALS 

Kikuchi 2 has studied the diffraction patterns produced by a beam 
of electrons, homogeneous in velocity, which has passed through thin 



Fig. 7. Diffraction pattern of a very thin mica sheet. ( After Kikuchi.) 

sheets of mica at nearly normal incidence. He has traced the interesting 
changes which occur as the thickness of the sheet increases. The 
thinnest sheets he used were not thick enough to produce interference 
colors. The pattern of such a sheet is shown in Fig. 7. According 
to Kikuchi, it is well explained by the assumption that the crystal 
behaves like a two-dimensional grating with a spacing of 5.17 A. He 
states that his thinnest crystals contain only about 50 layers of unit 
cells (the grating space perpendicular to the cleavage plane being 20.4 A.) 
and that the selective effect of the grating structure perpendicular to 
the plane of the sheet does not come into full play when the number of 
layers is so small. This seems surprising, but it must be remembered 
that the thickness of the sheets was estimated, not measured; Kikuchi 
states that it was probably of the order of 10“ 5 cm. or less. 

1 Naturwiss. 33 , 656 ( 1928 ); Z. Physik, 52 , 8 ( 1928 ). 

2 Nature, and Proc. Imp. Acad. Japan, 4 , 271 , 275 , 354 ( 1928 ). 
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When progressively thicker sheets are used, the pattern gradually 
alters, until it shows well-defined Laue spots produced by three-dimen- 
sional interference, as in Fig. 8. Straight dark lines accompanied by 
lighter lines on the side toward the center of the pattern can also be 
observed. Kikuchi states that th^se are the analogues of the lines 
employed by Rutherford and Andrade in their study of gamma-ray 
spectra. 1 The electron beam becomes divergent (though still homo- 
geneous in velocity) in passing through the first portion of the sheet 
encountered, and then the electrons are in a condition to undergo Bragg 
reflection at planes of atoms nearly parallel to the direction of the original 
beam. The light lines are due to a local deficiency of electrons which 
have been diverted to the neighboring dark lines. 



Fig. 8. — Diffraction pattern of a thick mica sheet. ( After Kikuchi.) 

7. THE REFLECTION OF ELECTRONS AT CRYSTAL SURFACES 

Davisson and Germer 2 have studied the reflection of electrons from 
nickel with an arrangement essentially similar to a Bragg spectrometer. 
Setting the collector at the correct position for receiving a regularly 
reflected beam, they vary the voltage, and find that the intensity of 
reflection varies periodically. The maximum intensity is not obtained 
at voltages corresponding to the wave lengths which would be selectively 
reflected in the corresponding X-ray experiment, because the crystal 
behaves toward electrons as though it had a refractive index greater 
than unity. The following table gives a set of data for an experiment 
in which the angle of incidence was 10°: 

1 Phil Mag., 28, 263 (1914). 

a Pw. Nat. Acad. Sci., 14, 317 (1928); 14, 619 (1928). 
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m 


(5.3) 

2 

(1.15) 

8.0 

3 

1.14 

11 .4 

4 

1.07 

14.7 

5 

1.04 

18.1 

6 

1.02 

21.2 

7 

1.01 

24.2 

8 . 

1.01 


The first column gives the values of V H at which the intensity of reflection 
passes through a maximum. The observations could not be extended 
much below FW = 8 because the current of the incident beam becomes 
too small at low voltages. The first maximum at F« = 5.3 was obtained 
by a modification of the usual procedure. The order of reflection n is 
given in the second column, while the third contains the index of refrac- 
tion. 1 The formula used for determining the refractive index is a simple 
generalization of Bragg’s law, and is as follows: 

n\ = 2 d(n 2 — sin 2 0)'^. (5) 

Putting in the value of X and solving, we have 



/ 150 n z 
\4Fd 2 


+ sin 2 


( 6 ) 


which enables one to obtain the refractive index as soon as the voltage 
of the incident electrons and the incidence-angle are given. The utility 
of interpreting electron diffraction experiments with the aid of a refractive 
index was pointed out by Eckart 2 and Bethe, 3 and the idea is now widely 
used. Let us examine the way in which the refractive index arises. 
It is due to the acceleration of the electron by forces of the crystal. 
If the potential drop through the crystal surface (the so-called “grating 
potential”) is E volts, the wave length inside the crystal is smaller 
than that outside, in the ratio F^/(F -f- F)H and we have 



E being chosen positive. For each velocity, we can compute a value of E. 
Values for nickel are listed in the last column of Table 1. Those for 
several other metals have been determined by Rupp, 4 but Thomson 5 

1 At first, Davisson and Germer favored another assignment of the beams, but 

m 46 n (1927)) SUPP ° rt t0 the ° ne SiVm here ‘ S8e alS ° a n ° te by Patterson ’ (Nature ’ 

2 Proc. Nat. Acad. Sci., 12 , 460 (1927). 

3 Naturwissemchaften, 16 , 787 (1927); 16 , 333 (1928); Ann. Physik, 87 , 55 (1928) 

4 Ann. Physik, 85, 981 (1928). 

’‘Phil. Mag.. 6, 939 (1928). 
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has pointed out an error in calculation which invalidates them. This 
does not affect the value of Rupp’s interesting experimental results. 

At first it seems puzzling that E is not identical with the photoelectric 
threshold voltage of the crystal. This may be explained by stating 
that the work required to remove a photoelectron is less than the potential 
drop across the surface, because conduction electrons are moving with 
a veiy considerable kinetic energy which aids them in escaping under 
the influence of light. It must be remembered that the conduction 
electrons have an average kinetic energy much greater than %kT, 
for they obey the Fermi-Dirae statistics. 1 The classical value %kT 
does not account for the difference under consideration. Since the 
refractive index is greater than unity, total reflection may occur for 
some electron beams, as suggested by Bethe. 2 In Table 2, we give data 
pertaining to several beams which would strike the inner surface of the 
crystal at angles 6' so large that total reflection would occur. If we call 
6 the angle of refraction, total reflection occurs when sin 6 as calculated 
by Snell’s law is greater than unity. 


Table 2 


Azimuth 

Order 

Indices 

Sin S' 

Sin 0, 
calculated 

6, observed 



1 

220 

0.945 

1.24 


111 


2 

440 

0.95 

1.00 

app. 90° 



3 

551 

1.00 

1.02s 




1 

311 

0.86 

1.04 

app. 90 

100 


2 

511 

0.98 5 

1.05 




3 

711 

1.00 

1.02s 


110 

1 

420 

0.98s 

1.06 


331 

1 

620 

0.99s 

1.03 


210 

1 

640 

0.96 

0.99 

app. 80 


While this idea is not a cure-all for explaining missing beams, it has 
proved its utility in a number of instances. Three beams in the table 
should be emitted nearly parallel to the crystal surface. We should 
anticipate that such grazing beams will be both weak and broad, because 
fewer layers of the crystal are penetrated by the electron, and the resolv- 
ing power of the crystal is, therefore, smaller. As mentioned before, 
Davisson and Germer have listed several beams which they attribute to 
diffraction at the first layer of atoms. Further, they have shown that 
if a small amount of gas is admitted to the apparatus it is possible to 
detect additional diffraction beams, due to the arrangement of these 
atoms in a space lattice, either on the surface or underneath the first 

1 Fermi, Z . Physik , 36, 902 (1925); Dirac, Proc. Roy, Soc ., 112 , 661 (1926). 
a Loc. cit 
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layer of nickel atoms. On heating the crystal, the so-called “gas beams ” 
may be eliminated, which is excellent proof of this interpretation. 

Rose 1 has studied the reflection of electrons by a single crystal of 
aluminium and comes to the conclusion that the results are consistent 
with the value unity for the refractive index. 

Klemperer 2 has made the interesting suggestion that insulators 
may have a refractive index less than unity. In support of this view, he 
discusses experiments made by Schmidt 3 and by others following him. 
In, these experiments a beam of cathode rays was directed on the surface 
of a crystal and the dependence of the intensity of the reflected beam 
on the angle of incidence was studied. When this angle is greater than a 
certain limiting value characteristic of the substance, and of the velocity 
of the incident electrons, the secondary beam is much diminished in 
intensity. Klemperer considered this as evidence of a refractive index 
smaller than unity, due to the slowing up of electrons in the insulating 
material. Rupp 4 suggested an alternative explanation, namely, that the 
piling up of electrostatic charge on the surface is responsible for the 
effect. As the angle of incidence increases, the velocity being held 
constant, the component of velocity normal to the surface decreases, 
and eventually becomes so small that the bombarding electrons cannot 
penetrate to the surface. 


8. REFLECTION OF ATOMS FROM CRYSTALS 


T. H. Johnson 5 has found it possible to study the reflection of atomic 
hydrogen produced in a long discharge tube, at cleavage surfaces of 
calcite, sylvite, and rock salt, as well as natural faces of quartz. The 
apparatus is complicated, and many experimental precautions must 
be taken in order to secure reproducible results. The detector for the 
beam of reflected atoms is a glass plate smoked with white molybdenum 
trioxide, the surface of which is darkened wherever atomic hydrogen strikes 
it. Arrangements were provided for heating the crystals, since, other- 
wise, a layer of adsorbed gas would interfere with crystal reflection ■ further 
in the case of rock salt the surface is attacked by the atomic hydrogen ’ 
Some of the hydrogen atoms are diffusely reflected, a phenomenon 
which Johnson interprets as due to adsorption followed by reevaporation. 
With the detecting plate at a distance of 1 cm. from the crystal, a specular 
beam superposed on the diffuse reflection can be recorded in 30 minutes. 
The intensity of this beam depends on the angle of incidence and on the 
temperature of the crystal. In the case of rock salt at 400°C. the 


1 Phil. Mag., 6, 712 (1928). 

2 Z. Physik, 47 , 417 (1928). 

s Dissertation, Berlin (1924). 

4 Ann. Physik, 85 , 981 (1928). 

206 ' 301 am): *** N " Y » k *»»■ 
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intensity near grazing incidence is perhaps twice that at 30° and twenty 
times that 60° from grazing. At lower temperatures the diffuse back- 
ground becomes less prominent, and it has been found possible to obtain 
a very large percentage of the reflected atoms in the specular beam, even 
at angles far from grazing. Johnson remarks that there should be 
interference maxima in directions other than that of the regularly reflected 
beam. He shows, however, that due to the Maxwell distribution of 
velocities, the wave lengths of , the impinging atoms are distributed over a 
broad range, and the first order diffraction beam would be expected 
to extend over about 50°. 

Ellett and Olson 1 have made similar experiments with unidirectional 
beams of cadmium and mercury atoms, striking a clean rock-salt surface. 
The reflected atoms produce a single spot about 0.8 mm. in diameter, 
while the glass receiving surface, cooled with liquid air, remains perfectly 
clear for several times the interval required to make the spot perfectly 
opaque. These spots were obtained with angles of incidence varying 
from 20 to 80°. “ & 

More recently, 2 they have shown that the atoms in the reflected 
beam all have the same velocity regardless of the temperature of the 
reflecting crystal. This demonstrates that we are dealing with a reflec- 
tion which is analogous to the Bragg reflection of X-rays from a crystal. 
The data on specularly reflected cadmium atoms are as follows: 

Observed Velocity 
Angle of (Meters per 

Incidence Second) 

22.5° 500 

45 530 

67.5 600 

In a later paper Ellett, Olson, and Zahl 3 have given an equation which 
represents their data for cadmium. It is. 


h 

mv 


= 2 d( 2.26 


.. r _ C os 2 0 
1'2 mv 2 


>s 


<P is the average potential energy of an electron when inside the crystal 
and m is the mass of a cadmium atom. 

Ellett and Olson stated in their first paper that sodium is not reflected 
from a rock-salt surface. In view of the discovery that the reflected 
beam is analogous to a spectrum line obtained with the Bragg spectrom- 
meter, this observation can now be understood. It appears 4 that less 
than 1 per cent of the sodium atoms in the beam used by Ellett and 
Olson had a velocity such that they could satisfy the Bragg condition. 


1 Phy s. Rev., 31 , 643 (1928). 

2 Science, 68, 89 (1928). 

* Phya. Rev., 34 , 493 (1929). 

4 Private communication from Dr. Ellett. 
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RELATIONS BETWEEN AVERAGE KINETIC AND POTENTIAL 

ENERGIES 

§ 

The virial theorem of Clausius 1 states that for a system which is periodic or is 
in a steady state, the average kinetic energy over a long period of time is equal to K 
the average value of the function — Z(Xx + Yy 4- Zz ), which is called the “virial.” 
We shall prove an extension of this theorem which holds true in relativity mechanics. 
Let the equations of motion of a particle in the system be 


Then 


= X, etc. 
at 

„ xdimx) d(mxx) 
dt dt 


We write down two similar equations for the y- and ^-coordinates of each particle, 
and sum over all particles, obtaining 

2(a?X + yY + zZ) = + yy + ^)] ~ Smv 2 . (1) 

Dividing by two, and averaging over a long time, the first term on the right disappears; 
for its average is simply the difference of its values at the end and at the beginning 
of the interval, divided by the interval. This difference is finite because we assume 
that the motion is periodic or that a state of kinetic equilibrium has been reached, 
so that neither the coordinates nor the velocities increase indefinitely with the time. 
Finally, 

j- W = 2(xX +yY + (2) 

Note that on the left side m is the actual mass of a moving particle, so the left member 
is not the average kinetic energy. However, it reduces to the average kinetic energy 
when relativity is neglected. 

Interesting applications occur in the case of conservative systems, where X = 
— dV/dx, etc. If the potential V is a homogeneous function of the coordinates of 
degree n, then by Euler’s theorem for such functions the virial equals nV . In 
classical mechanics, equation (2) becomes 

2 T - nV. (3) 

Consider a system in which the force between two particles is along the line joining 
them and is proportional to the (n — l)th power of their distance apart. For the 
inverse square law, n = — 1, and _ 

2 T * - V (4) 

so that the total energy is 


rn V 


E - -T « 


(5) 


A more general theorem is this: If the potential energy V is the sum of several 
functions, Vi -1- Vi + * • • , which are homogeneous in the coordinates and of 
degrees Wi, n 2 , etc., then the virial is 

n 1 V 1 + W 2 V 2 + • * • ■ 

1 See any edition of Jeans’ “Kinetic Theory ftf Gases'* for applications in statis- 
tical mechanics. 
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There are important cases in which the external forces depend on the velocities 
as well as the coordinates. Consider an atom exposed to a uniform magnetic field. 
In order to make the illustration more widely applicable we suppose that a uniform 
electric field is also present. Then, assuming the nucleus immovable, we have for 
each charge e, 

= X + ^E x + ±(j,E, - iff,)],, ete. 

Here X refers to all forces acting on the electron apart from those due to the electric 
and magnetic fields. If these forces are due only to inverse square attraction^ and 
repulsions and have a potential V, then we show in the same manner as above that 


'Lmv 2 

~ 2 ~ 


V EM 
2 + 2 



(6) 


(For the electron e = -4.77 10“ 10 , not -1-4.77 10“ 10 .) M is the electric moment of the 
atom, and pH the component of angular momentum in the direction of H while EM is 
the scalar product of the vector E and the electric moment. If E is not present, the 
angle between H and pn is constant. 

Mjlne 1 has extended the theorem of the virial to systems subject to frictional 
forces proportional to velocities. In many cases the existence of such forces prevents 
the existence of a steady state, but in cases where it does not, or in which the motion 
is periodic, such frictional forces contribute nothing to the virial and can be left out 
of account in computing the mean kinetic energy. 


'Phil. Mag. 50, 409 (1925). 
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QUANTUM INTEGRALS 

1, Many integrals which arise in applying the quantum conditions can be evalu- 
ated by a “perturbation” method, starting from the value of 

f (a +™+~ y A dr. ( 1 ) 

This integral arose in equation (18), Chap. V, and was evaluated there by direct 
methods with the result 

Jo = -2 ri(C (2) 

We now obtain this result by the use of complex integration (see Appendix VI, 4th 
edition of Sommerfeld). Considering r as a complex variable, we mark the branch 




oo 




points r x and r% in the r plane (Fig. 1), representing the lower and upper limits of 
integration, respectively. The path of integration extends from r\ to r%, using the 
positive sign of the square root, and then from r 2 to ru using the negative sign of the 
square root. The path of integration may be deformed into a pair of infinitesimal 
circles passing around the poles of the integrand, at r - 0 and r — oo . To see this 
it is convenient to represent the r plane on the surface of a sphere as in Fig. 1 and to 
stretch the path of integration like a rubber band until it assumes the position A-H. 
Bringing the portions BCD and EGH infinitesimally close to each other their con- 
tributions cancel and we are left with the circles II AB and DBF around the poles. 
At r =* 0, Jo can be expanded in the form 


Mi f*7i , B 
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and the only term giving a finite contribution is the first one. The residue obtained 
from this term is 

- 2 t HC^, 

where the minus sign appears because the direction of integration is clockwise. 
Using the transformation s = 1/r, J 0 takes the form 


Jo = -5{A + 2 Bs + Cs^ds, (3) 

and expanding in exactly similar fashion around $ = 0, the contribution of the pole 
at r = oo is 

2t riBA~* 

which completes the proof of equation (2). 

2. We now evaluate 


Jl “ f( A + T’ + Dr ) ?dr ’ ( 4 ) 

which occurs in the theory of the Stark effect (Chap. V, Sec. 12 ). D is proportional 
to the electric field strength and is small compared to the other coefficients. We 
expand the integrand in powers of Dr, retaining only the first power, the result being 


A H- - 


T +£+»)" -(*+¥+* 

which shows that 




j 1 == Jo + 


D 


K^” + p)""*+ 


, (5) 

(6) 


Since D is small, the positions of the branch points which persist when D = 0 are 
not much altered. (In other words, the aphelion and perihelion distances of the 
electron are not much changed by the electric field.) In evaluating each of the 
integrals in equation (6) we deform the path of integration as before until it consists 
of infinitesimal circles around the poles. (In doing this, we are careful not to cross 
any of the branch points of J x or of the integral being evaluated.) As to the second 
integral in equation (6), its only pole is at r = oo, and the residue at infinity is such 
that we obtain 


J i 


= J o “h DiriA 


-K(l El 
\2A 2 



(7) 



APPENDIX III 


PHASE VELOCITY AND GROUP VELOCITY 1 


Consider a wave which is composed of a superposition of sinusoidal waves of 


various frequencies, a typical one being represented by cos 2i w 



If u 


is the same for all frequencies, any modulation (i.e., any rise or fall in the “envelope’ 
of the curve representing the disturbance at a given instant) is transmitted with 
velocity u. The form of the wave group is not altered as it progresses, and if the 
energy of the waves depends essentially on their amplitudes the rate at which their 
energy is carried forward is the same as the velocity of a given phase of one of the 
component waves. But if the phase velocity u is a function of the frequency, the 
form of the group continually alters as it advances; the velocity of propagation of a 
signal, that is, a modulation, is not equal to u , and is called the group velocity. 
Take the case of two cosine waves of equal amplitude with frequencies and velocities 
which differ by the small amounts dv and du. The resultant is very like a cosine 
wave train with slowly varying amplitude, familiar from discussions of beats in 
books on sound. Its expression is 


COS 27 TV 



+ cos M* + dv) {^TTdu ~ l ) 


u +■ du 

= 2 cos 2tv (i - 0 cos JECt 


v) 


When t - 0 there is an amplitude 2 at x = 0. At a later time <i, this peak will be 
at a point xi such that the argument of the last cosine term is zero, so the velocity g 
with which the peak or any other modulation of the train advances is given by 

1 _ tt _ 1 p du _ d{y/u) 

g X\ u v> 1 dv dv 


Other useful formulations are 

dv _ d(u/\) __ _ ydu 

g ~ div/u) ~~ d(l/\) U d\ 

These formulas hold approximately for waves of the more general type 


( 2 ) 


y 583 2) cos 2irw(^ — t — (3) 

i 

where v and u vary only slightly for the constituent wave trains. For the sake of a 
definite example suppose there is a maximum at the origin when t = 0. Let us refer 
to the argument of any cosine term in equation (3) as its phase. After a time 
At, large compared to l/v, the phase at a position Ax differs from its value at the origin 

when * = 0 by an amount 2™( A | - A«). The phase change will be nearly the same 

for all the terms if is so chosen that 

d(v/u) • 4a — dv • At. W 

1 gee Havelock, “The Propagation of Disturbances in Dispersive Media,” 
Cambridge University Press (1914). 
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The relative change of phase of the terms in equation (3) is very small during a single 
period 1/v because of the above restriction on the variation of v and u. Hence the 
combination of phases which gave rise to a maximum at the origin at time zero will be 
reproduced at a point within one wave length from the position Az, at a time differing 
from At by less than one period. Thus AxjAt is nearly the group velocity and equation 
(4) yields equation (2). Of course, it is possible so to choose the C’s that our approxi- 
mations do not hold. Wave groups of other types must be treated by special methods. 
It is often loosely stated that the velocity of transmission of energy is the group 
velocity, but since the latter is usually defined by kinematic relationships alone, this 
is not necessarily true. Frequently there is little sense in speaking of a group velocity. 
However, if we know the energy density p as a function of x , y , z, and t, it is easy to 
obtain an energy velocity g which may be defined as the group velocity. Its com- 
ponents satisfy a relation analogous to the equation of continuity in hydrodynamics: 

^ _i_ d(p£*) , d(p9v) , d(pg z ) __ 

dt^~ dx " r dy ^ dz ~ U * 

This does not determine g completely, and in general g will be a function of t 
as well as of the space coordinates, since it is not characteristic of the medium alone 
but depends also on the type of disturbance. The conventional character of the term 
“energy velocity” must be clearly appreciated. It is impossible to identify a given 
portion of energy at a later time, so g appears to be simply a convenient analogue 
of the velocity vector so useful in hydrodynamics. 
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Since M is greater than or equal to zero, on expanding the expression for M and 
integrating term by term we have 

0 ^ ff 2 dx — 2 'LckSf'Pkdx + 2c* 2 = ff 2 dx — 2c* 2 . 

The integral of / 2 is called the norm of /, and is written N(f), so we have 

2 cifgNtf), (6) 

which is Bessel’s inequality. It holds whatever be the number of functions used 
in the series for/. 

Now let the number of functions in the set ^* approach infinity. If it is possible 
with their aid to approximate the function / as closely as we please then the set 
is said to be complete. The formula (5) for the development coefficients is unaltered 
and Bessel’s inequality becomes the equation 

2c* 2 - N(J) (7) 

which is referred to as the 11 condition for completeness.” 

By similar methods it is easy to prove that for any two functions / and p, we havo 
the relation 

Sfgdx = ^£fCkd k , 
k 

where the c’s and d ’ s are the development coefficients of / and g 1 respectively. 


•2. HOW TO CONSTRUCT A SYSTEM OF NORMAL ORTHOGONAL 

FUNCTIONS 


If we are given a set of independent functions F 0 , F i, . . . , we can construct 
a set of normal orthogonal functions from them by straightforward application 
of the conditions of equation (1). The procedure is the following: We agree to write 
(ab) for Jabdx, Let us pick out one of the functions F, say Fq, and form the function 

F<) 

** = DvWlw* 

Then the norm of will be one, so that it is normalized correctly. If we define 
another function i pi by the relation 

i'x — a o^o + &i F i, 

we may so choose the constants ao and ai that this function will be orthogonal to ^ 0 - 
That is, we require that 

Sti'Podx = fa&po 2 dx +• JaiF^odx — a 0 + a,i(F\\po) “ 0 . 

This being done, we have in /[N(\pd)]M a function which is properly normalized 
and which is orthogonal to \p 0 . We continue this process, determining a function 


i hi ~ Mo + Mi + biF 


in such a way that it is orthogonal to both \p 0 and ^i, after which wo normalize it, 
and so on. The formula for ^»+i is 


tn+l 


1 



^Pk(fkF n+ 1 ) 


( 8 ) 


An interesting example is afforded by the Legendre polynomials. It is well 
known that any continuous function may be approximated throughout its course 
by a power series, as closely as we please. However, the functions in the sequence, 

1, x , x 2 } , . , 
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The Laguerre polynomials L„ are defined either by the conditions 

(23 ) 

or, more simply, by the relation 

L > - - = X (-V’Cr’ote -!)■■■(? + 1)% P (24) 

p = 0 

3 ( -1)* (x* - + 82(8 + • • • + (-l)«sl). 

From this we find the first few polynomials to be 

Lq — 1, L\ — 1 — x, Li — 2 — 4x + x 2 , Lg = 6 — 18a; + 9a; 2 — re 3 . (25) 
The recursion formula of these polynomials is 

Ln+i + (2 n + 1 — x)L n + n*L n - 1 = 0. (26) 

The corresponding normalized functions are 

*»“ e ~ x/ 2 ^f> n = 0, 1, 2, • • • . (27) 

To obtain the derivatives of the Laguerre polynomials, which occur in the theory 
of hydrogen, we use the second expression for L„ in equation (24). Differentiating 
t times, and writing LJ for d^/dx*, we have 

8-t 

(28) 

Some of these functions are listed in Chap. XVI. They are not themselves orthog- 
onal, but the related set 

rr *er x /2L %l +} 

n+Z 

which occur in the theory of hydrogen are found to enjoy this property over the 
range 0 to *> . 

Integrals of the type 

xPe~ w L/(x)L u v (x)dx (29) 

have been treated by Schrbdinger. 1 The more general integral 

jT " 0erl«+e)*/aL,*(<tt)Lstfx)dx 

can be evaluated in terms of the integrals of equation (29). The results are too 
lengthy to be quoted in detail We encounter integrals of this kind in evaluating 
the intensities of the spectral lines of hydrogen. 

1 Ann. Physik , 80, 437 (1926). 
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are not orthogonal, whatever be the range of integration. If we construct from them 
a set of polynomials which are normal and orthogonal in the interval -1 to -fl, by 
the above process, we arrive at the functions 

**(*) = ( ~T 1 ) 2p ^( a; ) (9) 

where P n (x) is a Legendre polynomial, useful in the quantization of the rotator 
and of the hydrogen atom. Other systems of polynomials often used in wave mechan- 
ics are obtained by orthogonalizing the system 

p'A, xp¥->, x 2 p l /ij .... 

where p(x) is a so-called “weight function.” 1 

We now summarize the more important properties of several systems of poly- 
nomials which are extensively required in problems of wave mechanics. 


3. LEGENDRE POLYNOMIALS 


by 


These polynomials which are often called cylindrical harmonics, may be defined 
the relation 


P n (x) 


1 d n (x 2 - 1)* 
2 n n ! dx n 


( 10 ) 


In physical p^pblems x usually is the cosine of the angle 0 between the z-axis and the 
radius vector, and we often find the Legendre functions written with cos 6 as the 
argument. This explains why we normalize these functions over the interval — 1 
to +1. These limits correspond to 0 = 7 r and 0 = 0, so that the integration covers 
all possible values of 0. 

We have 


P o - 1, 

Pi = X, 

P 2 = - K, 

Pz = - y 2 x, 

The recursion formula is 


p 4 « - ir >ix* +H; 

Fb = ^Ax* ~ *%X 3 +1^3?, 

Fo « - 31 Ke* 4 + 1 °Hqx* - % 6 , 

P 7 = 42y l(iX 7 _ 69^ 6 ^5 + 3 1 y x &x z _ sy 16Xm (11} 


(n + 1 )P n-t-i - (2 n •+ 1 )xP n + nP n -i = 0. ( 12 ) 

The normalization factor for the P’s may be obtained from equation (16), in the next 
section. 

4. ASSOCIATED LEGENDRE POLYNOMIALS 

These functions depend on two indices, n and m, and may be written either as 
P n,m(x) or as P n m (x ^ They may be defined by the relation 

Pn,m(x) = (1 - x*) m /2 ~ £— ■, m ^ n ; (13) 

from which formula (38) in Chap. XV is derived. If 0 and ip are the polar angles, and 
if we write x *= cos 0 , the functions P n ,m(x ) cos m<p and P n ,m(x ) sin m<p are known as 
“ tesseral harmonics.” Because of their utility in electrical problems, these harmonics 
are discussed in Jeans’ “Electricity and Magnetism,” Chap. VIII. The following 
tabulation gives the values of the first few associated polynomials: 

Fo,o = 1 , P*,o — cos 0 , Pi,! = sin 0 . 

P 2,0 * Vz & cos 2 0 — 1), F a , i - 3 sin 0 cos 0 , P 2f % - 3 sin 2 0 . 

Pa,o - M(5 cos 8 0 — 3 cos 0 ), P$,\ = z /i sin 0(5 cos 2 0 — 1 ). 

Fa , 2 = 15 sin 2 0 cos 0, P s ,a = 15 sin 2 0. 

P 4 , o = M(35 cos 4 0-30 cos 2 0 + 3), P 4 , 1 = % sin 0(7 cos 3 0 — 3 cos 0 ), 

P 4,2 = l % sin 2 0(7 cos 2 0 — 1), Pi , 3 = 105 sin 3 0 cos 0 , 

P i,i = 105 sin 4 0 . (14) 

1 For further information on this point the reader is referred to Courant-Hilbbrt, 
VoL 1 , p, 72, 



APPENDIX IV 


NORMAL ORTHOGONAL FUNCTIONS USED IN WAVE 
MECHANICS 


1. THE SERIES EXPANSION OF AN ARBITRARY FUNCTION 

To avoid repetition, we refer the reader to Chap. XV, Sec. 13 for the definition 
of normal orthogonal functions, and for a proof that the discrete solutions of Schro- 
dinger’s wave equation are orthogonal, provided we are dealing with a non- 
degenerate system. Similar proofs could be carried through for the more general 
wave equations introduced thereafter. Here we need more general definitions. 

A set of functions of a single variable x is said to be normal and orthogonal in 
the interval A to B if 

pa 

J 'Pntm*dx a® 1 when n = m 

— 0 when n m. (1) 

In the discussion we shall omit the limits of integration wherever possible. The 
extension to functions of several variables is obvious. Nothing is said as to the 
behavior of the functions outside the range of integration. It is shown in Chap. 
XV, Sec. 21 that any function f(x) which obeys certain restrictions can be expanded 
in a series of normal orthogonal functions 


/(*) 552 

k 


(2) 


The ordinary Fourier series is a simple illustration of such an expansion. The whole 
subject becomes very clear if wo approach it by setting ourselves the following 
problem: 1 

Suppose we are given a finite number of normal orthogonal functions etc. 

Lot us try to approximate the function / by a linear combination of these functions, 
’Zcuh, with constant coefficients Ch, in such a way that the mean square deviation 
is made as small as possible. That is. we seek the best fit by the method of least 
squares, arranging that 

M = /(/ — 'Zci4>k) % dx (3) 

shall be as small as possible. The conditions for this integral to be a minimum are 


OM = BM 
c)Cl * dc<i 


= 0, etc. 


( 4 ) 


By way of example, the first condition yields the equation 

/(/ - ^c k fa)fadx = 0 

and since the obey the conditions of equation (1), the result of the integration is 

T _ ci « Sffadx. 

In general, 

Ck = Jf'Pkdx. (5) 

If any of the functions / or fa were complex it would be in order to replace equation 
(3) by 

M - /(/ — Zckfa) (/* — ’ZCf 6 *fa*)dx, 
and to generalize equation (4) correspondingly. 

1 The treatment of this problem follows that of Court ant-Hilb ert, Vol. I, p. 35. 
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of the correspondence principle for intensities (Chap. VI, Sec. 4), we 
expect the intensity of this line to be roughly proportional to the corre- 
sponding entry in the above tabulation, using the value of cos d given in 
equation (13). Of course, there is no justification for using the value 
of cos 6 for the initial state rather than that for the final state, and the 
efforts of investigators in this field were devoted to discovering the 
appropriate modification of this procedure. Several guiding principles 
were available, such as the sum rule and the requirement that the true 
laws must yield zero intensity for certain lines, e.g., for transitions 
between states for both of which j = 0. The formulas thus found 
have now been confirmed by the methods of matrix and wave mechanics. 
These formulas are rather involved, and can best be expressed, following 
Sommerfeld and Honl, by adopting" the abbreviations 

P(j) e O' + l) 0 + J ■+ 1) - s(s + 1) 

Q(j) = 's(s + 1) - 0 — 00’ — * + !) 

R(j) s j(j + 1) + 1(1+ 1) - s(s + 1) . (14) 


Then the products of the weight factor g for the initial state and the 
transition probability for a transition to the final state, are propor- 
tional to the quantities in the body of the following table: 


Z - 1 - Z 

Z-> Z 

■i->i - 1 

PU)P(3 ~ 1) 

(21 + l)P(j)Q(j - 1) 

QU)QU - 1) 

Ajl 

m + 1) 

4jZ 

(2 j + 1 ) PU)Q(j) 

(2Z+ l)(2j + 1 )R\j) 

(2j + 1 )P(j)Q(j) 

4i(j+l)Z 

m + do + 1) 

4 j(j + 1)1 

QU)QU - 1 ) 

(21 + 1 )P(j)Q(j - 1) 

P(j)P(j ~ 1 ) 

4j'Z 

mi + 1) 

ijl 


A j = 


+ 1. I +1 = - 1, l)j, l ± 1) 


0. I« = SjA(j, l)j, l ± 1) = 


c(2j-+ 1 )P(j)Q(j) 


4j(j + 1)1 

- 1. I_ l = g,A(j, l)j — 1, / ± 1) = } 


(15) 


A l = 0: 


A 3 = 


+ 1. I-t-i = gi-iA(j — 1, l) j, Z) 
0. Io = g,-A(j, 1)3, l ) = 


4jZ 

_ c(2J + 1 )P(j)Q(j - 1) 
(i + i) • 4 ji 

c(2l + 1)(2 j + l)R\i) 


w + 1 m + 1 ) 

1. I_, = g,A(j, l) j - 1, 0 = IVlMQ&zJ) 


A considerable amount of material is now available for testing these 
formulas. Frerichs 1 has made measurements on multiplets of Ca, Cr, 
and Fe; van Milaan 2 has studied a number of multiplets of elements 
in the transition region of the first long period, and G. R. Harrison 8 
1 Z. Physik, 31, 305 (1925); Ann. Physik, 81, 807 (1926). 

*Z. Physik, 34, 921 (1925); and 33, 427 (1926); dissertation. Otrecht. 1926. 
s J. 0. S. A. and P. S. /., 17, 389 (1928). 
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intensity factor is greatest for the rotational bands and decreases rapidly 
as 'An- takes the values 0, 1, 2, . . . However, since we must multiply 
this factor by v 4 to secure relative energies emitted and since v for the 
first vibration band of HC1, for example, is ten to one hundred times the 
frequencies of the rotation band, we see that the fundamental rotation 
vibration band will be more intense than the rotation band; it will also 
be more intense than any higher harmonic rotation vibration band in 
agreement with experiment. 


6. ROTATION SPECTRUM OF A MOLECULE HAVING AN AXIS OF 

SYMMETRY 

In this section, our problem is to calculate the rotational energy 
levels of a molecule having a single axis of symmetry, neglecting the 
effects due to internal vibration. 1 We write down- the kinetic energy, 
and form the wave equation from it by the procedure of Chap. XV, 
Sec. 20. Just as in the classical band spectrum theory of Chap. XII, 
Sec. 24, the molecule is represented by a top with two principal moments 
of inertia equal to A and the third equal to C, and the problem is treated 
in terms of the Eulerian angles 0, <p, x- The result is 


1__0 
sin 6 dd 



+ 


sm 


1_ d ' V , 

*-0 0 X 2 ^ 


(*■ 


+ cot 2 6 

2 cos 9 dhp 

dtpdx 


sm 4 


9V 

d<p ' 1 

+ ^(^-7)^ = 0. 


(54) 


The undisturbed top has no potential energy, so we set V = 0. This 
equation will be separated by the substitution, 

\f/ = 0(0) exp ( i\(p + imx), 

where X and m must be integers in order that \p be an acceptable function. 
Substituting in equation (54} gives the differential equation for 0, 

d 2 ® I co s 6 _ (*» 4- (jfj + 1) - X 2 )0 = 0 (55) 

de 2 + sin e dd sin 2 8 


where 


j(j + 1) - X* = 


8tt 2 AE 

~h r ~ 



(56) 


For convenience we introduce a new independent variable, 
t = mi - cos 9) 

and a new dependent variable, 

X = r7 2 (l - t)-°‘ /2 0, (57) 

where , , , , / KQ \ 

s = |X + m| and d = |X — m|. (oo) 

1 Dennison, Phys. Rev., 28, 318 (1926); Reichb, Z. Physik, 39 , 444 (1926); 
Reighe and Rademacher, Z. Physik, 41 , 453 (1927); Kronig and Rabi, Phys. Rev 
29 , 262 (1927); Manneback, Phys. Zeit., 28, 72 (1927). We follow the treatment of 


Reiohe, 
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This change of variables brings the equation (55) to the form of the 
hypergeometric equation, 

f(l - + [y-(« + P + l) 4 f ~ a ? X = °’ (59) 

where 

T = l + d,a=^±- S + i + l,and/3 = d -^-i. (60) 


It follows from the definition of d and $ that y — 1 — d > 0 , and that 
a 0 _ y = s ^ 0 , and that these quantities take only integral values. 
The only solution of the hypergeometric equation which makes 0 an 
acceptable function in the region 0 ^ t ^ 1 , that is, in the region 0 ^ 
6 ^ 7 r, is the hypergeometric series, 


X 


r , R i , | «(« + ^O 3 + 1 V + . . . (61) 

F(a, ft t, 0 = 1 + — * + 2W(tH- 1) ' ^ 


and then only if either a or /? is^ equal to a negative integer or zero; in 
this case the series will terminate and be finite for all values of t in the 
required interval. 

Since a. and p enter symmetrically into both the differential equation 
and its solution, it makes no difference which one is submitted to the 
restriction that it shall be negative or zero; so we take 


a = -p, p = 0, 1, 2, • • ■ . 


Then from equation (60), 

P = p + d + s + 1, 

j(i + 1 ) - + r + ')’ 

J.4±* + P, (02) 

and thus j is a positive integral number or zero. is equal to the 


greater of the two numbers |\| and |m| and thus j is equal to the larger of 
these plus p. Solving equation (56) for the energy we have, 


v _ A 2 \JVJ hi) 

E jXm ~ 8 t 2 ^ A 



(63) 


This energy formula differs from that of classical theory (Chap. XII, 
Sec. 24) only through the occurrence of j(j + 1) in place of j 2 . The 
magnetic quantum number does not appear in the energy formula, since 
the system is degenerate in the absence of an external field. 

The wave function is, therefore, 


xf, = 0(0) exp (iK<p + imx) 

= Nt d ^(l - t)* /2 F(-p, 1 + d + s + p, 1 + d, t) 

exp (i\ip + «x) j (64) 
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where N is a normalization factor. The element of volume in the 
coordinate space in which ds 2 = 2 Tdt 2 is, 

AC Vl sin 6ddd(pdx or AC^2dtd<pdx, 
and we choose N in such a way that 

J -»2 7T /*2tt /^1 

I W*AC*2dtdvdx ” 1* 
o Jo Jo 

Integrating over p and x gives, 

= 1, 


where 0 as a function of t can be secured from equation (64). Carrying 
out this integration and solving for N 2 , we have, 


(1 + d + s + 2 p)(d + & +_p)Kd + p)l 
A S^AC^pKd^Ks + V )l 


(65) 


The particular hypergeometric series which we use in this case 
is known as the “Jacobian polynomial 75 which is, 

F( — p, 1 + <2 + s + p, 1 + d, /) = pj 7 , t) 


( 1 yfi f (^ + S + + r ) -^ L . fr (01^4.) 

= A ( -1) " r Td 4- tT+p) Kd + r)\ ’ l ° 1Aj 


where 


p(p - !)(P ~ 2 ) ' ' ‘ .(? _ 
Cr ' r! 


(d + s + p) !(d + r) ! 

(r ~- 1 ^, and CV = 1. 


By comparing this with equation (61), it will be seen that the two are 
identical for the particular values of a, j8, and 7 appropriate to our problem 
and this shows that the series terminates at r = p. The preceding equa- 
tions give us all the material needed for writing out the value of for 
any combination of quantum numbers. 

Example: Let 3 = 4, X = 2, m = 1. We have then <i=\-m = l,s = \ + 
d + s 


m — 3, p = 3 


— 2. Then, 


F = 1 - 71 + 
e = jW( 1 - i) H f. 
81 

4^0^’ 




= i ( x ^) V5(1 “ t)? '( 1 ~^ + S '’) ^ ^ + 

Changing the sign of X docs not change the energy, hut changes the wave function to 

= i(ikO MsotW(1 ■ tf i i + t *0 exp { ~ i2v + ix) - 

The probabilities of transition can be calculated in the usual way 
by forming the matrix elements for the electric moment. If the molecule 
has a permanent electric moment with components Pj , fV > Pm or i 
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if the transition includes an electronic-vibrational transition with these 
components of electric moment relative to the moving system of coordi- 
nates, the matrix elements of the components of electric moment parallel 
to the fixed X, Y, Z axes are proportional to 

P x (J'\'m'; Ps, P/, A <P, x), 'h"v™"dv, 

and two similar equations for P v and P PziPxi P/j P*> A ‘P’ x) i s 
given by equation (95) in Sec. 9 by substituting electric moments for 
coordinates in that equation, and dv equals the generalized element 
of volume, AC* sin 6ddd<pdx ■ This has been done by Reiche and 
Rademacher 1 and Kronig and Rabi, 1 but we shall merely give the results 
as calculated by Dennison 2 using matrix mechanics. These amplitudes 
are especially important for they give the relative intensity of the 
rotational lines not only of the symmetric top molecule, but also of the 
diatomic molecule, since the latter differs from the former only in having 
a small moment of inertia about the figure axis, dhe permitted tran- 
sitions are those for the following possible changes in the quantum 

numbers : „ „ 

A j = ±1, 0; AX = +1, 0; A to = ±1, 0; 

there are thus twenty-seven possible types of transitions with X and m 

taking the values, 

—j<\< j and — j < to ^ j. 

Since the energy does not depend on in nor on the sign of X, many of 
these transitions will give identical frequencies in the absence of an 
external field and thus the intensities will be proportional to the sum 
of the squares of the amplitudes over all possible values of m and ±X. 
The results of the calculation for the field-free lines are as follows: 


X", j") 

j' — j" 

X' - 

c?(2j + 1)X 2 

0 

0 

i(i + i) 


c2(j 2 - X 2 ) 

±1 

0 

j 



c(2j + 1 )(j + X)(j — \ + 1) 

0 

i 1 

jU + i) 

e(j + X)(j + X - 1) 

±1 

±1 

3 



c(j — x)(j — x + l) 

+1 

HFl. 


(06) 
J 

j and X in these formulas refer always to the larger of / and j" or 
and X" and in the last two formulas the two upper or two lower signs 
of Aj and AX are to be taken together. g, J is the quantum weight 
of the initial state and c is a constant multiplied by vK 
1 Loc. dt, 

spfij/S. Beo., 28, 318 (1926k 
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The relative intensities of the lines of case a diatomic molecules 
are also given by these formulas by replacing X by i. They do not 
include the further restrictions required by the symmetry properties 
of the complete wave functions which will be discussed in Sec. 9. The 
amplitudes are not changed appreciably by the X-type doubling so that 
these formulas apply without change to the singlet system of levels 
and it will be found that they agree exactly with the formulas derived 
from the sum rules of Chap. XX, Sec. 8. 


6. STARK EFFECT AND ZEEMAN EFFECT OF THE ROTATIONAL SPECTRUM 


The heavy symmetric top considered in Sec. 5 is doubly degenerate- 
Since m may take all the values —j, • - - 0, ■ • • j, there are 2 j + 1 
wave functions which have the same energy for any particular values 
of j and X. It is also possible to change the sign of X without changing 
the energy of the molecule, so that altogether there are 2(2 j + 1) wave 
functions for each energy state. These will give different values for 
the energy, only if the proper perturbing fields are present. The degener- 
acy in m is removed by an electric or magnetic field. An illustration 
of the removal of the degeneracy in X will not be given, but a very similar 
case in the theory of diatomic molecules having X > 0 will be discussed 
in Sec. 9. 

Reich© 1 has investigated the first-order Stark effect, while Manneback 2 
has calculated both the first- and second-order terms. The model 
used by Reich© consists of an electric (or magnetic) dipole attached 
to the symmetrical molecule discussed above, with its moment n directed 
along the axis of figure. This introduces a potential energy term, 


V = —jjlF cos 0, 


in equation (54) if the field is applied along the axis 0 = 0. The per- 
turbation of the .energy is calculated by Schrodinger’s perturbation 
method for degenerate systems (see Sec. 2). The term in F , giving 
the first-order Stark .effect, is found to be . , 


Ai E 


A iF\m 

'JUT I) 


(67) 


by the aid of formulas developed by Rademacher. In the special case 
j = 0, there is no change, of energy proportional to F. Reiche 3 had 
previously solved this problem in terms of the Boh.rtb.eory, The present 
result differs from the older one only through the presence of j(j + 1) 
in place of f. It is worth noting that the shifts predicted by equation 
(67) could easily be observed in the visible spectrum provided that 

1 Z. Phynlc , 39, 444 (1026). 

s Phyailc, Z., 28, 72 (1927). 

» Ann. Phytrik, 68, 608 (1919). 
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rot at ional ami electronic energies arc Additive and that the model used 
Sh adequate. If ju £* 10~ u , then at. 5, (XX) A., the npiit t irtfc in a field of 
A, (XX) volts per centimeter would lie of t he order of (i. 1 A. for the t munition 
from the state j <*»?«««• X ■» 1 to the state j m m <* X «• ti, This 
split ting is independent of the moments of inertia of the molecule, and 
serves as a direct measure of its electric moment. 

The term in F* was obtained by Manuel tack i»oth in wave and in 
ordinary dynamics. If j pt 0, the result of the calculation by wave 
mechanics is 

a If,'* 

v | ' 'M'Ki. f't, x) - i’O' + I, m, Ml, (i\h i 

where 


If j - 0, then, 


<Hj, m, X) 


0* - X») 

(2j - 1 H2j)’(2j 4 1)‘ 


1 a’/ 1 ' 


U A‘/H.rM 


'he result by ordinary mechanics when j * D is, 


A t E 


M*f* 1 
/* 9 /8trM ‘ K j* 
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m* I X’ 


• <:■ y 




Kq nation (m) merges Into this when j in large compared with one, as it 
should, A knowledge of both At A' and A»A' is necessary in order to 
calculate the dielectric constant of a dipole gas. 

The theory of the Zeeman effect of diatomic molecules Is similar 
to that of the Stark effect and has !>ern given by Kemble,' Kemble, 
Mullikcn, and Crawford* ami by Kmnig'; it is necessary to inelude a 
potential energy term in the wave equation for the symmetric top, 


V 


(X 4- 2a) pi! cos 0, n 


ah 

4*WIC 


where (X 4- 2a)y, represents the magnetic moment assumed to t*» in the 
direction of the line of nuclei and 8 is taken as the angle Itctwocn the 
direction of the external field and the line of nuclei, These assumption* 
apply to the case a molecule only. The additional term in the energy is 


AE 


(X 4- 2 ahmff 
jij HI >■ 


mr.i i 


This formula predicts 2 j 4 1 levels for a given value of j and that these 
levels Income closer together ns we go to higher values of j, It is difficult 
to test this theory because of t he many closely spaced lines of hand spectra 


' " Molecular HtKw>(rn,“ Chn|>. VII, Hw « Obi ih«»rv. 
Hm>„ SO, 43M (1 0X7.1. 

‘Thy*. Hm., St, 106 (1028); 7 Thyttk 46 , 667 (IWifli. 
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and because the closely spaced levels at large j values are difficult to 
separate. It is therefore necessary to calculate the intensities as well 
and thus predict the centers of gravity for the Zeeman patterns for large 
values of j. 

The most detailed experimental study of the effect is that on the 
Angstrom CO bands ( 1 E— > l II) by Kemble, Mulliken, and Crawford. 1 
This work includes the Zeeman effect of a number of P-, Q-, and I2«lines of 
these bands. The experiments confirmed the theory on three points: 
the separation of the outside components is proportional to the field 
strength and agrees quantitatively with the predicted values; the fine 
structure observed was that predicted by theory; and in low fields the 
intensities agreed with the values calculated by Kronig. 2 In higher 
fields the intensities of components displaced symmetrically on each 
side of the original line are not equal. In the Q-branch lines the lower 
frequency parallel components are more intense than the higher frequency 
components and this asymmetry decreases with increasing running 
number of the line, Kronig showed that this was to be expected duo 
to a change in intensity with increasing field strength. The data on 
this point for lines of other branches is not conclusive. 

7. THE HYDROGEN MOLECULE ION 

The hydrogen molecule ion presents a three-body problem which 
can be solved by the separation of variables providing we assume that 
the protons are stationary. This problem was solved by Pauli* and 
Niessen 4 using the old quantum mechanics, but no agreement with the 
experimental values was secured. The problem has been attacked, 
using wave mechanics, by a number of authors; 5 Burrau used the sepa- 
ration of variables method, while the others used different perturbation 
methods. 

The hydrogen molecule ion has nine degrees of freedom, and it is 
therefore necessary to specify nine coordinates. Three of these will 
fix the position of the center of mass of the system, three the motion 
of the protons relative to the center of mass, and three the position 
of the electron relative to the protons. The first three coordinates 

1 Loc. cit, and Crawford, Phya. Rev., 33, 339 (1929). See also the work of Hul- 
th$n (“ Dissertation,” Lund (1923)) on the ZnH, CdH, and HgH bands and of 
Watson and Perkins (Phya, Rev,, 30, 592 (1927)) on AgH, A1H, ZnH, and MgH 
bands. 

2 Loc, cit. 

8 Ann. Physik, 68, 177 (1922). 

4 Dies, “Utrecht (1922); Ann, Physik , 70, 129 (1923). 

5 Bureau, Kgl Danake Videnskabernes Selskab, Medd, VII, 14 (1927); Wang, 
Phya. Iiev., 31, 579 (1928); Finkelstein and Horowitz, Z. Physik , 48, 118 (1928); 
Condon, Proc . Nat. Acad. Sd., 13, 460 (1927); Pauling, Chem, Rev., 5, 190 (1928); 
Guillemin and Zener, Proc . Nat. Acad . 8 d. 7 15, 314 (1929); Wilson, Proc. Roy , 
Soc., 118, 617 (1928), 
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may be .neglected immediately because the wave equation including all 
these coordinates will split into two parts, one of which will describe 
the motion of the center of mass and will be of exactly the same form as 
that , of a free massive point moving with uniform velocity (Sec. 4 ), 
while the other will describe the internal wave function and fix the 
internal energy. The second set of three coordinates, which fix the 
distance between the protons and the direction of the line joining them 
in space may be neglected for the moment because we do not intend 
to consider the rotation of the nuclei. We shall fix the distance between 
the protons later by applying the condition that the energy of the mole- 
cule must be a minimum. This last is approximately equivalent to 
quantizing the vibration of the nuclei in a zero vibrational state. This 
method is permissible for Born and Oppenheimer 1 have shown that 
the first approximation to the solution of the structure of molecules is 
secured by solving the problem of the electron motion relative to the 
nuclei considered as stationary. 

The Schrodinger equation for the electron relative to two nuclei 
each of charge +e, fixed an arbitrary distance apart is, 


dV dhp dV r 

+ W ^ G{ 


d.X 2 


( 


JS + -- + 





(70) 


where x, y, and z are the coordinates of the electron relative to axes fixed 
to- the line of nuclei, ri and r 2 are the distances of the electron from the 
first and second nuclei, respectively, R is the distance between the 
nuclei and G = 8x 2 m/h 2 . We introduce the elliptic coordinates 


ri + rj 

R ’ 



(71) 


and take as the third coordinate the azimuth <p about the line of nuclei. 
The potential energy of the electron is then 

£>2 0 p, 


7 = 


e‘ 


(72) 


r i r» R ( £ 2 - 17 2 ) 

and the transformation equations for x, y, and z are, 

z = x = |(£ 2 - 1)(1 - y 1 ) cos <p, y = |(£ 2 - 1)(1 - j? 2 ) sin <p. 

In the new variables the wave equation becomes, 
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+ e 2 22f 


^ = 0. (73) 


1 Ann. Physik, 84, 457 (1927); See Condon and Morse, "Quantum Mechanics,” 

McGraw-Hill Book Company, Inc. (1929), for a presentation of this work. 
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\p is to be an acceptable function throughout space, that is, for all values 
of the variables satisfying the relations, 

1 ^ ^ oo, -1 ^ V ^ 1) 0 ^ <P < 2tt. (74) 

This equation is separated if we set, 

f = Z({)7( r>) exp (*», X = 0, 1, • • • 
and the equations of X and Y are then, 


d_ 

dt 


(£■ - i)f } + - i) f £! + r^T* + A ] x 


= 0 , (75) 


and 
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di 7 
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(*-s) 


B 2 


77 2 + 



+ A 


A is the constant introduced in separating the variables, 
to introduce the constants, 


J Y = 0 . (76) 

It is convenient 


y = 0 (e- ^ ~ and e = Ge 2 R = (77) 

where a Q is the radius of the first Bohr orbit of hydrogen. 

In solving equations (75) and (76) for the case of the normal state, 
Burrau adopted the following method: There will be no nodes in the 
wave function of the normal state of the ion and, therefore, X may be set 
eaual to zero and further we know the wave function will be positive 

1 dX , _ 1 dY 

at all points. New dependent variables <r £ = ~ xd£ ana <r ’ 1 ~~ Y dri 

are first introduced, which reduce the equations to the form, 

dci _ 2 _ y ? ~ 2(e ~ (78) 

H ~ ( s 2 - 1 

and A 

dc v _ _ 2 y^L + 2(r ^ ~ A . (79) 

~<k ~ + " r- v* 

There are three arbitrary constants in these equations, 7 , «, and A. 
Equation (79) is used to secure the relation between 7 and A, and then 
equation (78) to secure the relation between 7 and e. In addition, we 
use the condition that the energy as a function of R must be a minimum 
to fix the values of 7 , <=, and A. 

When t] - ±1, the denominator of equation (79) becomes zero 
and thus if d<rjdi 7 is to remain finite, the numerator must also become 
zero. This fixes the values of <r„ at these two limits as, 

<r,(l) = yi(A — 7 ) and <r„( — 1) = — H(A — y). (80) 

Moreover equation (79) requires that <r,( +17) = -<r,( — y) since it is 
invariant to a change of sign of both and 77 , that is, <7, has opposite 
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signs on the two sides of the plane rj = 0 and it must therefore be zero 
at this plane, cr, is therefore expanded as an odd power series near 77 = 0 
and in another power series near r\ = 1 . Both series converge fairly 
rapidly at 17 = 3 ^ and the values of A and 7 which make the two series 
converge to the same value at this value of rj are determined by trial. 
In this way, pairs of values of A and 7 are secured which give A as a 
function of 7 . 

Similarly cr^ is expanded in an ascending power series in (f — 1 ) 
and in an inverse power series in £. Knowing A as a function of 7 
from the previous calculations, these series permit a calculation of 
7 as a function of e, that is, the distance between the nuclei, and for each 
value of 7 it is possible to calculate the energy from equation ( 77 ). 
In this way a plot of energy against internuclear distance can be 
made and the energy and internuclear distance .for the minimum of this 
curve are the values of these quantities for the normal vibrationless 
state of H 2 + . The minimum value of E was found to be 16.29 ± 0.03 
volts. From the shape of the curve of E plotted against R in the region 
of the minimum, Burrau found that the vibration frequency of the 
nuclei was about 2,250 cm. -1 , which gives for the nuclear vibration 
energy in the lowest state, %hv = 0.14 volts and thus the observable 
ionization energy of HA is calculated to be 16.15 ± 0.03 volts . 1 

The energy of dissociation of the hydrogen molecule is approximately 
4.38 volts , 2 and this, together with the calculated value for the energy 
of the hydrogen molecule ion gives 15.31 for the ionizing potential of 
the hydrogen molecule. The observed values for this ionizing potential 
lie at about 16 volts. The discrepancy is probably due to the fact that 
the experimentally determined ionizing potential of the molecule is not 
that for the removal of an electron from the hydrogen molecule in its 
lowest state to form the hydrogen molecule ion in its lowest state. Some 
vibrational energy is probably given to the nuclei of the hydrogen mole- 
cule ion at the same time that the electron is removed (see Chap. XIII, 
Sec. 7 ). Birge ( loc . cit.) secures 2,247 cm .- 1 for the value of v 0 from band 
spectra, which corresponds to 0.277 volts. The agreement between the 
calculated and observed values is as good as can be expected. 

Figure 3 shows a plot of the energy of the normal hydrogen molecule 
ion as a function of the distance between the nuclei as given by Burrau 
and Fig. 4 shows the plot of the value of f 2 in an arbitrary median plane! 

Unsold, Pauling, Finkelstein and Horowitz, and Guillemin and Zener 
have applied perturbation methods to solve the problem of the hydrogen 
molecule ion, and have secured values which are in approximate agree- 


Acld 14^2 U928) 16 ^ V ° ltS dUe t0 an 6rr0r “ caleulatio11 ’' see Bir ge, Proc. Nat. 

40, m'IS)* 00 ' NaL ACad ' ^ 12 ’ 238 (1926); DlBKE and Hop ™> * Phyzik, 
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ment with those of Burrau. The method of Guillemin and Zener is 
especially interesting, since it gives the wave function as well as the 
characteristic energy values . 1 

Though the wave functions for the hydrogen molecule ion in all 
its states have not been calculated, it is possible to see where the nodes 



Fig, 3. — The energy of us a funo- Fig. 4. — -The charge density for Ha + . ( After 

tion of R. {After Burrau,) Burrau .) 


of these functions will appear, and to see how they will change as the 
two nuclei are brought infinitely close together to form a united He + 
ion. The quantum number X gives the number of nodal planes passing 
through the line of nuclei corresponding to constant <p f and as the two 
nuclei are brought close together these nodal planes become the meridian 






ZP(n*bl'l) 2P(n*Z>l*1) 




ZP(n*M*l) 3P(n*3>l*l) 


Fig. 5,—Tho nodes of He+ Ha+ and H. 


nodal planes of the united atom, and X becomes equal to the atomic 
quantum number m. There can be no change in the number of these 
nodes in this process. The nodes corresponding to constant £ are 
ellipsoids of revolution and become the radial nodes of the united atom, 

1 See Condon and Mouse, “ Quantum Mechanics,” McGraw-Hill Book Company, 
Inc. (1929) for a review of these perturbation methods. 
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while the nodes for constant 57 , which are hyperboloids of revolu-- 
tion, become the latitudinal nodes. Thus the ellipsoids become spheres, 
the hyperboloids cones and the planes remain planes. The numbers of 
ellipsoidal and hyperbolic nodes may be designated by n £ and n„ respec- 
tively. The left side of Fig. 5 illustrates this change for the cases 
n £ = 1, ts, = 1, X = 0, and = 1, n„ = 2, X = 0. 

These diagrams represent, only the nodes in an arbitrary plane through 
the line of nuclei and if rotated about this line the lines will generate 
the nodal surfaces. The l quantum number of the united atom is equal 
to m + n,( = X + n„) and the total quantum number is n = -f- n„ + 

X + 1. 


It is also of interest to consider the changes in the nodal planes 
and thus the quantum numbers as the nuclei are separated to a great 
distance. This separation results in two identical wave functions, 
one about each nucleus, characteristic of the hydrogen atom in one of 
its steady states if the problem is solved using parabolic coordinates, 
say £', V, and <p. Since the wave function of the hydrogen molecule 
ion is normalized so that the total negative charge is that of one electron, 
each of these separated wave functions will be normalized so that the 


total charge is only one-half the electronic charge. This means that 
the electron remains near one nucleus for a time, then passes to the other 
for a time and then back again, etc., so that on the average it spends 
one-half the time on each. When separated a short distance the prob- 
ability of such a “jump” is very small. Thus the hydrogen molecule 
ion separates into one atom and a proton, but the probability of the electron 
going with one nucleus is equal to its probability of going with the other. 
The nodes of constant <p and of constant |, i.e., X and n h will not change in 
this process of separation; X becomes the m quantum number and n £ 
becomes n ( ', a quantum number conjugate to a parabolic coordinate of 
the hydrogen atom. On the other hand, there is a reduction of the 
number of nodes of constant v except in the case that this number is 
zero. If n, is odd, one of the nodes is the median plane perpendicular 
to the line of nuclei and as the nuclei are separated, this node disappears- 
the nodes on one side of this plane become nodes in a parabolic coordinate 
of the one atomic wave function and those on the other side nodes of 
the second atomic wave function. If «, is even, no node is lost, but half 
of the nodes go to each atomic wave function. Thus the number of 
parabolic nodes, ?y in each atomic wave function is — 1 ) if n 

is^ odd, or y 2 n„ if n v is even. This decrease in the quantum number 
when a molecule separates into atoms is called “demotion” of the quan- 
tum number and the increase in the number of nodes in the reverse 
process, that is, the formation of a molecule from atoms or ions, is called 
promotion ’ of the quantum number. These changes for //,+ are 
illustrated at the right in Fig. 5 and a little study of these diagrams 
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and the possible nodes will convince the reader that the changes must 
occur in this way. Following the rules of this and the preceding para- 
graph, it is possible to correlate the energy levels of II 2 + with the levels 
of the hydrogen atom in an electric field and these in turn with the field- 
free levels, 1 and also with the terms of He 4 ". This is given in Fig. 6. 
This correlation between the H 2 + and the H + H + levels was given by 
Hund. 2 

Two levels of H 2 + approach each Stark effect level of the hydrogen 
atom ; one of these has even n v and the other odd n v . If the coordinate 



of the electron is changed from 77 to — 77, Y(rj) changes sign if n v is odd, 
but does not change sign if n n is even. Thus 

Y(v)~m-v), (sc- 

where jS equals 1 if n, is even, and — 1 , if n, is odd. Considering the 
reverse process, the two atomic wave functions can interact in .two ways 
in one of which a node is formed between them (antisymmetric) and 
in the other of which no such node is formed (symmetric). This will be 
illustrated further by the hydrogen molecule in the following section. 
All the levels of H*+ given in the figure may not be stable; in particular 
the antisymmetric states will probably be unstable, since promotion 
always occurs with a consequent increase in energy when these are formed 
1 See Keamehs, Z. Physik, 3, 199 (1920). 

‘Z, Physik, 40, 742 (1927). 
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from H and H+. In more complicated molecules these relations are 
not so simple due to the interaction of the electrons in such molecules. 
If this interaction could be. neglected, the wave equation could be sepa- 
rated in elliptical coordinates and all the arguments in this section in 
regard to demotion and promotion of quantum numbers could be used. 
To a first approximation this is true for many molecules, and the for- 
mation of more complex molecules from atoms has been discussed in 
this way (Sec. 8 ). 


8. THE STRUCTURE OF THE HYDROGEN MOLECULE 


Heitler and London 1 solved the problem of the hydrogen molecule 
by applying the perturbation theory of wave mechanics. The wave 
equation is 


Ai* + A 2V M -G\E 
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where xi, y i, z x , x 2 , y 2 , z 2 , are the coordinates of electrons 1 and 2, R is the 
distance between the nuclei, r n that between the electrons ’and r al , 
Tai, n 1 , and r M the distances between electrons, 1 and 2, and nuclei’ 
a and b, as indicated by the subscripts. The zero order approximate 
solution is secured by suitable combinations between the wave functions 
of the separate unperturbed hydrogen atoms in the lowest energy states. 
Two arrangements of electrons and nuclei are possible: (1) electron 1 
may be on nucleus a and electron 2, on nucleus b ; this gives 


■ MIJ exp (-w) . (83) 


for the unperturbed atomic wave functions; (2) electron 1 may be on 
nucleus b and electron 2 on nucleus a and thus the unperturbed function 
may be as readily, 
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= -V 
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(84) 


When the atoms are a great distance apart and the arrangement of 
electrons and nuclei is that given in (1), 

>2 „2 


R ^ r u 
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e* 

Tbi 


becomes negligible and the product *i«* 2 ‘ is a solution of equation (82); 
but when the arrangement is that given in (2), 


e 2 e 2 e 2 e 2 

R r\i r a \ r bi 


1 Z. Physik, 44 , 455 (1927). 
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becomes negligible and h a h b is a solution of equation (82). The 
energy in both these cases is 2Eo where Eq is the energy of one hydrogen 
atom in its normal state. This is a case of double exchange degeneracy, 
for either the nuclei or electrons can be interchanged. The most general 
solutions of equation (82) when the nuclei are widely separated are 
therefore linear combinations of the two wave functions ipi a ipi and 
4't a \pi b , namely, 

ho = + /3l 2 f 2 a '/'l 6 , hlO = Mi a \ P‘l h + P22'p2 a 'Pl b - (85) 

We require that ho and fino shall be normal and orthogonal, namely, 
that Shoho*dv, and Shiohio*dv shall equal 1 and that fhohio*dv 
shall be zero. These give three relations between the coefficients, 

/3 2 n + ^ 2 i 2 + 20 u 0i 2 S = 1 , 0 i n + /3 2 22 + 20n0 u S = 1 , (86) 

and 

0u02i + 0n022 + (0u022 + 0u02i )S — 0, 

where 

*8 = S'Pi a 'J / -2 b 'p2 a 4 / \‘dv. 

The subsequent application of the perturbation theory of Sec. 2 shows 
that 0u = 0i2 and 0n — — 0 22 and therefore the two unperturbed normal 
and orthogonal wave functions are 

ho = (2 + 2S)~ ii (\l/i a lf/2 b + 'p2. a ^l b ), 

and 

hio = (2 - i a \p2 l - h a ii b )- (87) 

The first is symmetric in both the nuclei and electrons for an interchange 
of either does not change its sign, while the second is antisymmetric 
in both the nuclei and electrons since an interchange of either would 
change its sign. These symmetric and antisymmetric wave functions 
are similar to those of H 2 + except that only single exchange degeneracy 
is present in the latter case, that is, only the nuclei can be exchanged. 
We next assume two solutions of the perturbed wave equation (82), 

h — ho + vx, hi — hio + vu, (88) 

and assume that the corresponding characteristic energy values are, 
Ei — 2 Eq + ei, En = 2Eo + €n, (89) 

respectively. Substituting these in equation (82) and remembering 
that 

a*i* + g(e,.+ f~\i a = 0 

and that there are three similar relations for h b , h b , and \p 2 °, equations 
for Vi and an are secured. These are 

(2±2 iS) + G(2Eq — A — B — C)}ai(or an) = G{(A — «i,(or eu)) 

('Pi a h b ± it a 'px b ) ± B\l/ i a \l/ l b 4- Ch a h b \, (90) 
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where the positive sign gives the equation for vi and «i and the negative 
for vu and eu, respectively, and 


4 =~ + ^,£=- — 

R r ai 


, and C = 
r 62 
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r a 2 


The quantities on the right of equations (90) are called their “inhomo- 
geneities” and each must be orthogonal to both \ti 0 and ^„ 0 . The 
inhomogeneity of the equation for n is orthogonal to ip no and that for 
Va V'ioj ^ 0n = 0 i 2 and 0 2 i = —022 and so we derive these relations 
previously used in securing the normal and orthogonal forms of \p l0 
and i/hio. The conditions that the inhomogeneity of the equation for 
vt shall also be, orthogonal to and that for v n shall also be orthogonal 
to i0no give two equations for « x and e n . These are, 


where 


_ Ei + E* _ j 

€l 1 -j- S ; €n 


Ei — E% 


(91) 


Ei = + a(^ 2 Vi 4 ) 2 + b(i0 2 y yy + c(^yy]dv, (92 a) 

Ei = M/ (2 A + B + C)ipi a \p2 ll ^2 a 4 / i h dv. (92 b) 

These integrals have been evaluated as 
functions of R by Heitler and London 1 
and by Sugiura. 2 E, is the mean value 
of the potential energy of the system and 
is similar to such a mean energy taken in 
the classical way; as a function of R it 
has a slight minimum and would lead to 
a slight attraction of the two atoms. Ei 
has no classical analogue, and is due to 
the resonance phenomenon, that is, to 
the two electrons exchanging places; it 
decreases rapidly with decreasing R and 
causes strong attraction in the symmetric 
case and strong repulsion in the anti- 
symmetric case. €j and en have been 
plotted in Fig. 15 of Chap. XIII; they are 
the 1 1 S and lower 2 3 2 states, respectively. 
Ihe values of and eu can now be substituted in equation (90) 
and the wave equations solved by the method described in Sec. 2. The 
electron charge densities are then equal to yp^i* and i/nfir*. These 
have been calculated by London 3 and are illustrated in Fig. 7 for an 
arbitrary^ plane through the line of nuclei. In the antisymmetric case, 

1 Loc. cit. 



(b) 

Fig. 7. — The charge density for 
Hs. ( After London .) a. Elastic re- 
flection. b. Stable molecule. 
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a node forms at the median plane, and following the reasoning of the 
preceding section would give a 2 P state of the united helium atom. 

Kemble and Zener 1 have applied the method used by Heitler and 
London to the interaction of a normal hydrogen atom and a hydrogen 
atom in its 2, 0 and 2, 1 states. They find sixteen possible wave func- 
tions. Though the computations are too involved to report here, one 
important point in regard to attraction and repulsion between atoms 
must be mentioned. In the case of the excited states of H 2 , the unper- 
turbed wave functions may have two types of symmetry: they may be 
symmetric or antisymmetric in the electrons, just as in the case of the 
neutral helium atom (Sec. 3) ; or they may be symmetric or antisymmetric 
in the nuclei. The solutions symmetric in the electron coordinates 
exclusive of the spin give the singlet levels, while the antisymmetric 
solutions give the triplet levels just as in the case of helium and for the 
same reasons. This antisymmetry does not lead to the formation of a node 
at the median plane perpendicular to the line of nuclei and thus no promotion 
of the electron quantum numbers occurs. Both antisymmetric (triplet) 
and symmetric (singlet) states of H 2 for which the energy decreases as 
R decreases can occur and the triplet states are the more stable. Anti- 
symmetry in the nuclei , i.e ., a change in sign of the wave function when 
the nuclei are interchanged, leads to the formation of a node at the median 
plane and thus to the promotion of the electron quantum numbers and 
strong repulsion. Symmetry in the nuclei is thus more important than 
symmetry or antisymmetry in the electrons in determining whether two 
hydrogen atoms will attract or repel each other. These symmetric 
properties will be further discussed in Sec. 9, where the rotation and 
vibration of nuclei and their spins will be included. 

The second-order approximation in the solution of the wave equation 
will take account of the polarization forces between atoms and probably 
will lead to a slight attraction at large distances, that is, to the Van 
der Waals attraction between atoms and molecules, even in the case of 
the antisymmetric solution. This will be of importance in the case of 
readily deformable atoms. 

9. THE SYMMETRY PROPERTIES OP DIATOMIC MOLECULES 

In the preceding sections we have considered the symmetry properties 
of the wave functions of H 2 and H 2 + assuming that the nuclei are station- 
ary. In this section we shall discuss the problem for molecules containing 
many electrons and having like or unlike nuclei which are assumed to be 
rotating in three dimensions, and vibrating relative to each other. The 
facts presented are due principally to Hund, 2 Kronig, 3 and Wigner and 

1 Phys . Rev., 33, 512 (1929). 

2 Z. Physik , 42, 93 (1927). 

8 Z. Physik, 46, 814; 60, 347 (1928). 
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Witmer; 1 we shall follow the general 'mathematical method of 
Kronig. 

The Cartesian coordinates of the electrons of the molecule with 
reference to fixed axes will be taken as x h y u z lt . . . x n , y n , z n . . 
and those of the nuclei as X h Fi, Z 1} X 2 , F 2 , and Z 2 . The potential 
energy obviously does not depend on the position or orientation of the 

molecule in space. By introducing the reduced mass, u = MiM 2 

Mx + M 2 

and fixing the position of one nucleus relative to the other by the 
coordinates X, Y, Z, where X = Xi — X 2 , Y = F t — F 2 , Z = Zi — Z 2 , 
the translation of the center of mass is eliminated from the problem in 
the usual way. The coordinates of the nuclei are given by the equations, 


Xx = X, 


Mi 


r,Xi=-X- } 


Mi 


Mi‘+ Mi - ~M 1 +Wi 
similar relations hold for the F- and Z-coordinates. The wave equation 
for the internal degrees of freedom is then 



(93) 


where A„ is the Laplacian operator for the nth electron and equals 
d 2 d 2 d 2 d 2 d 2 d 2 

dx„ 2 dyj dzj 1 eqUa * S dX 2 ^ dY 2 dZ 2 ’ an< ^ ^ is ® i g en_ 
wert. Three other coordinates can be eliminated from the potential 
energy by referring the electrons to a frame of coordinates X', Y' 
Z', described relative to the fixed axes by the Eulerian angles d, <p, 
and x. Without loss of generality we take the Z'-axis as the line of nuclei 
so that X' = 0, Y' = 0, and Z' = R, the distance between the nuclei, 
and the X'-axis so that the first electron lies in the Z'X' plane and has 
its X\ coordinate greater than zero; the coordinates of the first electron 
in the X', Y', Z' system are therefore xi, 0, z/. The Eulerian angl es 
are then defined as in Chap. XII, Fig. 30. (x is used instead of f to 
avoid confusion with the symbol for the wave function.) To secure the 
wave equation in the new coordinates it is only necessary to transform 
equation (93) from the coordinates, Xi, y h Zi, . . . x n , y n , z n , . . . X, 
F, and Z to the coordinates x 2 , Zi, . , . x n ', y n ', s n \ . , . R, 0, <p 
and x- 


The potential energy may be regarded as consisting of three terms, 
the potential energy of electrons and nuclei, the mutual potential energy 
of the electrons and the mutual potential energy of the nuclei; these 
may be designated V EN , V EB and F.v,v respectively. The first of these 
is, 


V EN 


Zf\r n i ^ r n2 


J 


1 Z. Physikj 51 , 859 (1928). 
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where r ni and r n2 are the distances of the nth electron from the first and 
second nuclei, respectively, and are given by the relations, 


and 


“ [ l/ ‘ + *'■" + (*■' - s MTUBl)' 


!4 


This potential energy function has the important property to be used 
in the following discussion that it is unchanged by a change of signs of 
all the z n s, if, and only if, both the charges and masses of the nuclei are the 
same: it does not change in any case if the signs of all the a/’s or y n s are 
changed. The second term is 


n m 

where r nm is the distance between the nth and mth electrons and is 


r n m — [(£»' — X m ') 2 + (Vn ~ yj) 2 + (««' — zj)" 1 ]^ . 

This term does not change if the signs of all the a:'’s or y n a or z"s are 
changed. Finally, 


Fvjv = 


Z,Z,e 2 


R 


Thus 


V = V(xi, zf, • • • xj, yf, z,f, ■ ■ ■ R), ( 94 ) 

and is unchanged by a change of sign of any of these variables except 
the z"s, and it is unchanged by a change of sign of all the z^s, if, and only 
if, the charges and masses of the nuclei are the same. 

The Laplacian operator for the electrons and nuclei can be calculated 
in the new coordinates by means of the transformation equations, 
x = a;' (cos ^ cos x — cos 9 sin <p sin x) 


— y'(sin ip cos x + cos 9 cos <p sin x) 4- z' sin 9 sin x, 
y = a/(cos <p sin x + cos 9 sin <p cos x) 

— 2 /'(sin <p sin x ~~ cos 9 cos p cos x) — z' sin 9 cos x> 

z = x' sin 9 sin <p + y' sin 9 cos <p z' cos 9. ( 95 ) 

In these equations x, y, z, and x', y', z’ may represent the coordinates 
of the electrons in the fixed and moving coordinates respectively or x, y, z, 
and z' may represent X, Y, Z and Z‘ of the nuclei; A", Y', and yf 
equal zero, and do not appear in these equations, so that there are as many 
equations as either new or old coordinates. This is an involved cal- 
culation which will not be given here. The resulting equation may be 
written, 

(Ho + H, + lh - E)i - 0 , 


(96) 
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where 

Ho = ^ { ±A(x', y', z’, <p, R) + i A (R) j + F(x', y>, z’, R), (96a) ' 

7? 2 1 

= 8 <P ’ X ' )> O 66 ) 

h 2 1 

Hi = g ^2 ^ ^ *)• (96c) 


Ho is the Hamiltonian operator for the case of non-rotating nuclei 
in the coordinates x ' , y ' , z' } <p, and R, H i is the operator for the rotation 
of the nuclei, H 2 is the “ cross product” operator which includes the 
Coriolis and centrifugal forces, and E is the Eigenwert. A(V, V f ) z> \ <P, R) 
is an operator, which contains the x n s, y n s, 2 :”s and first and second 
partial derivatives with respect to them, the first and second partial 
derivatives with respect to <p but not <p itself, and R but no partial deriva- 
tives with respect to it; it is invariant to a simultaneous change in sign 
of <p and all the y n s with the other variables unchanged, and also to a 
change in sign of all the z n s with the other variables unchanged. The 
change in sign of y and the y n s is equivalent to reversing the sign of 
“rotation” of the electrons, the change in sign of the y n s being necessary 
in order that the electrons “rotate” in the same order so that there is no 
change except in the sign of “rotation.” A (R) is the differential operator 


for the vibration of the nuclei and equals 


d 2 2 d 
dR 2 + R dR 


A(0, <p, x) 


is the differential operator of equation (54) with the term containing A /C 
omitted. 

If we neglect H 2 , we can assume two solutions of equation (96), i.e., 


= jfxOc', y f , R)Qi\m exp i(\<p + mx), (97a) 

\p 2 = y f , ■*', -B)0/_xm exp i( -\<p + mx), (976) 

where jfx and /_x are functions of the coordinates indicated and the 
electronic, vibrational and rotational quantum numbers; 0yx w (0) 
exp i(\(p + mx) is the function of 0, <p, j, X and m given in equation (64) ; 
and 0 3 _xm (0) exp i(—\<p + mx) is the same function with the sign of X 
changed. Substituting equations (97a) and (976) in equation (96) and 
neglecting H 2 , we find that/x and /_x satisfy the equations, 


1 A(x', y’, z', ±\R)+ h (R) + ~ 

V(x', y', z', R) 


E - 


1 V 


Mi + i) - x*) - 


8 tVS* 

J±M,y',z',R) = 0, (98) 


and that 0 3 \ m (0) and 9,-_\ m (0) satisfy the equations, 

{A(0, ±X, m) + j(j + 1) — X 2 } • Qi±\ m (6) = 0. (99) 

In these equations, (98) and (99), A (a/, y' , z r , X, R) and A (8, X, rn) are 
respectively the operators A(a/, y', z', ip, R) and A(d, <p, x) with d/dp, 
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d 2 /<V, d/dx, and d 2 /dx 2 replaced by i\, -X 2 , im, and -m 2 , respectively, 
and A(x', y', z' , —X, R ) and A(0, —X, m) are these operators with the 
sign of X changed. j(j + 1) - X 2 is a separation constant and is the 
Eigenwert of equation (99). We take as the unperturbed wave functions 
two linear orthogonal combinations of the solutions, and namely, 

it = R)Qj\m(0) exp i(A<p + mx) + fM x ', y', z ' , R) 

exp i{ -\ v + mx)], (100a) 

and ' 

M = fti [Mx', y' , z' , R)Qjx m (d) exp i(\<p + mx) — fM x> > y', , R) 

Qj-\m(0) exp i( -\ v + mx)]; (1006) 

the j3r and /3n are normalizing constants. The energy values for h 
and ii are equal, if the Coriolis and centrifugal forces are neglected, 
but this degeneracy is removed when these are included. The inclusion 
of H 2 in the wave equation is now taken care ol by the usual perturbation 
methods (Sec. 2) ; the characteristic energies of h and hi are no longer 
the same, if X ^ 0, and this causes the appearance of the X-type doubling. 1 
Each of these functions still has the (2 j + l)-fold space degeneracy 
which can be removed by a perturbing external electric or magnetic 
field. 

There are two transformations of coordinates for which the wave 
equation (96) is invariant and therefore for which the functions h and hi 
either remain unchanged or change only thbir signs. The first applies 
only to molecules with like nuclei and the transformation consists only 
in interchanging the nuclei. This transformation can be defined by the 
equations, 

x =x', y = —y', z = — z', It = R, 

6 = ir — 6, p = 7r — <p, X = t + x- ’ (101) 

By following the transformation by means of Fig. 30, Chap. XII, or 
by substituting in equation (95) the reader can easily verify for himself 
that the effect is only to interchange the nuclei and leave every electron 
at its original position. A wave function is said t to be antisymmetric or 
symmetric in the nuclei, if it, respectively, does or does not change its sign 
in this transformation. The differential operator of equation (98) is 
invariant to this transformation and the potential energy is also invariant, 
if the nuclei have equal charges and masses and, therefore, in this case, 

Mx’, y', z', R) = f3Mx', y', -z', R), /3 = ±1. (102) 

If /3 = +1, the median plane, z, = z 2 = •••«„ = 0, is not a node, 
while if /3 = —1, this plane is a node. 

In addition we have the relation, 

fM x ', ?/, z', R) = Mx', -y’, z', R), (103a) 

1 See. Kronig, lac. cit.; Van Vi/kck, Phys. Rati., 33, 467 (19291; Mulukbn, Phys. 
Rev., 33, 507 (1929). 
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i 



which can be proven as follows. Substituting —y' for y r in equation (98), 
using the positive sign for X throughout and remembering that 

A(z', -y' } z', -X, R) = A(x'j y ', 2 ', X, R), 
or 

A(a?', y', z', -X, 12) = A(»', 2 ; , X, R), 

and also that 


V(z', -y', zf, R ) - V(x', y\ R), 
we obtain the equation, 




F - 


6 2 

8t 2 /j.R' 


(j(j+ l) - X 2 ) - 


•/x(*', ~2/', 2', #) = 0. 

The operator of this equation is that of equation (98) using —X and thus 
h(x', -y', z R) can differ from y', z', R) only by an arbitrary 

constant factor which can be chosen as 1 so that equation (103a) follows. 
In the special case that X = 0, this arbitrary constant must be either 
+ 1, or — 1, so that 


V(x', y', z', R) 


fo(x', y', z', R ) = ±f 0 (x', -y, z', R), (1036) 

for otherwise there would be two functions and \ p u for only one 
characteristic energy value. Either \pi or \pn is zero, if the negative or 
positive sign, respectively, of equation (1036) applies. Further 

exp fX(if -?>) = ( -l) x exp ik<p, (104a) 

exp im(ir + x) = ( — 1)“ exp imx, (1046) 

which can readily be seen and 

<W* r - e) = ( -l)j--x-m 0 ._ Xm ( 9 ), ( 104c ) 

which is easily proven to be true by direct substitution of x — 6 for 9 
and —X for X in the expression for 0 from Sec. 6. It is now evident 
that i/n is symmetric or antisymmetric in the nuclei, if 

/3 (— 1)j = 1 or — 1, respectively, (105) 

and i/m is symmetric or antisymmetric in the nuclei, if 

P ( — l) m = 1 or — 1, respectively. (106) 

Thus, as j increases, the levels are alternately symmetric and anti- 
symmetric in the case of either ^ or and for a X-type doublet 
(X ^ 0) with a given value of j, one of the levels is symmetric and the 
other antisymmetric. These results were first derived by Hund. 1 

In addition to being invariant to the transformation equations (101) 
the wave equation (96) is invariant to another transformation of coordi- 
nates regardless of whether the nuclei are like or unlike. This trans- 
formation is defined by the equations, 

x =x',y =_-y', z = z',R = R, 

0 = ir — 6, <p = 2r — <p, x = ?r + X? 


x Loc. tit. 


(107) 
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and the reader can readily verify, as before, that this transformation 
amounts to a reflection of all electrons and nuclei in the origin of coordi- 
nates, i.e., the center of mass. Wigner and Witmer 1 have designated 
the wave functions which do or do not change sign in this transformation 
as negative or positive respectively. Using the same methods as before, 
we find that is negative or positive, if 

■ (— l) )-x = — 1 or +1, respectively, (108) 

and ypn is negative or positive, if 

( — l) y-x+1 = —1 or +1, respectively. (109) 

To secure the possible types of energy levels it is only necessary 
to give (3 and the quantum numbers their possible values and substitute 
these in equations (105), (106), (108), and (109). In particular, if 


Unlike Nuclei uke Nuclei 



Fia. 8. -The terms antisymmetric in the nuclei are underlined, while symmetric 
torms uro not. Positive and negative terms are indicated by X and I. respectively. The 
subscripts + and - at the right refer to the sign of ft 

X = 0, either or ypu is zero, depending on whether the + or — sign 
of equation (1036), respectively, is to be used and either equations (106) 
and (109), or equations (105) and (108) give the possible types of levels. 
If i pi is not zero, the rotational levels with even j are the positive levels 
and if \p n is not zero, the rotational levels with even j are negative 
levels. These two types of states have been called the 0 and O' states 
or the 2 and 2' states, respectively, by Wigner and Witmer. The 
possible types of levels are shown in Pig. 8. 

In the case of molecules with like nuclei, the interchange of the 
nuclei does not change the positions of the electrons, so that x, y, and z 
and thus the components of the electric moment, P z = Lex, P v = Ley, 
and P z = Lez do not change sign in the transformation of equation (101) 
and therefore, taking P x as an example, 


1 Z.Phyaik , 51 , 859 (1928). 


( 110 ) 
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is zero unless and \p m are either both symmetric or both antisymmetric 
in the nuclei. Otherwise, if the product of \p n and is positive in one 
element of volume, there is another element of volume in which the 
product is equal in magnitude, but opposite in sign to the product in 
the first element of volume and when the integration is extended over all 
space the result will be zero. Thus only symmetric states combine 
with symmetric states and antisymmetric states with antisymmetric 
states with the emission of light. Further this rule should hold in col- 
lision processes. Any perturbing potential due for example to collisions 
with other molecules or the walls of the vessels must be symmetric with 
respect to an* interchange of the nuclei. Letting P be this perturbing 
potential, the integral fP\[/ n *tmdv will be zero unless \f/ n and \f/ ni are either 
both symmetric or both antisymmetric in the nuclei. This conclusion is 
also in agreement with the experimental facts (Chap. XII, Sec. 22). 

The integral of equation (110) is zero, if the two wave functions are 
either both positive or both negative, x, y, and z and therefore P X1 
P y , and P z change sign in the transformation of equation (107). It is 
necessary, therefore, that either n or \p m of equation (110), but not both, 
shall change sign in this transformation, if the integral over all space 
is to be greater than zero. Thus negative terms combine with positive 
terms or vice versa. This rule is obeyqd very well by known band 
systems. The Q 1A1B and Q 2A2B branches of OH described in Chap. XII, 
Sec. 21 are exceptions to this rule perhaps due to its breakdown by the 
electric fields present in a discharge tube. 

So far, we have considered the case of singlet systems only, that is, 
the resultant spin of the electrons is assumed to be zero. If the electron 
spin is not zero, it is necessary to differentiate between Hund’s cases 
a and b (Chap. XII, Sec. 16). (We shall not discuss Hund’s other 
cases, since these occur rather seldom.) In case b the electron spin is 
oriented relative to the k, which replaces the j of the preceding para- 
graphs. The spin does not change the symmetry properties of the mole- 
cule nor the rules governing the intercombinations of symmetric and 
antisymmetric, or positive and negative states. The effect is to split 
each of the levels shown in Fig. 8 into a multiplet; if $ = y 2j each level 
splits into two of like symmetrical properties which have the same k , 
but j ’ s differing by one, and if s = 1, into three of like symmetry prop- 
erties. with the same k value, etc. This splitting is due to the small 
coupling energy between the magnetic moment of the electron and that 
due to the rotation of the molecule. 

S states belong to case b, but, if X ^ 0, the states may belong to 
either case b already discussed or to case a. The correlation of case a 
and case b states, when s = )•£, has been given in Chap. XII, Sec. 16 
and Fig. 20. Hund 1 and V an Vleck 2 have carried through this correlation 

1 Loc. tit. 

2 Phys. Rev., 33, 467 (1929). 
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of the case a doublets for both normal and inverted doublet levels. If we 
imagine a coupling force between s and X which decreases to zero and 
then changes sign, it is possible to carry the normal doublets over into the 
inverted doublets adiabatically. Throughout this change, the symmetry 
properties relative to both the transformations of equations (101) and 
(107) do not change; the terms remain symmetric or antisymmetric, 
positive or negative, and the selection rules applying to combinations 
between these types of terms are exactly as stated above. 

10. THE ROTATIONAL STATES OF H 2 AND He, 

The electrons of He in its normal state are symmetric in the electron 
coordinates and antisymmetric in the electron spins so that the electron 
wave function is antisymmetric in the electrons including the spin 
just as in the case of the normal helium atom. The normal non-rotating 
hydrogen molecule is symmetric in the nuclei since there is no “hyperbolic” 
node and thus /3 of equation (102) is equal to 1; also X is zero and the 
character of the rotational states shows that the positive sign of equation 
(1036) must be used, i.e., the state is a 2 state and not a S' state. There- 
fore according to equation (105) the rotational states are symmetric, 
ifi = 0, 2,4, • • • and antisymmetric, if j = 1,3, 5, • • • . In addition, 
it is necessary to consider the proton spins, whose wave functions are 
entirely similar to those for the electron spins considered in Sec. 3; 
there are three symmetric and one antisymmetric nuclear spin functions 
with energies which are very nearly equal. We have the, rule that only 
the wave functions completely antisymmetric in the protons including 
the spins occur in nature. Then’s for j = 0,2,4, • • • must be multiplied 
by the antisymmetric spin function and the \p’a for j= 1, 3, 5, • ■ • by 
the three symmetric spin functions to secure wave functions which are 
completely antisymmetric in the nuclei. Thus the levels with odd j 
will have throe times the probability of those with even j so that the a 'priori 
probabilities of the states are 2 j + 1, if j = 0, 2, 4, • • • and 3(2j + 1), 
if J — 1,3,5, • • • . These a priori probabilities of the steady states 
are in agreement with the heat capacity of hydrogen (Chap. XII, Sec. 22). 

A similar application of the rules for symmetric and antisymmetric 
levels and for positive and negative levels to the higher states of the H* 
molecule gives exactly the arrangement of levels illustrated, for example, 
in Chap. XII, Fig. 28. Since the symmetric levels have only one-third 
the probability of the antisymmetric levels both in the initial and final 
electronic states, the intensities of the lines emitted in transitions between 
them are less than those of lines due to combinations between the anti- 
symmetric states. This accounts for the alternating intensities of these 
bands. Similar alternating intensities observed in other molecules 
with like nuclei are due to the presence of nuclear spins. Kronig 1 

1 Naturuiis. 16, 335 ( 1028 ). 
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concludes that the nitrogen nucleus has 1 unit of spin from the fact 
that the relative a 'priori probabilities of the two sets of states are in the 
ratio of 1 to 2. The intensity data on chlorine (Cl 8fi -Cl 8fi ) show 
that the relative a priori probabilities are approximately 1.4:1, while 
the C1 37 -C1 35 bands do not show alternating intensities. 1 Fluorine 2 
probably has alternate levels with a priori probabilities of (2 j +1) and 
3(2 . j +1). If so, the F nucleus has a spin of }/ 2 unit. 

That the helium nucleus has no spin, is proved by the entire absence 
of one set of rotational levels of He 2 . Without knowing more about 
the nuclear wave function, we cannot say whether it is the states with 
wave functions symmetric in the nuclei or antisymmetric in the nuclei 
which are present. Alternate lines of the bands of the 0 2 molecule 
consisting of two atoms of mass 16 are also entirely absent, but all the lines 
are present in the bands of the 0 2 molecule consisting of one atom of mass 
16 and another of mass 17. 3 In this case the nuclei have the same charges, 
and different masses, and thus the potential energy of equation (94) 
changes with the change in sign of the 2 "s and the wave function changes 
m other ways than sign in the transformation of equation (101). For this 
reason all states of the Oi 6 “Oi 7 molecule exist in nature. 

1 Elliott, Proc . Roy. Soc. 123, 629 (1929). 

2 Gale and Monk, Phys. Rev., 33* 114 (1929). 

3 Giatjque and Johnston, J. A. C. S ., 51 , 1436 (1929). 



CHAPTER XX 

SPECTRAL INTENSITIES 

Part I. Intensities in Link Spectra 

1. INTRODUCTORY 

The study of the relative intensities of spectral lines entered on a 
new stage of development in 1924, and interest in the subject has grown 
very rapidly since that time. It had been known for many years that 
the ratio of intensities of the D-lincs of sodium is 2:1 under conditions 
where they are not self-re versed. In 1923 and 1924, Dorgolo 1 measured 
the intensities of a number of lines, mostly in the spectra of metals 
of the first and second groups, using the methods of photographic photom- 
etry, and showed conclusively that the intensities of lines belonging 
to the same multiplet often stand in the ratio of simple integers. Since 
that time the subject has been actively investigated by Ornstein and 
Burger and their colleagues at the University of Utrecht, and by a number 
of other investigators as well. Formulas have been obtained which 
give the relative intensities of the lines in a normal multiplet as a function 
of the initial and final quantum numbers of the emitting atom. Further 
it has been shown that integral intensity ratios are encountered in Zeeman 
patterns, and formulas which accurately represent these intensities are 
known. Duane and Siegbahn and others have studied intensity laws in 
X-ray line spectra, with the result that in a general way the intensities 
follow the theoretical formulas developed for optical line spectra. 

Before describing experimental results, it will be well to study the 
factors on which the intensity of a spectral line depends, Consider 
an assembly of N atoms of which Ni are in the lowest quantum state, 
N 2 in the second, etc., and let A nm and B nm be the probabilities of spon- 
taneous and forced transitions, respectively, from the nth to the mth 
state, p being the density of radiation per unit interval of frequency 
at the frequency v. The increase of the energy of the radiation field in 
time A t } due to transitions from n to m, is assumed to be 

A Jinm tsss [ A mn ”4“ ( | ) 

Similarly, the loss of energy due to absorption processes in which an atom 
passes from m to n is assumed to bo 

— AE mn = B mn pTSf m hvAL % ( 2 ) 

Fhysik, 13 , 206 (1923); 22 , 170 (1924). 

2 These assumptions wore recently called in question by Behrhdingar on the bask 
of the expression for the average .^-coordinate of an electron given in equation (82) of 
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In the infra-red region the second term in equation (1) may be com- 
parable with the first, but in the visible and ultra-violet regions, the 
second term is negligible, under the conditions usually encountered in 
terrestrial sources. However, this term cannot be neglected when we 
deal with sources at the high temperatures encountered in astrophysics. 
In the remainder of this chapter we shall suppose that the Bp term can be 
neglected. The quantities (1) and (2) are proportional to the measured 
intensities of emission and absorption lines, provided that self-reversal 
does not occur, and so we are chiefly interested in the relative values 
of AnmNnhvj or of B mn pN m hv. Now the value of p depends on the 
conditions of the experiment, and as we showed in Chap. Ill, Sec. 4 , 

Anm 87rhv^ ' Qn B mn M\ 

B — c z > rT ~ W~ 7 W 

■ LJ nm is ym nm_ 

where g n and g m are the statistical weights of the levels n and m , respec- 
tively. By using these relations, absorption measurements can be 
connected with measurements of intensities in emission. Only a small 
fraction of the lines in any spectrum can be studied in absorption, and 
we shall be mainly occupied with the relative values of A nm N n hv for 
various spectral lines. Now, in accordance with equation (30) of Chap. 
VI and Chap. XVII, Sec. 10, we have 

AnJiv = (4) 

where P 2 (nm ) is the nm element of the matrix representing the square ot 
the electric moment. In order to arrive at relative experimental values 
of P 2 (nm) for comparison with the results of theory, the factor v 4 must 
be taken into account. In the case of narrow multiplets this correction 
may be omitted. It is quite customarily used in discussing results for 


Chap. XVI, Sec. 15 . On multiplying this expression by the electronic charge we 
have a quantity which Schrodinger interpreted as the electric moment corresponding 
to the i p distribution there considered. If this interpretation were correct then the 
intensity of the radiation emitted in transitions from the nth to the rath state would 
be proportional to c n c n *c m Cm*' On the statistical interpretation CnCn* is proportional 
to the population of the nth state, and c m c m * to that , of the rath state, so the inten- 
sity should be proportional to the product of these populations. When this hypothe- 
sis was put forth there was no clear cut experiment which could decide the question. 
Ordinarily, the number of atoms removed from the lowest state by excitation processes 
is only a small fraction of the total number and so the population of the lower state 
may be treated as constant. 

If this interpretation were correct, the relative intensity of two lines arising from 
the same higher level should change if we alter the relative populations of the lower 
levels; furthermore, the change in the relative intensities should be the same as that 
of the relative populations. This has been subjected to experimental test by Gaviola, 
(Nature, 122,772 (1928)), using a fluorescence method. His work shows conclusively 
that the population of the final state has np influence on the intensity of a spectral line, 
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lines which are widely separated, although it is known that this correction 
is not always valid (Sec. 3). In what follows, we shall ordinarily assume 
that the v 4 correction has been made. It remains to consider the relative 
populations of the initial levels. There are two especially simple cases in 
which the populations are definitely known. First, if the atoms are in 
thermal equilibrium, we have 

JVn, ^ g n exp ( — E n /kT) ' 

N m g m exp ( — E m /JcT), ^ 


This case is realized when we are dealing with furnace spectra of atoms 
and with the rotational states of molecules. Second, if the excitation is 
sufficiently chaotic, as in the case of certain arcs and sparks where atoms 
in all states and electrons having a wide range of velocities are present, 
we have, 


Nn Qn 

■N m thn 


( 6 ) 


Ordinarily, an attempt is made to arrange the experimental conditions so 
that equation (6) is satisfied, and, if this is the case, the intensity is 
determined by the product 


that is, 


1 nm g n,A nvihVj 

Inm a: Qnl f * . 


(7) 

(7a) 


2. THE SUM RULE OF H. C. BURGER AND DORGELO 

The following rule was proposed by H. C. Burger and Dorgelo 1 
for the case of narrow multiplets: 

The sum of the intensities of all lines of a multiplet which come from a 
given initial level is 'proportional to the quantum weight of that level; and 
the sum of the intensities of all lines of a multiplet which end on a given 
final level is proportional to the weight of that level. 

Let us apply the second part of this rule to the sodium D-lines. Here 
there is only one line arising from each of the initial levels 2 2 P^ and 
2 2 Py i} and the rule states that the ratio of their intensities must be the 
ratio of the weights of these states. The weight of a state of quantum 
number j is 2j + 1, and so the intensity ratio should be 2:4, which 
agrees with experiment. Similarly, the first part of the sum rule applies 
to the sharp series doublets of the alkalies, and predicts that their 
intensities will also be in the ratio 2 : 4. Measurements by Dorgelo on the 
carbon arc spectra of these metals show that the predictions of the sum 
rule are well verified for certain sharp series doublets. Some typical 
data are given below. Where several values of the intensity ratios 
are given, they correspond to different sets of experiments. 

1 7. Physik, 23, 25S (1924). 
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Element 

Lines 

Classification 

Observed intensity 
ratio 

Na . 

| 6, 160-6,154 

22P-3 2 £ 

100:49 


1 6,160-6,154 

2*P-3\S 

100:50 


5,802-5,782 

2‘‘P-5 2 S 

100:49-54 

K 

5,802-5,782 

2*P-5 2 iS 

100:48-52 


[ 5,802-5,782 

2 2 P-5 2 £- 

100:52-55 

K 

5,339-5,323 

2 2 P-6tS 

100:47 


It would appear from these data that the intensity ratio of a subordinate 
series doublet or triplet is independent of the initial level. Further, 
it is well recognized that the intensity ratio is 2: 1 for the first principal 
series doublets of the alkalis. However, several investigators have 
found deviations from the predicted ratio for the higher members of these 
principal series. Recently, the whole subject has been reinvestigated by 
Sambursky. 1 His results refer to the four elements Na, K, Rb, and Cs. 
The data for Rb and Cs cover a larger number of lines than those for 
I\a and K. They show that the ratio has the value two for the first 
series member, in agreement with previous work, rises to a maximum of 
25 at the doublet 1 2 $-6 2 P in the case of cesium and to the value 
5 for 1 2 £-6 2 P in the case of rubidium. After this it falls again. It 
appears, then, that the sum rule must be considered as an approximation 
even in the simple cases considered here. In the sections which follow, 
we shall encounter other instances in which it is not valid, but on the 
whole it is a useful guide. Its range of validity is somewhat similar 
to that of Landes g formula, that is, it applies chiefly to normal multiplet 
spectra. 

Dorgelo has found that the sum rule is approximately obeyed by the 
sharp series triplets of Mg, Ca, Zn, and Cd. For these triplets the 
intensities should be in the ratios 5:3:1. Further, the theoretical ratios 
8:6:4 and 10: 8: 6 are verified for certain triplets in the sextet and octet 
systems of manganese. 

Taylor 2 has examined the potassium doublet 1S-ZD, which contains 
the forbidden line l ! S tr 3 2 D 5 «, using several different sources. In a 
carbon arc which was packed with a mixture of carbon and potassium 
carbonate, the ratio of intensities at low carbonate concentrations 
approximated, to %, in good agreement with the sum rule. He made 
further experiments on the way in which the intensity of the forbidden 
lines increases with rising current and vapor density. He state's that the 
results are in accord with the hypothesis that the forbidden lines are 
brought out by the action of ionic electric fields. However, the evidence 
for this is purely qualitative. 

1 Z. Physik, 49, 731 (1928). 

2 Phil . Mag., 6, 166 (1928). 


sm\ 2] ran si\\t hole of u #•. hvhuku ash imjroeiai 




The real uwdutmw of the rule in better .shown when weconakler the 
compunit** duublHn t if the diffuse writ*#. Tnble I refers to theno doublet#. 
The final levels are marked at the left and the initial levels at, the top, 
while a letter to represent the intensity of eaeh line in inserted at the 
appropriate plane in the body of the table, 

Tuna; i 

! Tih s 'Pth, ! 

j rt I# ! 4 

Tt% ! 0 r* 1 2 

! h -i j 


Since the transit inn 2 1 /*v,-2 5 />v > is forbidden, we write zero for the 
intensity of this line. To find the intensities of the other three linen 
we have the following conditions; The sum of tin* linen coining from 
2 % lh% is to the mm of the lutes coming from 2 */A, an (1 in to 4, or 

u (i 

I, + r m 4' 

ami likewise, 

II * h t 

*wt 

r 2 

an that n/c « ft/5, b/r « 1/5, Mince the scale on which our results arc 
cxpri'iwii Is immaterial, wo take « ** ft, />«•!, ami r — 5. Thin result 
was subjected to experimental lout by I ioritelo, 1 The mean* of hid values 
for tlm cesium lim’d 0,212. tl,2l7, ami 11,010 arc in the ration ft; 1,17: 5.05. 

In caw* when- the mini rule in ulicyeii, we can draw certain conclusions 
an to the transition probabilities, < 'on*iderinn an emission process, let, 
j and / i>« tiie inner numisr* of the initial and linn! stated, respectively. 
The «tm of the intensities of the three lines emitted in transitions from j 
to j 4 1, j, and j 1 is proportional to (/,, accordion to the »utn ruin. 
If A is the factor of |>ro|*>rtlotinlity, we have 

g,A,^ 4 g,A,j 4 g,Ai.hi « g»A. 
or 

X A i,i' ** A ; (8) 

/ -, < i././ i 

and similarly, the second part of the rule leads to the relation, 


sw t?, d( i* ** Qt'A , (®) 

j s* f* } 1 JJ* l 

4* being imlejsuiilent of f. This eipiatioti may is- rewritten in the form, 

X (10) 

| t !*/ J * i 

where It is independent of /, liy making use of the relation, 

Ai,r ** Mu'- ( ll ) 


* /•*(,»,* x., M, 7 tW (Itr/fti. 
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3. INTENSITY RATIOS IN NORMAL MULTIPLETS 
In general, the sum rule does not suffice to give us the intensity 
ratios of the lines in a normal multiple! Before the discover^ of the 
new mechanics, the correct formulas for multiplet intensities were found 
with the aid of the correspondence principle, by Kronig, 1 Russell, 2 
and Sommerfeld and Honl. 2 The model used by these investigators was 
the simple vector model considered in Chap. VI, Sec. 6 and in Chap X 
A charge characterized by the quantum numbers l and s moves in a plane 
orbit with frequency a h and the normal to the orbital plane precesses 
around the resultant j of l and $, with frequency coy. The direction of j 
may be taken as the 2-axis, and for our present purpose the orbit may be 
supposed circular, as seen by an observer rotating with the orbital plane. 
We resolve the circular motion into a linear oscillation parallel to the 
^•axis and two circular oscillations in opposite senses in the xy plane. 
The amplitudes of these oscillations are obtained by calculations of 
the kind employed in our study of the Zeeman effect on the basis of the 
classical theory (Chap. V, Sec. 10). We shall briefly recapitulate the 
results, adapting the notation to the present problem. First consider 
the motion parallel to the 2-axis. If C is the amplitude of the circular 
motion in the orbital plane, and 6 is the angle between Zand j, the ampli- 
tude of tho oscillation parallel to the 2 -axis is C sin 9 and its frequency 
is co ; . Since co,- does not occur in the frequency of this oscillation, the 
corresponding transitions should obey the rules AZ = ± 1 a j = 0. In 
similar fashion we find that the frequencies co, + co,- and — co, ± &,• are 
present in the motion in the xy plane. The corresponding transitions 
obey the selection rules Al = ±1, Aj =±1. The intensities I +h 
io, and of the harmonics corresponding to the various transitions 
are proportional to the entries in the following table : 

Al = +1 Al = —1 

Aj = +i + cos ey i +l oc x(i - cos ey 


A j = 0 
A j = -1 


‘+1' 

I o°c sin 2 6 
J_10C 1^(1 — COS B) 2 


/qoc sin 2 $ 


/-_! 0 C y 2 (l cos 9) 2 (12) 

A simple sum rule is obeyed by these amplitudes. For given values 
oi At, and of l and s, the sum of the intensities belonging to the three 
possible values of A j is independent of 6. Now, 

72 I 7 -2 _ „2 

cos e = — — L ri o\ 

2 jl’ i 13 ) 

and so this sum is independent of j, and the above mentioned sum rule 
is simply the sum rule of Burger and Dorgelo, Consider now a spectral 
line emitted in a transition from l to Z + Al, j to j + Aj. By virtue 

1 Z. Physik, 31, 885 (1925); 33, 261 (1925). 

Proc. N at. Acad. Scl, 11, 314 and 322 (1925). 

PhJC^ r ,27Z(imy' Mad ' der Wissenschaften ’ P- 141 C 1925 ); see also Hc5nl, Ann. 
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of the correspondence principle for intensities (Chap. VI, Sec. 4), we 
expect the intensity of this line to be roughly proportional to the corre- 
sponding entry in the above tabulation, using the value of cos 6 given in 
equation (13). Of course, there is no justification for using the value 
of cos d for the initial state rather than that for the final state, and the 
efforts of investigators in this field were devoted to discovering the 
appropriate modification of this procedure. Several guiding principles 
were available, such as the sum rule and the requirement that the true 
laws must yield zero intensity for certain lines, e.g., for transitions 
between states for both of which j = 0. The formulas thus found 
have now been confirmed by the methods of matrix and wave mechanics. 
These formulas are rather involved, and can best be expressed, following 
Sommerfeld and Honl, by adopting' the abbreviations 

P(j) = ( j + 0(i + l M - 1) — s(s + 1) 

Q(j) = 's(s + 1) - (j i) 

R (j) = j(j + 1) + 1(1 + 1) — s(s + 1). (14) 

Then the products of the weight factor g for the initial state and the 
transition probability for a transition to the final state, are propor- 
tional to the quantities in the body of the following table: 
l - l-l l->l 

i _ i lUEil ~ j) (2 1 + 1 )Pj j)Qij - l) Q(j)QU-l) 

J J w mi + 1 ) w 

(2j + l)Pjj)Q(j) (21 + 1 ) (2j + 1 ) R\j) ( 2 j + l)P(j)Qd) 

J J 4j(j+i )l mi + i)(i + l) 'T(7+T)T“ 
™_ 1 QUMj ~ i) (g i + 1 - i) P(j)P(j - l) 

J J +H W+ 1) 1 Ti 

+ 1 . 1+1 = gi-iAij - 1 , l;j, l ± 1 ) = •* •!, 

4jL 

0. Io = g,A(j, l; j, l ± 1) = (15) 

-1. I— i = gi A(j, l; j - 1 , / ± 1 ) - 

4 Jl 



+ 1. n, - - 1, I; J, 0 - 

0 I. - i-Ad’l- i n - c(2i + + ' mt > 

— 1 I = gA(j 1-7 — 1 V) — c (2^ + l)P(j)Q(j — 1) 
1 9lA[J ’ l > J 1>l > (l + 1 ) • 4]l 


A considerable amount of material is now available for testing these 
formulas. Frarichs 1 has made measurements on multiplets of Ca, Cr, 
and Fe; van Milaan 2 has studied 4 number of multiplets of elements 
in the transition region of the first long period, and G. R. Harrison 3 


1 7j. Physik, 31 , 305 (1925); Ann. Physii;, 81, 807 (1926). 

2 Z. Physilc, 34 , 921 (1925); and 38 , 427 (1926); dissertation. Ocrecht, 1926. 
5 J. O. S. A. and R. S. 17, 389 (1928). 
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has measured more than thirty multiplets of Til and Till. All these 
authors demonstrated that the theoretical intensity ratios cannot usually 
be obtained unless precautions are taken to subordinate the effects of 
self-reversal. Harrison applied corrections to his data to eliminate 
intensity reductions due to this cause. His correction is based on the 
assumption that the amount of self-reversal in a line belonging to a narrow 
multiplet is proportional to its intensity. To give a better idea of the 
type of data obtained we reproduce the measurements of Frerichs for a 
quintet DD' multiplet of chromium, in Table 2. The wave length of 
each line is given in the body of the table with the calculated intensity 
below, as well as the average measured intensity, in parentheses. The 
intensity of the strongest line is arbitrarily set equal to 100. 


Tajble 2 


3 

B D' 

4 

3 

2 

1 

0 


4 

3,919.3 

100(100) 

3,941 .6 
20.0(24.5) 





3 

3,886.9 

20.0(23) 

3,908.9 

46.0(46) 

3,928.8 

26.7(32) 




2 


■ 3,883.4 
26.7(36.5) 

3,903.1 

16.7 (about 19.5) 

3,921.2 

23.3(21) 



1 



3,885.4 

23. 3( <27) 

3,903.3 

3 . 3 (about 3) 

3,916.4 

13.3(13.7) 


0 




3,894.2 

13.3(13.7) 



The line 3,885.4 is assigned the value <27, because a faint line is 
superposed on it; in the case of 3,903.1 and 3,903.3, only the sum of their 
intensities was measured. As far as agreement with the formulas is 
concerned, this multiplet is neither very bad nor very good. Much 
closer agreements are encountered in the data of Harrison. The extent 
to which the intensity formulas are verified may be judged from the 
following summary given by Harrison: . 

Of all the multiplets measured in Til, 58 per cent were found to obey the 
intensity formulas to well within 5 per cent, and evidence was obtained in favor- 
able cases which indicated that exact agreement could be expected when line 
separations were small. In Till, 62 per cent of the multiplets measured were 
normal. In Til, of the 42 per cent abnormal multiplets, 71 per cent of the lines 
were normal, while 16 per cent were abnormally weak and 13 per cent abnormally 
strong.. For the ionized atom, of the 38 per cent abnormal multiplets, 61 per cent 
of. the. lines, were normal, while 21 per cent were abnormally weak, and 18 per cent 
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abnormally strong. Of all the lines measured, 86 per cent appeared to obey the 
intensity formulas, while 7.6 per cent were too weak and 6.4 per cent were too 
strong. 

Harrison further states that in agreement with the results of Frerichs 
for selected multiplets of elements in the iron group, no certain correlation 
was found in titanium between departure from the intensity formulas and 
from Land6’s interval rule. When intercombination lines occur, the 
intensity rules considered in this section must be modified, and some 
departures from the intensity formulas can be explained on this basis. 
Another cause of departure, 'encountered in the case of wide multiplets, 
is the insufficiency of the r 4 correction. While Ornstein, Eymers, and 
Coelingh 1 found that this correction brings the sharp and subordinate 
series lines of the barium spark spectrum into exact agreement with the 
intensity formulas, it is far from valid for the sharp series resonance 
lines of thallium, at 5,350 and 3,776 A., according to measurements of 
Ornstein and H. C. Burger. 2 In still other cases, neither of these causes 
can be invoked, and it must be concluded that the intensity formulas 
are not suitable to describe the facts. 

4. INTENSITY RATIOS OF RELATED MULTIPLETS; INTERCOMBINATION 

LINES 

Consider all the lines which are emitted in a transition from n' , 
V to n", l". These lines belong to systems of different multiplicities. 
They form several ordinary multiplets, and include a number of inter- 
combinations as well. We shall refer to such an aggregate of lines as a 
group of related multiplets. An extension of the sum rule which enables 
us to obtain a certain amount of information about the relative intensities 
of lines in related multiplets was. proposed by Ornstein and H. C. Burger. 8 
By way of example, we consider a group of multiplets of ionized oxygen 
studied by van Wijk. 4 The initial states are 2 P and *P and the final 
states are of the same character. In Table 3, we givo the wave lengths 
of all the lines which arise from the combinations of these levels, and 
which do not violate the selection principles. The wave lengths are 
accompanied by arbitrary symbols, used by van Wijk to identify the 
lines. In such an array, according to Ornstein and Burger, after applying 
the v* correction the sum of the intensities of all lines arising from a given 
initial level is proportional to its weight, and the sum of the, intensities 
of all lines involving a given final level is proportional to its weight. In 
the example under consideration, there are no intercombination lines, 

1 Z. Physik, 40, 403 (1027). 

2 Reported by Ornstein, Physik, Z.. 28 , 688 (1027). 

3 Z. Physik, 40, 403 (1026). 

4 Z. Physik, 47, 622 (1028). 



706 


SPECTRAL INTENSITIES 


[Chap. XX 


Table 3 




Final Levels 



% P'A 

4 

A PVz 


*p» 

J9 

£ 

2p A 

3,954, di 

3,983, d 2 





3,945, d s 

3,973, d t 




in 







Is 

"-P 

1 P» 



4,326, q x 

4,346, q 2 


^5 




4,317, q 3 

4,337, #4 

4,367, q& 


*Pa 




4,320, q<$ 

4,349, q 1 


and this rule reduces to a statement of the sum rules for the doublet 
multiplet and the quartet multiplet, separately, together with additional 
relations which predict the relative intensities of the two multiplets. 
That is, the sum of the intensities in the first two columns, forming 
the doublet multiplet, should be proportional to the sum of the weights 
of 2 P W , and 2 P%, while the sum of the intensities of lines in the quartet 
multiplet should be proportional to the sum of the weights of 4 Py„ 
and 4 P^. As a matter of fact, the intensity rules of Sec. 3 are 
fairly well obeyed within each multiplet, and the ratio of the total 
intensities of the multiplets, after applying the p 4 correction, was found 
to be 1.9 when the source was at 50 cm. pressure, and 2.1 when it was 
at 18 cm. The situation is more complicated when the intensity of the 
intercombination lines is appreciable, for in this case the intensity rules 
of Sec. 3 cannot be expected to hold within the individual multiplets. 
Ornstein and Burger have studied the diffuse series of mercury, where 
the intercombination lines occur with considerable intensity, Appli- 
cation of the extended sum. rule to the group of four lines near 3,650 
(2 3 P-3 3 X> and 2 3 P-3 1 Z)) gave a result in excellent agreement with experi- 
ment. However, in the case of certain helium lines, definite failure of 
the rule was observed. Pauli 1 suggested on theoretical grounds that 
for triplet and singlet terms the ratio of intercombination lines to ordinary 
lines should be proportional to (Sv/Av) 2 , where Sv is the total separation 
of the outside terms of the triplet, and Av is the distance of the singlet 
term from the center of gravity of the triplet. This rule was tested by 
Ornstein and Burger for the first four diffuse series groups of mercury, 
with excellent results. However, the rule was not verified in another 
case which they studied. 

We now consider another type of generalization of the intensity 
rules. Kronig 2 has given formulas for the relative intensities of the 
three multiplets emitted in the transitions l to l + 1,1 to l, and l to l - 1, 

1 Geiger-Scheel Handbuch der Physik, Vol. 23, p. 255. 

* Z. Physik, 33, 261 (1925). 
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when the azimuthal number of only one electron undergoes a change, the 
quantum numbers of the others being unaltered. The formulas are 
complicated and we shall not reproduce them here. In general, they 
predict that the intensities of multiplets belonging to a triad should 
be in the ratios of small integers. Harrison 1 has tested these formulas 
by measuring the relative intensities of titanium multiplets. By way 
of example, we consider a triad of multiplets arising in transitions from 
the configuration 3d 3 4p to the configuration 3d 3 4s, and designated 
by Harrison as Nos. 128, 172, and 209. They are of the types 5 F- 6 G, 
*F- h F f , and 6 F- 5 D. The wave-number separations are so large that 
we must consider not only the v 4, correction but also the Boltzmann 
factor, e~ hv/kT , of equation (5), in order to arrive at the squared amplitudes 
which occur in the intensity formulas. The effective temperature of the 
source must be known in order to obtain the Boltzmann factor. Harrison 
found that a temperature of about 10,000°K. gave the best agreement 
between theory and experiment for a number of multiplets. Assuming 
this value of the temperature, the relative squared amplitudes for the 
three multiplets under consideration were found to be 

89, 70, and 48 

while the values required by Kronig's formulas are, 

90, 70, and 50. 

Indeed, these formulas are confirmed, at least qualitatively, in six of 
,the eight cases studied in which they apply, regardless of the assumed 
temperature of the source. 

5. INTENSITIES OF ZEEMAN-EFFECT COMPONENTS 

The classical theory of intensities in the Zeeman effect, based on the 
correspondence principle, is very similar to that in Sec. 3. We consider 
an orbit which precesses around the lines of force with the velocity of the 
Larmor precession, and find the amplitudes of the various harmonics 
in the motion. The intensities of the transitions corresponding to these 
harmonics are indicated in the table, in which & is the angle between 
the lines of force and the normal to the orbit. 


Aj = 

+i 

0 

-1 

Am = +1 

K(1 + eos e ) 2 

Yi sin 2 0 

H(i - cos ey 

0 

Yz sin 2 0 

cos 2 0 

H sin 1 e 

-1 

K(1 - cos 0) 2 

K Bin 2 0 

H(1 +COS 6)* (16) 


* 0, $, A. and R. S. 18 , 287 (1929); 
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If we write cos 8 = m/j, where m is the magnetic quantum number 
for the initial state, these formulas give us intensity values which should 
be a rough measure of the actual intensities. Ornstein and Burger 1 
proposed the following sum rule for the transition probabilities in the 
Zeeman effect. Fixing our attention on a single multiplet line for which 
the initial inner quantum number is j, we consider all the transitions 
from a magnetic energy level with quantum number m. The sum of the 
’probabilities for all these transitions is the same for all choices of m; and , 
similarly , the sum of the probabilities of all transitions ending on a magnetic 
level m, j , is the same for all choices of m. That is, 

A (to, j ; m + 1, j') + A(m, j ; to, j') + Aim, j; m - 1, j') = 

(17) 

A{m + 1, j ; m, f) + Aim, j; to, f) + Aim - 1, j; to, f) = 

Dij,f). (18) 

In these equations C(j, j'), and D(j, j') are independent of to, and j' 
can take any one of the values j + 1, j, or j — 1. ‘We can show by- 
summing over all values of to that 

(2 j + 1 )Cij\ j) = (2 f + 1 )DU, j'). (19) 

Honl, 2 and Kronig and Goudsmit 3 solved the problem of obtaining 
exact expressions for the Zeeman-effect intensities by utilizing the 
following considerations. The expressions (16) suggest that the correct 
expressions should be quadratic functions of m. If this is assumed and if 
it is also required that the sum rule shall be valid and the Zeeman pattern, 
as a whole shall be unpolarized, we have just enough equations to deter- 
mine the intensity formulas. The results are as follows: 


A j = +1: 

C(j 7 - 4 - 1 ) 

Aim, j ; m + 1, j + 1) = + _|_ 3)0" + m + 2)0* + m + 1), 

Aim, j; m, j + 1) = + 1)2 _ 

Aim,j-, to - l,j + lj = - m + 2)H - m + 1). 

Aj = 0: 

Aim, j ; to + 1 , j) = - m)ij + to + 1 ), 

A (to, j ; to, j) = , 

Aim, j ; to - 1, j) = + to) (j - to + 1). 

1 Z. Physik, 29 , 241 (1924). 

" £ Z. Physik, 31, 340 (1925). 

3 Naturms., 13, 90 (1925); also Kronig, Z. Physik, 31, 885 (1925). 


( 20 ) 


( 21 ) 



Hbc, tt| IS'TESSl'HMH IN THE STE'TUCM OF /( YIHKKittN 70S) 
Aj ™ — l : 

A(m, j; m + 1, j - 1) - _ fj(j ~ m)(j - m + 1) 

1) - - '«’) 

'Hm.i; m - l,j - I) - 2j(2j ... I)(J + m,( i * w “ (22) 

The dependence of those formulas cm m has been verified h y Heisen** 
f>org and Jordan 1 using matrix methods, Tin* details of the computaf ion 
will not 1 m* given horn, since they have been conveniently summiirimi 
hy Birtwistle,* The formula* have* now boon wall confirmed for a 
number of lino* in low fields. Ornstcift, Burger, and van ( Jeep studied 
the first sharp triplot of mu\ and van <»ee! 4 extended tin* observations 
to systems of otlior multiplicities, Ilia results for the t riplet 2 % l* — 2 a *S* 
of magnesium an* typinil of the type of agreement, which in obtained. 
The theoretical and measured intensities for the components of them* 
throe line* an* given in the following list, Parallel components arc 
enclosed in parentheses; the calculated intensity is written above the 
exjierimenbil value in each case. The results for tin* three lines arc 
expressed on the same scale ami the total intensities of the lines are In the 
ratios required by the sum rule, 

5,107 A.: 2 (4) 2 

22 (MS) 22 

5,172 A.: H 2 (0) (11) 2 2 

28 21 (75) (71) 88 22 

5,182 A. : 1 2 II (0) (K) (II) (1 2 1 

? 27 7(1 (75) (100) (72) 7(1 27 ? 

Van ft eel* haa found that ilir* intonaity formula* !utl«l true fur the Zeeman 
effect of the intereoiubination line 2*/'> — -Vlh of mereury, at 2,(1(12,28 A. 
Further he ha* atudied tin* Intenaitle* in the part ini Paaehon-Baok effect 
of the flint diffuae triplet of itiagnoalum,* eomparitiK the rcaulta with a 
theory worked out by K miner*, and independently by Mian Menalng, 7 

». INTENSITIES IN THK SPECTRUM OF HYDROOBN 
The data presented up to (hi* point are not milted for a teat of the 
new mechanic*, for dev iation* from the foritmliu* might tie blamed 
on the inmdlbieney of the model, A definite teat can lie made by 
atudying intenaity relationa in the apectrn of hydrogcnic atoms, 

1 7,. i'htinik, 87, mi nir.*fl), 

•"Tin’ N'i’w C|uniiiiint Merhanins," Chap, XV. 

•7. I’hi/mk, 83, (Wl 

' 7. Thy**-, 88, win nnafti, 

*7 Thumb, 47, (lift (tlttai. 

•7. Thymk, 89 , K77 ( Drift). 

' 7. Thymk, St, 24 (1(120), 
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Numerous investigations of the Zeeman effect of hydrogen hav 
shown that under suitable conditions of excitation the normal triph 
is unpolarized and the two perpendicular components are of approx 
mately equal intensities. Since this result is predicted by the classic; 
theory, the correspondence principle, and the new mechanics as wel 
it is not adapted for distinguishing between these theories. Howeve; 
the Stark-effect intensities are well suited for this purpose. The fir; 
estimates of intensities in the hydrogen Stark-effect patterns were mad 
by Stark himself. 1 Kramers 2 compared these estimates with value 
calculated by the correspondence principle, obtaining a fair agreemen 
in general, although there were some striking discrepancies. Th 
Stark-effect intensities of the first four Balmer lines have been compute 
on the new mechanics by Schrodinger 3 and by Epstein, 4 * with result 
which are not in agreement. The method used by both these authoi 
is to calculate the components of the polarization matrix in the wa; 
explained in Chap. XV, Sec. 17. The mathematical details of the tw 
treatments are quite different. Schrodinger uses the wave function 
given in equation (50) of Chap. XVI, while Epstein uses expression 
involving hypergeOmetric functions. In both cases, the unperturbei 
wave functions are employed. It is stated by Sommerfeld 6 that W 
Zimmermann 6 has reconsidered the problem, using wave functions whicj 
contain the first power of the field strength. His computations indicat 
a slight asymmetry of the intensity pattern, but this is too small to b 
observed at the field strengths used in the laboratory; aside from this 
Zimmermann’s results agree with those of Schrodinger. Tests of th< 
theoretical intensities have been made by Foster and Chalk 7 and b; 
Mark and Wierl. 8 Foster and Chalk used the Lo Surdo method whil' 
Mark and Wierl employed the light from a beam of canal rays, subjecte< 
to strong fields in the space behind the cathode of a discharge tube 
The auxiliary field could be applied either parallel or perpendicula: 
to the direction of the beam. By filling the space behind the cathod< 
with nitrogen at low pressure, Mark and Wierl obtained patterns du< 
only to the atoms in the canal-ray beam, while light coming from atomi 
at rest was obtained by filling this space with hydrogen and using nitrogei 
canal rays. Most of Foster’s results are in strikingly good agreemeni 
with those of Schrodinger. With a few exceptions the same is true of th< 
results obtained by Mark and Wierl when studying the parallel com' 

1 Ann. Physik, 48, 193 (1915). 

2 Det Kgl. Danske Vidensk. Selsk. Skr., 3, 287 (1919). 

3 Ann. Physik, 80, 437 (1926). 

*Phys. Rev., 28 , 695 (1926). 

6 “Wellenmechanische Erganzungsband,” p. 193. 

6 Unpublished. 

7 Proc. Roy. Soc., 123 , 108 (1929). 

8 Naturwissenschafien 16, 725 (1928); Z. Physik, 53, 526 (1929). 
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ponents of Ha, Hi Q, and H7 from moving atoms, with the field 
perpendicular to the direction of motion. However, they showed 
conclusively that in the type of tube which they employed, the theory 
does not apply to the perpendicular components, as obtained from moving 
atoms which are excited by collisions, from resting atoms, or from moving 
atoms which are emitting spontaneously in a high vacuum (Abkling- 
leuchten). This is well shown by the parallel components of H/3, which 
lie at eight and ten times the quantum unit of frequency difference 
(Chap. V, Sec. 13 ). Schrodinger's value for the ratio of their intensities 
is 1.06, while Foster and Chalk obtain 1.04. Mark and Wierl get 1.10 
for the light emitted by moving atoms due to collisions, with the field 
perpendicular to the beam, and 0.85 for the light from*atoms at rest. 
They suggest that some of these discrepancies may be due to the Stark- 
Lunelund effect, that is, the polarization of the light emitted by a beam 
of moving atoms in the absence of a field. It is perhaps natural to expect 
that the theoretical ratios will be more closely approximated under 
the conditions encountered in the discharge itself than in a beam of 
canal rays. As emphasized earlier in this chapter, the populations 
of the upper states will be in the ratios of their statistical weights only 
if the excitation is sufficiently chaotic. Further experiments will be 
required to elucidate the matter. 

It is of interest to consider the theoretical decrease of intensity 
along the spectral series of hydrogen. The relative intensities of the first 
four Balmer lines were obtained by Schrodinger, by summing the intensi- 
ties of the Stark-effect components. He also gives explicit formulas 
for the intensities of the Lyman and the Balmer series, communicated 
to him by Pauli. They are as follows, n being the total quantum number 
for the initial orbit: 


Lyman series: I(n, 1) = 
Balmer series : I(n, 2) = 


2 7 ( n 1) 
n(n + 1) 
2 7 (n - 2) 


274-1 


2n+l 


2 w-3 


r» (15n 4 - 32n 2 + 16). 


(23) 

(24) 


n(n + 2) 2w + 3 ' 

We shall not give the derivation, as it is carried through by Sommerfeld. 1 
The results have been extended to the Paschen series by Sugiura. 2 
It is well known that the relative intensities of the Balmer lines are very 
sensitive to changes in the source, and data obtained in the laboratory 
are not likely to check the computed intensities, except by accident. 
It would seem that measurements on stellar spectra would afford the 
best opportunity for a decisive test. Bongers 3 has measured the Balmer 
series and found that his results are represented by 


I _ c(n — no) 3 

7* ~ n li 

1 Wellenmechanische Erganssungsband, p. 94. 

2 Jour . de Phys, (6), 8, 113 (1927); Z. Physik, 44, 190 (1927), 

3 Dissertation, Utrecht, (1927). 


( 25 ) 
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where n and n 0 are the quantum numbers of the initial and final 
states, respectively. This is in striking contradiction to the 1/n 3 relation 
required by equation (24) for large values of n. 

In order to obtain approximate expressions for the intensity dis- 
tribution in the series of the alkali atoms, one may evaluate the intensities 
for the various fine structure components of hydrogen. These partial 
series have been calculated by Kupper, 1 the results being in good agree- 
ment with data of Trumpy. 2 However, Miss Bleeker 3 has measured 
the subordinate series of K, Rb, and Cs, and has found it possible to 
represent her results by the formula 


I = 


c(n — 7t 0 ) 4 

n 12 


(26) 


Her formula is also well obeyed by several subordinate series of mercury. 

There are two factors, the temperature and density, which may 
ordinarily be neglected in considering the intensities of the higher series 
members, but which are of imoortance in considering the conditions 
in the stars. Under equilibrium conditions the number of hydrogen 
atoms in the states of total quantum number n is 


N n cc 2 n 2 exp 



(27) 


where 2n 2 is the a priori probability of these states and the exponential 
is the Boltzmann factor. Since 2 n 2 approaches oo as n becomes large 
and the exponential factor remains finite, the number of atoms in the 
higher quantum states becomes very large and in fact all the atoms should 
be in the infinite quantum state. Urey 4 and Fermi 6 suggested that a 
certain amount of space is excluded due to the “volume” occupied by the 
atoms and that this volume increases with the quantum number in such 
a way that the number of atoms in the nth state approaches zero as n 
becomes infinitely large. The volume of an atom is not easily defined or 
approximated, but this effect is certainly present. Density of the gas 
does not explain the deviation of Bonger’s formula from the theoretical 
formula and it appears that this effect can only be of importance in stellar 
spectra. 6 


7. INTENSITIES OF X-RAY EMISSION LINES 

The intensities of X-ray lines emitted by a solid target bombarded 
by electrons of a given energy depend on many factors beside the proba- 

1 Ann. Physik, 86, 511 (1928). 

2 Z. Physik, 42, 327 and 44, 575 (1927). 

3 Z. Phys. Chem., 120, 63 (1926). 

4 Astrophys. /., 49, 1 (1924). 

6 Z. Physik, 26,54 (1924). 

ro. * F °, r , an ® leg! ) nt treatment of this subject see Fowler, “Statistical Mechanics,” 
Chap. 14. Cambridge Press (1929). 
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bilities of transition and it is often very difficult to correct for these 
extraneous factors in order to estimate the probabilities as calculated 
from theory. Both the absolute and relative intensities change with 
the voltage on the X-ray tube; absorption in the target is especially 
important for the longer wave lengths; and in many cases it is difficult 
to separate all the lines of a multiplot so that the intensities can be 
estimated separately. Considering the many difficulties in interpreting 
the experimental results, the agreement with the theory for the intensity 
of multiplets presented in the preceding sections is as close as could be 
expected in some cases, but in others there appears to be definite dis- 
agreement between theory and experiment. We shall discuss the relative 
intensities of lines of the same multiplet for the most part. 

Sommerfeld 1 pointed out the essential similarity of the X-ray doublets 
and the optical doublets and showed that the experimental facts then 
available were in approximate agreement with the rules of Dorgelo 
and Burger and in particular that the intensities of the Ka i and Ka 2 
lines were approximately in the ratio of 2:1 and that the Lai and Las 
lines had approximately the relative intensities 9: l as required by these 
rules. Duane and Siegbahn 2 and their coworkers early investigated 
relative intensities in the K- series lines. The Ka\ and Kaz and the 
Kfi i and Kpz lines are two doublets of the 2 P — 2 S type and in accordance 
with the theory of Secs. 2 and 3 should have relative intensities of 2: 1 
in both cases. Duane and Stenstrom found a ratio of 2:1 for the Kai 
and Kaz lines of tungsten and Duane and Patterson a ratio of 1.93:1 
for these lines of molybdenum, while Allison and Armstrong secured a 
ratio of 2.1:1 in the fourth order and 2: 1 in the fifth order for the Kfh 
and Kpz lines of molybdenum. Siegbahn and Za'iSok secured for the 
intensity ratios of the Ka\ and Kaz lines of Cu, Zn, and Fe, 100:51.2, 
100:50, and 100:49.9, respectively. These doublets are emitted in 
transitions from the same excited level, namely the K level, to the Ln 
and Lin, or the M n and Mm, so that the relative intensities should 
measure the relative values of the A nm coefficients for these transitions. 
Moreover, tho coefficient of absorption of the target for these wave 
lengths will be small, since they lie on the long wave-length side of the 
X-absorption limit and far to the short wave-length side of the L-absorp- 
tion limits. This makes the agreement with theory especially satisfactory. 

The most complete investigations of intensities of the L-series lines 
are those of Allison and Armstrong, 8 Allison 4 and Jonsson, 8 who have 

» Ann. Phy&ik, 76 , 284 (1925). 

2 See Lindh, Phys. Zeit., 28 , 95 (1927) for detailed references to the earlier 
literature. 

»Phys. Rev., 26 , 714 (1925). 

* P hya. Rev., 30 , 245 (1927); 32 , 1 (1928). 

4 Z. Phyaik, 46 , 383 (1927). 
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investigated lines of tungsten, thorium, uranium, silver, palladium, 
rhodium, molybdenum, and a few other elements. The results of these 
measurements for a number of X-ray multiplets are given in the follow- 
ing table : 


Lines 


£3: 

75:/Se 


0i-‘ai:a2 



rj.L 

Transitions 

Li — > #11,111 

Li — > Jlfn, m 

Lii,m — > N 1 

t 

Ln,iii-*Miv,v 


Relative intensity, theory . 
Relative intensity, observed: 
Agi 

100:50 

100:50 

100:61 

100:64 

100:65 

50:100 

50:100 

55:100 

60:100 

56:100:11 

59:100:12 
59: 100:12 
61:100:13 
62:100:13 
48:100:11 

n . 1 r\f\ . 1 rt 

Pd* 



Rh 1 



Mo 1 


100 : 70 



Wi 

100:74 

100:60 

oa. inn 

46:100 

50:100 

46:100 

Th 2 . . . . 

uQ . JLUU 

(0:1.4) 

(0:1.0) 

TJ2... 

100 : 107 

100:98 

62 : 100: 12 
49:100:11 



■ JiiNssoN, loc. cit.; Allison and Abmstrong’s data on tungsten are in approximate agreement with 
those of Jonsson. 


2 Allison, loc. cit. 

These examples show the character of the agreement between theory 
and experiment; in the case of the /3i> a\, and ai lines which form a 
2 P — > -D triplet, the agreement is very satisfactory; on the other hand, 
the experimental and theoretical intensity ratios of the 'y 3 and y 2 , and 
of the Pi and /3 4 lines do not agree nearly so well; there is a consistent 
trend toward greater intensity of the weaker component until in U the 
theoretically weaker line has actually become the stronger of the two. 

Wentzel 1 has calculated the relative intensities of the different 
X-ray lines with different values of n and l for the initial and final states 
using quantum mechanics. Allison and Jonsson have found only 
approximate agreement between their data and the theoretical 
predictions. 

Pakt II. Intensities in Band Spectra 
8. THE SUM RULE APPLIED TO BAND SPECTRA 
In the case of atomic spectra it was possible to neglect the exponential 
Boltzmann factor in considering intensities of lines, because under the 
usual conditions of excitation the populations of atoms in different 
states are proportional to the quantum weight. In the case of band 
spectra this is not true and the exponential factor of equation ( 5 ) must 
be retained. For this reason the sum rule of Burger and Dorgelo as 
stated in Sec. 2 does not apply to the relative intensities of band-spectrum 
lines. The intensity of a band line is proportional to the Einstein proba- 
bility constant and the number of molecules in the initial state 

7cc “ W = ex P (-§)• (28) 

1 Naturwiss 14 , 621 ( 1926 ). 
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It is usual to call A nm g n the intensity factor, and using the customary 
symbols we shall write it A(j r , + 1) for the transition from the 

f to the j" state, ’since 2 f + 1 is the weight of the j' rotational state. 
The question arises as to whether an “effective temperature” can be 
assigned to a discharge which is not in equilibrium and whose temperature 
is therefore not defined. This will be discussed in Sec. 11, where it is 
shown that experimental data are consistent with the inclusion of the 
exponential factor in equation (28). 

The sum rule as applied to band spectra is: 

The sum of the intensity ■ factors, A(f, + 1), over all values 

of j" permitted by the selection rules with f constant , is proportional to the 
quantum weight of the f state and the sum of these factors over all permitted 
values of f holding j" constant is propor- 
tional to the weight of the j" state. This 
statement is evidently equivalent to that 

of Sec. 2. / 3 s 7 s 

Fowler 1 and Dieke 2 first applied j o / z 3 4- 

these rules to molecular spectra. Their ¥nh u 

application can be illustrated by the 

intensities of a l X l 2 band. We represent A(j\ f 0(2/ + 1) for the 
lines of the P branch by Ui, u 2 , . . . Ui . . . and for those of the R 
branch by wi, wa . . . Wj . . . The transitions are shown in the diagram, 
Fig. 1. Then the sum rule requires that 

ui » gw, uh + u% = gw, w% + uz ~ gw, * * > 

wi ~ gw, ui + = gw, u 2 +■ = gw, • • • , 

or 

ui = wi = gw, uz « v>% « (g i - gf)c, • • • . 



Since g^ = 2j + 1, we have 


ui » wi *= c, = Wz = 2 c, • • • ; 

then 

(2 j + l)A(j, j — 1) = cj and (2 j - l)A(j - l, j ) » cj , (29) 

where j is the larger of j' and j" in all cases. 

This makes the lines symmetrically placed relative to the missing line 
equal in intensity except for the exponential factor of equation (28). 
This factor gives an R - branch line a slightly greater intensity in absorp- 
tion and less intensity in emission than the P-b ranch line of the same 
running number; this can be easily seen by considering the diagram and 
the relative values of the energies of the initial states for the two lines 
in the cases of absorption and emission, respectively. The constant 
c is Po 2 (2rrv) 4 /3c 3 /iv, where P 0 is the electric moment due to the changes 
in electronic or vibrational quantum numbers in the case of electronic 

1 Phil. Mag,, 49 , 1272 ( 1925 ). 

2 £. Phydk, 33 , 161 ( 1925 ). 
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or vibration rotation bands or to a permanent electric moment of the 
molecule in the case of pure rotation bands. 

9. THE INTENSITY FACTORS FOR CASE a MOLECULES 1 

Just as in the case of complex atomic multiplets the sum rule does 
not suffice to fix the relative intensities, it also cannot fix the relative 
intensities in more complex bands than those of the *2 — *2 type. 
It is necessary to derive these relative intensities from a more extensive 
theory of the emitting molecule. The model which we use is the cus- 
tomary gyroscopic model having, in general, a resultant angular momen- 
tum about the line of nuclei equal to i( = X -f- <r) in quantum units. 
The relative intensities for case a were derived by London and Honl 2 
using a modification of the method of Sommerfeld and Honl described 
in Sec. 3. Since these relative intensities have been derived by applying 
matrix and wave mechanics to the heavy symmetric top as described 
in Chap. XIX, Sec. 5, we shall not give the older calculations. To write 
down the relative intensities for the molecules of the case a type, it is 
only necessary to note that a diatomic molecule is a symmetric top with 
a small moment of inertia about the figure axis. The dependence 
of the wave function on 6, <p, and x will be the same whether they fix 
the position of the rotating nuclei in the first case or the rotating electrons 
in the second, though the dependence of the energy on A in the one 
case and i in the other is quite different. The i is equal to the sum of 
X and a; it appears from experimental data that At = AX, that is, tr 
does not reverse its direction relative to X in a permitted transition, 
and that it is t rather than X which must be used in equation (66) of 
Chap. XIX to secure the proper 's. 

The intensity factors in the symbols appropriate to this problem 
are : 


QrMi, f; i", j") 

j' - j” 

l r — i 

c2(2j + 1)P 
j'0 ■+ 1) 

0 

. o 

c2(f - P) 

j 

±1 

0 

c(2 j -b l)(i + 00 - 1 + 1) 

?0 + 1) 

0 

±1 

c(j + 00 + t - i) 
j 

±1 

+1 

c(i - 00 - 1 + l) 
j 

+ 1 

+1 


where the j and i occurring in these formulas are the larger of the initial 
and final values of these quantum numbers. The reader can easily verify 

1 ® ee T> < ? ha ?' ® eo ' 15 anci 19 for tlle model interpretation of this case 

2 Z. Physik, 33, 803 (1925). 
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the fact that these intensity factors are in agreement with the sum rule 
of Sec. 8 ; this is also evident in the case of the special examples given 
below. 

To illustrate the theoretical intensities expected for this type of 
molecule, we shall use transitions of the l II — + *25 and MI 2 II types; 
the intensity factors are given in the following tables for these two cases: 



M*\mA [QiAiA 

If \Q\H\H 

** m 0 

The weigh in arc doubled (g, - 2(2 j + 1)) in thin table and the intensity 
factor*, equations (30), are so normalized that the sum mle gives the 
doubled quantum weight. Wo do this because corresponding to each 
value of j there are two states, If X * 0, one positive and one negative, 
in the sens** of Chap. XIX, Bee. 9, t'.e,, A and B states each of which has a 
weight of 2 j + 1. The branches, in the symbols used in ( ’.hap. XII, are 
given at the ends of the diagonals. In the case of the ‘II — » >£ transition, 
the Q branch gains in intensity relative to the P and H branches as j 
increases, while the reverse is true in the ease of the *11 —* *11 transitions. 
1’his decrease in intensity of the Q branches in the latter case is very 
rapid. Them* Q branches an* observed in the NO bands of Fig. 1, 
Chap. XII which are of this type, but decrease rapidly in intensity as j 
increases, in agreement with theory. 



718 


SPECTRAL INTENSITIES 


[Chap. XX 


10. THE INTENSITY FACTORS FOR CASE b MOLECULES 
The arguments used in deriving the intensity factors for these mole- 
cules can best be understood by considering the models of Chap. XII, 
Sec. 15 , and Fig. 19. Disregarding the s of case b for. the moment, 
it is seen that the precession of i about j in case a is entirely similar 
to the precession of X about k in case b. Thus the amplitudes of the 
electric moment in case b, if 1c did not precess about j, should be the same 
as those of case a and are given by equation (30) with k and X replacing 
j and i, respectively. Since k precesses only very slowly about j, these 
amplitudes will not be appreciably changed by this precession. 

On the other hand, the precession of k and s about j is entirely similar 
to the precession of Z and s about j in atoms; A is the resultant of all 
“orbital” angular momenta of electrons and nuclei just as l is a similar 
resultant in the atomic case and s has the same significance in both. 
Thus, the 'relative intensities of all lines emitted for a certain value of A k 
and different values of A j are given by equations (15) for the atomic 
case, if we replace l by k in those formulas. Therefore, in order to secure 
the relative intensities for a given value of A k, it is only necessary to 
multiply the appropriate factor of equations (30), with k and X replacing 
j and i in these formulas, by the appropriate factor of equations (15), 
with k replacing l of those formulas. The formulas so secured must be 
further multiplied by a normalizing factor. The loosely coupled s 
vector cannot change the total intensities for a given A k appreciably. 
Therefore, the normalizing factor is secured by making the sum of all the 
intensities for a given A k over all permitted values of A j equal to the 
intensity required by the formulas for case a with k and X replacing j 
and t; or, what is the same thing, we require that the sum of the factors 
of equation (15) for a given Ak over all possible values of A j multiplied 
by the normalizing factor shall equal 1. These normalizing factors 
have been secured by Mulliken 1 for doublet systems, i.e., s = K, and 
are: 

4^.2 1’ ^ ^ = il, 

and 

( 2A + l)» if M = O' (3D 

To secure the correct intensity factor for any transition .we have only to 
multiply the three appropriate factors, from equations (15), (30), and 
(31). 

Example . — We ask for the intensity factor for a p Q n branch of a 2 n -* 2 X band for 
which Aj = 0, Ak — —1, and AX = 1. For this branch j' = ft' j " = ft" — 

and, since j' = j ", ft" = ft' + 1, and the ft appearing in the formulas is equal to ft"; 
therefore, we must substitute j = ft — K in the formulas. We multiply the first 

iPhys. Rev. y Z0^ 138 and 785 (1927). 
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factor of equation (31) by (k — X)(& — X + 1 )/k, secured from equation (30) by 

equation (15)^ b^ubst // *aI ? T* ll i2j + + 1)*, secured from 

equation (15) by substituting k for l. Then substituting j -k~X and simplifying 

MCA \ k - i-j, x — i, A) = C 2^^AL+AtzJ1 

j (4/c — 1) 7 

The results of these calculations are given in Table 4. 


Table 4 


Branch 

Intensity factor 
g,"A(j', X', A'; j", X", A") 



k' - k" 


X' - X" 

Ri 

Pi 

c4(k + 1 )(&2 - x 2 ) 

±1 

0 

±1 



h(2k 1 ) 

Ri 

Pi 

c4(fc — 1 ) (/c 2 — \ 2 ) 

±1 

0 

±1 


A(2A - 1 ) 

R Qn 

t'Qn 

c4(/c 2 - X 2 ) 

0 

0 

±1 

Qi 

A(4A 2 — 1 ) 
c4X 2 (2/c + 3) 

Ck + 1 ) (2 k + 1 ) 


0 

0 

0 



Qi 

c4x 2 (2A - 1 ) 

0 

0 

0 



A(2A + 1) ' 

Q Rl2 

vPn 

c4X s 

±1 

0 

0 

k(k + 1)(2 k + 1 ) 

R 1 

Pi 

c2(k - X)(A - X 4- DC* + 1 ) 

±1 

T 1 

±1 



A(2A + i) 

Rz 

Pa 

c2(k - X)(fc - X + 1 )(k - 1 ) 

±1 

T 1 

±1 



k(2k - 1 ) 

H Qn 

p Qu 

c2(/c ■ X) (k — X -f- 1) 

A 

T 1 

±1 


lc(W - lj 

U 

Pi 

Ri 

c2(Ai + X)(A + X - 1)(A 4 - 1 ) 

±i 

=F 1 

±1 



A(2 A 4* 1 ) 

Pa 

Ri 

c2(k 4- X) (fc 4 - x - l )(k - l) 

±i 

T 1 

±1 



k(2k - 1 ) 

*Qn 

*q 3X 

c2(k 4“ X)(A 4" X — 1) 

0 

Tl 

±1 


*(4*“ - 1 ) 


Qi 

c2(k + X)(A - X 4- 1)(2* 4- 3 ) 

0 

=F 1 




~(k + 1)(2 k + 1 ) 

0 


Q, 

c2(k + X)(& - X 4- l)(2ft - 1 ) 

0 

=F 1 

0 



k{2k 4- IF 

Q Pn 



c2(k + X)(A - X 4- 1) 
k(k '+ i)( 2 /c + 1 ) 

{ +1 

Tl\ 
T 1 / 

0 


In those formulas k and X refer to the larger of the initial and final 
values of these quantum numbers, and the upper and lower signs to the 
branches given in the first and second columns, respectively. Each of 
the symbols of the first and second columns represent in general two 
branches; each P or R branch may be either an AB or a BA branch 
and each Q branch either an AA or a BB branch. All these branches will 
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not be classified as one band for the change of X is accompanied in general 
by a large change in the frequency emitted. For any given value of X', 
the intensity factors given would be for three separate emission bands 
for which AX = 0, +1, and — 1, respectively. There will be twenty 
possible branches in each of these bands, if X ^ 0 for both electronic 
states. If X = 0, for one state, this number is reduced to ten, since we 
assign the letter A to 2 states, and thus all branches designated by a 
symbol with a subscript B for this state do not appear. If X = 0 in 
both states, there are only six branches with intensities given by the 
first three formulas. In this case, A states combine with A states in the 
P, R, and Q branches due to the fact that according to the theory of Chap. 
XIX, Sec. 9 the states are alternately symmetric and antisymmetric, 
positive and negative, and thus these transitions are possible. 

We have now considered the intensities for case a and case b bands 
in which both states are either case a or case b. There is also the inter- 
mediate case in which one state belongs to case a and the other to case 
b or in which one state or the other is case a for small j and case & for large 
j. In such bands the intensities will not follow the formulas of this 
section and the preceding one exactly. Weak branches may appear 
representing the permitted transitions of both types. The CaH bands 
described in Chap. XII, Sec. 20 belong to the case b type, while the water 
bands of Chap. XII, Sec. 21 belong to the intermediate type. The 
intense branches of the water bands are those for A j = A/c = 0, ±1, 
which are permitted by the selection rules of case b and are equivalent 
to A j = 0, ± 1 and At = AX = — 1 when j is small so that these strong 
branches also obey the selection rules for case a. 

11. TEMPERATURE AND THE INTENSITIES OF BAND SPECTRUM LINES 

The selection rules and relative intensities discussed in Secs. 8, 
9, and 10 are known to be qualitatively correct, but exact comparison 
between experiment and theory is not easily made because of the impor- 
tance of the exponential factor in equations (5) and (28) and the diffi- 
culties of measuring precisely the intensities of lines so close together as 
are those of band spectra. Recently, Ornstein and van Wijk 1 and 
Kapuscinski and Eymers 2 have measured the intensities of the negative 
nitrogen bands (N 2 + ) and of the mercury hydride bands, respectively, 
and find that it is possible to assign an “ effective temperature” to 
the emitting gas and that the intensity factors derived above are in 
agreement with their data. 

The N 2 + bands studied are due to a 2 2 -» 2 2 transition and, accord- 
ingly, the intensities are given by the first three factors of Table 4 with A 
equal to zero. The band consists of six branches which group themselves 

1 Z. Physik, 49, 315 (1928). 

54, 246 (1929), 
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however into an R and a P branch each conawting of clow* triplet, h. The 
intenuitie* of them* clow* triplet* added together i* equal to Ark where 
k i* the larger of A' and k", »>„ k - k’ for the H branch and A* « k" 
for the P branch.' Then, according to Table 1, the intenaithw of theme 
triplet* will be 


and 


/*(A)» A irk 1 exp 



A 5 k'(k' f 1} 
H**l' k„T 



h ik ) « A b{A' f 1) exp 


/ fi 1 A (A' f 1)\ 
V Her 5 /' A//’ /' 


where /I iw a con*! ant whieh i* different for different value* of A dun 
to the alternation of intenwtie* in the band. If then (log l H )/k and 
(h»g /»■) ik f t) are plotted again** A(A + I), at might linem nhould 
re**ulf. Two *ueh line* are weured on one of whieh lie the point* for 
even A and on the other the (mint* for odd A. The two line* are parallel 
ami their *1 o|m> give* a value fur the effective temperature. The wpara- 
tion of the fine* along the a\i* of (lug /„) A nm*f be equal to log A (even)/ 
/t{j*ld) and this difference give* A (even) VI (mid) 2. Thu* th« 
quantum weight* of the even level* are 2(2,/ I !) while tho*e of tho 
odd level* are 2j (- 1 . 

The Himilnr e\|**riiuent* on the Kglf bund* (’ll *£) ,j„ m> j, ^jy,, 
*uc-h an exact utmight-lim* relation lietwirn the energy and log / divided 
by the intensity factor. In ihi* caw, the exjH.nentiai factor of equation 
(2H) i* only approximately correct, 1 he intensity factor* agree with 
the prediction* of the theory for the intermediate type between ca*e 
ft and ea*e fc, s 


* dee < imp XU, Her. 30 Mini l*iit*. ‘22 unit 25 for * ilriuilcil i)>'*eri|>liiia of thi* t viki 
of tlttlul 

* Hrr ti o.l. nml van V Uii'ii, I't ii/« Rmt , 33 , 2150 (!U2H), fur tliew intriisit v formula*. 



CHAPTER XXI 


DIFFRACTION OF ELECTRONS AND ATOMS BY CRYSTALS 

1. INTRODUCTION 

Davisson and Kunsman made the discovery that when electrons 
impinge on polycrystalline metal surfaces the fraction scattered at an 
angle 6 with the normal to the surface does not decrease uniformly as 
6 increases. On the contrary, if the fraction scattered at the angle S 
is plotted as a polar graph, the curve usually has several lobes or pro- 
jections. A classical theory of the effect, outlined by Davisson and 
Kunsman, was based on the idea that a given electron might pass through 
the force-fields of the atoms in the crystal in a variety of ways. Its 
deflection would depend on the distance of closest approach to a nucleus 
and on many other factors, so that a definite test of the theory would lie 
beyond our present resources. The results seemed likely to remain 
unexplained, until Einstein 1 discussed de Broglie’s matter waves, in 
1924 and 1925. He emphasized the idea that if particles possess a 
wave-like character, diffraction phenomena should be associated with 
their motion, and the ordinary laws of motion will not be obeyed. Now 
we have seen (Chap. XV, Sec. 20) that the velocity of the waves associ- 
ated with a free particle is E/mv , where E is the energy and mv the 
momentum. The frequency is E/h, and therefore, the wave length is 


Diffraction phenomena may be expected when one particle passes another 
within a distance of the order X, or when it falls on a lattice structure 
with spacings somewhat greater than X. In equation (1), the wave 
length is in centimeters, but if we agree to measure it in Angstrom units, 
then for the electron we obtain 

X = Angstroms, (2) 

where V is the potential difference through which the electron must fall 
in order to attain the velocity v. This shows that moderate voltages 
correspond to wave lengths of the proper size for appreciable diffraction 
at a crystal grating. Elsasser 2 suggested that the results of Davisson 

1 Sitz. Bet, d. Berliner Ahademie (1924) and (1925). 
z Noturwmenschajten , 13 , 711, 1925,* 16 , 720 (1928). 
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and Kunsman* might be explained as due to electron-diffraction. Today 
we know this interpretation of the original experiments of Davisson and 
Kunsman is incorrect, but it furnishes a satisfactory explanation of a 
considerable body of data accumulated since April, 1925, when Davisson 
and Germer made a very significant discovery. 2 At that time they were 
investigating the distribution-in-angle of electrons scattered by a target 
of polycrystalline nickel, which has a face-centered cubic lattice. Due 
to an accident it became necessary to heat the target to high temperatures 
in vacuo. Distribution curves obtained after heating were radically 
different from earlier ones in that the lobes had increased in number and 
in prominence. This alteration proved to be due to a recrystallization 
of the target during the prolonged heating, such that its face was altered 
into a mosaic composed of about ten large single crystals. Systematic 
experiments were then undertaken, in which the area of the target 
bombarded was known to belong to a single crystal. 

It will be useful to state the main results of this investigation, so 
that the reader may better understand the trend of the experimental 
work. In the words of Davisson and Germer, when the direction of 
bombardment is normal to the crystal face 

. . . strong beams are found issuing from the crystal, but only when the 
speed. of bombardment lies near one or another of a series of critical values, and 
then in directions quite unrelated to crystal transparency. The most striking 
characteristic of these beams is a one to one correspondence which the strongest 
of them bear to the Lauo beams that would be found issuing from the same 
crystal if the incident beam were a beam of X-rays. Certain others appear to be 
analogues, not of Lane beams, but of Optical diffraction, bourns from plane reflection 
gratings— the lines of these gratings being rows of atoms in the surface of the 
crystal. Because or these similarities between the scattering of electrons by the 
crystal and the scattering of waves by three- and two-dimensional gratings, a des- 
cription of the occurrence and behavior of the electron diffraction beams in terms 
of the scattering of an equivalent wave radiation by the atoms of the crystal, 
and its subsequent interference, is not only possible, but most simple and natural! 
This involves the association of a wave length with the incident electron beam 
and this wave length turns out to be in acceptable agreement with the value 
h/mv of the uudulatory mechanics, Planck’s action constant divided by the 
momentum of the electron. 

Davisson and Germer have steadily continued their work, with results 
which confirm and extend this statement. 

Further, G. P. Thomson has studied the diffraction of electrons by a 
large number of substances, using methods which are similar to the 
powder method and the Daue method of obtaining X-ray patterns. 
Electrons are accelerated by a voltage of the order of 15,000 to 60,000, 
and are caused to pass through a thin foil. Rings arc obtained on a 

D’/n/s. Rkv., 22, 242 (1923). 

! Nature, 119, 558 ( 1027 ). 
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photographic plate placed some distance behind the foil, the radii being 
in striking agreement with those calculated on the hypothesis that the 
electrons behave like X-rays having the wave length h/mv. Similar 
experiments have been made by Rupp, using electrons of much lower 
voltages, and he has also found it possible to obtain electron spectra 
by allowing a homogeneous, well-defined beam of electrons to fall on a 
ruled grating. Further, Davisson and Germer, and also Rose, have 
detected beams which are analogous to the reflected X-ray beams 
obtained with a Bragg spectrometer. The reflection of atoms from 
crystals has been studied by Ellett and Olson and by T. H. Johnson, 
who obtain specularly reflected beams. "We now describe these investi- 
gations in more detail. 

2. DAVISSON AND GERMER’S APPARATUS 

Figure 1 shows the metal parts of the electron-diffraction tube used 
by Davisson and Germer, 1 while Fig. 2 is a cross-sectional view. In 


Fig. 1.— Electron diffraction apparatus of Davisson and Germer. The Scales TS an. 
CS show respectively the azimuth of the target and the angular position of the collectoi 
OLi is the collector lead wire. 


Fig. 2, F is the filament and G is a series of diaphragms, for producing 
a narrow beam of electrons. This beam falls normally on the target T, 
which can be rotated about an axis parallel to the beam. On the right, a 
weight hangs down from the axle carrying the target, so that it may be 
l Phys. Rev., 30, 705 (1927); Germer, J. Chem. Ed., 5, 1041 (1928). 
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hy 11 , ' l ; iu, f , « “»«• «f ««. whole evacuated <lUl a iH a 

‘! • 1 ," ,< '' r f “ r Iwrt'Tlitm from elect roHtatic effects, and is mounted 
1! "" an “ W lu j h !IIU,W ‘ H * hrmigh a narrow slit in the wall of the <- v limIor 
h ; r ; ,f f; d <m ™ wmiiruiHr t» ti,« of 
15. . n , M '‘ ,M ' ,VVI ' , ' n ,h “ ami the scattered beam 

' h ! H ."‘ «»'*»•» and Ik denoted by 0, while the position of tlui 

axle ".trying the target is aerified by an azimuth y>. PmvinionH are 
made for placing the eolleetor at any desired potential. Usimllv the 

" • '< u out.\ me terorded by the galvanometer. The ratio of eolleetor 
"" rurr,,,,t ' H ‘ ,f tUv »«!«* H> 1 under them, eonditiona, ho 



f ie * ‘ri«n.^U»,ri nf rtwtrmt ilifWtltm 


that by using b..»d«irdln K currents of the order of 1 microampere 
eolleetor currents are obtained which are easily measurable with a 


sensitive galvanometer. 


3. LAUK REAMS OF ELECTRONS FROM A NICKEL CRYSTAL 

’“ m ,i,,w '^be the d iff ranted electron beams which an* obtained 
ttlten a bernu impinge-, on the (II |) fare of a nickel crystal, The geome- 
try of the beams and the crystal will Im easily understood from Fig. a 
" '"'f rM, “' "* w d.|«wed to represent a crystal with its face cut parallel 

to the eryMailographtc axes, One comer is then cut away, exposing 
ami) tnee In log, I, we no- looking down on this face. The atoms in 
Hm sin face layer are indicated by the circles marked I and those in the 
second and third layers by the circles 2 and 3. The fourth layer is 
identical with the first and so on. The receiver is often set in one of 
tile azimuth* marked t, /#. and €. This being done, the collector is 
moved through the whole range of colatlt tides permitted by the appara- 
tus Iwt m -uppo-e that the receiver is in the A azimuth and that the 
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voltage of the bombarding electrons is chosen to be 36. If we plot the 
currents to the receiver in a polar graph, as a function of 0, we obtain 




CACBCACB C A CBC 

Azimuth Curve ■ -for (6 - SO °V~ 54 Volts ) 

Fig. 3. — Above, curves showing development of diffraction beam in the A-azimuth. 
Below, variation of intensity with azimuth at colatitude 50°. 


the curve shown at the left in Fig. 3. 1 On repeating the process with 
increasing voltages, a peak is developed on this curve at the position 


A 



6 = 50°. It reaches maximum development at 54 volts, and dies away 
again if we pass to higher voltages, as indicated in Fig. 3. By setting 
1 Davisson, Bell System Tech, Jour., 7, 90 (1928), 
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the receiver at 9 = 50°, and moving it in azimuth, a curve like that 
at the bottom of Fig. 3 is obtained. The peak thus outlined would be 
represented as a spur in a three-dimensional polar graph. The spur is 
repeated in each azimuth of the type A , as we should expect from the 
threefold symmetry of the crystal about the normal to the (111) face. 
The smaller maxima in the azimuth curve are due to another set of three 
spurs which reach their strongest development in colatitude 44° at 
65 volts. The sharpness of some of these spurs and the precision with 
which they may be located will be appreciated from Fig. 5, which shows 
the variation with voltage of a set of beams occurring at 0 = 55° in the 
A azimuths. These data are fairly typical; thorough exploration has 
resulted in the discovery of many such sets of spurs. When the .first 
extended account of this work was published, 1 thirty such sets of beams 
had been found at bombarding potentials less than 370 volts. Six 



of these were due to adsorbed gas and were not found when the crystal 
was thoroughly baked out. Concerning the others, Davisson and 
Germer say, 

Of the twenty-four sets due to scattering by the gas-free crystal, twenty are 
associated with twenty sets of Lane beams that would issue from the crystal 
within the range of observation if the incident beam were a beam of heterogeneous 
X-rays, three that occur near grazing are accounted for as diffraction beams due 
to scattering from a single (111) layer of nickel atoms, and one set of low intensity 
has not been accounted for. 

Eight sets which might be expected to occur were missing, but the 
intensities of all of those should be small, by analogy with X-ray diffrac- 
tion patterns, A partial list of space-lattice beams is presented in 
Table 1. 

We now consider the interpretation of a typical spur, for example the 
one discussed above. The voltage at which it is most pronounced corre- 
sponds to an electron wave length of 1.67 A. If white X-rays were to fall 
on the crystal in the same direction as the incident electrons, a series of 
wave lengths would be selected for diffraction by the most heavily popu- 
lated planes. In the azimuth A the wave length 2.87 A. would be dif- 
fracted by (100) planes and would appear at colatitude 70°. Similarly there 

1 Phys, Rev,, 30, 705 (1927b 
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Table 1 


Azimuth 


Voltage V 


Wave 
length in 
vacuo, A 


Colati- 
tude in 
degrees, 
d 


Order 


Miller Refractive 
indices index p 


Grating 
poten- 
tial, E 


111 


100 


110 


35 volts 

(2.05) A 

(72) 

54 

1.670 

50 

106 

1.190 

28 

174 

0.928 

22 

181 

0.910 

55 

248 

0.778 

44 

258 

0.763 

<20 

343 

0.662 

34 

347 

0.658 

62 

37 

; 2.02 

71 

65 

1.520 

44 

l 126 

1.093 

28 

143 

1.024 

56 

170 

0.940 

46 

l 188 

. 0.894 

43 



220 



1 

331 

1.118 

+13 

1 

442 

1.128 

4-11.5 

1 

553 

1.038 

4-13 

2 

551 

1.036 

+ 13 

2 

662 

1.036 

+ 19 

1 

664 

1.032 

+ 15 

2 

773 

1.022 

4-15 

3 

771 

1.068 

+48 


311 



1 

422 

1.123 

+ 16.5 

1 

533 

1.047 

+ 11 

1 

531 

0.979 

- 7 

1 

642 

1.075 

+26 

1 

642 

1.024 

+ 8 


would be beams of wave length 1.49 A. at 44° and 1.13 A. at 33°. These 
X-ray beams would be expected to £e quite prominent. Now, a set 
of electron beams having an equivalent wave length of 2.87 A. would 
have a velocity below the limit which can be conveniently observed with 
the apparatus, but a set of beams with equivalent wave length 1.49 
A. arising from the (331) planes should be easily detected. No beams 
+ at tlie P osltions Predicted by Bragg’s law, and it is con- 

cluded that the beam having wave length 1.67 A. is the one in question 
bimilar discrepancies between the position of X-ray beams and corre- 
sponding electron beams are found in practically all cases, and it is now 
understood that this is due to the fact that the equivalent wave length 
of an electron inside the crystal is not the same as its wave length in 
vacuo. It may be said that the crystal has a refractive index for electron 
waves, since the electron is accelerated as it approaches the crystal, 
due to the fact that the space inside is at a different average potential 
from the space outside. Leaving this for later consideration, we shall 
discuss the results in Table 1. It is important to realize that all these 
^ Uld 7 obtamed from a surface grating having the same spacing 

« 1 + i the , at ° mS m the O 11 ) surface of the nickel crystal. The 
effect of the underlying layers of the crystal grating is to change the 
intensities of some of the beams which would be obtained from the first 

/.I" 7i° eX 7T Sh them due t0 interference between the contributions 
of the different layers. The presence of several layers also has the effect 
ot limiting the wave lengths which can be diffracted to any one of a 
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discrete set of wave lengths, just us in the mm* of X-rays. All thorn* 
facts arc clearly brought out by the following demonstration given by 
Davisson, which shows that the wave length of each electron hmm can 
be calculated from the plane grating formula, using tin* diffraction 
angle which is actually observed ontsidv t he crystal. This is true regard- 
less of the fact that the crystal possesses a refractive index greater than 
unity. In l*ig. <>, let us supjiose that radiation of wave length X falls 
on a crystal at normal incidence. If the wave* length inside the crystal 
is X, then the index of refraction n is equal to X X', ('onsider that 
tstrtion «»f the beam which is diffracted by the planes shown in the 



I ui. fl, tiiftrur l»> n rry**fnl with r^frnrlivi* f r« tin unify, 


figure, tin* angle of incidence on these planes being 0. By Snell's law, 

X sin o' 

X' * sin 'III' W 

If d in t lit* Inferplnnnr apneing, and /> f hr "paring **f t tit* mirfaee rmvn then 


d «* I) f^ixt 0 t 

and by Bragg V law 

nk f 2d tnm fl «* /> hi u 20, 

Multiplying equation (3) by thin etjunfinn we have 

Ilk ** I) Hiti fl* (4) 

whirh in t In* equation appropriate in it plane linr grating of "pacing />, 
Although tin 1 difTraelion lieuvn* do imt obey t hr niiuplr Bragg erudition 
nk 2d tnm fl, they antiafy equation ( II vrry welt, It ahouhl In* rernem- 
Iw-rtul, however, I hut flila formula ennnot br applied indwrimimdely. 
The only wave length* which mny oeeur in il are thorn* allowed by the 
Bragg ridlrrtion roudif iott. For example, beam* ornsr fit different 
voltage* in i hr A and H nxituttUi* the plum* grating* that make up 

thr rryalai are not jnlrd exuetly almvr one another, The* Intend nltiftn 
of tin* grating* in flaw two juimoIIih are different, Thi# mean* that the 
pha*e relation* lietwwn the element ary Irani* emerging in the A azimuth 
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are not identical with those in the B azimuth, so that the conditions 
for the production of a strong beam are satisfied at different voltages 
in these two cases. 

The accuracy of measurement attained by Davisson and Germer in 
their first papers was such that calculated and observed values of the 
wave length might differ by 15 per cent. Later, 1 the apparatus was so 
improved that wave-length measurements based on diffraction beams 
and computed by equation (4) should not be in error by more than 1 
per cent. This encouraging advance indicates that the method might 
be made sufficiently precise to be useful in the measurement of h. 

4. G. P. THOMSON’S EXPERIMENTS 

G. P. Thomson 2 has made extensive studies of the diffraction of 
electrons shot through foils of celluloid, gold, aluminum, and platinum. 
From de Broglie's law and the simple geometry of Thomson's apparatus 
one can see that the diameter D of any ring in the diffraction pattern 
obtained should vary inversely as the square root of the voltage applied 
to the tube. If the voltage V is high, it is necessary to take the 
relativity correction into account, and we then expect that the quantity 
DV^( 1 + Ve/1,200 me 2 ) will be constant. Thomson has- improved the 
technique of this method so that the mean error of a set of observations 
is little more than 1 per cent. It can be shown that corrections due 
to the refractive index of the metal foil are negligible for voltages of 
the magnitude used in these experiments. A typical set of data referring 
to celluloid is given below : 


V (volts) 

D (centimeters) 

DF«( 1 + Ve/1,200 me * ) 

50,000 

0.85 

195 

42,500 

0.90 

189 

36,000 

1.00 

193 

30,500 

1.05 

186 

23,200 

1.25 

193 

21,000 

1.30 

190 

16,800 

1.47 

191 

16,100 

1.48 

189 

11,500 

1 62 

175 

9,800 

1.86 

185 



Mean 189 


The value of the spacing of the reflecting planes deduced from 
experiments of this kind is in good agreement with X-ray measurements, 
as the following tabulation (in Angstrom units) will show: 

1 Proc. Nat. Acad. Sci . , 14, 317 (1928). 

2 Nature, 122, 279 (1928); Proc. Roy. Soc ., 117, 600 (1928) and 119, 651 (1928); 
Phil. Mag., 6, 939 (1928). 
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* 

Al 

Au 

Pt 

Cathode rays 

4.035 

4.043 

4.20 

4.064 

3.89 

3.913 

X-rays 



In a rough way, the intensities of the rings parallel those to be 
expected in the case of the corresponding X-ray experiment. In some of 
Thomson’s experiments the pattern resembles a Laue picture instead of a 
system of rings. As might be expected, such patterns are produced by 
the presence of large single crystals in the film. 

Thomson has obtained the important result that the velocity of the 
diffracted electrons differs by less than 1 per cent from that of the 
incident beam. This indicates that the electron is to be considered as 
colliding with the crystal as a whole, and not with individual free electrons 
in the crystal. This is analogous to the well-known fact that diffracted 
X-ray -beams do not show the Compton shift. 

Thomson’s experiments have been continued by Reid, 1 who worked 
with celluloid. While Thomson used a spark gap to measure the voltage 
of his electrons, Reid used the method of electrostatic deflection, obtaining 
results which agree within 1 per cent with those of Thomson. In 
experiments of this kind it is essential that the films should be thin enough 
to prevent blurring of the pattern by multiple scattering. The celluloid 
films are made by dissolving celluloid in amyl acetate and are of the order 
of 5 X 10“ G cm. thick: 

5. RUPP’S DIFFRACTION EXPERIMENTS 

Rupp 2 has extended the range of the foil method of studying electron 
diffraction to lower velocities, using voltages in the range from 120 to 
320. He has obtained patterns from foils of the following metals, the 
most complete set of data being those for silver: Al, Pb, Ni, Cu, Ag, 
Au, Or, Sn, and Zn. Of these, the first six are face-centered cubic, 
while Cr is body-centered cubic, Sn is tetragonal, and Zn hexagonal. 
The foils were about 1.0~ G cm. in thickness, and were prepared by the 
method of Muller in which the metal to be studied is evaporated on to the 
surface of a rock salt plate, which is then dissolved away. The apparatus 
is essentially a beta-ray spectrograph, which is placed in a magnetic 
field so that the paths of the electrons are circles. This has the advantage 
that electrons which lose any considerable portion of their velocity in 
passing through the film are deflected to one side and do not reach the 
central portion of the photographic plate. 

In general agreement with Thomson, Rupp has demonstrated a 
general parallelism between the intensities of the various diffraction 

i Proc. Roy. Soc 119, 663 (1928). 

* Arm, Physik, 85, 981 (1928). 



732- 


DIFFRACTION OF ELECTRONS AND ATOMS [Chap. XXI 


rings and the intensities of the corresponding rings in X-ray powder 
photographs for the same metals. More recently, he 1 has found it 
possible to obtain electron spectra by letting a homogeneous, well-defined 
beam of electrons fall on an optical grating having a constant of 8 X 
10 -4 cm; 150- volt and 70-volt electrons were used. The accuracy 
obtained in wave-length determinations was of the order of 2-3 per cent. 
In these experiments it was found to be essential to use a grating ruled 
on metal, perhaps because electrostatic charges would introduce diffi- 
culties if the grating material were an insulator. 

6. KIKUCHI’S EXPERIMENTS ON DIFFRACTION PATTERNS OF SINGLE 

CRYSTALS 

Kikuchi 2 has studied the diffraction patterns produced by a beam 
of electrons, homogeneous in velocity, which has passed through thin 



Fig. 7.— Diffraction pattern of a very thin mica sheet. ( After Kikuchi.) 

sheets of mica at nearly normal incidence. He has traced the interesting 
changes which occur as the thickness of the sheet increases. The 
thinnest sheets he used were not thick enough to produce interference 
colors. The pattern of such a sheet is shown in Fig. 7. According 
to Kikuchi, it is well explained by the assumption that the crystal 
behaves like a two-dimensional grating with a spacing of 5.17 A. He 
states that his thinnest crystals contain only about 50 layers of unit 
cells (the grating space perpendicular to the cleavage plane being 20.4 A.) 
and that the selective effect of the grating structure perpendicular to 
the plane of the sheet does not come into full play when the number of 
layers is so small. This seems surprising, but it must be remembered 
that the thickness of the sheets was estimated, not measured; Kikuchi 
states that it was probably of the order of 10~ 5 cm. or less. 

1 Naturwiss. 33, 656 (1928); Z. Physik, 52, 8 (1928). 

8 Nature and Proc. Imp. Acad . Japan , 4, 271, 275, 354 (1928), 
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en progressively thicker sheets are used, the pattern gradually 
until it shows well-defined Laue spots produced by three-dimen- 
interference, as in Fig. 8. Straight dark lines accompanied by 
lines on the side toward the center of the pattern can also be 
id. Kikuchi states that th^se are the analogues of the lines 
ed by Rutherford and Andrade in their study of gamma-ray 
- 1 The electron beam becomes divergent (though still homo- 
3 in velocity) in passing through the first portion of the sheet 
tered, and then the electrons are in a condition to undergo Bragg 
m at planes of atoms nearly parallel to the direction of the original 
The light lines are due to a local deficiency of electrons which 
3en diverted to the neighboring dark lines. 



Fig. 8 . Diffraction pattern of a thick mica sheet, (.After Kikuchi.) 

THE REFLECTION OF ELECTRONS AT CRYSTAL SURFACES 

dsson and Germer 2 have studied the reflection of electrons from 
with an arrangement essentially similar to a Bragg spectrometer. 

the collector at the correct position for receiving a regularly 
d beam, they vary the voltage, and find that the intensity of 
)n varies periodically. The maximum intensity is not obtained 
iges corresponding to the wave lengths which would be selectively 
d in the corresponding X-ray experiment, because the crystal 
s toward electrons as though it had a refractive index greater 
aity. The following table gives a set of data for an experiment 
h the angle of incidence was 10°: 
l Mag., 28, 263 (1914). 

c, Nat Acad. Sai.> 14, 317 (1928); 14, 619 (1928). 
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yW 

m 


(5.3) 

\ 2 

(1.15) 

8.0 

3 

1.14 

11.4 

i 

1.07 

14.7 

5 

1.04 

18.1 

6 

1.02 

21.2 

7 

1.01 

24.2 

8 . 

1.01 


The first column gives the values of F*- at which the intensity of reflection 
passes through a maximum. The observations could not be extended 
much below = 8 because the current of the incident beam becomes 
too small at low voltages. The first maximum at F ^ = 5.3 was obtained 
by a modification of the usual procedure. The order of reflection n is 
given in the second column, while the third contains the index of refrac- 
tion. 1 The formula used for determining the refractive index is a simple 
generalization of Bragg's law, and is as follows: 

rik = 2d( i u 2 — sin 2 0)#. (5) 

Putting in the value of X and solving, we have 

__ /l50 n 2 . V* 

^ ~ \4Fd 2 Sin / ; (6) 

which enables one to obtain the refractive index as soon as the voltage 
of the incident electrons and the incidence-angle are given. The utility 
of interpreting electron diffraction experiments with the aid of a refractive 
index was pointed out by Eekart 2 and Bethe, 3 and the idea is now widely 
used. Let us examine the way in which the refractive index arises. 
It is due to the acceleration of the electron by forces of the crystal. 
If the potential drop through the crystal surface (the so-called “grating 
potential”) is E volts, the wave length inside the crystal is smaller 
than that outside, in the ratio F^/ (F -j- E ) ^ and we have 

M = (i + (7) 

E being chosen positive. For each velocity, we can compute a value of E. 
Values for nickel are listed in the last column of Table 1. Those for 
several other metals have been determined by Rupp, 4 but Thomson 6 

1 At first, Davisson and Germer favored another assignment of the beams, but 
now lend their support to the one given here. See also a note by Patterson, ( Nature 
120 , 46 (1927)). 

2 Proc. Nat. Acad. Sci., 12, 460 (1927). 

3 Naturwissmschaften, 15, 787 (1927); 16 , 333 (1928); Ann. Physik, 87 , 55 (1928). 

' 4 Ann. Physik, 86, 981 (1928). 

6 Phil. Mag., 6, 939 (1928). 
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i,s pointed out an error in calculation which invalidates them. This 
>es not affect the value of Rupp’s interesting experimental results. 

At first it seems puzzling that E is not identical with the photoelectric 
.jreshold voltage of the crystal. This may be explained by stating 
,£it the work required to remove a photoelectron is less than the potential 
•op across the surface, because conduction electrons are moving with 
considerable kinetic energy which aids them in escaping under 
e influence of light. It must be remembered that the conduction 
^ctrons have an average kinetic energy much greater than %kT, 
C they obey the Fermi-Dirac statistics. 1 The classical value %kT 
>es not account for the difference under consideration. Since the 
fractive index is greater than unity, total reflection may occur for 
me electron beams, as suggested by Bethe. 2 In Table 2, we give data 
staining to several beams which would strike the inner surface of the 
y'stal at angles &' so large that total reflection would occur. If we call 
the angle of refraction, total reflection occurs when sin 0 as calculated 
r Snell’s law is greater than unity. 


Table 2 



While this idea is not a cure-all for explaining missing beams, it has 
oved its utility in a number of instances. Three beams in the table 
Duld be emitted nearly parallel to the crystal surface. We should 
tdcipatc that such grazing beams will be both weak and broad, because 
ver layers of the crystal are penetrated by the electron, and the resolv- 
5 power of the crystal is, therefore, smaller. As mentioned before, 
fvisson and Germer have listed several beams which they attribute to 
Traction at the first layer of atoms. Further, they have shown that 
a small amount of gas is admitted to the apparatus it is possible to 
beet additional diffraction beams, due to the arrangement of these 
>ms in a space lattice, either on the surface or underneath the first 

1 Fbhmi, Z. Physik, 36, 902 (1926) ; Dirac, Proc. Roy. Soc., 112 , 661 (1926). 

* Loc. tit, 



736 DIFFRACTION OF ELECTRONS AND ATOMS [Chap. XXI 

layer of nickel atoms. On heating the crystal, the so-called “gas beams ” 
may be eliminated, which is excellent proof of this interpretation. 

Rose 1 has studied the reflection of electrons by a single crystal of 
aluminium and comes to the conclusion that the results are consistent 
with the value unity for the refractive index. 

Klemperer 2 has made the interesting suggestion that insulators 
may have a refractive index less than unity. In support of this view, he 
discusses experiments made by Schmidt 3 and by others following him. 
In these experiments a beam of cathode rays was directed on the surface 
of a crystal and the dependence of the intensity of the reflected beam 
on the angle of incidence was studied. When this angle is greater than a 
certain limiting value characteristic of the substance, and of the velocity 
of the incident electrons, the secondary beam is much diminished in 
intensity. Klemperer considered this as evidence of a refractive index 
smaller than unity, due to the slowing up of electrons in the insulating 
material. Rupp 4 suggested an alternative explanation, namely, that the 
piling up of electrostatic charge on the surface is responsible for the 
effect. As the angle of incidence increases, the velocity being held 
constant, the component of velocity normal to the surface decreases, 
and eventually becomes so small that the bombarding electrons cannot 
penetrate to the surface. 

8. REFLECTION OF ATOMS FROM CRYSTALS 

T. H. Johnson 6 has found it possible to study the reflection of atomic 
hydrogen produced in a long discharge tube, at cleavage surfaces of 
calcite, sylvite, and rock salt, as well as natural faces of quartz. The 
apparatus is complicated, and many experimental precautions must 
be taken in order to secure reproducible results. The detector for the 
beam of reflected atoms is a glass plate smoked with white molybdenum 
trioxide, the surface of which is darkened wherever atomic hydrogen strikes 
it. Arrangements were provided for heating the crystals, since, other- 
wise, a layer of adsorbed gas would interfere with crystal reflection ; further, 
in the case of rock salt the surface is attacked by the atomic hydrogen. ’ 

Some of the hydrogen atoms are diffusely reflected, a phenomenon 
which Johnson interprets as due to adsorption followed by reevaporation. 
With the detecting plate at a distance of 1 cm. from the crystal, a specular 
beam superposed on the diffuse reflection can be recorded in 30 minutes. 
The intensity of this beam depends on the angle of incidence and on the 
temperature of the crystal. In the case of rock salt at 400°C., the 

1 Phil- Mag., 6, 712 (1928). 

2 Z. Physik, 47, 417 (1928). 

3 Dissertation, Berlin (1924). 

4 Ann. Physik, 85, 981 (1928). 

5 Jour. Franklin Inst., 206, 301 (1928); Abstrad, New York Meeting, Amer, 

Phys, Soc„ Dec. 29, 1928, * 
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intensity near^ grazing incidence is perhaps twice that at 30° and twenty 
times that 60° from grazing. At lower temperatures the diffuse back- 
ground becomes less prominent, and it has been found possible to obtain 
a very large percentage of the reflected atoms in the specular beam, even 
at angles far from grazing. Johnson remarks that there should be 
interference maxima in directions other than that of the regularly reflected 
beam. He shows, however, that due to the Maxwell distribution of 
velocities, the wave lengths of ,the impinging atoms are distributed over a 
broad range, and the first order diffraction beam would be expected 
to extend over about 50°. 

Ellett and Olson 1 have made similar experiments with unidirectional 
beams of cadmium and mercury atoms, striking a clean rock-salt surface. 
The reflected atoms produce a single spot about 0.8 mm. in diameter, 
while the glass receiving surface, cooled with liquid air, remains perfectly 
clear for several times the interval required to make the spot perfectly 
opaque. These spots were obtained with angles of incidence varving 
from 20 to 80°. 

More recently, 2 they have shown that the atoms in the reflected 
beam all have the same velocity regardless of the temperature of the 
reflecting crystal. This demonstrates that we are dealing with a reflec- 
tion which is analogous to the Bragg reflection of X-rays from a crystal. 
The data on specularly reflected cadmium atoms are as follows: 


Observed Velocity 
Angle of (Meters per 

Incidence Second) 

22.5° 500 

45 530 

07.5 600 

In a later paper Ellett, Olson, and Zahl 3 have given an equation which 
represents their data for cadmium. It is. 


h 

mv 


2d 2.26 


} 2 MW 2 



<P is the average potential energy of an electron when inside the crystal 
and m is the mass of a cadmium atom. 


Ellett and Olson stated in their first paper that sodium is not reflected 
from a rock-salt surface. In view of the discovery that the reflected 
beam is analogous to a spectrum line obtained with the Bragg spectrom- 
metor, this observation can now be understood. It appears* that less 
than 1 per cent of the sodium atoms in the beam used by Plllett and 
Olson had a velocity such that they could satisfy the Bragg condition. 


1 Rhyi. Rev., 31 , 643 (1028). 

2 Science, 68 , 89 (1028). 

*Phys. Rev., 34 , 493 (1929), 

* Private communication from Dr. Ellett. 




APPENDIX I 

RELATIONS BETWEEN AVERAGE KINETIC AND POTENTIAL 

ENERGIES 

0 

The virial theorem of Clausius 1 states that for a system which is periodic or is 
in a steady state, the average kinetic energy over a long period of time is equal to 
the average value of the function — 2(Xa; -j- Yy + Zz), which is called the “virial.” 
We shall prove an extension of this theorem which holds true in relativity mechanics. 
Let the equations of motion of a particle in the system be 

Then 

xd(mx) d(mxx) 


xX = 


mi 2 . 


dt dt 

We write down two similar equations for the y- and ^-coordinates of each particle, 
and sum over all particles, obtaining 

2(.tX + yY + zZ) = + yy + zz)] — 2mvK (1) 

Dividing by two, and averaging over a long time, the first term on the right disappears; 
for its average is simply the difference of its values at the end and at the beginning 
of the interval, divided by the interval. This difference is finite because we assume 
that the motion is periodic or that a state of kinetic equilibrium has been reached, 
so that neither the coordinates nor the velocities increase indefinitely with the time. 
Finally, 

'Zmv 2 Z(xX -f yY zZ)~\ 

2 




2 i- 


( 2 ) 


Note that on the left side m is the actual mass of a moving particle, so the left member 
is not the average kinetic energy. However, it reduces to the average kinetic energy 
when relativity is neglected. 

Interesting applications occur in the case of conservative systems, where X = 
— dV/dx, etc. If the potential V is a homogeneous function of the coordinates of 
degree n, then by Euler’s theorem for such functions the virial equals nV. In 
classical mechanics, equation (2) becomes 

2T = nV. (3) 

Consider a system in which the force between two particles is along the line joining 
them and is proportional to the (n — 1) th power of their distance apart. For the 
inverse square law, n = — 1 , and _ 

2T — — F (4) 

so that the total energy is 

E = -T (5) 

A more general theorem is this: If the potential energy V is the sum of several 
functions, V\ * • * , which are homogeneous in the coordinates and of 

degrees wi, n 2 , etc., then the virial is 

YllV l "j" ^2^2 -j- * ■ • . 

1 See any edition of Jeans’ “Kinetic Theory \)f Gases v for applications in statis- 
tical mechanics. 
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There are important cases in which the external forces depend on the velocities 
as well as the coordinates. Consider an atom exposed to a uniform magnetic field. 
In order to make the illustration more widely applicable we suppose that a uniform 
electric field is also present. Then, assuming the nucleus immovable, we have for 
each charge €, 

= x + *[e x + hjjH, - iff,)],, etc. 

Here X refers to all forces acting on the electron apart from those due to the electric 
and magnetic fields. If these forces are due only to inverse square attraction^ and 
repulsions and have a potential V, then we show in the same manner as above that 


Smv s 

~~2 


V EM 
2 + 2 



(6) 


(For the electron e = —4.77 10~ 10 , not +4.77 10" -10 .) M is the electric moment of the 
atom, and ph the component of angular momentum in the direction of H while EM is 
the scalar product of the vector E and the electric moment. If E is not present, the 
angle between H and pn is constant. 

M^lne 1 has extended the theorem of the virial to systems subject to frictional 
forces proportional to velocities. In many cases the existence of such forces prevents 
the existence of a steady state, but in cases where it does not, or in which the motion 
is periodic, such frictional forces contribute nothing to the virial and can be left out 
of account in computing the mean kinetic energy. 


1 Phil. Mag. 60, 409 (1925). 



APPENDIX II 

QUANTUM INTEGRALS 


1. Many integrals which arise in applying the quantum conditions can be evalu- 
ated by a “perturbation” method, starting from the value of 

*_£(, 1 + M + g)V 

I his integral arose in equation (18), Chap. V, and was evaluated there by direct 
methods with the result 

Jo = ~2t ri(C BA~ V2 ). (2) 

We now obtain this result by the use of complex integration (see Appendix VI, 4th 
edition ot Hommerteld). Considering r as a complex variable, we mark the branch 





Points n and r a in the r piano (Fig, 1), representing the lower and upper limits of 
integration, respectively. The path of integration extends from r% to r 3 , using the 
positive sign of the square root, and then from n to f\ using the negative sign of the 
square root. The path of integration may be deformed into a pair of infinitesimal 
circles passing around (lie poles of the integrand, at r * 0 and r « go. To see this 
it is convenient to represent the r plane on the surface of a sphere as in Fig, 1 and to 
stretch the path of integration like a rubber band until it assumes the position A~IL 
Bringing the portions BCD and EGH infinitesimally close to each other their con- 
tributions cancel and we are left with the circles II A B and DBF around the poles. 
At r * 0, Ju can be expanded in the form 
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and the only term giving a finite contribution is the first one. The residue obtained 
from this term is 

where the minus sign appears because the direction of integration is clockwise. 
Using the transformation s = 1/r, J Q takes the form 

Jo = —I (A + 2 Bs 4- Cs^ds, (3) 

and expanding in exactly similar fashion around s — 0, the contribution of the pole 
"at r = oo Is 

which completes the proof of equation (2). 

2. We now evaluate 



which occurs in the theory of the Stark effect (Chap. V, Sec. 12 ). D is proportional 
to the electric field strength and is small compared to the other coefficients. We 
expand the integrand in powers of Dr , retaining only the first power, the result being 



which shows that 



Since D is small, the positions of the branch points which persist when D = 0 are 
not much altered. (In other words, the aphelion and perihelion distances of the 
electron are not much changed by the electric field.) In evaluating each of the 
integrals in equation (6) we deform the path of integration as before until it consists 
of infinitesimal circles around the poles. (In doing this, we are careful not to cross 
any of the branch points of or of the integral being evaluated.) As to the second 
integral in equation (6), its only pole is at r ~ oo, and the residue at infinity is such 
that we obtain 

- ■&> 


( 7 ) 



APPENDIX III 


PHASE VELOCITY AND GROUP VELOCITY 1 


Consider a wave which is composed of a superposition of sinusoidal waves of 
various frequencies, a typical one being represented by cos 27 t^~ — 2^. If u 


is the same for all frequencies, any modulation ( i.e ., any rise or fall in the “envelope” 
of the curve representing the disturbance at a given instant) is transmitted with 
velocity u. The form of the wave group is not altered as it progresses, and if the 
energy of the waves depends essentially on their amplitudes the rate at which their 
energy is carried forward is the same as the velocity of a given phase of one of the 
component waves. But if the phase velocity u is a function of the frequency, the 
form of the group continually alters as it advances; the velocity of propagation of a 
signal, that is, a modulation, is not equal to u, and is called the “group velocity.’ ’ 
Take the case of two cosine waves of equal amplitude with frequencies and velocities 
which differ by the small amounts dv and du. The resultant is very like a cosine 
wave train with slowly varying amplitude, familiar from discussions of beats in 
books on sound. Its expression is 


cos - i) + cos M* + - t) 


u + du 

_ 0 (x \ If xfdv du\ dvl 

= 2 cos 2r^- - fj cos " t) ~ *— J- 


When t - 0 there is an amplitude 2 at x = 0. At a later time t X) this peak will be 

at a point x\ such that the argument of the last cosine term is zero, so the velocity g 

with which the peak or any other modulation of the train advances is given by 

1 1 v ™ — d{v/u) m 

g %i u u 2 dv dv 


Other useful formulations are 

dv _ d(«/X) __ __ ydu 

9 " d{ v/uj ~ d{ lj\) ~ V d\ 

These formulas hold approximately for waves of the more general type 
2 / = Ct cos 2wvi(j~ — t — 


( 2 ) 

(3) 


where v and u vary only slightly for the constituent wave trains. For the sake of a 
definite example suppose there is a maximum at the origin when t = 0. Let us refer 
to the argument of any cosine term in equation (3) as its phase. After a time 
A t, large compared to I/p, the phase at a position Ax differs from its value at the origin 

when t = 0 by an amount 2™^ - A The phase change will be nearly the same 

for all the terms if Ax is so chosen that 


d(v/u ) ■ Ax = dv • At. (4) 

i See Havelock, “The Propagation of Disturbances in Dispersive Media/’ 
Cambridge University Press (1914). 
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The relative change of phase of the terms in equation (3) is very small during a single 
period 1/v because of the above restriction on the variation of v and u. Hence the 
combination of phases which gave rise to a maximum at the origin at time zero will be 
reproduced at a point within one wave length from the position Ax , at a time differing 
from At by less than one period. Thus Ax /At is nearly the group velocity and equation 
(4) yields equation (2). Of course, it is possible so to choose the C’s that our approxi- 
mations do not hold. Wave groups of other types must be treated by special methods. 
It is often loosely stated that the velocity of transmission of energy is the group 
velocity, but since the latter is usually defined by kinematic relationships alone, this 
is not necessarily true. Frequently there is little sense in speaking of a group velocity. 
However, if we know the energy density p as a function of £, y , z, and t } it is easy to 
obtain an energy velocity g which may be defined as the group velocity. Its com- 
ponents satisfy a relation analogous to the equation of continuity in hydrodynamics: 

dp d(pg x y d(pg v ) d{ P g z ) _ 

dt dx ^ dy ' dz ~~ 

This does not determine g completely, and in general g will be a function of t 
as well as of the space coordinates, since it is not characteristic of the medium alone 
but depends also on the type of disturbance. The conventional character of the term 
“energy velocity” must be clearly appreciated. It is impossible to identify a given 
portion of energy at a later time, so g appears to be simply a convenient analogue 
of the velocity vector so useful in hydrodynamics. 



APPENDIX IV 

NORMAL ORTHOGONAL FUNCTIONS USED IN WAVE 
MECHANICS 


1. THE SERIES EXPANSION OF AN ARBITRARY FUNCTION 

To avoid repetition, we refer the reader to Chap. XV, Sec. 13 for the definition 
of normal orthogonal functions, and for a proof that the discrete solutions of Schro- 
dingor s wave equation are orthogonal, provided we are dealing with a non- 
degenerate system. Similar proofs could be carried through for the more general 
wave equations introduced thereafter. Here we need more general definitions. 

A set of functions of a single variable x is said to be normal and orthogonal in 
the interval A to li if 

f 'pti'P„*dx = 1 when n = m 

= 0 when n m. ( 1 ) 

In the discussion wo shall omit the limits of integration wherever possible. The 
extension to functions of several variables is obvious. Nothing is said as to the 
behavior of the. functions outside the range of integration. It is shown in Chap. 
XV, hoc. 21 that any function fix) which obeys certain restrictions can bo expanded 
in a series of normal orthogonal functions 



( 2 ) 


The ordinary Fourier scries is a simple illustration of such an expansion. The whole 
subject becomes very clear if we approach it by setting ourselves tho following 
problem: 1 

Suppose we are given a finite number of normal orthogonal functions fa, etc. 
Let us try to approximate the function / by a linear combination of these functions, 
'bcufk, with constant coefficients c*, in such a way that the mean square deviation 
is made as small as possible. That is. we seek the best fit by the method of least 
squares, arranging that 

M *» /(/ - •£c»pk) 1 dx (3) 

shall be as small as possible. The conditions for this integral to be a minimum are 


= 0 , 


irjL 


Vic, ~ - °> otc - 

By way of example, the first condition yields the equa 


(4) 


/( / ~ '2ck'frk)'hdx *» 0 

and since the fan obey tho conditions of equation (1), the result of the integration is 


In general, 


ci » Jfxpidx. 


Ck ** Jffadx. 

If any of tho functions / or fa were complex it would he in order 
(3) by 

M « /(/ - $c k fa)(f* - Zc k *fa*)dx, 
and to generalise equation (4) correspondingly. 


(5) 

to replace equation 


1 The treatment of this problem follows that of Couhant-Hilhert. Vol. I. p 35 

745 


746 NORMAL ORTHOGONAL FUNCTIONS [Apr. IV 

Since M is greater than or equal to zero, on expanding the expression for M and 
integrating term by term we have 

0 ^ Sf 9 ~dx - 2 Zckjfykdx + 2c* 2 = ff*dx - Sc* 2 . 

The integral of f 2 is called the norm of /, and is written N(f), so we have 

Sc* 2 :g N(f), (6) 

which is Bessel’s inequality. It holds whatever be the number of functions used 
in the series for /. 

Now let the number of functions in the set \p k approach infinity. If it is possible 
with their aid to approximate the function / as closely as we please then the set 
is said to be complete. The formula (5) for the development coefficients is unaltered 
and Bessel’s inequality becomes the equation 

Sc* 2 = N(f) (7) 

which is referred to as the “ condition for completeness.” 

By similar methods it is easy to prove that for any two functions / and g, we have 
the relation 

Sfgdx = ^ Ckdk , 

h 

where the c’s and d* s are the development coefficients of / and g , respectively. 


2. HOW TO CONSTRUCT A SYSTEM OF NORMAL ORTHOGONAL 

FUNCTIONS 

If we are given a set of independent functions F 0 , F h . . . , we can construct 
a set of normal orthogonal functions from them by straightforward applicatkm 
of the conditions of equation (1). The procedure is the following: We agree to write 
(ab) for fabdx. Let us pick out one of the functions F, say F 0 , and form the function 

Fq 

= iiwF 

Then the norm of will be one, so that it is normalized correctly. If we define 
another function by the relation 


— aQ\po + aiF i, 

we may so choose the constants a 0 and ai that this function will be orthogonal to \p 0 . 
That is, we require that 

ffii^odx = Ja 0 il/o 2 dx -j- JaiFi^ 0 dx = a 0 H- ai(Fi\f/ 0 ) = 0. 

This being done, we have in ^i/[N(\J/% f )]H a function which is properly normalized 
and which is orthogonal to \p 0 . We continue this process, determining a function 

^2 — bo\J/Q + 61^1+ 62F2, 


in such a way that it is orthogonal to both \p 0 and V'i,. after which we normalize it, 
and so on. The formula for \p n +i is 


V'n+l = 


1 



n 

— ^£f'l'k('PkFn+l) 

1 


(8) 


An interesting example is afforded by the Legendre polynomials. It is well 
known that any continuous function may be approximated throughout its course 
by a power series, as closely as we please. However, the functions in the sequence, 

1 , , , 
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arc not orthogonal, whatever be the range of integration. If we construct from them 
a set of polynomials which are normal and orthogonal in the interval -1 to -fl, by 
the above process, we arrive at the functions 

Vn(x) = ( 2 - K ±i)^(,) (9) 

whom P n (x) is a Legendre polynomial, useful in the quantization of the rotator 
and ol the hydrogen atom. Other systems of polynomials often used in wave mechan- 
ics are obtained by orthogonalizing the system 

p'A, x-pW, x % pVij . . . 

where p(x) is a so-called “weight function.” 1 

We now summarize the more important properties of several systems of poly- 
nomials which arc extensively required in problems of wave mechanics. 


3. LEGENDRE POLYNOMIALS 

These polynomials which are often called cylindrical harmonics, may be defined 
by the relation 

1 ^ - 1)n (10) 


I\(X) » ; 


2 "ft! dx n 

In physical pjpblcms x usually is the cosine of the angle 0 between the z-axis and the 
radius vector, and we often find the Legendre functions written with cos 0 as the 
argument. This explains why we normalize these functions over the interval —1 
to +1. These limits correspond to 0 = tt and 0 - 0, so that the integration covers 
all possible values of 0. 

We have 


P 0 
Pi 
Pi 
P z 


1, 


hx, 


Pi 

P» 

Pe 

Pr 


23 t; 


1 %x 2 + %; 


The recursion formula is 


H$* + 1 

y\t\x" -*'H*x* + l WiGx l - ?ie» 
nUx 1 - wHgx* + aijfea ? 3 - in A*x. 


( 11 ) 


(n + l)P» + i - (2 n + 1 )xP n + nP u - i « 0. (12) 

The normalization factor for the f’s may be obtained from equation (16), in the next 
section. 

4. ASSOCIATED LEGENDRE POLYNOMIALS 

These functions depend on two indices, n and m, and may be written either as 
Pn,m(x) or as P n m (xJ. They may be defined by the relation 

Pn.M - (1 - m ss n; (13) 

from which formula (38) in Gimp. XV is derived. If 0 and <p are the polar angles, and 
if we write x * cos 0, the functions P n ,m(x) cos m<p and P nt m(x) sin m<p arc known as 
“tessera! harmonics.” Because of their utility in electrical problems, these harmonics 
are discussed in Jeans’ “Electricity and Magnetism,” Chap. VIII. The following 
tabulation gives the values of the first few associated polynomials; 

Po,o » 1, P i,o cos 0, Pi, i » sin 0. 

Pa, o * 1*5(3 cos 2 0 — 1), P 3 ,i * 3 sin 0 cos 0, P 2,2 = 3 sin 2 0. 

P.v> “ cos 2 0 — 3 cos 0), P 8| i » M Bin 0(5 cos 2 0 — 1). 

P«,a *» 15 sin 2 0 cos 0, P*,* «« 15 sin 2 0. 

p4,o ®* M (35 cos 4 0 — 30 cos 2 0 4- 3), P 4,1 « sin 0(7 cos 8 0—3 cos 0), 

P 4,2 s * 1 n 2 sin 2 0(7 cos 2 0 — 1), P 4,3 =® 105 sin 8 0 cos 0, 
p4,4 » 105 sin 4 0, (14) 

1 For further information on this point the reader is referred to Courant-Hilbert, 
VoL 1, p, 72, 
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We have 


normal orthogonal functions 

/>„.(*- 5^ |±“» 


so the corresponding normalized polynomials are 

|Y2n + l\ (n , s 

IA 2 J(n + m)l J 

J i ■ n,mJPq,mdx — 0 when Q 7 ^ 71. 


m ) ! 


Further, 


[App. IV 

(15) 

(16) 
(17) 


5. JACOBIAN OR HYPERGEOMETRIC POLYNOMIALS 

These polynomials occurred in the quantization of the polyatomic molecule. 
They are defined by 

Gn(p ’ q ' x) = WTT) - >a -V+»- i) ~ x)p+n ~*l- 

6. HERMITIAN POLYNOMIALS 

• .I" <l uanti2 ing the : oscillator we arrived at wave functions which arc expressible 

“ the , f ° rm + , e where #»(«) is the nth Hermitian polynomial. It may be 

defined by the equation, ' J 


H n (x) = (-l)»e* 


,2 d n e-x* 
dx n 


(18) 


From equation (18), we obtain the explicit formula 

= < 2 *)“ - ( 2 a :)'* -2 + ^ ~ + . . . _ (1J)) 

The values of the polynomials H Q to H& are given in Chap. XV, Sec. 9. The recurrence 
formula of these polynomials is 

H n+ i — 2 xH n + 2nH n -i = 0, (20) 

which proved very useful in obtaining the selection principle for the oscillator 

The Hermitian polynomials arise from the probem of finding functions to satisfy 
the normality condition J 

/ + w _ 

. oo e = 0; m ^ n; m and n = 0, 1, 2, * • • (21) 

The corresponding set of normalized functions is 


. __ H n e ~% 2 /2 

71 = °’ 


( 22 ) 


7. THE FUNCTIONS £„< OF THE HYDROGEN ATOM (GENERALIZED 
LAGUERRE POLYNOMIALS) 

mri- 111 Ch + P ' that the ^ function of the hydrogen atom depends on the 

radius vector r through a factor 

#(w, l) = x l e- x /2L 2l \ l ($f' 

Here * is equal to 2r( - and the f unctioni ^i is a polynomial which can be 

by7l/(« t + O 6 !* 6 m + ^ ^ deriTOtiVe ° f theLa guerre polynomial L n+ i(,x), multiplied 
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The Laguerre polynomials L n are defined either by the conditions 

•W [0 if t s 
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(23) 


or, more simply, by the relation 

L a ~ e ^ ^ ( — l) p Cp s s(s — 1) • • • (p -f- \)xv (24) 

v~ o 

- ( -D* (x* - Qr* + + ... + (_i ). s! ). 

Prom this we find the first few polynomials to be 

L a = 1, Li = 1 - x, L 2 = 2 - 4x + s 2 , L 3 = 6 - 18* + 9x 2 - x*. (25) 

The recursion formula of these polynomials is 

T»+i + (2 n + 1 - x)L n + n 2 L n -i = 0. (26) 

The corresponding normalized functions arc 


*•- e ~ x/ 2 nf’ n =0 ’ 1 ’ 2 > 


(27) 


To obtain the derivatives of the Laguerre polynomials, which occur in the theory 
of hydrogen, we use the second expression for L, in equation (24). Differentiating 
t times, and writing L,* for d‘ L./dx we have 

(28) 

p «* 0 * 


Some of these functions are listed in Chap. XVI. They are not themselves orthog- 
onal, but the related set 6 

x l e~* AL 2 '* 1 

n-M 

which occur in the theory of hydrogen are found to enjoy this property over the 
range 0 to oo. 1 

Integrals of the type 

f 00 

(29) 


Jj &‘<r*L, t (x)Lj(x)dx 

have been treated by SchrOdinger. 1 The more general integral 


£ x»e~ (« + # */2L,‘ (ax)L u v (fix) dx 


can be evaluated in terms of the integrals of equation (29). The results are too 
lengthy to be quoted in detail. Wo encounter integrals of this kind in evaluating 
the intensities of the spectral lines of hydrogen. 

1 Ann. Physik, 80 , 437 (1926). 



APPENDIX V 

METHODS FOR DETERMINING CHARACTERISTIC ENERGY 

VALUES 

The problem of finding the quantized energy values, for which \p is finite, con- 
tinuous, and single-valued, in other words, acceptable, is a broad one. 

. y e must not ex P ect that any single method will work in all cases. The method 
originally used by Schrodinger for the hydrogen atom was to obtain a very general 
expression for the part of ^ depending on r, in the form of a complex integral con- 
taining the constant E. A study of the properties of this integral then showed that 
it will not be an acceptable function except when E assumes the negative values 
given by the Balmer formula, or any positive value whatsoever. We now describe 
other methods which have much wider application. For simplicity we assume 
that the coordinates can be separated in the wave equation, so that we are confronted 
with an ordinary differential equation to determine a function F, of a single variable 
x, and that F must be finite, continuous, and single-valued over the range from minus 
infinity to plus infinity. 

1. THE METHOD OF TERMINATING SERIES 

A much used method, illustrated by our treatment of hydrogen, is to make a 
substitution of the type F = IX, where 7 vanishes at infinity, and is finite when rr 
is finite, while X can be represented by a power series 2a p x* containing only positive 
integral powers. (Thus, in the H atom and in many other cases, F contains a factor 
I = e where /(s) is positive for all physically allowable values of s, and a is a 

positive integer.) This solution will satisfy all requirements when x is finite if the 
series terminates after a finite number of terms. Each coefficient depends on the 
value of E, and of any other constants present in the original differential equation, 

a p = f(E, h, c • • ♦ ). (i) 

To find the eigenwerte we must choose ^-values which will make all the a’s after a 
certain one vanish. Often it happens that the recursion formula for calculating 
later a’s from earlier ones takes the simple form 

a p+ 1 — cpa?, ( 2 ) 

•where the coefficient c p is a function of p, E, and universal constants If E is so 
chosen that one of the c’s vanishes, the series for X will terminate, e.g., if we choose E 
to make c 5 vanish, then o 6 = 0; therefore, a, = 0, and so on. Proceeding similarly 
with values of E which make other coefficients vanish, we obtain the complete set 
of eigenwerte. If the value of F remains finite or vanishes when x—>oo (due to the 
vanishing factor I), all requirements of the problem are met. 

2. BECHERT’S METHOD 

Bechert 1 has given a method which has the great advantage that the eigenwerte 
are usually, obtained without solving the wave equation. It depends on a study of the 
way in which the solution behaves near singular points of the differential equation. 

1 Arm , Physik, 83, 905 (1927). 
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i.e., points where its coefficients become either zero or infinite. Two illustrations 
will show the essential features of the method. 

Harmonic Oscillator. — From Chap. XV, Sec. the equation for the oscillator is 

Sr + (A - =o (3) 


where A = 2E/hv^. This equation predicts a perfectly regular behavior for 
as long as the independent variable v is finite, but if v approaches ± °o, the behavior 
of \f/ must be examined in detail, because the coefficient of \p becomes oo. Now when 
v is very large, A can be neglected in comparison with v >l , and equation (3) reduces 

to i p" — v 2 \p — 0. Trying the solution ^ 2 , we get 

V* = (±1 + v 2 ) 

which is equal to within a sufficient approximation for our purpose. That is, 
behaves very nearly like when v is large. This is expressed by saying that 

e ±u 2 /2 } s an asymptotic form for $ when »— » oo. This gives* us the hint that if we 
make the substitution, 

-rV2 

t ~ 6 y, 

then y will behave like a polynomial in the neighborhood of oo. The accurate 
equation for y is 

?/" - 2 vy' + (A - 1)?/ - 0. 


Let us use a new variable, z 
small. It becomes 

JPV 


\/v, so that we can study the equation when z is very 


dz 2 


+ (2,. + 2«)J + 


(S->> 


0. 


Several terms may be neglected when z approaches zero, so that we have 


*2 + 


/2 E A 
(aV, 0* 


V = 0, 


in this region. 


0, we must have 
a positive integer, or zero; 


The integral of this is 

y ss 

To make this single- valued and to keep y finite when v 

A - l El 
2 ' hi o 2 

that is, 

E n — (n + %)hv o, 
the energy values for the oscillator. 

Briefly, the general procedure is this. Near singular paints of the equation, certain 
terms in the coefficients may be neglected. The resulting equation is usually of simple 
form and can be integrated immediately . To make the solution single-valued , finite , and 
continuous , E must be given definite values, the eigenwerte. The value of the method 
arises from studying the solution only in a region where its behavior is especially 
simple. 

Another Illustration. — The differential equation of Legendre’s polynomials is 
{x* - l)j/" + 2 xy f + \y = 0. (4) 

It is known 1 that solutions of this equation must be polynomials if they are to be finite 
continuous, and single- valued in the interval — 1 'to +1. We can determine X so 

1 Coueant-Hilbebt, p. 258, or the older editions of KiIEManist-Wbbee’b “Partielle 
Diff erentialgeiehungen. ’ ’ 
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i 

that ^esolutionymbeapolyno^l ^ 
We use the transformation z - x , ana s u y 
neighborhood of z = 0. It becomes 

(.--«(^+ 2 4 )- 2 4 +«- 0 - 

When z approaches zero this approximates the form, 

z 2 g +X2 /=°. 

s ^sr ( 4i 

tuting this in the last equation it takes the form 

X = — n(n 4* 1)> 

which gives the characteristic values of X. 

3. OTHER METHODS 

w»«- u. *- * ™?«o £ 

1 Z. Physih, 38, 515 (1926). 



APPENDIX VI 


APPLICATIONS OF THE CALCULUS OF VARIATIONS TO 
WAVE MECHANICS 


/ 


In Chap. XV, Sec. 20, we met with the problem of making an integral of the form, 

JFdxdydzdl, (1) 


assume an extreme value, where F is a function of the independent variables x, y 
Zj t y of the dependent variable u , and the first derivatives of u. We are given the 
form of the function F and the problem is to determine u in 'such a way as to make 
the integral a maximum or a minimum. (In what follows, we shall speak only of 
making it a minimum.) A problem of this kind generally has no meaning unless 
we agree to specify the values which u must take on the boundary of the region of 
integration, for otherwise we can choose values of u shch that F will become infinite, 
thereby robbing the problem of its physical value and interest. It will suffice if we 
consider here the case where F depends on two independent variables x and y. The 
integral is taken over a two-dimensional region G in the xy plane, and values of u 
on the boundary are given. Our treatment is based on the very clear discussion given 
in Chap. IV of Courant and Hilbert’s “Methoden der Mathematischen Physik.” 
We write the integral in the form 

I = !JF(x, y 7 Uy u X y u v )dxdy y (2) 


where 


du ■, du 

u * = ax’ and = Yy 


Suppose now that U is the function which makes / assume its minimum value, 
and let U + co be another function which might bo proposed as a possible form 
for u) c is a numerical parameter and v an arbitrary function of x and y. We may 
write 

lie) * JF{Xy y , U + cVy Ux H- cv x , U v + cv y )dxdy. (3) 


Because of the assumption that U is the function which makes I a minimum, we must 
have dl/dc * 0, when c « 0. Now by Taylor’s theorem, since x and y are not 
changed ( dl/dc) c « o is equal to 

m .+(¥) ,,+(£) * to 

\dU/u*mU \d'U X /u*mU \dUy/u<mU 

and since differentiation with respect to c can be carried out under the integral sign 
this takes the form, 

f m + -oh* + w v vv ) dxdy = °- (5) 

This is an equation which U must satisfy in order that I may be a minimum. For 
the validity of what follows, we must now assume that the boundary curve B has only 
a finite number of corners arid that a line drawn parallel to either of the two coordinate 
axes will cut the curve in only a limited number of points. We consider the integra- 
tion of the term with respect to s. Integrating by parts, we have 






aF(x£) 

~Ju x 
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where the significance of x n and x f may be seen from the figure. Now integrating 
with respect to y the final result is 




dF dy A 
v-TTr ids 

dU x ds 


where the boundary integral on the right is taken counterclockwise. The values 
of u are specified on the boundary and therefore v must vanish there, so that this 
integral is zero. We treat the third term of equation (5) similarly, and the condition 
for I to be a minimum reduces to 


m 


dF 

dU 


d(dF\ 

dx\dU x ) 


d^fdF 

dy\dU v 


= 0. 


Since v is arbitrary, the factor in brackets must equal zero at every point of the region 
G. This gives us the Euler differential equation, 
dF 


dU 


3 ( 

' dF \ 

a ( 

f dF V 

dx\ 

,dUj 

ay\ 

juJ 


) = °. 


(« 


This requires careful interpretation. In taking the partial derivative of dF/dU x 
with respect to x we must remember that this expression is a function of x in several 

distinct ways. First, it may contain 
known functions of x; differentiation 
of these known functions will give rise 
to a term which we may write Fu x x', 
second* it contains x implicitly through 
the presence of U, U X) and U y , all of 
which are themselves functions of x. 
Differentiation as to these interme- 
diate variables will be indicated by the 
symbols F Ux u, Fu x Ux, and F Ux ti v , re- 
spectively. We have, therefore, 

et alJ x F dU v 
FuxUx ~dy + ** w * r aT 

The expression for the third term of equation (6) is similar. The problem is now 
reduced to finding a solution of equation (6) which will satisfy the boundary 
conditions. The extension to a larger number of variables is obvious. 

By way of illustration, let us derive the relativistic wave equation by applying 
the variation principle proposed in Chap. XV, Sec. 20. It is assumed that the 
integral of equation (1) is to be made a minimum, where 

<dV e A x d*y 



F 




— ) -|- 2 similar terms in which y and z replace x, 


g at) 


We write 


at eg at ) 


nW cbfr y 

g 2 \dt) ' 


df 

dx 


= 


at 


= 


The Euler equation for SI> is 
d/ aF 
a : 

Now 


dx\d^. 


d 




+ 


af dF \ _ aF_ _ 0 

atya^J a* u# 


,/asF _ e 

Ax 

d^\ 

■ d i 

' dF \ — i( 

\d.r c 

'¥ ' 

at ) 


,Mx) 2 \ 


Other terms are easily written by symmetry, and dF/dy — 0, The result is equation 
0 12) of Chan. XV 



APPENDIX VII 

THE WAVE EQUATION IN CURVILINEAR COORDINATES 

ar 

Some confusion may arise as to the proper form for Schrociinger’s equation in 
curvilinear coordinates unless we pay careful attention to the definition of xp in these 
coordinates. The whole subject has been clearly summarized by Podolsky 1 and parts 
of this section will follow Ills treatment. Since xpxp* has the significance of a prob- 
ability, the value of xp must be independent of the coordinate system used. In 
discussing the one-electron problem, we have used the relation Jxpxp*dv = 1, where dv is 
an element of volume in a space where the coordinates x, ?/, z are equal to the actual 
Cartesian coordinates X, F, Z of the electron multiplied by the square root of its 
mass. In these coordinates the wave equation is 

A.A — V)* = 0. • (1) 


Then, on passing to polar coordinates which are related to x, y, and z by the usual 
transformation formulas, the normalization condition takes the form 

Ji^*r 2 QdrdtpdO — 1. (2) 

The possibility of confusion arises from the fact that some authors use instead the 
function i pp which satisfies the relation 

S'pp'l'p*d,rd<pd0 — 1. 


By comparison with equation (2), we see that 

\pi> * i£(r 2 sin oy&. 

Sometimes it is desirable to use \p; at other times, our equations are simpler if written 
in terms of functions similar to \pp. m 

Another difficulty arises from the promulgation of false rules for obtaining the 
wave equations from the energy //. We shall have no trouble if we adhere to the 
variation p ineiple in Chap. VX, Sec. 20 and to the wave equation derived from it. 
Now we have stated (Chap. XV, See. 10) that in Cartesian coordinates the wave equa- 
tion can be derived from // by substituting 


h d 


for Pry 


. f for p X j Jr~. v tor p U j etc. 

2m <)x 1 ' 2m dy 

If we express H in terms of other canonical variables pr, <trj write ■gjj 

and apply the resulting operator to a function F, we have a differential equation for F 
which is useful in Dirac’s generalized wave theory (Ciiap. XVIII) ; but F is not ordinarily 
equal to xp, for if we transform equation (1) into the coordinates q r , we do not usually 
obtain the equation which defines F. The conclusion is, we must not use the above 
process of substituting operators for momenta if we wish to obtain the equation for \p in 
curvilinear coordinates . The correct process is to transform equation (1). 

To make our considerations quite general, we consider any system of coordinates 
. q n in which the square of the element of arc is 

dx’ 1 = ]£)]>)« Ijkdqjdqi (3) 
3 k 




1 Phys. Rev., 32 , 812 (1928). 
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We suppose, following Schrodinger, that each term contains a factor m, as mentioned 
above in. the case of Cartesian coordinates, so that 

di s 2 = 2 Tdt*, (4) 

T being the kinetic energy. We define g to be the determinant formed from the 
elements drawn up in square array. Let g ik equal l/g multiplied by the cofactor of 
gw in this determinant. Then the appropriate generalization of equation (2) is 

fW*\/gdqi. * * * dq n = 1 (5) 


for the element f)f volume is . . . dq n A The general form for the wave equation 

(!) is _ „ _ „ 


+: 


;(E - V)\p = 0. 


If we wish to use the variable ~ log ^ in place of \ p, as we did in Chap. XY, 


Sec. 24, then equation (6) takes the form 


2jZ, g dqt dq k ^ K 
j k 


E) 2 xiXXvff 


The double sum on the left is simply the general form of grad 2 W, while that on the 
right is NW) the whole equation reduces to the classical Hamilton- Jacobi equation 
if h approaches zero. 

In spite of their complicated appearance the student will find that these equations 
usually lead to the wave equation with much less labor than that involved in direct 
transformation. 

It is' interesting to determine the form of H (p, q) which will give equation (6) if 
we replace each p by the corresponding operator. Obviously, it is 


l= ^£Z PiV ~ agihVh+v - 


Podolsky 2 has &l§o considered the differential equation for ^ 2 , where 

SM*dqi ' m m dq n = I- (8) 

Comparison with equation (5) shows that 

i p q — (9) 

Using this relation in equation (6) we have 

3 22^4( ,M, “2S + (T -*»■ * °- ao> 

j k 

By the method of substituting operators for momenta this can be derived from the 
function 

- H XX 17 ” 1/1 + 7 * (H) 

j k 


The order of factors is important, of course, if we consider equations (7) and (11) as 
matrix equations. 

x See Mttrnacj han’s “Vector Analysis and the Theory of Relativity/’ The John 
Hopkins Press, Baltimore, for this and other geometrical formulas. 

2 Loo, cit y 



APPENDIX VIII 

USEFUL THEOREMS OF ELECTRODYNAMICS 


1. MAXWELL’S EQUATIONS FOR FREE SPACE 

We denote the components of the electric vector by E x , E v , and E Zi and those 
of the magnetic vector by H x , H y , and H z . At any point the charge density is p 
and the velocity of the charge is v. For a space which is free of gross matter Maxwell’s 
equations take the following form: 

c dt dy dz’ ■ < W 

(and two similar equations, obtained by cyclic permutation of x, y, and z ); 

dx + dy dz 


47rp± -f- - 


dH z __ dHy 
dy dz 


(and two similar equations); 


dE x . dE v . dE z . ... 

1F-+ Of + 1jr = 4 * p - (4) 

The magnetic vector potential obeys the relation 

H = curl A, that is, H x = etc. (5) 

oy dz 

( Example . — It can be shown by integrating equation (5) that one form for the vector 
potential of a uniform magnetic field directed along the z-axis is 

A x = A v = ~,A,= 0.) (6) 

When equation (5) holds true, we can show by using equation (1) that 
i~, , 1 dA x 

E * + c-er = (7) 

The function ^ introduced in this manner is called the “electric potential,” or the 
“scalar potential.” 

According to Lorentz, the force acting on a charge e when it is exposed to an 
electric intensity E and a magnetic intensity H is eF, where 


that is, 


f » e + -mi 


F a ~ a + ~(yE z - zHy), etc. 


2. EQUATIONS OF MOTION OF A PARTICLE IN AN 
ELECTROMAGNETIC FIELD 

The equations of motion of a particle of charge e exposed to both electric and 
magnetic forces are 

s(ir=?!ss) " '(** +; I,H| *)- el “- <» 

where m is the rest mass of the particle, and (3c its velocity. • ». 
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1 dA 
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in the electric vector E is equal to zero, the com- 

c dt 

ponents of electric force are of the form -d$?/dx. The magnetic force -*[vHl 

causes no change in the kinetic enegy of the particle, because by definition, the 
vector [vHl is perpendicular to v. Therefore, the energy equation takes the form 

T + — constant, (10) 

where T is the kinetic energy. The Lagrangian function, so useful in transforming 
the dynamical equations to other systems of coordinates is simply T — e $>; but in the 
general case where dk/dt is not zero, this expression is not correct. To determine 
the proper Lagrangian function, we try to throw equation (9) into the form 

d dL _ 3 L ^ o 
dt dx dx 9 

and thus to determine the form of L by inspection. To do this, we replace E and H 
by their values in terms of the potentials. Then, 

d / mx 

2\(i -i 


\ d<p 

e d a x , 

/ SAy 

SA X \ 

■ ( dA x 

r~ 

N 

v: 

) “ € dx 

-3“oT + cb 


. dy ) 

\ dZ . 



(ii) 


But 


dA x dA x . . dA x . dA x , , SA X 

W s Hx x + Hy y+ ~dz Z + IT 


We use the value of dA x /dt from this equation to eliminate it from equation (11), 
with the result 


&f mx 

dt\{ F- } 


£ ) 


+ 


cK !> 


dx 


! ; I dAy 

c\ dx X dx ; 




dA*. 

dx* 


)=»• 


mx , eA* 

Px ~ (1 - /3 2 )‘A i " c ’ 

(12) 

, e(dA x . . dA v . , 9j 4 z .\ 
+A-to x+ -to v+ -te a ) 

(13) 


tA 

‘ c 

This suggests that we assume the relations 

dL m 
dX “ 

and 

" dL - „ 
dx dx 

with similar equations for the other coordinates and momenta. By actual integra- 
tion we find that these equations are consistent and that 

L = mc 2 (l - (1 - /3 2 )W) -e$ +|Av, (14) 

where Av denotes the scalar product of A and v, that is, 

A x x + A v y + A s k. 

If other conservative forces not of electric origin are al^o acting, we must replace 
ei> by the potential F, due to all the forces. The Hamiltonian function H is then 
obtained from the usual definition H — Spg — L, where the p’s are as defined in 
equation (12). We get 

ff = K( r -^“r 7 ’ 


for the terms containing the A ’ s conveniently disappear, 
contain the p’s, so we introduce them by eliminating /3 2 . 
the three equations, 

mx *Ax 


(15) 


However, this does not 
Squaring and summing 


we have 


(1 


-, etc., 


mv[(^ 


>)>* Px 


eA x 

c 


(16) 
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Calling this quantity w 2 we find that 


1 


= 1 + w 2 - 


a - p) 

Therefore, II may be written 

H = mc 2 ((l +.u> 2 )W - 1) + 7. 
This is more conveniently expressed in the form 
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(17) 

(18) 


that is 


]-T — V 

1 ■+■ w* = 1 + 2~ — r— + 

me 2 


(H_ ~v\* 

V me 2 / } 


/ eAx\* , ( eA y y . / eAA* 


2m (II - 7) + 


(H - 7) 2 


A more symmetrical form is obtained by using the total energy g, which is the sum 
of II and the self-energy of the charge, me 2 . We have 


whence 


g = — JUT? l y 

° (l - ' 


(H-7- 


m 2 c 2 + 


1 -/3 2 


(19) 


and using the value of j--— ^ from equation (16), we have 

V( P) .-iA,) 2 -(S^) 2 +mV = °, 

j 

where 79 ,- stands for p x , p v , or p z . The corresponding Hamilton- Jacobi equation is 

(f+7 


m - ’-a,)- 

\ Ox c / 


+ 


-f rn 2 c 2 = 0 , 


( 20 ) 


which is useful in deriving Schro dinger’s wave equation. 


3. LARMOR’S THEOREM 1 


This theorem describes the behavior of a system of particles, all having the same 
ratio of charge to mass (in sign as well as magnitude), in the presence of a constant 
uniform magnetic field H. It is supposed that in the absence of the field the particles 
move under the action of forces having a potential function which depends only 
on the coordinates. Then the theorem is, the motion of the system is the same as it 
would he in the absence of the field, except that a uniform rotation around an axis parallel 
to the field is superposed , provided that effects proportional to the square and higher 
powers of H are neglected. 

A simple artifice enables us to apply the theorem to an atom even though the 
nucleus and the electrons have widely different e/m ratios; we assume the nucleus 
to be at rest and then to all intents arid purposes it is excluded from the system. 
If we take the field H in the direction of the Z- axis, the equations of motion of an 
electron of charge —e will be 


= 

‘limy) = 

l (m *> = 




JV 
Ox 

0 V , e. rr 

-Jy + e xH ’ 

_dV. 

Oz 


( 21 ) 


1 L armor’s “Either and Matter," p. 341; See Bohn’s “Atommechanik,” pp. 240 
and 270, and Van Vleck’s “Bulletin,” p. 390. 
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USEFUL THEOREMS OF ELECTRODYNAMICS [App. VIII 


We shall use the subscript i to distinguish the coordinates of the fcth electron, and 
shall neglect the variation of mass with velocity. Introducing polar coordinates, 
the 2-component of angular momentum of each electron is mr 2 sin 2 dip. The angular 
momentum of the system is not constant, and in particular p z ( p <p) is variable. 
From equation (21), 


JX mr * 2 sin2 di ^ = + y * 2 ) = sin2 di0 2 


where 


Since 


, eH ^ r 
O — -bp: — = 2ttL 
2 me 


^ sin 2 — o) =0, 


( 22 ) 


it is natural to use polar coordinates r, 9, x, processing about the 2-axis with angular 
speed o. Then, 

Xi = <Pi — o, = w — ot , (23) 


and 


Smri 2 sin 2 == Vx = constant. 


If a;', 2/', 2' are Cartesian coordinates in the moving frame of reference, 


x = s' cos ot — y' sin ot, 
y - x f sin ot + 2/' cos ot. 


(24) 


To transform the equations of motion we note that 

d . . 0 . dV d ( . 0 v dF 

m^(x + 2 ay) = ^(2/ - 2oa) = 


From equation (24) we obtain 

(x + 2 oy) = (£' 4- 0 V) cos oZ — G/' -f o 2 ?/) sin otf 
~ (2/ — 2oz) = (if' 4- oV) sin 0$ -b Q/' + o 2 y r ) cos ot. 


By easy elimination of the terms containing ot, we find for each electron, 


mx' = 
my' = 
mi' — 


57 

do;' 

dF 

Oy' 

dF 

"d2'‘ 


— mo 2 x r , 

— mo 2 2/', 


(25) 


The motion of each electron may be accurately described as due to forces which have 
the potential 

F + y z m.oKx' 2 + ?/ 2 ). A 

Now F depends only on the relative positions of the particles and on their distances 
from the origin. None of these quantities are altered on passing to the moving system. 
In fact, F(a?', y', etc.) involves the moving coordinates in precisely the same way 
as V{x, y, etc.) involves the resting coordinates. For a field of 10 4 gauss, and for 

dF 

the nth orbits of the hydrogen atom, exceeds mo 2 x' by a factor of roughly 

2.10 u /n 6 . Therefore, if we neglect the relatively insignificant terms in 0 2 which are 
proportional to II 2 , equations (25) predict that in the moving system the motions 
will be identical with those which would be performed in the absence of the field, 
which proves Larmor’s theorem. For diatomic molecules the theorem holds true 
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only in the very special case in which the nuclei remain permanently in a line parallel 
to the field. 

It is worth noting that the Larmor precession of a negative charge is clockwise for 
an observer looking along the direction of the lines of force. 


4. ENERGY, MOMENTUM, AND ENERGY FLOW IN THE 
ELECTROMAGNETIC FIELD 


We are familiar with the idea that the energy of a system of charges, magnets, 
and currents may be considered as residing in the whole of space, the energy density 


at any point being 

(KE* + nW) 

Stt " 


(20) 


K being the dielectric constant and g the magnetic permeability. It is customary 
to think of the term containing IP as potential energy, and of the term in IP as 
kinetic energy. The time rate of change of the integral representing the total energy 
localized inside an arbitrary closed surface is composed of two terms. One of these 
represents the rate at which work is performed by the currents which flow inside the 
surface; the other can be written as a surface integral, and may be interpreted as 
the rate at which energy enters the volume under consideration . Suppose we write 

A* = - E,H V ), etc. (27) 

or 

S = v [EH]. 

‘IT 


Then the quantities and S x are the components of Poyriting’s vector, which 

represents the flow of energy across unit surface per unit of time, both in magnitude 
and in direction. The magnitude of the flow is 


cEII sin $ 
4 IT 


(28) 


where 0 is the angle between the electric, and the magnetic vectors. 

The pressure due to radiation, and other effects which depend on the transfer 
of energy, are explained with perfect success if we assume that the momentum asso- 
ciated with an element of volume dv is 


Sdv 

"c*' m 


(29) 


6. RADIATION FROM A MOVING CHARGE 

To obtain the rate of radiation of energy by a moving charge, we first determine the 
Poynting vector at every point of a surface surrounding it and then integrate the 
flow of energy over this surface. 

To begin with, there will be no radiation from a charge moving with imiforn 
velocity, for if wo take our stand on a system, of reference moving with the charge 
it will be at rest, and will possess zero magnetic field at every point in space. There- 
fore, the Poynting vector will everywhere be zero and the energy of the charge will bo 
constant, ^transforming to the original system of coordinates, the intrinsic energy 
of the charge will still appear to bo constant. Therefore, we pass at once to- a study 
of an accelerated charge. For simplicity, we take the surface surrounding the charge 
to be a sphere with center at the origin and radius large compared with the wave 
length of the radiation. Lot the charge be at the origin at time t ** —r/c, where r 
is the radius of the sphere, and let its acceleration a be parallel to the J^-axis. The 
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Sec. 6] THE RELATIVITY TRANSFORMATION 763 

If / is any function of x, y, z, and t, we have 

df = JT to' , dl dV = _v_ M_\. 

dx dx' dx + dt' d x \dx' c"- St')’ 

and similarly, we find 

if = °f- a l =ic{V - V v\ 

dy dy" dz dz" dt \dt' dx' ) 

We use these relations to transform Maxwell’s equation into the primed coordinates. 
It is then found that the transformed equations will take the same form, as the original 
ones provided we write 

HI = H x , E x ' = E x , 

H y ' = /c(ff„ + - c E,y E y ’ = k(E y - - c H,y 

HI = h^H, - V -E„y El = k(^Ei ■+■"#„)■ (34) 

The vectors E' and H' possess all the physical characteristics they should have in 
order that the moving observer may be justified in calling them the electric and 
magnetic intensities. This is insured by the fact that they are determined by 
Maxwell’s equations in the primed coordinates. The formulas for E and H in terms 
of E' and H' are obtained if we change the sign of v and interchange the primed 
and unprimed coordinates in equation (34). A similar remark holds true for obtaining 
the unprimed coordinates in terms of the primed ones. From equation (33) we have 

x = k(x' + vt'), y = ?/> z = z\l = k(t f + (33a) 
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PHYSICAL CONSTANTS AND CONVERSION TABLE 

The following values of physical constants have been adopted in this book: 1 

c (velocity of light) (2.99796 ± 0.00004) 10 10 cm. sec. -1 

h (Planck’s constant).. . . (6.547 ± 0.008) 10 -27 erg. seconds 

Mh (mass of H atom) (1.6618 ± 0.00 1 7) 10 -24 grams 

M s= Mo/16 (mass of atom of unit 

atomic weight). . . (1.6490 ± 0.0016) 10 -24 grams 

m 0 (mass of electron, spectroscopic) . . (9.035 ± 0.010) 10 -28 grams 

mo (mass of electron, deflection) (8.994 ± 0.014) 10 -28 grams 

e /Mn (9,574.5 ± 0.7) absolute em. units 

M^/m 0 . 1,839 ± 1 (spectroscopic) or 1,848 ± 2 

(deflection) 

a 0 (radius of first Bohr orbit of H) . . . (0.5284s ± 0.0004) 10 8 cm. 

F (Faraday) 96,494 ± 5 international coulomb per gram 

equivalent 

9,648.9 ± 0.7 absolute era. units per gram 
equivalent 

e (electronic charge) (4.770+ 0.005) 10-“ absolute es units 

(1.5911 ± 0.0016) 10 -20 absolute em units 

e/m (spectroscopic) (1,761 ± 0.001) 10* absolute em units 

per gram 

(5.279 ± 0.003) 10 17 absolute es units per gram 

e/m (deflection) (1.769 ± 0.002) 10 7 absolute em units per gram 

(5.303 ± 0.006) 10 17 abs. es units per gram 
Rh (Rydberg constant of hydrogen). . 109,677.759 ± 0.05 cm, -1 
R h « (Rydberg constant of ionized 

helium ) 109,722.403 ±0.05 cm. -1 . 

R (Rydberg constant for infinite mass) 109,737.42 ± 0.06 cm. -1 

Gram molecular volume, S.T.P (22.4141 ± 0.0008) 10 3 cm. 8 mole - * 

N (Avogadro ? s number). F/e = (6.064 ± 0.006) 10 23 mole 1 

n (Loschmidt’s number) (2.705 6 ± 0.003) 10 19 cm. -3 (at 0 C. atm) 

(gas constant per mole) (8.3136 ± 0.0010) 10 7 erg-deg. -1 mole -1 

k (Boltzmann constant) (1.3709 ± 0.0014) 10 16 erg-deg. 

ca 1 (second radiation constant) 1.4317 ± 0.0006 cm.-deg. 

«r‘ (radiation constant) = (5-714 ± 0.006) 10'= erg em.- deg.-^ 

sec.. -1 

* — = (7.624 ± 0.007) 10 -16 erg cm. -3 • deg 

CL c 

d l (true grating constant of calcite at 

20=0.) (3.0283 ± 0.0010) 10 _s em. 

i These are the values given by Btrge as the best values at present {Phys. 
Rev. Supplement. 1, 1 (1929).) 

* See Chap. Ill, Sec. 2. ^ 
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■ « (fine structure constant) 

1/oj 

a 2 

h/e 

|5 = h/k ’ ’ ’ ’ ’ ’ ] ‘ ' ’ * ‘ 

Band spectrum constant = h/8r 2 c 
Energy in calories per mole equiva- 
lent to one absolute volt- electron per 

molecule 

HkT at 0°C 

Wave length of the red Cd line in air 


-fa = (7.284 ± 0.006) 10~ 3 

137.29 ± 0.11 

(5.305 ± 0.008) 10" 5 

(1.3725 ± 0.0005) 10“ 17 erg * sec • es -1 

(4.7757 ± 0.0019) 10"“ sec * deg. 

(27.66 ± 0.04) IQ” 40 gram cm. 


23,055 ± 4 cal. mole -1 
(5.617 fi + 0.006) 10 -14 erg 


at 15°C. 1 atm 6,438.4696 I. A. (defines I. A. unit) 

The following conversion factors are frequently used in considering atomic and 
molecular problems. 


E = energy per molecule in ergs. 

E '_ = energy per mole in 16° small calories. 
v « wave number = v/c. 

V — electron-volts. 

In order to change from an energy expressed in one of these units to its equivalent 
expressed in any other unit, multiply the number expressed in the units as given 
at the top of the table by the number beneath it and opposite the symbol for the 
units, desired. There is an uncertainty of at least one in the first inferior figure. The 
logarithms are given uniformly to five places though in most cases the use of these 
places is not justified by the precision with which the constant is known. 



E 

E ' 

V 

V 

V 

E 

1 

e.90^10- 17 

6.54 7 X10 -27 

1.96 28 X10~i« 

1 .59nX10 -ls 



(0.83893-17) 

(0.81604-27) 

(0.29288-16) 

(0.20170-12) 

E' 

1.44 9 X10 l “ 

1 

g^xio- 1 * 

2. 84 4 

2.305bX10 4 


(16.16107) 


(0.97709-11) 

(0.45393) 

(4.36277) 

v 

1.52 7 X10*» 

1.05 4 X10 10 

1 

2.9979bX10 10 

2.430jX10 14 


'26.18396) 

(10,02291) 


(10.47683) 

(14.38566) 

p 

6.09«X10 16 

3.51(iX10~ l 

3.3356oX10 -u 

1 

8.10eX10 s 


(15.70712) 

(0.54607-1) 

(0.52317-11) 


(3.90883) 

y 

6.28uXlQ u 

4.337 s X10-« 

4. ll4 7 X10“ 16 

1.233.X10- 4 

1 


(11.79830) 

(0.63723-5) 

(0.61434-15) 

(0.09117-4) 
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Wien’s, 54 

Dissociation of molecules, by electron 
impact, 482 
by light, 396, 402 

Dissociation heats from band spectra, 392 
Distribution law of black-body radiation, 
57 #. 

Doppler shift, in sensitized fluorescence, 
500 

quantum theory, 619 #. 

Doublets, in optical spectra, 186 #. 
inverted, 326 #., 332 #. 
laws of, 186, 189 
lithium, 205 
normal, 326 #., 332 #. 
origin of, 191, 203 
relativity, 204, 251 #. 
screening, 204 
spin, 204, 251 #. 
in X-ray spectra, 248 #. 
relativity, 251 #. 
screening, 251#., 257 
spin, 251 #. 

theory of relativity, 261 #. 
Doubling, lambda-type, 412, 419, 426 

E 

e/m, 764 

dependence on velocity, 25 #. 
method of measurement, 22#. 
Effective nuclear charge, 201 
Effective quantum number, 194, 198 
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Eigenfunhtion, definition,. 526 
Eigenwerte , 526, 750 (see also Energy 
levels). 

Einstein’s A’s and B’s, 61, 697 
Elastic collisions, 75, 484 ff. 

Electricity, atomic nature of, .18 
Electric moment, in wave mechanics, 
643, 545 
of methane, 444 
of molecules, 288 
oscillating, 169 

and Stark effect of molecules, 675 
Electrodynamics, limitations of classical, 
7 

useful theorems of, 757 
Electromagnetic field, energy and 
momentum, 761 

Electron, angular momentum, 96 
charge, 30 

determination of, 27 ff. 
configurations of atoms, 280 ff. 

X-ray evidence for, 283 
diffraction, 722 ff. 
isolation, 19 

magnetic moment, 95, 157 ff., 162 

mass, 30, 764 

pair of electrons, 290 

precession, 162 

promotion, 682 

radial current of, 645 

recoil electrons, 88 

shells, 4, 272 

sources, 448 

specific charge, 22#, 764 
spin, 95, 96, 157#., 162 
energy changes due to 157#., 162 
subshells, 270 

unidirectional beam of, 645 
Elements, isotopes, 39 . 
maximum number of, 293 
periodic table, 3, 271 
Elliptic number, 682 
Energy of dissociation from band 
spectra, 392 
Energy diagram, 186 
A1H molecule, 420 
CaH molecule, 424 
cesium, 187 
hydrogen atom, 70 
HC1, 381 

hydrogen molecule ion', 683 
iodine, 396 


Energy diagram, OH molecule, 427 
oxygen molecule, 397 * 
sodium, 80 

Stark effect of helium, 345 
Energy levels (characteristic values), 
diatomic gyroscopic molecule, 416 
diatomic molecule, 373, 529, 592, 

669, 752 

field free, correlation with magnetic 
levels, 325 #., 340 
helium, 660 

ionized (see Hydrogenic atom). 
hydrogen molecule, 686 
ion, 680 ff. 

hydrogenic atom, 130, 135, 160, 529, 
535, 559 #., 566 ff., 573 * 

oscillator, anharmonic, 600 
harmonic, 71, 532, 591, 751- 
rotator, 373, 529, 592, 669, 752 
spin relativity doublets, 160 
Stark effect, of hydrogen, 151, 572 
of rotator, 675 

symmetric top molecule, 439, 672 
Zeeman effect of H atom, 146, 537, 569 
of normal multiplets, 318 ff. 
of rotator, 675 

Energy levels (empirical) (see also Energy 
diagrams and Moseley diagrams). 
chromium, 306, 308 
diatomic molecules, rotation, 372, 373, 
418, 424, 427 

vibration, 380, 391, 396, 436 
helium, ionized, 123 
neutral, 660 
Stark effect of, 345 
hydrogen atom, 70, 122 #., 138, 164 
molecule, 473 

magnetic, correlation with field free, 
325# 

X-ray, 245 #., 248 
Energy matrix, 586, 632 
Equations of motion, canonical, 109 #., 
587 

Hamilton’s 109# 

Lagrange’s, 102# 
matrix, 587 

Newton’s, wave derivation of, 652 
relativistic, of particle in field, 757 
Equatorial number, 141 
Equipartition law, 9 

Equivalence principle of Pauli, 214, 
272, 322 
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Equivalent electrons, 214, 322 
terms arising from, 325 
Eulerian angles, 438, 671 
Even molecules, 290 
Even terms of atoms, 301 ^ 

Exchange degeneracy, 655 ff., 660, 684 jf., 
687 

Excited atoms, mean lives of, 480, 496, 
502 

Expansion of arbitrary function, 745 
F 

Faraday’s law, 18 

Fermat’s principle, and wave mechanics, 
518, 520 

Fine quantum number, 350 
Fine structure, constant, a, 134, 765 
of II and He+ lines, 135 ff., 164 ff. 
of isotopes, 353 

of non-hydrogenie atoms, 350 ff. 
origin, 352 

separation of Balmer lines, 166 
X-ray limits, 267 
X-ray lines, 251 

Flames, collisions of second kind in, 509 
spectra, 183 
temperatures of, 514 
Fluorescence, sensitized, 499 ff. 
of thallium, 501 

Free motion of particle, quantum theory 
of, 640 ff. 

Free paths, electrons, 484 ff. 
ions, 488 
protons, 488 

Frequency condition, 66, 575, 586, 587 
Fundamental series, 184, 211 
Furnace spectra, 182, 303, 699 

G 

g (Lande’s splitting factor), 192, 315 
ff., 319, 330 
Gamma rays, 19 ff. 

Ghost field, 82, 544 
Grating constant, of cal cite, 764 
of NaCI, 235 
Grotrian diagram, 207 
Gyroscopic diatomic molecule. 406, 409, 
413 

rotational energy, 416 


H 

h (Planck’s constant), constancy of, 
74, 764 

Halogen hydrides, 371 ff. 

molecular constants, 383 
Hamilton- Jacobi equation, 114 ff., 117 
matrix analogue, 594 
in wave mechanics, 555 
Hamilton’s equations, 109 ff. 

in matrix mechanics, 587 
Hamilton’s principal function, 114 
Hamilton’s principle, 111 
Harmonic oscillator (see Oscillator), 

Heat of dissociation, 392 
hydrogen, 473, 680 
Heat capacity, 9, 13 
of hydrogen, 432 

Heisenberg, indetermination principle, 
617 ff. 

mechanics, 574 ff. 

Helium energy levels, 600 
ionized, Rydberg constant, 123 
spectrum, 122 ff. 
orbital model, 194 
probability distribution for, 565 
probability of inelastic collisions, 476 
Stark effect, 345 
wave theory, 655 ff. 

Helium molecule, rotational states, 696 
Helium nucleus, absence of spin, 696 
Hermitian matrices, 576 
Hermitian polynomials, 533, 748 
Hand’s cases a arid b, 411 ff., 425 
Hydrogen atom, continuous spectrum, 70 
mass, 30 

orbits, radius, 69 
probability distribution, 565 
Rydberg constant, 122 
Hydrogen molecule, chemical activation, 
482 

continuous spectrum, 483 
critical potentials, 472 ff. 
dissociation by electrons, 482 
by excited mercury, 507 
energy levels, 472 ff. 
para- and ortho-forms, 432, 434, 687, 
695 

probability distribution, 686 
recombination energy, 512 
*• resonance in second-kind collisions, 51 2 
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Hydrogen molecule, symmetric and 
antisymmetric, 432, 434, 687, 695 
valence, 286 
wave theory, 684 

Hydrogen molecule ion, critical poten- 
tials, 473 

dissociation energy, 680 
nodes, 681 

probability distribution, 681 
wave theory, 677 ff. 

Hydrogen particles, 50 

Hydrogen spectrum, 122 ff. 
intensities, 709 ff. 

Hydrogenic atom, 122 ff. 559 ff. 

energy levels, empirical data, 70, 
122 ff., 138, 164 

new mechanics, 160 ff., 529, 535 ff., 
559 ff., 566 ff., 573 
old mechanics, 70, 122, 166 
matrix theory, 604 
probability distribution, 563 ff. 
radius of orbits, 69 
relativity correction, 132 
Stark effect in wave mechanics, 570 ff. 
Zeeman effect in wave mechanics, 568 

Hypergeometric polynomials, 671, 748 

Hyperbolic number, 682 

X 

Impact polarization, 477 ff. 

depolarization in magnetic field, 479 
mercury, 480 
rotation of plane, 479 
theory, 481 

Indetermination principle, Heisenberg, 
617 ff. 

Indices, Miller, 227 

Inelastic collisions, 489 ff. 
polarization of light in, 477 ff. 
probability, 466 ff., 474 ff. 

Infra-red spectra, 368 ff. 
intensities, 670 
polyatomic molecules, 435jf. 

Inner number, 187, 190, 297 
for normal multiplets, 299 
selection principle, 174 
exceptions to, 348 

Intensity, spectral, 697 'ff. 
alternating, 696, 721 
in band systems, 399 
ease a molecules, 71Q ff. 


Intensity, case 6 molecules, 718 ff. 
correspondence principle, 171, 173 
dependence on total quantum number, 
711 ff. 

diatomic molecules, 670, 674 
hydrogen, 709 ff. 
intercombination lines, 705 
matrix theory, 593 
multiplet lines, 699, 703 
ratios in related multiplets, 705 
rotator, 546 

sum rules, 699, 708, 714 
symmetric top molecules, 674 
temperature, effect of, 699, 720 
titanium lines, 704 
wave mechanics, 545 ff. 

X-rays, 712 ff. 

Zeeman components, 707 

Intercombination lines, 184, 211 
of helium, 475, 655 ff. 
intensities of, 705 
probability of transition, 475 

Interference of weak light, 82 
X-rays, 222 

Interval rule, 314, 332 ff. 

Invariance, adiabatic, 178 ff. 

Inverse photoelectric effect, 63 ff., 467 ff. 
in gases, 467 ff. 

Inverse square law, 107 

Iodine molecule, critical potentials, 474 
dissociation by light, 396 
energy diagram, 396 
symmetric and antisymmetric terms, 
433 

Ionic potential, 292 

Ionizing potential, 77, 448 ff. 
of the elements, 275 
of hydrogen, 127 
magnetic spectrograph, 461 ff. 
probability of ionization, 477 
table of, 280 ff. 

Isotope effect, atomic spectra, 353 
molecules of methane type, 445 
rotation and vibration spectra, 383 ff. 

Isotopes, atomic weights, 31 ff., 42 
boron, 385 
chlorine, 385 
Dempster’s method, 36 
detection by parabola method, 34 
differences in spectra, 353 
distribution and abundance, 40 ff. 
early researches, 31 
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Isotopes, identity of chemical properties, 
31 

list of, 39, 40 
mass spectrograph, 37 
oxygen, 39, 696 
packing fraction, 43 
parabolas of neon, 35 
regularities, 39, 40 
separation, 32 
stability, 43 

J 

Jacobian polynomials, 671, 748 

K 

Kepler ellipse, 108 
Kepler’s laws, 109 
Kernel, 195 

effect of size on chemical properties, 
291 ff. 

Kinetic energy, average, relation to 
average potential energy, 739 
wave-mechanical analogue, 613 
Kirchhoff’s law, 53 

Kossel, explanation of X-ray spectra, 244 
Kratzer’s theory, rotation-vibration 
spectra, 376 ff., 666 ff. 

Kronecker symbol, 631 
K-series, 236, 238 
K-shell, 246 

L 

Lagrange’s equations, 102 ff. 

relativistic form, 105 
Lagrangian function, 104 
Laguerre polynomials, 669, 748 
Lambda-type doubling, 412, 419, 426 
Larmor precession, 143, 316, 537 
theorem, 759 

Lattices, body-centered cubic, 233 
crystal, 226 

face-centered cubic, 233 
nickel, 726 
simple cubic, 233 
sodium chloride, 235 
Laue beams of electrons, 725 
Laue diagram, 222 
Legendre polynomials, 529, 747 
LeuchteUktron* 186, 214 


Light, classical theory of emission, 168 
electromagnetic theory, 5 ff. 
interference of weak light, 82 
Maxwell’s theory, 6 
Light electron, 186, 214 
Light quantum, 14, 57, 63, 66, 81, 83 ff. 
angular momentum, 482 
wave functions, 541 
Line spectra (see Spectra ). 

Lithium doublet, 205 
Lives of excited atoms, 350, 480, 496, 502 
Lorentz transformation, 762 
Loschmidt number (see Avogadro ). 

Lo Surdo tube, 148 
L-series, 236, 239 

excitation potentials of, 240 
Lunelund (see Stark-Lunelund effect). 
Lyman series, 70, 123 
intensities, 711 

M 

Magnesium spectrum, 213, 215 
controlled excitation, 459 
Magnetic azimuthal number, 297 
Magnetic moment, electron, 96, 157 ff. 

nuclei, 96, 352, 435, 695 ff ., 752 
Magnetic number, 146, 192, 208 ff., 297 
Magnetic spectrograph, for determining 
ionizing potentials, 461 ff. 

Magnetic spin number, 297 
Magneton, Bohr, 90 
Weiss, 91 

Mass, reduced, 124 
Mass spectrograph, 37 
Matrix, 574 ff., 629 ff. 
algebra, 577 ff., 630 
analogy with Fourier series, 575 
calculation by wave mechanics, 606 

ff, 611 

continuous, 629 ff. 
derivatives, 580 ff., 582 
diagonal, 582, 586, 601, 632 ff. 
energy, 586 
hydrogenic atom, 604 
mechanics, 574 if. 
mixed, 635 
oscillator, 608 
rotator, 592 

several degrees of freedom, 593 
transformations* 594 ff., 633 
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Matter waves, 516 ff., 722 ff. 
velocity, 517, 521 ff., 547, 743 
wave length, 722 
Maxwell’s equations, 757 
Maxwell’s theory of light, 6 
Mean energy theorem, 739 
Mechanical transformability, principle 
of, 176 ff. 

Mercury, critical potentials, 453, 455 
impact polarization, 480 
quenching of resonance, 492 
resonance potentials, 79 
resonance radiation, 353 ff. 
spectrum, 210 ff. 

Metastable atoms, 502 ff. 

lives, in nebulae, 350 
Methane, spectrum, 436 
vibrational states, 440 ff. 

Microscopic reversibility, 489 
Miller indices, 227 
Minus terms of molecules, 429 
Mixed matrices, 635 

Molecular quantum numbers, table of, 
416 

Molecular radii, 484 ff. 

Molecules, diatomic, alternating intensi- 
ties, 429 

electronic bands, 386 ff. 

rotational structure, 403 
electronic levels of, 408 ff. 
gyroscopic, 406, 409, 413 
rotational energy, 416 
minus terms, 429 
plus terms, 429 
potential energy of, 393 
symmetric and antisymmetric 
hydrogen, 434 

symmetric and antisymmetric terms, 
429 

symmetry properties of, 687 ff. 
theory of rotation spectra, 371, 671 
vector model, 409 
wave theory, 666 ff., 689 
polyatomic, 435 ff. 
predissociation, 446 
spectrum of methane, 436 
Momenta, generalized, 101 
Momentoids, 101 

Momentum, of electromagnetic field, 761 
conservation, 86 
Moseley diagrams, 240 
K-series, 238 


Moseley diagrams, optical terms of 19th 
electron, 277 
X-ray terms, 252, 253 
Motion, laws of (see Equations of motion). 
M-series, 240 
Multiplet, 298 ff. 
calcium triplet system, 217 • 
chromium, 307 
enumeration of terms, 322 ff. 
intensity, related, ratios of, 705 
sum rule, 699 

inverted, magnetic levels, 325 ff. 
mercury triplet system, 212 
regular, magnetic levels, 325 ff. 
Multiplication, matrix, 578 
Multiplicity in atomic spectra, 297 

N 

N, Avogadro number, 18, 764 
Nebular lines, 350 
Negative Eins'rahlung , 61 
Negative terms of molecules, 692 
Neon, controlled excitation, 461 
critical potentials, 456 
Newton’s equations in wave mechanics, 
652 

Nickel crystal, electron diffraction, 723 ff. 
Nitrogen, active, 512 ff. 

Nitrogen molecule, alternating inten- 
sities, 721 
activation, 483 
Nitrogen nucleus, spin, 696 
Nodes, hydrogen atom, 530, 564 
hydrogen molecule ion, 681 
Legendre polynomials, 530 
rotator, 530 

Non-combining terms, 660 ff. 
Non-commutative multiplication, 578 
Non-hydrogenic atoms, wave mechanics, 
655 ff. 

Non-penetrating orbit, 196, 197 ff. 
Normal functions, 538, 745 
Normal multiplets, intensities, 702 
Normal terms, optical spectra, 280 ff. 
Notation, atomic spectra, 295 ff., 297 
molecular spectra, 416 
N-series, 240 
Nuclear atom, 8 
Nuclear charge, 48 
effective, 201 

Nuclear spin, 96, 352, 435, 695 ff. y 752 
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Nucleus, disruption, 49 ff. 
energy, 52 
radius, 48 
synthesis, 52 

0 

Odd molecules, 290 
Odd terms of atoms, 301 
Orbits, hydrogen, 128, 131 
non-penetrating, 196, 197 ff. 
penetrating, 196, 200 ff. 

Orthogonal functions, wave mechanics, 
745 

Orthohelium, 475, 663 
Orthohydrogen, 434, 695 
Oscillator, energy levels, 71, 532, 591, 
600, 751 

matrices, 591, 608 
matrix perturbation theory, 600 
quantization, 71 
Bechert’s method, 751 
spectrum, 71 

vibration of molecules, 380, 391, 396, 
436 

wave mechanics, 531 ff. 

O-series, 240 

Oxygen atom, isotopes, 39, 696 
Oxygen molecule, dissociation energy, 
398 

energy diagram, 397 
rotational states, 696 

P 

Packing fraction, 43 
Parabolic quantum number, 150, 572 
Parahydrogen, 434, 695 
Parhelium, 475, 663 
Particle, free motion, 640 ff. 

Paschen series, 70, 123 
Paschen-Back effect, 191, 321 
Pauli’s equivalence principle, 214, 272, 
,322 

Penetrating orbit, 196, 200 ff. 

Periodic system, 1 ff ., 270 ff. 

Bohr’s theory, 274 ff. 
irregularities, 2 
rare earths, 279 
structure of long periods, 278 
of short periods, 275 
table, 3, 271 


Periodic system, Thomsen’s, 271 
transition elements, 278 
upper limit of, 293 
valence as related to, 286 
Permanence rule, for g sums, 329 ff. 
for 7 sums, 329 ff. 

Permutation theorem for matrices, 583 
Perturbation formulas, matrix, 598 
wave mechanics, 552, 553, 555, 659, 
660 

Perturbation theory, Born’s, 553 
classical, 179 
of collisions, 648 

for Hamilton-Jacobi equation in wave 
mechanics, 555 

matrix, non-degenerate, 596 ff. 

for oscillator, 600 
Schrodinger’s, degenerate, 657 ff. 
non-degenerate, 551 
Pfund series, 123 
Photoelectric effect, 63 ff. 
efficiency, 64 
Einstein’s equation, 13 
in gases, 467 ff. 
inverse, 63 ff., 467 ff. 
lag, 64 

Photomagnetic effect, 482 
Photosensitized reactions, 507 
Photon, 14, 57, 63, 66, 81, 83 ff. 
angular momentum, 482 
wave functions, 541 
Physical constants, table, 764 
Planck’s constant h, constancy, 74 
determination, 64 
value, 764 

Planck’s radiation law, 57 ff. 

Einstein’s derivation, 60 ff. 

Plus terms of molecules, 429 
Poisson brackets in quantum dynamics, 
614 

Polarizability, 199 
Polarization, 680 

correspondence principle, 174 
of light emitted after impact, 477 ff. 
resonance radiation, 353 ff. 
rotation of plane, in resonance radia- 
tion, 358 
rules, 141, 545 

in Stark effect, 152, 343 ff., 710 
X-rays, 221 

in Zeeman effect, 146 ff. 
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Polynomials, Hermitian, 748 
hypergeometric, 748 
Jacobian, 748 
Laguerre, 748 
Legendre, 747 
Positive Einstrahlung, 61 
Positive terms of molecules, 692 
Potassium, radioactivity of, 42 
Potential energy, average, relation to 
average kinetic energy, 739 
curves of diatomic molecules, 393 
Potentials (see Critical Potentials , Ioniz- 
ing Potentials and Resonance Poten- 
tials) . 

Precision of measurements, limits of, 
618 #., 620 
Predissociation, 446 
Primed terms, 216, 300 
Principal number (See Total number). 
Principal series, 184, 211 
Probability, of collisions of the second 
kind, 490 ff. 

of inelastic collisions, 466#., 474 if., 490 
of transitions, band systems, 397 
Einstein’s A’s and B’s, 61, 697 
in ionization, 474 ff. 
and mean lives, 350, 480, 496, 502 
in resonance, 466 if., 474 ff. 
in wave mechanics, 519, 544 
Probability amplitude, 623 ff. 
differential equations for, 636 ff. 
for p and q , 625 

relation to Schrodinger equation, 625 
Probability density, 643 ff. 
helium atom, 565 
hydrogen atom, 563 ff. 

Probability distribution, 622 
Progressions, 387 
Promotion of electron, 682 
Proper value, 526 
Proper function, 526 
Proton, collisions with atoms, 488 
in nuclei, 39, 49 ff. 
spin of, 435, 695 
P-series, 240 

Q 

q numbers, 616 

Quadratic Stark effect, alkalis, 346 
hydrogen, 157 


Quantum conditions, 72 ff ., 128 
azimuthal, 201 
for hydrogen, 518 
justification of, 179 
in matrix mechanics, 585, 594 
physical significance of, 621 
radial, 201 

Quantum defect, 194, 202 
Quantum dynamics, Dirac’s formulation, 
614,617#. 

Quantum integrals, 72, 129, 134, 741 
Quantum, light, in Compton effect, 84 
cross-section, 83 
length, 83 
scattering, 84, 88 
unidirectionality, 81, 83 
Quantum mechanics, 516 #., 574 ff. 

introduction of, 15 
Quantum number, axial, 602 
azimuthal, 129, 190, 208, 297 
effective, 194 

alkaline earths, 198 
alkalis, 198 
elliptic, 682 
equatorial, 141 
fine, 350 

half-integral, 187 
hyperbobic, 682 
inner, 187, 190, 209, 299 
selection principle, 174 
exceptions to, 348 
magnetic, 146, 192, 208#. 

azimuthal, 297 
many-electron system, 208 
of molecules, 409, i, fc, X, <r , 410 
and nodes in wave mechanics, 530, 
564, 681 

one-electron system, 190 
parabolic, 150, 572 
radial, 130 

reduced azimuthal, 297 
rotational, 372 
spin, 190, 208, 297 
table, atomic, 297 
table, molecular, 416 
total, 130, 190 • 
vector addition, 299 
vibrational, 378, 399, 527, 589, 600 
X-ray levels, 254, 262, 297 
Quantum theory, Bohr’s postulates, 14, 
65#. 

experimental foundations, 53 ff. 
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Quantum theory, history, 1 ff. 

Planck’s assumptions, 12 
Quenching of resonance radiation, 492 
efficiency, 497 

E 

'Radial number, 130 
Radiation, black-body, 11, 53 ff. 
characteristic X-ray, 221 
classical theory of, 168 
in matrix theory, 593 
from moving charge, 761 
rate of, 169 

Schrodinger’s theory, 543 
in wave mechanics, 545 
Radii, atoms and molecules, 484 ff. 
Radioactive disintegration, mechanism, 
465 

Radioactivity, 19 jf. 
lives of elements, 20 
of potassium, 42 

Radium D, corpuscular spectrum, 465 
Raman effect, 360 ff. 
coherence of radiation, 364 
permitted transitions, 363 
possible time lag, 365 
Ramsaucr effect, 484 ff. 

Range of alpha particles, 20 
Rayleigh- Jeans radiation law, 57 
Reactions photosensitized, 507 
Reciprocity theorems for spectral terms, 
341 

Recoil electrons, 88 
Recombination, of atoms, 403 
of atomic hydrogen, 511 
probability of, 403 
Recombination spectrum, 468 
of cesium, 468 
intensity of, 470 

Reduced azimuthal number, 297 
Reflection, atoms from crystals, 736 
dependence on velocity, 736 
electrons from crystals, 733 ff. 

X-rays, from crystals, 228 
total, 224 

Refractive index, of crystals for elec- 
trons, 728, 733 
and polarizability, 200 
for X-rays, 224 

Relativistic energy levels of hydrogen, $ 
132, 567 

Relativistic wave equation, 547 ff. 


Relativity doublets, 204, 251 ff. 

theory of, 261 ff. 

Relativity transformation, 762 
Resonance phenomena, in collisions of the 
second kind, 503 ff. 
hydrogen and argon, 504 
ions and neutral atoms, 506 
metallic atoms and atomic hydrogen, 
512 

sodium and mercury, 504 
in wave mechanics, 655 ff. 
diatomic molecules, 687 
helium, 660 

hydrogen molecule, 684 ff. 

Resonance potentials, 76 
hydrogen, 127 
mercury, 79 
sodium, 498 

Resonance radiation, 353 ff 492 ff. 
magnetic field, effect of, 353 ff. 
polarization, 353 ff. 

theory of, 355 
quenching, 492 

rotation of polarization plane, 358 
Reversibility, microscopic, 489 
Ritz combination principle, 8, 74 
Ritz formula, 203 

Roentgen rays, 219 ff (see X-rays ). 
Rotation of polarization plane, impact 
radiation, 479 
resonance radiation, 358 
Rotation spectra, 370 ff. 
halogen hydrides, 370 
NH ;i , 370 
theory, 371, 671 

Rotation-vibration spectra, 374 ff., 435 ff. 
Rotational number, 372 
Rotator, energy, 373, 529, 592, 669, 752 
matrix theory, 592 

quantization by Bechert’s method, 751 
wave mechanics, 526-527 
Rumpf, 195 

Runge denominator, 320 
Rydberg constant, 70, 122 ff. 
helium, 123 
hydrogen, 122 
infinite mass, 126 
Rydberg formula, 181, 193 

S 

Satellites, in fine structures, 351 
in optical spectra, 184, 188 
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Satellites, X-rays, 265 
Scandium, spectral terms of, 277 
Scattering, of alpha- rays, 650 
Raman effect, 360 ff. 

X-rays, 84, 88, 220 ff. 

Schrodinger mechanics, 516^. 
Schrodinger space, 520 
Schrodinger’ s perturbation theory, 
degenerate systems, 657 
non-degenerate systems, 551 
Screening constants, effective atomic 
number, 
inside, 201 
outside, 201 
optical terms, 206 
X-ray terms, 259 

Screening doublet, 204, 251 ff., 257 ff. 
Second-group spectra, 210 ff. 

Selection principle, axial number, 602 
azimuthal number, 138 ff., 174, 189, 
218, 300 

and magnetic number in wave 
mechanics, 569, 
exceptions, 348 ff. 
hydrogen atom, 163 
inner number, ISSff., 174, 189, 218, 318 
magnetic number, 147, 318 
rotational quantum number, 373, 379 
for symmetric top molecules, 440 
theory, wave mechanics, 545 
vibrational quantum number, 380 
X-rays, 249 

Sensitized fluorescence, 499 ff. 

of thallium, 501 
Separation of variables, 119 
Sequence, atomic spectra, 187 
displaced, 216 
molecular spectra, 389 
Series, Bergmann, 184, 211 
chromium, 309 
diffuse, 184, 211 
fundamental, 184, 211 
intercombination, 211 
limits for multiplet terms, 338 ff. 
principal, 184, 211 
sharp, 184, 211 

Series formulas, Hicks, Ritz, Rydberg, 
193 

Rydberg, 181 
Shells, electrons, 272 
Sigma-type doubling, 412 (see Lambda- 
type doubling). 


Singlet system, 211 
Smekal transitions, 360, 362 
Sodium, controlled excitation, 80 
energy diagram, 80 
resonance radiation, 353 ff., 498 
Sodium chloride crystal lattice, 235 
Sommerfeld’s formula, X-ray doublets, 
255 

Space charge, 449, 453, 455 
Space quantization, 91, 141 ff., 192 
Spark spectra, optical, 183 
X-rays, 265 

Specific charge, 22, 25, 764 
Spectra (see also X-rays , and X-ray 
spectra) . 

atomic, alkaline earths, 210 ff. 
alkalis, 181 ff. 
arc, 183 
cesium, 184 jf. 
chromium, 302 ff. 
controlled excitation, 457 ff. 
flame, 183 

furnace, 182, 303, 699 
magnesium, 213, 215 
mercury, 210 ff. 
sodium, 80 
spark, 183 
thallium, 501 
beta ray, 465 

continuous spectrum, absorption of 
molecules, 395, 402 
of characteristic values, 526 
hydrogen atom, 70 
of oscillator, 669 
predissociation, 446 
recombination spectra, of atoms, 468 
of molecules, 403 
X-ray, 64, 241 
molecular, 368 ff., 386 ff. 

A1H, 419 
Cali, 421 
CuH, 417 
OH, 425 

419 

417 

2 S— > 2 S, 421 . 

2 2-> 2 I3, 425 

Spectral intensities, 697 ff. 

Spectral notation, 295 ff-. 
table, atomic, 297 
table, molecular, 416 
Spectrograph, mass, 37 
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Spectrometer, Bragg, 231 
de Broglie, 232 
Sphectroscopic stability, 356 
Spectroscopic term, 126 
Spherical harmonics (See Legendre poly - 
, nomials and Tesseral harmonics) . 
Spin, electron, 96, 157 ff., 162 
nuclei, 96, 535, 696 
proton, 695 

Spin doublet, 204, 251 ff., 261 ff. 

Spin functions, 664 ff. 

Spin number, 190, 208, 297 
Splitting factor, g, 192, 315 ff., 319, 330 
Stark effect, 147 ff. 

Bohr's treatment, 156 
of helium, 343 ff. 
of hydrogen, 347 
energy levels, 152 ff. 
wave mechanics, 570 ff. 
intensities, 710 
of molecules, 675 
motion of electron, 155 ff. 
of non-hydrogenic atoms, 343 ff. 
polarization rules, 152 ff. 
quadratic, of. alkalis, 346 
selection rules, 153 ff. 
theory of, 148 ff., 570 ff. 
in weak fields, 157 
Stark-Lunelund effect, 711 
Static models, 4 
Steady states, 66 

Stefan-Boltzmann law, 11, 13, 54, 59 
Stern-Gerlach experiment, 89 ff. 
hydrogen atoms, 143 
silver, 94 

Stokes lines of Kaman effect, 361 
Subordinate series (see Series, sharp , 
diffuse). 

Subshells Of electrons, 270 ff. 

Sum rule, 699 ff. 
band spectra, 714 
multiplets, 699 

Symbols, for atomic terms, 187 
for molecular terms, 417 
Symmetric diatomic molecules, 687 ff. 
Symmetric hydrogen molecule, 434, 695 
ion, 683, 695 

Symmetric iodine molecule, 433 
Symmetric terms, 429 
Symmetric top molecule theory, 437 ff., 
671 ff. 

Symmetry of crystals, 227 


T 

Terms, Balmer, 70, 122 
even, of atoms, 301 
hydrogenic, 194 
in multiplet spectra, 322 ff. 
odd, of atoms, 301 
primed, 216, 300 
spectral, definition, 126, 186 
unprimed, 300 
Tesseral harmonics, 528 
Thallium, sensitized fluorescence, 501 
Thermionic emission, 449 ff. 

Thomson's atomic model, 6 
Titanium intensities, 704 
Total number, 130, 151, 190, 572 
Transformation function and probability 
amplitude, 642 

Transformation theory, quantum dy- 
namics, 627 ff. 

Transformations, canonical, 112 
in matrix mechanics, 595 
Transition elements, 278 
normal states of, 341 
Transition probabilities (see Probability) . 
Triplet system, 211, 212 

U 

Uncertainty principle, 617 ff. 

Uncertainty theorem, 626 
Unit cell, 226 ff. 

Unit matrix, 579, 632 
Unprimed terms, 300 

V 

Valence, atomic type, 286 
chart showing observed valences, 289 
ionic type, 286 
non -polar, 288 
and periodic system, 286 
polar, 2S8 

and static models, 4 
Value, characteristic, 526 
Variables, angle, 118 
Vector addition of quantum numbers, 299 
Velocity of matter waves, group, 517, 
743 

phase, 517, 521 ff., 547, 743 
Vibration spectra, 374 ff., 436 
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Vibrational number, 378, 399, 527, 587, 
600 

Virial theorem, 739 

W 

Wave equation, 523 #., 559 #., 635 #., 
655 ff. 

amplitude equation, 525 
boundary conditions, 525 
in curvilinear coordinates, 755 
derived by variation principle, 549 
elementary solutions of, 524 
generalized, non-relativistic, 537 
relativistic, 548 
non-relativistic, 523 
for probability amplitude, 636 
proof of general, 637 #. 
relativistic, 547 
rule for obtaining, 534, 755 
Wave functions, 525 ff. 

continuous, distribution of, 526 
degenerate systems, 539 
discrete, distribution of, 526 
hydrogen atom, 562 ff. 
normalization, of continuous, 540 
of discrete, 538 
for light quantum, 541 
orthogonal, 538 
Wave mechanics, 516 ff. 

calculus of variations in, 753 
connection with matrix mechanics, 606 

ff, 611 

hydrodynamic interpretation, 542, 654 
statistical interpretation, 643 
Wave number, definition, 70 
Wave packet, 516#., 626 
Waves, matter, (see Matter waves). 

Weiss, magnetism, 91 

Wentzel’s formula, X-ray doublets, 258#. 

Wien’s displacement law, 54, 59 

X 

X-ray doublets, 251 #. 

Sommerf eld’s formula, 255 
Wentzel’s, formula, 258 

• X-ray energy levels, 245 #. 

quantum numbers of, 254, 262 
relation to optical levels, 264 ff. 
terms, uranium, thorium, tungsten, 249 
X-ray quantum numbers, 254, 262, 297 


l-rays, 219 #. 
absorption, 236 

coefficients, 236, 242 
dependence on atomic number and 
wave length, 242 
limits, 241 
spectra, 241 

anomalous dispersion, 223, 225 
characteristic, 221 
continuous spectrum, 64 
diffraction, by crystals, 222 
in liquids, 236 
by ruled gratings, 224 
by slits, 222 

displaced wave lengths, 366 
excitation potentials, 244, 247 
fine structure, absorption limits, 267 
lines, 251 
fluorescent, 220 
intensities, 712#. 

K-series, 236, 239 
L-series, 236, 239 
M-, N-, 0-, and P-series, 240 
polarization, 221 
Raman effect, 366 
reflection, from crystals, 228 
from gratings, 224 
refraction, 223 
selection principles, 249 
soft X-ray potentials, 457 
X-ray spectra, chemical combination, 
effects of, 267 

continuous spectrum, 64, 241 
Kossel’s explanation, 244 ' . 

Moseley, 2 
of higher order, 265 
X-ray spectroscopy, 

Bragg method, 230 
de Broglie method, 232 
rotating crystal method, 232 
X-ray tubes, 219 
X-unit, 236 

Z 

Zeeman effect, alkalis, 191 
chromium, 31j5 
classical theory, 143 ff. 

correlation with field free levels, 
325 #., 340 

energy levels in weak field, 191, 320 
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Zeeman effect, hydrogen, classical theory, 
145 jf. 

wave mechanics, 568 
intensities, 321, 357, 707 
intermediate field, 329 ff. 
molecules, 675 


Zeeman effect, Paschen-Back effect, 
191, 321 

polarization, 147 
of resonance radiation. 353 
strong field, 321 
vanadium, 315 
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